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Abstract 
The idea of Tethered-Satellite-System (TSS) has been 
tested twice on the space shuttle in the past few years, 
however both failed. It is desirable to study the com- 
plicated dynamics of TSS more deeply. During the 
deployment phase or the retrieval phase of TSS op- 
eration, the length of the tether is varied slowly. This 
process may lead to  a suitable application of the theory 
of adiabatic invariance. In short, adiabatic (or asymp- 
totic) invariance is a quantity that is almost invariant 
when some parameter of the physical system is slowly 
changed. In this paper, we compute an adiabatic in- 
variance for an  approximate model of TSS during de- 
ployment/retrieval mode. It is observed that as the 
length of the tether becomes larger slowly (deploymen- 
t mode), the amplitude of the oscillation becomes s- 
maller. On the other hand, if the tether is shortened 
(retrieval mode), the oscillation becomes larger. This 
observation coincides with the assertion that the dy- 
namics is stable during the deployment mode, but un- 
stable during the retrieval mode. 
Keywords: Tethered-Satellite system, Adiabatic in- 
variance, stability, Elliptic integral, Action variable. 

1. Introduction 
A joint mission of USA and Italy, called Tethered- 
Satellite-System (TSS), has been operated for a few 
years. The idea of using tether in space has been dis- 
cussed for many years, such as the sky-hook discussed 
in [8]. The TSS consists of a massive satellite (such as 
space shuttle) and a subsatellite connected by a long 
tether. The operational mode can be divided into three 
phases. In station-keeping phase, the system is kept in 
a n  earth-pointing att i tude moving around the earth, so 
that some scientific experiments can be conducted. Be- 
fore the station-keeping phase, the payload must be de- 
ployed from the shuttle by first ejected from the shuttle 
cargo bay, and then the tether is released with a reel 
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mechanism. This is the so-called deployment phase. 
On the other hand, the payload may need to  be re- 
trieved back after the experiment is done. During this 
retrieval mode, the length of the tether must be short- 
ened smoothly by also a reel mechanism. It is noted 
that during both the deployment and retrieval modes, 
the length of the tether is changed slowly. One effect 
of the slowly-varying length can be observed from the 
theory of adiabatic invariance. 

After the Lorentz pendulum problem was raised in 
the 1911 Solvay Conference, cf.[14], the notion of adia- 
batic invariance has attracted the attention of many 
researchers in classical mechanics and quantum me- 
chanics. It was proved that if the length of the pendu- 
lum is changed slowly, the energy is proportional to the 
frequency with an almost constant ratio, the so-called 
adiabatic invariance. This quantity may correspond 
to some quantization of state which is unchanged dur- 
ing slow variations of the atomic environment in quan- 
tum mechanics. Adiabatic invariances for many phys- 
ical systems have been computed, cf.[7], [6],[11]. For a 
Hamiltonian system, it has been proved that the action 
variable is indeed an adiabatic invariance under suit- 
able conditions, cf.[4], [9]. This paper thus attempts 
to find the adiabatic invariance for some approximate 
model of TSS during deployment/retrieval modes by 
computing the corresponding action variable. With 
this invariance, some physical insight for the dynam- 
ics of TSS can be gained. 

A profound, historical review on the dynamics and 
control of TSS can be found in [l]. Most literature use 
linear analysis or numerical calculations to  attack the 
problem in deployment/retrieval phase. Some work s- 
tudy the nonlinear phenomenon of TSS and proved that 
under certain conditions, the Earth-pointing station- 
keeping mode is stable, cf.[16]. On the other hand, 
by some linearization, it is observed that  the dynamics 
of retrieval mode is intrinsically unstable, cf.[l]. It is 
our goal here to study the problem from another point 
of view. From the adiabatic invariance we computed, 



it is observed that the length of the tether is inverse 
proportional to  the amplitude of the oscillation. This 
means that as the tether length being shortened, the 
amplitude of oscillation becomes larger, which some- 
what elucidates the instability of the motion in the re- 
trieval mode. The conclusion we made coincides with 
the results before. 

In what follows, Section 2 describes the physical 
model of TSS which is adopted for analysis. The no- 
tion of adiabatic invariance and the computation for 
our model are discussed in Section 3. Some concluding 
remarks are given in Section 4. 

