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Abstract

In this paper, we present the first complete solution to the de-
centralized model reference adaptive control (MRAC) problem
for general interconnected uncertain dynanic systems with ar-
bitrarily large interconnection strengths. Each local subsystem
may be perturbed by significant unmodeled dynamics as well as
contaminated by bounded output disturbances. Despite these,
excellent properties of the closed-loop contiolled systems can be
proven, which are hardly achieved by conventional decentralized
MRAC [5, 7]. The tracking errors can be made as small as pos-
sible by simply decreasing the design time constant 7. It should
also be noted that the presented algorithms form the decentral-
ized counterpart of our earlier work [12, 13, 14}, where the vari-
able structure design (VSD) for the MRAC of general uncertain
plants is investigated. A simple example is also provided to ex-
plain the advantage of reducing the controller complexity when
the proposed decentralized MRAC design is incorporated.

1 Introduction

The problem of decentralized adaptive control is a research
subject of great theoretical and practical interests [3, 5, 7], [9]-
[11]. Very recently, an attempt {10] has been made to deal with
the design of decentralized adaptive controller for interconnected
uncertain dynamic systems, where the uncertain dynamics are
typically described by transfer functions perturbed by paramet-
ric, nonparametric uncertainties, and uncertain interconnections.
In contrast to the stochastic control approach, no assumptions
are made concerning the statistics of the uncertainties consid-
ered. Alternatively, the approach is based on the given nominal
plants which are subjected to parametric uncertainties, and the
objective is to construct the controllers which ensure desirable
performance in a deterministic sense (e.g. ultimate boundedness
or uniform boundedness). In such a system, each local sub-
system is controlled independently using an adaptive algorithm.
Practical areas of application of this design philosophy include
large-scale interconnected uncertain systems, for instance, power
generation plants and process control systems [3. 8].

It is known [9]-[11] that direct applications of model refer-
ence adaptive controllers, e.g. [5, 7], to the interconnected un-
certain subsystems yield unsatisfactory system behavior arising
from the poor knowledge of the system parameters, the unmod-
eled dynamics, and/or the unmodeled interconnections. A way
to remedy this is to incorporate the VSD [6] concept into the
conventional decentralized design. A new approach to decen-
tralized MRAC is recently developed [9] which achieves finite-
time convergence of the tracking error despite the existence of
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interconnections among subsystems, which may he nonlinear and
time-varying with any possible strengths. As a counterpart, we
allow the exchange of the output information among subsystems
to generate a normalizing signal so as to circumvent the effects of
unmodeled dynamics and unmodeled interconnections {10}. To
the best of our kinowledge, it is the first work which ensures the
finite-time perfect tracking property in the possible preseuce of
unmodeled dynamics, unmodeled interconnections, and output
disturbances. In the recent work [3], although the same inter-
connection pattern as that formulated in [9]-[11] is considered,
the tolerable strength of the interconnection can only be p-small.
Another related work [8] also proposed a decentralized adaptive
scheme for systems of arbitrary relative degree without matching
assumptions, but only for the purpose of stabilization.

In the present paper, based only on 1/O mecasurements, we
develop novel decentralized MRAC algorithms for a class of in-
terconnected uncertain dynamic systems in order to

(a) improve the tramsient behavior and the tracking perfor-
mance by incorporating the VSD for each nominal sub-
plant with any possible relative degree,

(b) counteract or reject the possible unmodeled dynamics,

nonlinear timme-varying interconnections, and/or output

disturbances,

(¢} reduce the computational difficulties due to the use of cen-

tralized algorithms, which may lead to cornputation or nu-

merical instability,

We also point out that these proposed algorithms form decen-
tralized counterpart of our earlier results {12, 13, 14]. Note that
the underlying framework can lead to more reliable control ef-
fects under normal operations as well as in some occasions with
failure of the interconnections and/or the data transmitting net-
work.

The layout of this paper is as follows: Section 2 motivates
the problem of investigating the decentralized controller design
through an illustrative example. Preliminaries and problem
statements are given in section 3. Practical redesign of the ro-
bust decentralized MRAC algorithm using averaging filter is es-
tablished in section 4. Simulation results for strongly connected
two-by-two plants are shown in section 5. Section 6 concludes the
paper by summarizing the main results and outlines our future
research.

