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Abstract

Four finite-volume component-wise total variation diminishing (TVD) schemes are proposed for solving the two-dimensional

shallow water equations. In the framework of the finite volume method, a proposed algorithm using the flux-splitting technique is

established by modifying the MacCormack scheme to preserve second-order accuracy in both space and time. Based on this al-

gorithm, four component-wise TVD schemes, including the Liou–Steffen splitting (LSS), van Leer splitting, Steger–Warming

splitting and local Lax–Friedrichs splitting schemes, are developed. These schemes are verified through the simulations of the 1D

dam-break, the oblique hydraulic jump, the partial dam-break and circular dam-break problems. It is demonstrated that the

proposed schemes are accurate, efficient and robust to capture the discontinuous shock waves without any spurious oscillations in

the complex flow domains with dry-bed situation, bottom slope or friction. The simulated results also show that the LSS scheme has

the best numerical accuracy among the schemes tested.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The two-dimensional (2D) shallow water equations

(SWE) describe the free surface flows, such as dam-

break flows and oblique hydraulic jumps in open

channels. The system of SWE is a time-dependent set of

non-linear partial differential equations of hyperbolic
type. The numerical simulation of the SWE is rather

difficult because it requires special considerations for

achieving conservative property as well as solving dis-

continuity accurately without spurious oscillation [1,2].

Based on the important concept of the total variation

diminishing (TVD), several high-resolution TVD

schemes for the hyperbolic conservation laws have been

proposed in the literature [3–7]. These schemes resolve
sharp discontinuities without spurious oscillations in the

vicinity of large gradients and do not introduce too

much numerical dissipation.
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In recent years, the high-resolution TVD schemes

have been gradually adopted to solve the 2D SWE. For

instance, Alcrudo and Garcia-Navarro [8] developed a

high-resolution Godunov-type scheme in finite volume

method to achieve second-order accuracy. Louaked and

Hanich [9] employed the TVD Lax–Wendroff scheme

and used the artificial compression method to deal with
the abrupt changes in the open channel flows. Using the

finite volume method, Tseng [10] constructed some high-

resolution non-oscillatory shock-capturing schemes.

Wang et al. [11] developed a finite-difference TVD

scheme by combining first-order Roe scheme and sec-

ond-order Lax–Wendroff scheme. Tseng and Chu [12]

proposed a modified TVD-MacCormack scheme based

on the finite volume method. The TVD schemes de-
scribed above often make use of the first-order Roe

scheme as a basis. Hence, these TVD schemes require

the set of the eigenvalues of the Jacobian matrix. In

addition, the Roe scheme may generate a non-physical

expansion shock due to the violation of the entropy

condition; therefore, when the Roe scheme is employed,

the entropy fix is required for practical computations

[1,2]. On the other hand, when the TVD-MacCormack
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scheme is applied to 2D problems, four possible com-

binations of the predictor–corrector steps should be

cycled during the computation to avoid a bias provided

by an eventual accumulation of errors [6,12].

More recently, Yu and Liu [13] proposed a two-step,
component-wise TVD scheme for hyperbolic conserva-

tion laws. Compared with other TVD schemes men-

tioned above, this component-wise TVD scheme is

simpler to construct because it does not require the

characteristic decompositions. It does not also require

additional treatments of the directional dependence in

the predictor–corrector steps, while the TVD-MacCor-

mack scheme [12] does. Furthermore, this component-
wise TVD scheme essentially is second-order-accurate in

both time and space, and it may be applied to SWE

without any difficulty. In the present study, the two-step,

component-wise TVD scheme will be adopted in a

proposed algorithm for solving SWE.