2. System Descriptions 

The TSS can be modeled as two point masses ml, m2 

connected by a taut rod-like tether, cf. Fig.1. Although 
this model seems to  be oversimplified, it may give some 
insight on the dynamical behaviors. We are interested 
in the motion of the system during deployment phase 
and retrieval phase. It has been observed that the sys- 
tem may act as a dumbbell oscillating about the Earth 
pointing direction, cf.[2],[13]. It is assumed that the 
length of the tether 1 varies slowly enough during the 
motion, such that the tether length 1 = Z(Et), E << 1, is 
almost a constant within one period of the oscillation. 
On the other hand, the variation of the tether length 
is smooth such that the condition for applying the the- 
ory of adiabatic invariance is satisfied, similar to  the 
Lorentz pendulum problem, cf. [4]. 

Figure 1: type I motion 

Let E denote the position of the center of the Earth, 
and C denote the position of the center of mass of TSS. 
There are two types of motion we shall consider in the 
following analysis. For type I, cf. Fig.1, the center of 
mass moves around the Earth in circular orbit, sat- 
isfying the Kepler's law. For the motion of type 11, 
cf. Fig.2, it is assumed that the position of ml moves 
around the Earth in circular orbit. Since typically 
ml represents the space shuttle, which has appropri- 
ate control on its orbit, type I1 motion may be more 
realistic. 

To describe the kinematics, an inertial frame 
{z, y, z} is affiliated to E, with z perpendicular to 
the orbital plane; and an  orbital frame { X ,  Y ,  Z }  is 
constructed, with X being parallel to the radius vector 
of the orbit, Z being perpendicular to  the orbital plane, 
and Y completing the triad. Moreover, we affiliate a 

Figure 2: type I1 motion 

body frame { X I ,  Y ' ,  Z ' }  to TSS such that XI being 
parallel to the direction of the tether. Let 8 ,  4 denote 
the azimuth and elevation angle of XI relative to  the 
orbital frame, respectively. cf. Fig.1 or 2. In some lit- 
erature, cf.[1],[2], e is called the in-plane angle and 4 
is named the out-of-plane angle. Accordingly, the co- 
ordinate transformation from the orbital frame to  the 
inertial frame can be expressed as 

A = Rot(3,a) 
= [ COSCY - s in& ~ g ]  

s i n a  cosa  1 (1) 
0 0 1  

where CY denotes the true anomaly. The coordinate 
transformation from the body frame t o  the orbital 
frame is 

B = 1 1 4 3 ,  e ) ~ ~ t ( 2 ,  - 4 )  
cose - s ine  ;] [ cos4 o - s in4  
sine cos0 0 1 0 1 .  

(2) 

The above matrices Rot(., .) are 3 x 3 rotation matri- 
ces which form the special orthogonal group SO(3). 
For any element D E S0(3 ) ,  which may represent a 
coordinate transformation. We have DTD = 1 and 
detD = 1, where 1 denotes the 3 x 3 identity matrix. 
Let the operator denote the natural isomorphism be- 
tween lR3 and so(3), the space of 3 x 3 skew-symmetric 
matrices, defined by 

h [;;) E ( w3 0 -w3 0 - w l ) .  w2 

0 w3 --zvz 201 

By taking the time derivative on both side of DT D = 1, 
the kinematic relationship 

D = DF (3) 

can be obtained, where (in mechanics) the vector r 
corresponds to  the instantaneous angular velocity. 
For the transformation matrices defined in (1) and (2), 
we have 
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where 

6 sin 4 
, .=( -$ ) 

x-Y -2 e cos 4 x' - y , - z ,  

Let rg, rc denote the center of gravity and the center 
of mass of the system, respectively. It has been shown, 
cf. [15] that the orbital angular velocity, w = &, can be 
computed from 

where 1.1 denotes the n o r m  of vector; < ., . > rep- 
resents the inner product of two vectors, and p is the 
gravitational constant. 

