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Analysis of the Caustic Method for the
Transient Stress Field of Stationary Cracks

Chien-Ching Ma’

1 Introduction

In deriving the formula for the method of caustic, several
assumptions are made: (a) the specimen is in a plane-stress
state; (b) the deformation slope is small; (¢) small-scale yielding
prevails; (d) the measurements are made within the region of
the dominant singular field. These assumptions have been made
in most of the subsequent applications of caustics. These re-
strictions have only recently been investigated and the findings
have resulted in the improvement of the validity and accuracy
of this method (Rosakis and Ravi-Chandar, 1986; Rosakis and
Freund, 1981; Rosakis and Zehnder, 1985).

By analogy with quasi-static fracture, the singular field is
expected to dominate the crack-tip stress field at least in the
immediate vicinity of the crack tip. The extent of this region
of K dominance, however, is not well established particularly
under transient conditions. The dynamic stress intensity factor
is determined by caustic method from measurements covering
a finite region around the crack tip. One must be assured that
the K-field does indeed dominate within this region to get good
results. In this paper, the validity of the stress singular field
is investigated so that measurements of the stress intensity
factor using the caustic method are made in the appropriate
region with acceptable accuracy. The error in the experimental
measurement of the caustics to evaluate the stress intensity
factor by assuming that the singular field dominance is inves-
tigated. The experimental results of Ravi-Chandar and Knauss
(1984) are also discussed in light of this theoretical analysis.

2 Caustic and Initial Curves Due to the Exact Transient Field

The instantaneous value of the dynamic stress intensity fac-
tor can be expressed as a function of the maximum transverse
diameter Dy, of the caustic curve as

K(t)= )2 M

——— (D,
10.708z, dv (Drnax
where v is the Poisson’s ratio, E is the elastic modulus, d is
the thickness and z; is the screen distance.

The dynamic stress intensity factor of a stationary crack
subjected to uniform step loading oy on crack faces is
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Fig. 1 Theoretical prediction of the initial curves from the dynamic
transient stress field
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Fig. 2 Caustic curves from reflected light rays of the respective initial

curves in Fig. 1
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where p and p are the shear modulus and the mass density of
the material, vy is the Lamé elastic constant, ¢ and b are the
slowness of longitudinal and shear waves, respectively, and
c=1/vy is the slowness of Rayleigh wave.

The validity of the caustic scheme which can be used with
acceptable accuracy is discussed by using the exact transient
field of uniform impulse leading gy in crack faces. The shapes
of the initial curves and caustic curves in the transient field
are determined numerically and are shown in Figs. 1 and 2.
The values of parameter «( = o drwyzot'*/E) equal to 0.0001,
0.001, 0.01, 0.03, and 0.05 were chosen for the numerical

" calculation. For small values of «, the initial curve is close to

the crack-tip region so that the deformation can be described
by the singular field. The initial curves derived from the sin-
gular field should be circles with radii r;=[30¢wozodvt"’?/
7 E}¥’. As « becomes larger, the initial curve is distorted and
is no longer circular. It is shown that, if the radius of the initial
curve is about 0.1 (a=0.01) of the longitudinal wavefront (ar/
t=1), the initial curves are nearly circular.

The analysis of caustics is based on the assumption that the
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Fig. 3 Error in evaluation of the stress intensity factor by the method
of caustics

stress singular field dominates in the region near the crack tip.
Thus, it is important to estimate the resulting errors in eval-
uating the stress intensity factor by the caustic method under
this assumption. A numerical simulation of the experimental
observation is made by using the exact transient field for caustic
mapping. By measuring the maximum transverse diameter of
the caustic curve, the stress intensity factor K, that would be
calculated in an experiment on the basis of the observed caustic
curve was evaluated through equation (1),

The theoretical value of the stress intensity factor K due to
the uniform loading is given in (2). The ratio of the stress
intensity factor K, calculated from the caustic and K from the
theoretical value is plotted as a function of the dimensionless
parameter ary/t in Fig. 3. The initial curve radius ry is defined
as the distance from the crack tip to the point of initial curve
in x—axis. The deviation of K./K form unity indicates the
error from using the singular field instead of the transient field
to evaluate the stress intensity factors. Figure 3 shows that this
error will be less than seven percent if the initial curve is within
ten percent of the longitudinal wavefront.