In this paper, an algorithm is established by modi-

fying the well-known MacCormack scheme and using

the flux-splitting technique to estimate the numerical
flux. Based on this algorithm, four first-order flux-vector

splittings are used as a basis to construct four compo-

nent-wise TVD schemes in the framework of the finite

volume method. These four schemes are evaluated based

on the simulations of the 1D dam-break, the oblique

hydraulic jump, the partial dam-break and circular dam-

break problems. The proposed schemes are also verified

with a laboratory dam-break experiment to show their
further applications.
2. Two-step component-wise TVD scheme

Consider the following one-dimensional (1D) scalar

hyperbolic conservation law

oq
ot

þ of ðqÞ
ox

¼ 0 ð1Þ

where q is a variable of scalar hyperbolic conservation

law, and x and t represent the space and time, respec-

tively. Eq. (1) can be approximated by a higher-order

conservative scheme given as [4]

qnþ1i ¼ qni � sðbiþ1=2 � bi�1=2Þ ð2Þ
where n is time index, i is space index, s ¼ Dt=Dx is the
uniform mesh ratio, and biþ1=2 is a high-order numerical
flux. The biþ1=2 can be regarded as the first-order upwind
numerical flux ðfiþ1=2Þ with an additional second-order

antidiffusive flux term ðwiþ1=2Þ, i.e.,

biþ1=2 ¼ fiþ1=2 þ
1

2
wiþ1=2 ð3Þ

According to the technique of flux splitting, the flux

f ðqÞ is decomposed into negative and positive fluxes as

[6,7]

f ðqÞ ¼ f þðqÞ þ f �ðqÞ ð4Þ
Hence, the first-order upwind numerical flux at the

cell interface iþ 1=2 can be expressed as

fiþ1=2 ¼ f þðqiÞ þ f �ðqiþ1Þ ¼ f þ
i þ f �

iþ1 ð5Þ

Based on the direction of wave propagation, the well-

knownMacCormack scheme was modified to establish a
component-wise TVD scheme [13]. For right-moving

waves (i.e., f � � 0 in Eq. (4)), the left-upwind predictor

in the MacCormack scheme can be expressed as

q̂qnþ1i ¼ qni � sðfi � fi�1Þ ð6Þ

where fi is the numerical flux for the center of the cell i at
time n, and the corrector has the following expression

qnþ1i ¼ 1

2
ðqni þ q̂qnþ1i Þ � s

2
ðf̂fiþ1 � f̂fiÞ ð7Þ

where f̂fi ¼ f ðq̂qnþ1i Þ as the predictor flux.
Likewise, for left-moving waves (i.e., f þ � 0 in Eq.

(4)), the right-upwind predictor in the MacCormack

scheme can be expressed as

q̂qnþ1i ¼ qni � sðfiþ1 � fiÞ ð8Þ

and similarly the corrector has the following form

qnþ1i ¼ 1

2
ðqni þ q̂qnþ1i Þ � s

2
ðf̂fi � f̂fi�1Þ ð9Þ

The flux splitting expressed in Eq. (4) is needed for

the coexistence of left-moving and right-moving waves.

Substituting Eq. (6) into Eq. (7) and Eq. (8) into Eq. (9)

and then rewriting the MacCormack scheme in the

conservative form of Eq. (2), one can obtain the pre-

dictor–corrector steps as

q̂qnþ1i ¼ qni � sðfiþ1=2 � fi�1=2Þ ð10Þ
qnþ1i ¼ qni � sðbiþ1=2 � bi�1=2Þ ð11Þ

where fiþ1=2 is defined by Eq. (5) at time n and

biþ1=2 ¼ fiþ1=2 þ
1

2
ðwþ

iþ1=2 � w�
iþ1=2Þ ð12aÞ

¼ f þ
i þ f �

iþ1 þ
1

2
ðf̂f þ

iþ1 � f þ
i � f �

iþ1 þ f̂f �
i Þ ð12bÞ

To ensure TVD constraints, a flux-limiter function
can be added to the second-order antidiffusive term.