We are now ready to  describe the kinematics of the 
system. Let & denote the radius vector of the orbit 
observed from orbital frame ( X ,  Y,  Z }  and Ro be its 
magnitude. The position vector of an element of TSS 
expressed in inertial frame can then be written as 

r = A ( R ~ + B R ' )  

= ARo + CR', (5) 
I 

where R denotes the position of that  element relative 
to  the body frame, and C = AB. Taking time deriva- 
tive on both side of (5) yields 

i. = A ~ R ~  + CAR' + ABR', (6) 

where A can be found t o  be equal to  BThB + 6.  Note 
that R is proportional to the tether length rate i. 
Since 1 is assumed t o  vary slowly, 1 can be regarded al- 
most unchanged during a-period of the oscillating mo- 
tion of TSS. Thus, ABR'  is much smaller than the 
other terms of (6), and could be neglected. 

The kinetic energy of the system can be obtained 
from 

I * ' I  

T x < r , i - > d m ,  ( 7 )  
2 ml +ma +mt 

where denotes the mass ofthe tether in taut position 
with length 1. If the total length of the tether is LO and 
p denotes the density (mass/length) of the tether, then 

ml = mlo + P(LO - I), mt = pl, 

where mlo is the mass of the main structure with the 
tether excluded. Therefore, the total mass M = m1 + 
m2 + = mlo + mz +.PLO is invariant with time. 
Neglecting the term ABR' ,  the kinetic energy can be 
obtained by substituting eq. (6) into (7) as 

1 T = JM(< ~ f i 2 ~ o  , A ~ R ~  > +2 < ~ f i 2 ~ o  , 

CAR' > + < CAR' ,CAR' >)dm. ( 8 )  

By using ATA = 1, DTD = 1, the first term and the 
third term of (8) be collected as 

(9) 
1 
2 - ( M  l ~ ~ l ~  +A%), 

where I = sM(< R' , R' > l - R ' R I T ) d m  is the inertia 
matrix. It is noted that for type I motion, this inerti- 
a matrix is relative to  the center of mass C. However, 
for type I1 motion, the inertia matrix must be comput- 
ed with respect to the point ml. The second term of 
(8) needs further treatment. For type I motion, it is 
observed that 

JM R ' d m  = 0 ,  

thus the kinetic energy is simply (9). However, for 
type I1 motion, we define R' = S' + Riel, where S 
denotes the vector from ml to  C; and Riel denotes 
the vector from C to  the element on TSS. Noting 
that sM RLeld,m = 0, and substituting the expression 
of I, B,  0, A in terms of moment of inertia I, and 
8,  4, 6 ,  6, w, into (9), the kinetic energy (7) has an 
explicit form as 

I 

w ( - s ines ingd+cosecos4 (w+i ) )  SI, (10) 

where S' = (S'I . It is observed that by letting S' = 0, 
T becomes the kinetic energy for type I motion. 

The potential energy of TSS can be calculated from 

+ -pmz + -pm1 v =  
( R ~  + BR;J I R ~  + BR;~ 

in which, (IRo + BR'/)-' is equal to  

( R; + 2 cos e cos + RIz)-'. (12) 

, 
Letting 6 = k, (12) can be expanded as a series of 
6", n = 1,2,3..., i.e. 

.+ - c o s e c o s ~ ~  + ~ ( 3 c 0 s 2 e c 0 s ~ 4  - 1 ) ~  

+higher order terms ). (13) 

RO 2 

Since 6 << 1, the higher order terms can be neglected. 
Thus, (11) can be reduced to  

p M  pMS'  v = --+- 
Ro Rg 

cos e cos 4 
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where SI = 0 corresponds to  the type I motion. Finally, 
the Lagrangian L = T - V can be written as 

P (-- sin e sin 4wqi + cos e cos 4(w2 - - 
R; 

where C1 = :MRiw2 + is independent of 

8, 4, e ,  4. By Legendre transformation, the La- 
grangian L can be transformed into a Hamiltonian, so 
that the dynamics becomes a Hamiltonian system. 

3. The Adiabatic Invariance 
Formally, an  adiabatic invariance is defined by the fol- 
lowing statement, 
Definition. a function J ( p ,  q, 2 )  is called an  adiabatic 
invariance if for every K, > 0 there is an EO = E ~ ( K )  

such that for E < EO the variation of J ( p ( t ) ,  q ( t ) ,  I ( & ) )  
for 0 5 t 5 $ does not exceed IC, 

where ( p ,  q) are the canonical variables in Hamiltoni- 
an  formulations; 1 = l ( E t ) ,  E << 1 is a slowly varied 
parameter of the system, cf.[3],[4]. 

