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leads to the exponentially convergent observer dynamics

m _̂v =T � cDv̂jv̂j � kq(v̂ � _q)

I _̂! = � k1!̂ + k2U �Q� k�(!̂ � _�)

hence exploiting and augmenting the natural contraction properties of
the system.
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Exponential Stabilization of a Class of Unstable
Bilinear Systems

Min-Shin Chen and Shia-Twu Tsao

Abstract—This paper considers the control design of bilinear systems
with multiplicative control inputs. Previous control designs for such
systems normally assume that the open-loop bilinear system is (neutrally)
stable. In this paper, a new nonlinear control design is proposed for
open-loopunstablebilinear systems. The new control stabilizes the bilinear
system globally and exponentiallyif a sufficient stability condition, which
can be checked by off-line computer simulations in advance of the control,
is satisfied.

Index Terms—Bilinear system, exponential stability, global stability,
multiplicative control, nonlinear control.

I. INTRODUCTION

Bilinear systems have been of great interest in recent years. This
interest arises from the fact that many real-world systems can be ad-
equately approximated by a bilinear model. Real-world examples in-
clude engineering applications in nuclear, thermal, and chemical pro-
cesses, and nonengineering applications in biology, socio-economics,
immunology, and so on. Detailed reviews of bilinear systems and their
control designs can be found in [1] and [2]. For a bilinear system whose
control input is both multiplicative and additive [2], one can use linear
state feedback control [3] to obtainlocal asymptotical stability. Other
control designs, such as the bang-bang control [4] or the optimal con-
trol [5], [6], obtain global asymptotic stability, but they all assume
that the open-loop system is either stable or neutrally stable. When the
open-loop system is unstable, it is difficult to obtain global asymptot-
ical stability except whenindependentadditive and multiplicative con-
trol inputs [7] exist.

This paper considers the control design for bilinear systems with
multiplicative control inputs only. For such bilinear systems, it has
been shown thatquadraticstate feedback control [8]–[10] can achieve
global asymptotical stabilization, andnormalizedquadratic state feed-
back control [11] achieves global exponential stabilization. However,
they also restrict the open-loop system to be stable or neutrally stable.
In this paper, an attempt is made to find a nonlinear control, based on
the normalized quadratic state feedback control design in [11], that can
achieve global exponential stabilization for certain open-loop unstable
bilinear systems. Our results show that the proposed new control will
stabilize the system if a sufficient stability condition, which can be
checked by off-line computer simulations in advance of the control,
is satisfied.

II. NONLINEAR CONTROL

Consider bilinear systems with multiplicative control inputs

_x(t) = Ax(t) + u(t)Nx(t); x(0) = x0 (1)

wherex(t) 2 Rn is the system state vector,u(t) is a scalar control
input, andA 2 Rn�n andN 2 Rn�n are constant square matrices.
For simplicity, only the single-input case is treated; the results in this
paper, however, can be easily extended to the multi-input case.
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Before introducing the control design, one first proposes the fol-
lowing coordinate transformation:

x(t) = eA(t�kT )zk(t); t 2 [kT; kT + T ) (2)

whereT > 0 is any chosen time interval length,zk(t) is the trans-
formed state, and the transformation matrix is an open-loop funda-
mental matrix�(t; kT ) = eA(t�kT ) [12]. With the transformation (2),
the governing equation of the transformed statezk(t) becomes

_zk(t) =u(t)Gk(t)zk(t)

Gk(t) = e�A(t�kT )NeA(t�kT ); t 2 [kT; kT + T ): (3)

It should be noted that each transformed statezk(t) is defined only on
a finite time interval[kT; (k + 1)T ):

To stabilize the system (3), a nonlinear control is proposed as fol-
lows. If ez (t) denotes thenormalizedtransformed state

ez (t) =
zk(t)

kzk(t)k
=

zk(t)

(zTk (t)zk(t))
1=2

(4)

the proposed control law is given by

u(t) =
��pk(t)e

T
z (t)Gk(t)ez (t); zk(t) 6= 0

0; zk(t) = 0;

t 2 [kT; kT + T ) (5)

wherepk(t) 2 R1 is a positive time-varying, state-dependent gain
defined by

_pk(t) =�
p2k(t) eTz (t)Gk(t)ez (t)
2

pk(kT ) = p0 > 0; t 2 [kT; kT + T ) (6)