Hence, the second-order numerical flux biþ1=2 in Eq. (12)
can be rewritten as

biþ1=2 ¼ fiþ1=2 þ
1

2
½/ðrþiþ1=2Þwþ

iþ1=2 � /ðr�iþ1=2Þw�
iþ1=2�

ð13aÞ
wþ
iþ1=2 ¼ f̂f þ

iþ1 � f þ
i ; w�

iþ1=2 ¼ f �
iþ1 � f̂f �

i ð13bÞ

where / is the non-linear flux-limiter function that plays

an important role to avoid spurious oscillations, and

slope ratio is defined by
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rþiþ1=2 ¼
wþ

i�1=2

wþ
iþ1=2

; r�iþ1=2 ¼
w�

iþ3=2

w�
iþ1=2

ð13cÞ

Apparently, when /ðrÞ ¼ 1 and /ðrÞ ¼ r, the compo-

nent-wise TVD scheme expressed in Eqs. (10)–(13) can

be switched to the MacCormack scheme and the

Warming–Beam scheme, respectively [13]. The compo-

nent-wise TVD scheme coupled with the flux-splitting
technique does not require the Jacobian matrix for

system of conservation laws; hence its programming is

rather simple. The applications of the component-wise

TVD scheme to SWE should not cause any additional

difficulty.
3. Solving 2D shallow water equations

3.1. Governing equations

The 2D SWE expressed in the differential conserva-

tive form are [1,2]

oQ

ot
þ oF

ox
þ oG

oy
¼ S ð14Þ

in which

Q ¼
h

hu

hv

264
375; F ¼

hu

hu2 þ gh2

2

huv

264
375;

G ¼
hv

huv

hv2 þ gh2

2

264
375; S ¼

0

ghðs0x � sfxÞ
ghðs0y � sfyÞ

264
375 ð15Þ

where Q is the vector of conserved variable; F and G are

the flux vectors in the x- and y-directions, respectively; h
is the water depth; u and v are the depth-averaged ve-

locity components in the x- and y-directions, respec-
tively; g is the acceleration due to gravity; S is a source

term containing the bed friction and slope; sfx and sfy are
the bed friction slopes in the x- and y-directions, re-
spectively; and s0x and s0y are the bed slopes in the x- and
y-directions, respectively.

3.2. Numerical discretization by finite volume method

A cell-centred finite volume method is adopted in this

paper. Applying the divergence theorem, Eq. (14) can be

integrated over the control volume X and expressed asZ Z
X

oQ

ot
dW þ

Z
oX
E 	 ndl ¼

Z Z
X
SdW ð16Þ

in which n is the outward unit vector normal to the

boundary oX; dW and dl are the area and arc elements,

respectively; and the integrand E 	 n is the normal flux

vector in which E ¼ ½F;G�T.
Assuming that the vector quantity Q is constant over

a cell and can represent the average at the center of the

cell, Eq. (16) can be discretized into the basic equation

of the FVM as follows:

A
dQ

dt
þ
XM
m¼1
Em
nL

m ¼ AS ð17Þ

where A is the area of a cell, m is the index for the side of

a cell, M is the total number of the sides for a cell, Em
n is

the intercell flux normal to each side m, and Lm is the

length of side m. Applying the rotational invariance of

the governing equations [14], the intercell flux normal to

each side is defined as

EnðQÞ ¼ FcosU þG sinU ¼ TðUÞ�1F½TðUÞQ�

¼ TðUÞ�1FðQÞ ð18Þ

where U is the angle measured counterclockwise from x-
axis between the outward unit vector n and x-axis;
Q ¼ TðUÞQ is the vector variables transformed from Q;

FðQÞ is the transformed normal flux; and TðUÞ and
TðUÞ�1 are the transformation and inverse transforma-

tion matrices, respectively, which are defined as

TðUÞ ¼
1 0 0

0 cosU sinU

0 � sinU cosU

264
375;

TðUÞ�1 ¼
1 0 0

0 cosU � sinU

0 sinU cosU

264
375

ð19Þ

Using the relation expressed in Eq. (18), Eq. (17)

becomes

A
dQ

dt
þ
XM
m¼1
TðUÞ�1FðQÞLm ¼ AS ð20Þ

The objective of this study is to develop finite-volume

component-wise TVD schemes for estimating FðQÞ in

Eq. (20).