For a Hamiltonian system, such as the one described 
above, it has been proved that the action variable 

J = { P d g ,  

where q ,  p denote the generalized coordinate and the 
generalized momentum variable, respectively, is an adi- 
abatic invariance. Accordingly, we compute the action 
variable for our model discussed in Section 2. To make 
the computations tractable, the in-plane motion and 
out-of-plane motion are considered. 

3.1 In-plane motion 
For in-plane motion of TSS, it is assumed that 4 = 6 = 
0. Therefore the Lagrangian L can be simplified as 

Lo = C 1 + 1 1 ( U + 8 ) 2 + M & S ' C O s 8  2 

Applying Legendre transformation, the Hamiltonian 
can be found to  be 

1 
21 

He = --(Po - F1)' - w ( P ~  - F l )  - F2, (17) 

where Po = % = I (w+e)+Fl  denote the momentum 
variable, and 

8 9  

F1 = M&S'wcosO, 

The action variable Jg,  that is, the adiabatic invariance, 
can be obtained by calculating fPOd0, cf.[9], [4] .  It can 
be shown that 

Since F l ,  F2 both are even functions of 8,  and noting 
that He,  w and I are almost invariant within one period 
of in-plane motion, Je can be reduced t o  

where 

(5 - w2)RoMS' 
32 a =  , 
2R: 

-&-&!?-H 
ZR; 2 e -cl  

2R; 

b =  w 1 

and Om,, = arccos($ + d q )  is the amplitude 
of in-plane oscillation. To assure that TSS under- 
goes a periodic libration in orbit, it is required that 

f + d* 5 1 and b + $ > 0,  and from which, 

a + b 5 1 is obtained. For type I motion, S' = 0,  and 
thus a = 0. On the other hand, for type I1 motion, it 
is observed from ( 4 )  that a > 0, since & < T, ,  and 
Ro < r g .  Moreover, the libration motion is assured 
by the condition b > 0, which is also assumed in the 
following discussion. 

For type I motion, a = 0,  and the integral in Je 
can be expressed in terms of complete elliptic integrals, 
cf.[lO], [5], such that 

(19) 

It is noted that if J i  is a constant, the moment of in- 
ertia I has certain relationship with the amplitude of 
oscillation e,,,. To gain further insight on their re- 
lation, a physical example is considered, with m l o  = 
80000 kg, m2 = 500 kg,  p = 8.2 k g / k m ,  LO = 
100 k m ,  Ro = r ,  = 6800 k m .  Fig.3 plots the rela- 
tion between I and the length of tether I ,  while Fig.4 
plots the relation between sin2 e,,, ( K  - 2)) and Om,,. 
Thus, if l is varied slowly, we may find the correspond- 
ing I from Fig.3, and then compute sin2 e,,, ( K  - D) 
by the constancy of the adiabatic invariance. With the 
value of sin2 e,,, [K(sin e,,,) - 'D(sin 13,,,)], the am- 
plitude of oscillation Om,, can then be obtained from 
Fig.4. As an example, if a deviation 0 = 4' occurs when 
I = 50 k m ,  and the tether is enlongated to 70 k m ,  then 
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the oscillation becomes e,,, M 2.74'. On the other 
hand, if the tether is shortened to 30 k m ,  the oscil- 
lation is then 6.98'. From the above discussion, we 
conclude that for type I in-plane motion, the length of 
tether is inversely varying with respect to  the ampli- 
tude of oscillation. 
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Figure 3: I vs. 1 
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Figure 4:  sin2 O,,,(K - 2)) vs. e,,, 

For type I1 motion, the integral in (18) is a general 
elliptic integral ,  cf.[12], [5], which can be dealt with by 
applying a series of suitable transformations. Howev- 
er, the integral expressions include a lengthy algebraic 
function with a, b as the parameters, which makes the 
calculation intractable. Then, numerical computations 
are adopted in order to gain some physical insight. Let 
(18) be expressed as 