Gk(t) is as in (3),� and
 are two positive control design parameters
satisfying

� � 
=2 > 0 (7)

and pk(t) is reset to bep0 at the beginning of every time interval
[kT; kT + T ): Note thatpk(t) is always positive and normally de-
creasing. In fact, one can also choose
 = 0; that is, the gainpk(t)
becomes a positive constantp0 for all time. In this case, however, one
would need a different stability proof from the one given in this paper.

Solving the differential equation (6), one can expresspk(t) as inte-
gration ofez (�); � 2 [kT; t):

pk(t) = p�10 + 

t

kT

eTz (�)Gk(�)ez (�)
2

d�
�1

;

t 2 [kT; kT + T ): (8)

III. STABILITY ANALYSIS

It is assumed that the system (1) satisfies the following rank condi-
tion [14]: an integerm exists such that

span adk(A;N)x0; k = 0; 1; 2; � � � ;m = Rn (9)

for any nonzerox0 in Rn; whereadk(A;N) is defined recursively as
ad0(A;N) = N andadk+1(A;N) = A�adk(A;N)�adk(A;N)�A;
k = 0; 1; 2; � � �.

Lemma 1: If the system (1) satisfies the rank condition (9), and a
constant vectore0 exists such that

eT0 Gk(t)e0 � 0; 8 t 2 [kT; kT + T ) (10)

whereGk(t) is defined in (3), thene0 must be the null vector.
Proof: The proof is similar to that of Lemma 1 in [11].

Next, define a scalar function�(�): Sn ! R+ [ f0g; whereSn is
the unit sphere inRn; for the closed-loop system (1) and (5)

�(ez (kT ))
�
=

(k+1)T

kT

eTz (t)Gk(t)ez (t)
2

dt: (11)

Given the matrixGk(t) in (3), once the initial condition ofez (t) at
t = kT is given, the whole trajectoryez (t); t 2 [kT; kT + T ); is
uniquely determined by the normalized closed-loop dynamics:

_ez (t) = I � ez (t)eTz (t) (A+ u(t)N)ez (t)

u(t) =�� p�10 + 

t

kT

eTz (�)Gk(�)ez (�)
2

d�
�1

� eTz (t)Gk(t)ez (t) (12)

according to (1), (5), and (8). Therefore,�(�) in (11), which consists of
the integration ofez (�); � 2 [kT; kT + T ); is defined as a function
of the initial conditionez (kT ):

Lemma 2: A positive constant�� exists such that

inf
e (kT )2S

�(ez (kT )) = �� > 0 (13)

whereinf stands for the infimum taken over the unit sphereSn:
Proof: Note that by its definition,�(�) must be nonnegative.

Hence, to prove that�(ez (kT )) > 0; one only needs to show that
�(ez (kT )) is nonzero ifez (kT ) 2 Sn: A contradiction argument
will be used to show this.

Assume that�(ez (kT )) = 0 for someez (kT ) 2 Sn: Then, fol-
lowing (11), one has

eTz (t)Gk(t)ez (t) � 0; 8 t 2 [kT; kT + T ) (14)

suggesting that the control input (5) is identically zero over the time
interval [kT; kT + T ): From the transformed state (3), zero-control
input implies that the transformed state will remain motionless during
the entire time interval

z(t) = z(kT ); 8 t 2 [kT; kT + T )

and so does the normalized state

ez (t) = ez (kT ); 8 t 2 [kT; kT + T ): (15)

Substituting (15) into (14) gives

eTz (kT )G(t)ez (kT ) � 0; 8 t 2 [kT; kT + T ):

Now, applying Lemma 1 to the above identity suggests thatez (kT ) =
0, contradicting the fact thatez (kT ) 2 Sn: Therefore,�(ez (kT ))
must be nonzero and, hence, positive for anyez (kT ) 2 Sn:

Finally, note that�(ez (kT )) in (11) depends continuously on its
argumentez (kT ): Because the domain of�(�); the unit sphereSn; is
compact, it follows from [13, Theorem 4.4.1] that a positive constant
�� exists such that (13) holds.