3.3. Estimation of cell interface flux FðQÞ

The estimation of the normal flux FðQÞ at each cell

interface is required for solving Eq. (20). The normal

flux FðQÞ can be taken as the numerical flux corre-

sponding to the local 1D Riemann problem in the di-

rection normal to the cell interface. The local 1D

Riemann problem is an initial-value problem and is
written as [15]

oQ

ot
þ o½FðQÞ�

o�xx
¼ 0 ð21aÞ

with

Qð�xx; 0Þ ¼ QL; �xx < 0

QR; �xx > 0

	
ð21bÞ
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in which Q ¼ ðh; hun; hvtÞT, FðQÞ ¼ ½hun; gh2=2þ
hu2n; hunvt�

T
, un and vt are respectively the flow velocity

components in �xx (normal) and �yy (tangential) directions,
un ¼ u cosU þ v sinU, and vt ¼ v cosU � u sinU.

As illustrated in Fig. 1, the �xx axis with its origin lo-
cated at the midpoint of interface of two cells is directed

to outward normal. The FðQÞ is set to be a normal

outward flux at the origin of a local axis �xx. The quan-
tities, QL and QR, are the left and right transformed

quantities at the center of the cell interface, respectively.

In this paper, the flux-vector splitting is used to estimate

the numerical fluxes. The normal outward flux FðQÞ can
be decomposed into positive and negative parts as

FðQÞ ¼ Fþ þ F� ð22Þ

where Fþ and F� are the positive and negative split

fluxes, respectively.

Accordingly, the first-order numerical flux FLR at

each cell interface is estimated using the variables of the

neighboring cells (i.e., QL and QR) as

FLR ¼ FþðQLÞ þ F�ðQRÞ ¼ FþL þ F�R ð23Þ

where FþL and F�R are the left and the right split fluxes of

the cell interface.
3.4. Second-order component-wise TVD schemes

In this section, higher-order spatial and time accuracy

is achieved by employing the two-step component-wise

TVD scheme described in Section 2. This second-order

component-wise TVD scheme is extended in the

framework of the finite volume method.

According to the two-step algorithm expressed in

Eqs. (10) and (11), the finite-volume component-wise
L R

x

y

y  
x

Ω

 

Φ

 

LRF

Fig. 1. The finite volume X in the x–y coordinates.
TVD scheme with source terms is formulated to preserve

second-order accuracy in both time and space and it is

expressed as

bQQi;j ¼ Qn
i;j �

Dt
A

XM
m¼1
TðUÞ�1Fð1ÞðQÞLm

" #
i;j

þ DtSni;j ð24Þ

Qnþ1
i;j ¼ Qn

i;j �
Dt
A

XM
m¼1
TðUÞ�1Fð2ÞðQÞLm

" #
i;j

þ DtbSSi;j

ð25Þ

where i and j are the space index; n is the time index; Dt
is the time increment; bQQi;j and bSSi;j are the predicted

variables and source terms for the cell ði; jÞ, respectively;
Qn

i;j and S
n
i;j are the conserved variables and source terms

at time index n, respectively; Fð1ÞðQÞ is the first-order

numerical flux at time index n; Fð2ÞðQÞ is the second-

order numerical flux taking the predicted variables into

account. The computational cells in the x–y coordinate
system are illustrated in Fig. 2.

In Eq. (24), the first-order numerical flux though the

cell interface ðiþ 1=2; jÞ is estimated by

Fð1ÞðQÞ ¼ FLR ¼ FþL þ F�R ¼ Fþi;j þ F�iþ1;j ð26Þ

In Eq. (25), the second-order numerical flux through

the cell interface ðiþ 1=2; jÞ is estimated by adding the

antidiffusive term with the flux limiter function to FLR.

According to Eq. (13), it is formulated as

Fð2ÞðQÞ � FLR þ 1

2
½/ðrþiþ1=2;jÞwþ

iþ1=2;j

� /ðr�iþ1=2;jÞw�
iþ1=2;j� ð27aÞ

rþiþ1=2;j ¼
wþ

i�1=2;j

wþ
iþ1=2;j

; r�iþ1=2;j ¼
w�

iþ3=2;j

w�
iþ1=2;j

ð27bÞ
      O
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Fig. 2. The computational cells in the x–y coordinates.
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wþ
iþ1=2;j ¼ bFFþ

iþ1;j � Fþi;j; w�
iþ1=2;j ¼ F�iþ1;j � bFF�

i;j ð27cÞ

where bFFi;j ¼ Fð bQQi;jÞ is regarded as the predictor flux.