7 

J(COS e - (a - COS e,,=)) de - 

It is noted that I ,  a are changed as the tether length 
being varying, which gives rise to  the variation of On,= 
for keeping JiI being an  adiabatic invariance. Consider 
a physical example, m l o  = 2000 k g ,  m2 = 500 k g , p  = 
8.2 k g / k m ,  Ro = r1 = 6800 k m ,  Lo = 100 k m .  The 
relations between I ,  a and Z can be found in Fig.6, 
while the relation between F3 and e,,,, a is plot- 
ted in Fig.5. When a deviation tJmax = 4O occurs a t  
1 = 40 k m ,  we have a = 0.4331, I = 9.7493 x l o 5  kg - 
k m 2 ,  F3(Omax,a) = 0.0034. If l is slowly extended to 
60 k m ,  we find a = 0.5002, I = 23.904 x 105kg - km2. 
To keep JiI being a constant, it is required that 
F3(8,,,, a) = 0.0013866. Thus, the oscillation Om,, 
can be read out from F ig5  as Om,= M 2.589'. On the 
other hand, if the tether length is shortened slowly to 
20 k m ,  it can be checked that e,,, becomes 8.335', 

by applying similar process. This numerical computa- 
tion also shows that for type I1 in-plane motion, the 
tether length is inversely varying with respect to  the 
amplitude of oscillation. 

0.03. ,.. . , ... . .  . .  . .  .... 
h 

10 

a erno+ (degree) 

Figure 5: F3(&.,., a) vs. a and Oms, 

As discussed in [l], a linearized dynamical equation 

e" + z(i'/i)e' + 38 = - z ( l ' / l ) ,  

can be used as a model for deployment/retrieval con- 
trol system. It can then be concluded that if the length 
change rate i is positive/negative then the motion 
in 0 direction is stable/unstable. Because i is pos- 
itive/negative corresponding to the tether in deploy- 
ment/retrieval process, the results we obtained above 
coincide with the observation made before. 

. x I O 6  

80 
tether length I (km) 

1 ,  1 

0.51 I 
0 0  
0 20 40 60 80 

tether length I (km) 
Figure 6: I and a vs. l 

3.2 Out-of-plane motion 
Now we consider the motion of TSS with 0 = 0, the 
so-called out-of-plane motion. By applying the steps 
analogous to  Section 3.1, the adiabatic invariances for 
type I motion and type I1 motion can be expressed as 

[IC -D], (21) 

respectively; where 4max, c have similar characters as 
emax, a defined in Section 3.1. Comparing the above 
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expression with (19), (ZO), the only difference lies in the 
pre-integral multiplier, i.e. ,/-. Recalling that w 

is affected by the varied tether length, if the two exam- 
ples in Section 3.1 are reconsidered, the variations for 

+ % vs. l are plotted in Fig.7 and Fig.8, respec- 
tively. It is observed that for different tether length- 
s ,  d q  changes not significantly. Therefore, the 
results for these examples in out-of-plane oscillations 
would be almost the same as that for in-plane motions 
discussed in Section 3.1. 

d 7  

0 
Q,  IO-^ 

, $ 2.2518 r 
W 

I 

20 40 60 80 2.2518 ‘ 
0 2 

Q tether length I (km) 
Figure 7: Jq vs. 1 for type I motion 

2.249 
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L a 

Figure 8 : J W 2  + 3 vs. I for type I1 motion 

4. Conclusion 

From the above analysis, an adiabatic invariance was 
derived for the motion of TSS in the deploymen- 
t/retrieval phases. For both the in-plane motion and 
the out-of-plane motion, it is observed that the ampli- 
tude of oscillation and the length of the tether vary in- 
versely. consequently, as the tether being pulled back 
during the retrieval phase, the oscillation becomes larg- 
er, which may induce instability to the system. Al- 
though the analysis is based on a simplified model of 
TSS and the in-plane motion and the out-of-plane mo- 
tion are considered separately, the conclusion we made 
has given some insight on the dynamical behavior. We 
note that the action variable is in fact the order one 
adiabatic invariance, the other adiabatic invariance of 
different orders may be pursuit in the future. 
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