3 Comparison With Experimental Results

In the work reported by Ravi-Chandar and Knauss (1984),
a long edge crack was cut into a large rectangular sheet of
Homalite-100 along a symmetrical line. The dimensions of the
specimen were such that the waves generated by the loading
device would not be reflected back onto the crack tip for about
150 psec after application of the pressure. Therefore, for all
practical purposes, the situation is that of semi-infinite crack
in an unbounded body subjected to spatially uniform pressure
over the crack faces during the early part of the experiment.
For the material of Homalite-100 as reported by Ravi-Chandar
and Knauss (1984), only one caustic is observed in experiment,
and thus it can be considered as a non-birefringent material.
In this case, the formula for the reflected and transmission
caustics are similar and are different only by a constant.

The theoretical analysis by Ma and Freund (1986) of the
exact stress intensity factor for the experiment from the meas-
ured fracture time ¢, pressure magnitude gy, crack propagation
speed v and preload, was compared to the results reported by
Ravi-Chandar and Knauss (1984). In all cases, the agreement
between the theoretical and experimental results was found to
be quite good for ¢< s (the time for crack growth), with the
general feature that the experimental data always fell below
the theoretical prediction before the crack growth. With the
available results discussed in the previous section, we are able
to analyze in more detail for the time before crack propagation.

Up to this point in the theoretical analysis, it has been as-
sumed that the time dependence of the loading pressure is a
simple step in time. All of the results, however, can be gen-
eralized to the case of arbitrary stress profiles g(#). Suppose
that at time #=0, the crack pressure is applied, and that the
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Fig. 4 The stress intensity factor history (solid lines) of the stationary
crack from the loading observed in the experiments by Ravi-Chandar
and Knauss (1984). Also shown is the stress intensity factor history
inferred form the experimental results (data points) and the theoretical
predictions (dash-dot lines) by means of the method of caustics.
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Fig. 5 Same as Fig. 4, but for data shown

magnitude of the pressure increases linearly. After some finite
rise time 7, the magnitude of the applied pressure reaches its
maximum value o, so that g(7) = o,. The magnitude of the
pressure is held constant for ¢ > 7. The dynamic stress intensity
factor of the stationary crack for T'<{,is given by

4\/50’0

K(1) =——7‘f°[t3’2— (=T H(t-T)], 0<t<tp (3)

N
When ¢, < T, we have

Waoenn L. @)
V7T

K(t)=

The size of the initial curve depends on the reference distance
Zo and also on the stress intensity factor. If the stress intensity
factor were constant, the initial curve could be adjusted by
changing the distance z,. However, if the stress intensity factor
varies as in a dynamic experiment, one does not have close
control over the radius of the initial curve, aside from limiting
its variation through a judicious choice of the screen distance
Zo. One of the screen distances z; used by Ravi-Chandar and
Knauss (1984), 168 cm, is adopted for numerical simulation.
We have compared experimental measurements obtained by
using shadow spots with analytical results in Figs. 4 and 5.
The analytically predicted variation of the stress intensity fac-
tor is presented by the solid and dash-dot lines. The solid lines
are the theoretical prediction for the stress intensity factor
history as presented in equations (3) and (4). The dash-dot
lines were calculated by numerical simulation for the experi-
mental observation of the caustic method by using the exact
transient solutions. The transmission caustic formula is used
for the numerical simulation in order to be consistent with the
experimental measurement. Within the error of experimental
measurement, the agreement between the theoretical prediction
by using the transient solutions (dash-dot line) and the exper-
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imental determination of the stress intensity factor is seen to
be good. The dash-dot lines are always below the solid lines
and more close to the experimental results. The results indicate
that the method of caustic used in the experiment might un-
derestimate the true stress intensity factor as the K-field is not
developed at the measurement points. For the low magnitude
of applied load, the dash-dot lines are very close to the solid
line, which means that the initial curve for these cases are
within the X-field and the difference from the theoretical value
(solid-lines) is very small. For the high magnitude of loading,
the situation is quite different, the initial curve is relatively
large, the material points of initial curve are far away from
the K-field, and hence the large difference from the theoretical
prediction for the stress intensity factor is expected.