Several forms of limiter function /ðrÞ have been pro-

posed [6]. In this paper, the van Leer limiter is adopted

and it is defined as

/ðrÞ ¼ r þ jrj
1þ jrj ð28Þ

Regarding Eqs. (24) and (25), the predictor is ob-

tained through estimating the first-order numerical flux

at each cell interface. Then, in the corrector step the

second-order numerical flux is calculated by adding the

second-order antidiffusive term to the first-order one.

Essentially, the second-order component-wise TVD
scheme does not require the set of eigenvalues of the

Jacobian matrix. Nevertheless, the technique of the flux

splitting is needed for its two-step procedures. In this

paper, four flux-vector splittings are employed and de-

scribed below, including the Liou–Steffen splitting

(LSS), van Leer splitting (VLS), Steger–Warming split-

ting (SWS) and local Lax–Friedrichs splitting (LLFS).
3.4.1. Liou–Steffen splitting

The flux-vector splitting, proposed by Liou and

Steffen [7,16] for the system of the Euler equations in gas

dynamics, is adopted herein to solve SWE. Splitting the

flux vector F into a convective component FðcÞ and a
pressure component FðpÞ, F can be expressed as

F ¼
hun

hu2n þ
gh2

2

hunvt

24 35 ¼
hun
hu2n
hunvt

24 35þ
0
p
0

24 35 � FðcÞ þ FðpÞ ð29Þ

where p ¼ gh2=2 is the hydrostatic pressure. By intro-

ducing the Froude number ðFr ¼ un=cÞ, the convective

flux vector is rewritten as

FðcÞ ¼ Fr
hc
hunc
hvtc

24 35 ð30Þ

where c ¼
ffiffiffiffiffi
gh

p
. According to the technique of the flux

splitting, the first-order numerical flux is expressed as

FLR ¼ FðcÞLR þ FðpÞLR ð31Þ
F
ðcÞ
LR ¼ F þ

rL

hc

hunc

hvtc

264
375
L

þ F �
rR

hc

hunc

hvtc

264
375
R

;

F
ðpÞ
LR ¼

0

pþL
0

264
375þ

0

p�R
0

264
375

ð32Þ

The splittings of the Froude number and hydrostatic

pressure flux component are required in Eq. (32). They
can be expressed in terms of second-order polynomials

ðFr � 1Þ2 as [16]

F �
r ¼ � 1

4
ðFr � 1Þ2; if jFrj6 1

1
2
ðFr � jFrjÞ; otherwise

	
ð33Þ
p� ¼
p
4
ðFr � 1Þ2ð2
 FrÞ; if jFrj6 1

p
2
ðFr � jFrjÞ=Fr; otherwise

	
ð34Þ

The algorithm of Eqs. (24)–(27) coupled with the

Liou–Steffen splitting is referred to as the LSS scheme

herein.
3.4.2. van Leer splitting

The van Leer splitting (VLS) [7,17] is based on the

flow conditions. For subcritical flow, jFrj6 1, the split-
ting of flux vector F is derived as follows [1]

F� ¼
F�1

F�1 ðun � 2cÞ=2
F�1 vt

24 35 ð35Þ

where F�1 ¼ �hcðFr � 1Þ2=4. For supercritical flow

ðFr > 1Þ, Fþ ¼ F and F� ¼ 0; whereas if Fr < �1, Fþ ¼ 0
and F� ¼ F [1]. The proposed algorithm of Eqs. (24)–

(27) coupled with the VLS is denoted as the VLS scheme

herein.
3.4.3. Steger–Warming splitting

For the SWE, the split fluxes by Steger–Warming [18]

can be obtained according to the flow conditions. For

subcritical flow, we have

Fþ ¼ h
4

3un þ c
2u2n þ ðun þ cÞ2
2unvt þ ðun þ cÞvt

24 35; F� ¼ h
4

un � c
ðun � cÞ2
ðun � cÞvt

24 35
ð36Þ

For supercritical flow, we have Fþ ¼ F and F� ¼ 0. The

algorithm of Eqs. (24)–(27) coupled with the Steger–
Warming splitting is referred to as the SWS scheme

herein.
3.4.4. Local Lax–Friedrichs splitting

For the Lax–Friedrichs splitting [2], the estimation of

the numerical fluxes simply depends on the maximum

(absolute value) wave speed locally. The split fluxes for

Eq. (21) can be expressed as [13]