2 Problem Motivation

The MRAC for the continuous-time decentralized systems based
only on [/O measurements has caused great research interests
for a long tims. In the case where each subsystem is of relative-
degree one, some structural constraints are imposed [5] to make
the stability of the overall system under the decentralized adap-
tive control be invariant to interconnections among subsystems.
Incorporating the VS design concept, Wu et al. [9] proposed
a completely decentralized MRAC scheme that hits the sliding
mode of each subsystem, interconnected with arbitrarily large,
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possibly nonlinear and time-varying strengths, in finite time. In
{10], the decentralized MRAC for plants with additive, multi-
plicative unmodeled dynamics, and output disturbances are pre-
sentecd. The finite-time perfect tracking property is still obtained
the same as in [9] modulo some chattering around the ideal slid-
ing mode. Under the assumptions that the high frequency gain of
cach of the isolated subsystem is known and the unmodeled inter-
connections are "small”, Datta [3] shows that a design is possible
in the case of decentralized MRAC with allowable exchange of
output information among individual subsystems. However, the
completely deceniralized MRAC, i.e., cannot allow the informa-
tion exchanges among subsystems, for general plants wilth large
interconnections is still an open question there. Before solving
this, we will first give an numerical example to motivate the
investigation of this decentralized controller design problem.
Consider an example with two inputs and two outputs :

Gi(s)(u1) + Hia(s)(u2)
Ga(s)(u2) + Ha1(s)wa ),

K
Y2

(2.1)

where w1 and uy € R are the p]dnl inputs, 4 and y2 € R are

the plant outputs, and G1(s) = =y, G2(s) = =y, Hiz(s) =
w, Hsi(s) = W are plmx(. transfer fum,tlong. For a
better viewpoint, we define the compact vectors u = [uyu2]T.

y= [y yg]T. and the compact transfer function G(s) as :

y = G(s)u
G Hi3Go
— 1—HyoHn —HyoaHy , 9 .
= [ prxeran « o ] , (2:2)
ToH oHo 1-H eHo
which yields
1 (s+1)° (s+1)? ] .
G = e . .
) =75 [ 16 (s +1)* (23)
with d(s) = (s — 1)(s" + 5s* + 10s% + 1052 + 5s + 9). Since

the observability mdex of G(s) is 6, the total number of control
parameters required by using the conventional scheme in [2] is
2 X 6 x 4 = 48. But if we can directly apply the control scheme
proposed in section 3.4.2 to each subsystem (wherein one sub-
system is with relative-degree two), the total number of control
parameters is equal to 2 x 14+ 2 X 2 = 6. This shows that the
decentralized adaptive scheme is much less complex than the cen-
tralized adaptive scheme and is much more suitable for practical
application. This explains the advantage and, hence, motivates
the study of the decentralized controller design.

3 Preliminaries and
Problem Statements

Consider a large-scale interconnected uncertain system contain-
ing N SISO subsystems :

Qi rys = [Goi(8)(1 4 p18mi(8)) + s Aai(s)(ui) + doi (1)

N
+ pa Z Hij(s)(Fis(y;. 1)),

ieN (3.1)
J=1
1#)
where N = {t,---, N}, and for the i-th subsystem Q;, u;(t),

yi(t), and doi () G R are plant input, plant output, and plnnl
disturbance, respectively, A,y (s) and Aqi(s) are the multiplica-
tive and additive unmodeled dynamics, respecmvely and y, and
ug are positive constants, The function Fi;(y;,t): Rx R — R
stands for the interconnection input a.nsmg, from t,he subsystem
Q; to subsystem §; satisfying

[Fijtys, )] < oylysl, e N (3.2)

for some nonnegative numbers o,,7 # 1,4,J € N H,;;(s) is the
transfer function from Fij(y;,t) to yi, and the nominal subplant

Goi(s) = kps 7&(7 is subjected to the following assumptions.

(S1) G,i(s) is of known relative degree v; > 2 and G (s — ¢i)
is minimum phase for some ¢; > 0, i.e., fpi(s) and dp,(s)
are hoth monic, coprime poly. nomlals of degree n; —v; and
Tii, 1espodlvoly, and 7,; (s — ¢¢) is Hurwitz.

The sign of k,; is known a priori and, without loss of
generality, is assumed to be positive.