It will now be shown that under a sufficient stability condition, the
controlled bilinear system is globally and exponentially stable.

Theorem: Consider the bilinear system (1) and the nonlinear control
(5). If control design parameters�; 
, andp0 exist such that

keAT k

(1 + 
p0��)�=

< 1 (16)

where�� is given by (13), given any finite initial conditionx(0); the
controlled system statex(t) converges to zero exponentially.
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Proof: First, from (6), one has

dpk(t)

p2k(t)
=�
 eTz (t)Gk(t)ez (t)

2

dt;

8 t 2 [kT; (k + 1)T ):

Integrating this equation gives

p�1k (kT + T )� p�1k (kT )

= 

kT+T

kT

eTz (t)Gk(t)ez (t)
2

dt � 
��

where the inequality results from Lemma 2. Becausepk(kT ) = p0;
one actually has

pk(kT )

pk(kT + T )
� 1 + 
��p0: (17)

Second, define a positive scalar function

Vk(t) = p�1k (t)kzk(t)k2; t 2 [kT; (k + 1)T ) (18)

wherepk(t) > 0 is from (6). Taking the time derivative ofVk(t) along
(3), (5), and (6), one obtains

_Vk(t) = � (2�� 
) eTz (t)Gk(t)ez (t)
2

� kzk(t)k2

= � (2�� 
) eTz (t)Gk(t)ez (t)
2

� pk(t) � Vk(t):

Note that the choice� � 
=2 makesVk(t) always nonincreasing.
Substituting (6) into the above equation shows that

dVk(t)

Vk(t)
=

2�� 




� dpk(t)
pk(t)

and hence

Vk(kT + T ) =
pk(kT + T )

pk(kT )

(2(�=
)�1)

� Vk(kT ): (19)

Using the definition ofVk(t) in (18), one can further deduce from (19)
that

kzk((k+ 1)T )k � pk(kT + T )

pk(kT )

�=


kzk(kT)k

� 1

(1 + 
p0��)�=

kzk(kT)k (20)

where the second inequality results from (17).
Finally, to check howkx(t)k varies, note from (2) that

x(kT ) = zk(kT )

and

x((k + 1)T ) = eAT zk((k+ 1)T ): (21)

Taking the norm ofx((k + 1)T ) in (21), one obtains

kx((k+ 1)T )k � keATk � kzk((k+ 1)T )k
� keAT k

(1 + 
p0��)�=

� kzk(kT)k

=
keAT k

(1 + 
p0��)�=

� kx(kT )k (22)

where the second inequality results from (20) and the last equality from
the first identity in (21). One can thus infer from the hypothesis (16)
and the contraction mapping theorem [14] that given any finitex(0);
the system statex(kT ) converges to zero exponentially.

Remark 1: When the bilinear system (1) is open-loop stable or neu-
trally stable,T always exists such thatkeAT k � 1: In these cases, the
stability condition (16) is trivially satisfied. In other words, the pro-
posed control is guaranteed to stabilize an open-loop (neutrally) stable
bilinear system (1).

Remark 2: When the bilinear system is open-loop unstable, one
would have to check the condition (16) for global and exponential sta-
bility. Note that in (16), the infimum�� depends on various control
design parameters:�; 
; p0 andT ; that is,�� = ��(�; 
; p0; T ): The
simulation experiences indicate that the normalized��=T is very much
insensitive to the choice ofT except for very smallT: Hence, different
choices ofT do not significantly affect the performance of the con-
trolled system.

The relationships between�� and design parameters�; 
, andp0 are
difficult to obtainanalyticallybecause of the complicated nonlinearity
in the closed-loop dynamics. Their relationships, however, can still be
found byoff-line finite time computer simulations. The following pro-
cedure demonstrates how to obtain the relationship between�� andp0
(or other design parameters).