F�ðQÞ ¼ 1

2
½FðQÞ � kmaxQ� ð37Þ

where kmax ¼ max½jkkðQRÞj; jkkðQLÞj� is the maximum

wave speed. The eigenvalues, kk (k ¼ 1, 2 and 3), are

obtained from Eq. (21a), which are k1 ¼ un, k2 ¼ un þ c,
and k3 ¼ un � c [7]. The proposed algorithm of Eqs.

(24)–(27) coupled with the local Lax–Friedrichs splitting

is denoted herein as the LLFS scheme.
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3.5. Stability and boundary conditions

In order to ensure numerical stability of the proposed

schemes, the time step Dt must be restricted by the

Courant–Friedrichs–Lewy (CFL) stability condition [19]

which is expressed as

CFL ¼ Dt
Dd

DFðQÞ
DQ

���� ����
max

6 1 ð38Þ

where Dd is the distance between the centers of two

adjacent cells.
The boundary conditions used in this paper are di-

vided into two different types, namely the closed

boundary and the open boundary. For the closed

boundary condition, the velocity normal to the land is

set to zero. For the open boundary condition, the ve-

locity and depth are needed using the Riemann invari-

ants [15].
4. Numerical results and discussions

The numerical accuracy and the computational effi-

ciency are investigated to evaluate the performance of

four proposed schemes. Four cases in the open-channel

flows with discontinuities are tested, including the 1D

dam-break, oblique hydraulic jump, partial dam-break

and circular dam-break problems. In all of the test cases,

zero bed slope is given and no bed friction is assumed in
the simulation domain. Computations for the problems

presented below were performed on a Pentium IV PC

equipped with a 256 megabyte RAM.
4.1. 1D dam-break flow

The proposed schemes are first applied to 1D dam-

break problem. The 1D dam-break problem is chosen to

test the shock-capturing ability of the proposed schemes
because it serves as a classical example with exact so-

lutions to verify the numerical model. The dam-break

problem is illustrated in Fig. 3. A horizontal channel

with 2000 m in length and 10 m in width is considered.

The dam is located at 1000 m downstream of the

channel inlet. The initial upstream and downstream

water depths, hu and hd, are 10 and 0.05 m respectively.
Thus the water depth ratio hd=hu is 0.005. The exact

solutions can be found in the literature [20]. The CFL

number is set to be 0.9, and the flow domain is dis-

cretized into 100 uniform cells.

Comparisons of exact solutions with simulated

depths as well as velocities at t ¼ 50 s using the four

schemes are presented in Fig. 4. As shown in Fig. 4(a)

with the close-up of the shock wave, all schemes can
predict the shock wave and the rarefaction wave without

spurious oscillation. Obviously, the resolutions of the

shock wave using the LSS and VLS schemes are iden-

tical, and they are better than the other two schemes.

Among four proposed schemes, the LLFS scheme pre-

sents relatively dissipative results. Similarly, Fig. 4(b)

shows the same tendency for the velocity of shock wave.

To evaluate the numerical performance quantita-
tively, Table 1 summarizes the relative error in L2 norm
and the computational (CPU) time. The L2 norm is

defined as [21]

L2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
ðY sim

i;j � Y exact
i;j Þ2P

ðY exact
i;j Þ2

vuut ð39Þ

where, Y sim
i;j and Y exact

i;j are the simulated solution and the

exact solution at cell ði; jÞ, respectively. Table 1 shows

that the LSS scheme yields the smallest L2 norm among
the four schemes, whereas the LLFS gives the largest

one. Table 1 also shows that all schemes consume al-

most the same CPU time. From the simulated results

presented above, we can conclude that the LSS scheme

has the best numerical accuracy for solving the 1D dam-

break problem.