(53) Rl
some o; > 0 and that Gi(s) =
11 Aqi(s) is minimun phase.

and sA4;(s) arve strictly proper and stable for
G.),(S)(] + pg Ami(s)) -+

(84) doi(t) and (I..O,-(t) are uniformly bounded.

(85) sH;j{s—q;)or G':‘-] (s—qi)Hiy(s—qi)}/(s+ai)” are stable
and s¥i H;;(s) is strictly proper.

Remarks 3.1 :

The dynamics of the interconnected systems Q are unknown
in the sense that the transfer function G;i(s) and H;j(s) and the

nonlinear time-varying functions Fi;(y;,t),J # .%,5 €
not specified in advance. The plant model (3.1) shows that the
interconnections to each subsystem are not necessary to appear

in its control channel. As a consequence, Hi;(s),j # i,4,j € N
are in general different from G;(s), but when viewing from the
state space model [5, 7] it is rational to assume that they should
contain the same unstable poles as stated in (S5).

The tracking problem for the i-th subsystem (3.1) can be for-
mulated as follows : design a control u; such that the local output
y; tracked as closely as desired the reference output y,y,; of the
{ocal reference model :

are

Amil3) ()

my = Ml(
v dma(5)

(’1)—*kmt

(3.3)

In order to meet the control objective, we impose the following
assumption on the reference model.

(86) M;(s — qi)L1i(s — gi) is strictly positive real(SPR) {2]
with Aipy;(s) and 7m(s) being monic Hurwitz polyno-
mials of degree n; — v; and n,, respectively, Lii(s) =
(s+a1i—gi)- - (s+ay;—1,; —g;) being a (v; — 1)-th order
Hurwitz polynomial, sgn(kp) = sgn(km), and r; being the
reference input.

For each subsystem, the model matching [1] between the isolated
nominal transfer function G,; (s) and the reference transfer func-
tion Af;(s) is given as :

1= Cri(8) = D}(5)Gails) = M7 (5)Gloils) (3.4)

Following the same steps as shown in [10], we derive the ervor
model for the interconnected subplants as:

1 .
€oi = —*—{u,’ = cpiti = Cpi(s)(wi) = DY (s)wi) + (1 = Cri(s)

ot

[;4.1 Ami(8)(ui) + /Ll(lm (8) A ) (ui) +(‘—J (s)dos)

(3.5)

N
+ p2 Z G (S)sz(b‘)(l‘"s](yj,i’))} }

)=t
1#g
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where €o; = ¢; = Y.

To vewrite the above equation in a more
concise form, we define

T THT
w, = (Tivw,,,j~Ji7W[j)

moo= (U= O G5 ) Ba(s) + A (5)] (5)

no = (1= ChsNGT (5)(du)
N
= ZG’;](.s)h’,](s)(l"”(3/_,.!)), (3.6)
J=1
i#)
where wpi = ai()A\ (W wi)wpi = ai($)AT (5] {we).ai(s) =
(15,0, ™27, n.ml Ai(s) being an ml)nmrw monic polyno-

niial nf dong ni — | satlsfymg that \;(s — ¢;) is Hurwitz, to
obtain

1 ; »
Coi = = Mi(s) (i — 0} wi + prnt + oy + 0l (3.7)
L .

o1

where 0F = [}, C2, T.d

Cott M p m’l);: 1]7

We carefully investigate the signals defined in (3.6) while keep-
ing the assumptions (S3), (54), and the inequalities (3.2) in
mind. Then, it is easy to find that if we define a normalizing
signal for each subsystem as the state of the following differen-
tial equation :

N
L ) . S1:
i () = —Sarmi(8) + orilfuil + Y lygl+1), mi(0) > 3‘—
(413
=1
J'#J
(3.8)

with &g;,61; > 0 and &, + &2; < y; for some 83; > 0, then the
ratio between [n}|(ov |%]) and m; () must be bounded above [15].
which suffices for our subsequent construction of the sequential
design algorithm.