1) Pick an initial design parametersp0; and fix two other design
parameters� and
:

2) Pick an initial conditionz0(0) on the unit sphereSn; and simu-
late the closed-loop dynamics (3) and (5) withk = 0 to obtain
z0(�); � 2 [0; T ): Calculate the normalized stateez (�); � 2
[0; T ); and the integration (11) to find out�(ez (0)):

3) Repeat the above step for sufficiently many initial conditions
z0(0)’s on the unit sphereSn so that an approximate of the in-
fimum �� in Lemma 2 can be obtained.

4) Increase the design parameterp0 by a small amount, and then
repeat Steps 2) and 3) to calculate the new�� so a plot of��

versusp0 can be obtained.
5) Create a plot of(1 + 
p0�

�)�=
 versusp0 from the plot of��

versusp0 and, finally, examine from the plot if the stability con-
dition (16) is satisfied for certain ranges ofp0:

A simulation example of the controlled bilinear system is presented
below.

Example: Consider an open-loop unstable bilinear system (1) with

A =
3 �5

4 1
; N =

1 1

1 �1

and the initial conditionxT (0) = [5;�4]: The open-loop system ma-
trix has eigenvalues2 � p2i:

For the proposed control with
 = 0:2; p0 = 2; andT = 1 s,
Fig. 1 shows the plot of(1+ 
p0�

�)�=
 versus�; which indicates the
stability condition (16) is satisfied as long as1:5 < � < 3:6: When
� is chosen to be 2, the system state converges to zero in about 5 s, as
is shown in Fig. 2. It should be noted that the stability condition (16)
derived in the theorem is sufficient only. In practice, the range of�,
which results in a stable closed-loop system, is larger than as indicated
by Fig. 1.

IV. OTHER CONTROL DESIGNS

It is possible to construct other control laws based on the design pre-
sented above. For example, letF (�):R! R be any piecewise contin-
uous function such that

yF (y) > 0; 8 y 6= 0:
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Fig. 1. Plot of(1 + 
� p ) versus�:

Fig. 2. Closed-loop state response.

The following control law then becomes a candidate to be considered
for stabilization of the system (1):

u(t) =
��pk(t)F eTz (t)Gk(t)ez (t) ; zk(t) 6= 0

0; zk(t) = 0;

t 2 [kT; kT + T ): (23)

wherepk(t) 2 R1 is modified as

_pk(t) =�
p
2
k(t)e

T

z (t)Gk(t)ez (t)

� F eTz (t)Gk(t)ez (t) ; t 2 [kT; kT + T )

in which all parameters are as in (5) and (6).
A list of commonly seen choices ofF (�) is given below.

1) F (y) = y; which corresponds to thenormalized quadraticcon-
trol (5) in Section II;

2) F (y) = sign(y); which corresponds to theswitchingcontrol;
3) F (y) = y=(�+jyj), with � being a small positive number, which

corresponds to theboundary-layercontrol [15];

4) F (y) = y=(�+y2), with � being a small positive number, which
corresponds to thesmooth divisioncontrol becauseF (y) � 1=y
if jyj � �:

The class of control in (23) will achieve the same goal as stated in the
theorem in Section III: it will exponentially stabilize open-loop (neu-
trally) stable bilinear system (1), and under the same condition (16) as
in the theorem, stabilize open-loop unstable system (1). The only ex-
ception is that�� in the stability condition (16) is now different. For
the control in (23),�� is the infimum over the unit sphereSn of the
following function�(�):Sn ! R+;

�(ez (kT ))
�
=

(k+1)T

kT

eTz (t)Gk(t)ez (t)

� F eTz (t)Gk(t)ez (t) dt:

Because different choices of the functionF (�) produce different values
of the infimum��; control laws with differentF (�) may result in dif-
ferent exponential convergent rates for the transformed statezk(t) in
(3) (see (20)). Hence, the choice ofF (�) will affect the stabilizing
ability of the particular control design.

V. CONCLUSIONS

In this paper, a nonlinear control design is proposed for bilinear sys-
tems with multiplicative control inputs. The bilinear system, if it is to
be stabilized, must satisfy a closed-loop stability condition (16), which
can be checked by off-line finite time computer simulations before the
control is applied.
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