Another factor that might influence the accuracy of the
method of caustic is that the theoretical results are within the
framework of linear elastodynamics, while there must always
be a zone of nonlinear and inelastic material response near the
crack tip. One is not able to make meaningful measurements
at very small distances from the crack tip where the stress field
is significantly altered by the process zone for the determination
of the dynamic stress intensity factor. Hence, the stress singular
field possibly exists near the crack tip as an annular zone. The
size of the process zone increases with increasing loading, re-
sulting in a decrease of the annular region of the singular field.
For higher load levels, this process zone may extend outward
from the crack tip for a greater distance on the order of the
initial curve size, in which case the assumption of linear elas-
ticity would no longer be valid.
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An Alternative Approach to the Symmetrical
Top and Slender Member Analysis™

Nels Madsen'

This Note considers the problem of a symmetrical top under
the action of gravity, or analogously the problem of a long,
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slender, initially straight linearly elastic, circular cross-section
member loaded only at its ends. A nonbody fixed coordinate
system is used. The standard results are obtained without any
explicit reference to a space-fixed coordinate sysiem.

Introduction

The conventional analysis of a symmetrical top under the
action of gravity uses a coordinate system fixed in the top
(Scarborough, 1958). The standard analysis of a long, slender,
initially straight, linearly elastic, circular cross-section member
loaded only at its ends also uses a body-fixed coordinate system
and leads to the same equations (Love, 1944). The typical
approach to the resulting equations involves the use of Euler
angles to relate the body fixed coordinate system to a system
fixed in space. These angles and their derivatives can be ex-
pressed in terms of elliptic functions. The objective of this
note is to show that these elliptic expressions for the top angular
velocity, or equivalently, the curvature of the slender member,
can be developed without the introduction of Euler angles by
using a nonbody fixed coordinate system. This coordinate sys-
tem is commonly used in the description of space curves (Will-
more, 1959), but is less familiar in the dynamics arena. The
conventional approach to the problem of the symmetrical top
uses a body-fixed axis system with one axis parallel to the body
axis of symmetry. The analogous coordinate system for the
slender member has one axis tangent to the member centerline
and the other two axes fixed in the member cross-section. The
approach discussed here will use what are known as path or
natural coordinates. Relative to the slender member problem
this system shares the tangent axis with the conventional ap-
proach but the cross-sectional axes are not body fixed. The
cross-sectional axes are in the directions of the local normal
and binormal associated with the member center line. The
corresponding axes in the symmetrical top problem are the top
axis of symmetry, an axis perpendicular to both the axis of
symmetry and the instantaneous angular velocity vector, and
the third axis necessary to complete the right-handed orthog-
onal triad. Using this coordinate system the top angular ve-
locity, or equivalently, the centerline curvature, can be derived
directly from the kinetic equations without the introduction
of supplementary geometrical information. In particular the
results can be obtained working solely in the local coordinate
system without any explicit reference to the space-fixed co-
ordinate system. While this alternative derivation is primarily
of academic interest, it is possible that the alternative coor-
dinate systems used have utility in other dynamics and slender
member problems. The remainder of the Note provides the
development for the symmetrical top problem. An analogous
development for the slender member problem is possible with
appropriate reidentifications of the variables. These revised
identifications are introduced during the development.

Equation Development

The objective of the analysis of the symmetrical top is the
determination of the time variation of the top angular velocity.
In this case that angular velocity vector will be expressed rel-
ative to arotating coordinate system so one must also determine
the angular velocity of this rotating reference system. The
angular velocity vector of a symmetrical top can be broken
into two components, one parallel to the top axis of symmetry,
and the other perpendicular to that axis. Equation (1) expresses
this relationship where k represents the top axis of symmetry.

o=k + wj 1¢Y)]

In slender member theory, k would represent the local tan-
gent, j the local binormal, w, the centerline curvature, and w,
the member twist per unit length. The orthogonal triad defined
by equation (1) is not body fixed; however, a body-fixed system
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