4 Practical Redesign
Using Averaging Filter

We first define the augmented signals yy; and the auxiliary
errors e, = 1,--+, v, as :

e1i = €oi + Uit Y1 = Mi(s)hyi(s) (w1 ~ x14)
1 1
€ = p 14
SERE R TEn A
P () — e (s 1,1) (1.1)
epi = ug) — - Up; —1,1 )+ 1.
foiiils) 0 Frs) M
where F(rs) can be any Hurwitz polynomial in rs,7 > 0, with

degree at least two and F'(0) = 1. For clarity, here the averaging
filter [Fe¥T)Z 5° that the bandwidth of the fil
ter can be increased arbitrarily as the time constant r approaches
0. Now, the step-by-step proof of the convergence of the recur-
sive algorithin is initialized by investigating the dynamic model
of cy; as ¢

Firey 18 chosen as

e1i = M;(s)Ly:(s) (un — 0T 4t + “‘?77;‘.”

(4.2)

1
+ oy~ (1 - ';')Xlz)
“ot

" & L . 1 X 1
where &, = W(w,), i, = m(77:)’ ”i,f =

1 ® N 1 i . PO 1 .
,v"”{,.“(g)(")lf)v e = l_':”Ll,(~‘)(T]0)7 and x1; = Lli(s)(ut)' In

order for analysis. we write down its associated state space rep-
resentation as :

¢y = Aueh b, (ul, =0 Ten ~ vixu
Funy; + ue’n{_f + 7){o>
. .
enilt) = o e(l), (4.3)
where the state vector ¢}, € R™ and the parameter ¢ = (1 —
;—i——) Incorporating the definition of the normalizing signal in
(4 2. 8) and the SPR property of M;(s) Ly;(s), we can design the
aunxiliary compensation signal uy; = —sgn{ey;) [M1im;(t)+Ma,]

with My1; and M2, satis{ying inequalities :

< Myuima(t) + €¢f(t)
My (4.4)

T ) .
[ =07 i = Wi xai + iy, + p2ni gl

Inal <
To verify the properness of choice (4.3.4), a simple Lyapunov

funceion candidate Vi; = pl,TPh-e{I
derivative is given as follows :

is picked, whose time

Va4 1(4.4)

]

;T / T
—ey; Quie; + 2ex; <u1:‘ — 607" & — ¥ xai

+uang; + wangp + ma)

T
<~ Quel, (45)

where Py;,Q1; > O satisfy Pi; Ay + AEPM = —-Qi; and
P1ib1; = c14 resulting from the SPR propertv of Mi(sYLii(s)
The similar arguments in [13] ensure that e],(t) converges lo

zero exponentially and the auxiliary error 61,(t) drops to zero In
finite time.

Completing the design of the first layer, we look into the second
layer by rewriting the dynamic model for ey; as :

1 . , v S
€2 = s (tozi—0?7€z.~'¢'fxz1+u1 7;5¢+u277§,+r750—6n(t))
1448 -

(4.6)
where to,, 21 1),1, n2 o r),,) are signals obtained by passing
{1:,\11 R ”l: N 7)1 f*nla’ respectively, through the strictly proper fil-
ter 7’(7:) F‘(Ts]llgi(s)Mi ('S (f‘l')'
presentation, we derive in succession that

and e (t) = For a general

1
€t =

"
o0 ('u,l, =07 &5~ X+ g, + peng
Ji—des

+"7;'n—f]t—-],i(t)>; Ji =3y, 04, (4'7)

where €0, \G.is n'”, u;[f, n;‘,_, are again signals obtained by

" i t o ) 3
filtering §J‘..1 0 Xji—1.is ’77.—1 i Mt =10 through the

1,—-1 3

stable filter Frs)

¢i—1,i(t) = (8)(ez;—2(¢))

1
—_
F(rs) 7
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1

.
+ F(rs) I 1

(5)'/‘;);—2(5)(°-,7,'—2(t))s (‘1~8)

and w5 = uy.
With regards to (4.6) and (4.7), the auxiliary compensation

signals uj,;, ;.= 2,---, ¥ — 1, are chosen as :
w5 = .—-sgn(e;,'l,‘)[]\/fjilgmi(t) + Mj,2:], (4.9)
where M, 1; and Mj 2, satisfy
| = 07 €50 — ¥l xyui + mamy,; + panl ]
< Mjimi(t) + ¢5,4(1)
[ o] < Myiai, (4.10)