Table 1

The L2 norm and CPU time for 1D dam-break problem

Scheme L2 norm of

depth

L2 norm of

velocity

CPU time (s)

LSS 0.011 0.050 0.99

VLS 0.014 0.052 0.98

SWS 0.018 0.077 1.01

LLFS 0.024 0.147 0.98

Fig. 5. Comparisons of exact solutions with simulated (a) water depths

and (b) velocities using the four schemes for a water depth ratio hd=hu
of 200.

Fig. 4. Comparisons of exact solutions with simulated (a) water depths

and (b) velocities using the four schemes for a water depth ratio hd=hu
of 0.005.
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Due to the fact that the MacCormack scheme in-

corporates forward–backward differences in separated

predictor–corrector steps, various combinations for di-

rectional difference steps can be found for 1D or 2D

problems [6]. Different combinations can lead to results

with quite distinctive differences [6]. In the case study of

1D dam-break flow, Tseng and Chu [22] switched for-
ward and backward differences in the cyclic manner as

an attempt to avoid the accumulation of errors. How-

ever, they found the accumulation of initial errors

caused by the directional dependence could not be

eliminated simply by the cyclic manners.
Fortunately, the proposed schemes can avoid this

accumulation of errors due to the use of the flux-splitting

technique. To demonstrate the robustness of the pro-

posed schemes, the 1D dam-break flow with a depth ratio

of 200 is simulated. This test is similar to the previous

case but with reversed shock-wave direction. As shown
in Fig. 5, the shock wave propagates from right to left,

and apparently the results are exactly the same as those

shown in Fig. 4 except the propagating direction.

To show the effect of computational grid size on the

numerical accuracy, the 400 computational cells is

considered herein. Fig. 6 depicts the comparisons of

exact solutions with simulated depths at t ¼ 50 s. From

the simulated results shown in Fig. 6, the proposed
schemes using 400 cells capture the shock fronts steeper

and less dissipative than those shown in Fig. 4(a).

Moreover, the commonly used second-order Roe

scheme with MUSCL approach [2,6–8,23] is applied

herein to compare with the proposed schemes. As shown

in Fig. 6, the simulated shock front profile by the Roe-

MUSCL scheme is very close to that by LSS or VLS

schemes.



Fig. 6. Comparisons of exact solutions with simulated water depths

using the 400 computational cells.

Shock front

δ
β

O

Fig. 8. The plan view of the oblique shock front.
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To demonstrate the proposed schemes are capable of

simulating flow over a dry bed, the dry bed dam-break

problem is tested herein. The initial upstream and

downstream water depths, hu and hd, are 10 and 0 m,
respectively. The CFL number is set to be 0.8, and the

flow domain is discretized into 400 uniform cells. Ac-

cordingly, an absolute zero depth in the dry bed can

cause mathematical problems [2]. To avoid this, an al-

most negligible water depth of 0.00001 m is assumed at

the downstream of the dam. Comparisons of exact so-

lution with simulated depth at t ¼ 30 s are presented in

Fig. 7. All schemes can predict the rarefaction wave
quite well. Form the close-up of the dry/wet fronts

shown in Fig. 7, the LSS and VLS schemes give better

results than those by SWS and LLFS schemes.

4.2. Oblique hydraulic jump

The steady supercritical flow in converging channels,

namely the oblique hydraulic jump (also called the ob-
Fig. 7. Comparisons of exact solutions with simulated water depths at

t ¼ 30 s for a dry bed dam-break problem.
lique shock wave), is simulated to test the proposed

schemes. As illustrated in Fig. 8, an oblique hydraulic

jump is generated when a converging vertical boundary

is deflected through an angle d inward the supercritical

flow. Due to the contraction of channel geometry, the

oblique hydraulic jump originating at point O is formed

with an angle of b by producing an abrupt increase in

water depth. The simulation conditions used herein are
the same as those in the literature [8,10,12]. The angle

between the converging wall and the flow direction is set

to be d ¼ 8:95�. The initial conditions corresponding to
a Froude number of 2.74 are given as: the water depth of