Then, the finite-time convergence of signals e;.;(t),5i =
2,++,v; — 1, are verified by incorporating the SPR properties
of (ﬁ—jl—}z—s—j,ji = 2,-++,v; — 1, and the fact that c],i(t),j, =
1,-+-,1 — 1, are exponentially decaying signals. The last layer

allows us to properly define the actual control force u; by ob-
serving that

. * T * B
Cp;i = —Qy; =1,iCp;q T <U1 - 91' €u.'i - "/’l Xvgi T M1 Nyia

+ w0k - Eu,»—l,f('t)> (4.11)
A proper choice of the control law will be
Wi = 07 Eyi + YiXugi + Spi (4.12)

with control parameters 6; and v, (total with (2n; + 1) parame-
ters) updated according to the following tuning formulae :

éi = _Ft(ﬁ'v,‘iﬁvn + 001')
i = =B (ewixumi + 0ti);

$i
9

1l

(4.13)

where 9; = 4; — ,Ii = I'T > 0,8; > 0, and the switching

control force Sp; is chosen as :

Spi = —sgnfey,  ){(Myim(t) + Ma;) (4.14)

with Myym; () + ¢;(t) > l/_L_[T]Ll?» + ;Lg'nf”fl and Mpy; > |n£1o|.

The finite-time convergence of the signal e,,; will be shown
in [15] after we sketch the major results of this section in the
{ollowing theorem for clarity.

Theorem 4.1 ¢

Consider the system defined in section 3 with the control algo-
rithm defined in this section. Under the assumptions (S1)~(586),
there exist 7* > 0 such that for all 7 € (0,7*), the following
properties will hold for all < € N.

(a) ej;; approaches zero in finite time, j; = 1, -+, v;.

(b) All signals in the closed-loop system are uniformly
bounded.

{¢) The output error e,; will converge exponentially to an ar-

bitrarily small residual set whose size is a class K function

of v only.

(d) The magnitude of the switching gains Mj;, M>; can be

chosen to be proportional to the order of the unmodeled

dynamics and the unmodeled interconnections, namely, i1

and w2, and the order of the output disturbance, respec-

tively.

a
Proof : Please refer to [15].
Remarks 4.1 : Since all the control gains can theoretically be
chosen sufficiently large, the order of the unmodeled dynam-
ics and the unmodeled interconnections, namely, u3 and o,
can be arbitrarily large without destroying the system stability.
The tracking error vanishes as the design parameter 7 becomes
smaller {but 7 can not be identically zero to prevent the use of
the differentiators in the controller design) in spite of the de-
grees of the unmodeled dynamics, interconnections, and output
disturbances.

L] -
5 Simulation Example
Consider the following interconnected dynamic systems
1 = G (8)(1 + w1lma(s))ur + uaHia(s)yz

y2 = Goa () (1 + w1 Ama(s))ue + paHa1(s)n

where the transfer functions are given as

) 1 _ 1 -
Galo) = ForpAm O = g e = e+ )

1 1 !
Goals) = == Am2(s) = o5 Ha1 () = (s=1)(5+3),

1 = 0.01, g = 10. The reference models chosen here are

24 5

Mi(s) = -————-—(S n 4)(3+8)’M2(s) =11

To implement the decentralized scheme in section 4, we choose
Ly1i(s). = s + 5 such that Mi(s)L11(s) is SPR and the design
time constant 7 = 0.01. The simulation results are depicted in
Figure 5.1 with reference inputs r; = rp = 1.

6 Conclusion

In this paper, new decentralized MRAC algorithms for a class
of interconnected uncertain dynamical systems have been pre-
sented. From the analysis provided, the main features of the
developed approaches are :

(a) the algorithms are not completely decentralized, but the
degree of computational complexity is about the same as
those of the completely decentralized algorithms,

(b) the global stability of the adaptive systems is ensured in
the presences of significant unmodeled dynamics, bounded
output disturbances, and arbitrarily large interconnec-
tions, and the tracking errors drop to very small values
as time goes on,

(c) each nominal subplant can be of any possible known rela-
tive degree,

(d) algorithm after practical redesign makes the proposed ap-
proach physically realizable and forces the output errors
to diminish to zero by simply decreasing the time constant
T,

(e) the improved transient performance is expected by incor-
porating the VSD.

The future research will be the reliability analysis of the pro-
posed decentralized adaptive control algorithms under channel
failures and the decentralized adaptive control of time-varying
and/or nonlinear plants.
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