1 m, the velocity component u of 8.57 m/s and v of zero.
The supercritical flow boundary conditions of h ¼ 1 m,

u ¼ 8:57 m/s and v ¼ 0 m/s are given at the upstream

boundary. The transmissive boundary conditions are
imposed at the downstream boundary [2]. The compu-

tational mesh with the 40 · 30 non-rectangular cells is

illustrated in the Fig. 9. The computational time step is

0.04 s. In order to obtain a steady-state solution, we use

a convergence criterion that is defined in terms of the

relative error R as
x (m)

y 
(m

)
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Fig. 9. The geometry and the computational mesh for the 2D oblique

hydraulic jump problem.
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four schemes.
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R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
ðhnþ1i;j � hni;jÞ

2P
ðhni;jÞ

2

vuut
6 1:0� 10�5 ð40Þ

where hnþ1i;j and hni;j are the local water depths at the time
steps n and nþ 1, respectively.

The simulated water depth contours of the steady

state solutions using the LSS, VLS and SWS schemes

are very similar, while the contours by LLFS scheme

presents much dissipative solution near the shock

front. Fig. 10 shows the simulated water depth con-

tours plots by LSS and LLFS schemes. Fig. 11(a)

shows the exact solutions and the simulated results
of the water depths along Line EGH illustrated in

Fig. 8. The simulated depth profiles by the LSS

scheme show the best resolution at the shock front,

whereas the LLFS scheme produces much dissipative

solution. In Fig. 11(b) the simulated results are com-

pared with the exact solutions for the velocities vari-

ations along Line EGH to demonstrate the resolution

of the velocity at the shock front. Overall, the LSS
scheme presents the best numerical resolution at the

shock front among the proposed schemes. Fig. 12

shows the convergence history for each scheme. Ex-

cept the LLFS scheme, the others produce similar

convergence rate.

Table 2 compares the simulated results with the

exact solutions in L2 norm. The CPU time for

reaching the convergence criterion is also presented in
Table 2. The exact solutions can be found in the lit-

erature [24]. Table 2 shows that the LSS scheme

produces the smallest relative error in L2 norms of

depth and shock angle, while the LLFS scheme yields

the largest relative error in L2 norm and CPU time

consumed. From the simulated results presented

above, we may conclude that the LSS scheme has the

best numerical accuracy for solving the oblique hy-
draulic jump problem.
Fig. 10. The contour plots of the 2D oblique hydrau
4.3. Partial dam breaking

This hypothetical test problem has been investi-
gated by several researchers [8,9,11,12]. It provides the
lic jump using (a) LSS, and (b) LLFS schemes.



0.00001

0.00010

0.00100

0.01000

0.10000

0 20 40 60 80 100 120 140 160 180

Iteration number

R
el

at
iv

e 
er

ro
r,

 R

LSS

VLS

SWS

LLFS

Fig. 12. The convergence history for four schemes.

(0, 200) (100, 200) (200, 200)

(100, 170)

(100, 95)

(0, 0) (100, 0) (200, 0)

Flow

C D

x (m)

y 
(m

)
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breaking case.

Fig. 14. The contour plots showing the water depth for the 2D partial

dam breaking case at t ¼ 7:2 s using LSS scheme.

Table 2

Simulated results for the oblique hydraulic jump problem

Scheme L2 norm
of depth

L2 norm
of velocity

L2 norm
of shock

angle

Number

of itera-

tion

CPU time

for con-

vergence

criterion

(s)

LSS 0.035 0.0073 0.0039 138 84.25

VLS 0.036 0.0073 0.0065 138 83.32

SWS 0.037 0.0074 0.0069 137 85.92

LLFS 0.042 0.0085 0.0092 150 90.23
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extreme case to examine the shock-capturing capability

of the numerical schemes. In this problem the dam is

assumed to fail instantaneously. Initially, the water

depth upstream of the dam is 10 m and the downstream

water depth is 5 m. The geometry of the problem con-

sists of a 200 m · 200 m flow domain as illustrated in

Fig. 13. A computational mesh with 40 · 40 rectangular
cells is used, and the computational time step is 0.2 s.
After dam breaking, through a 75 m wide breach water

is released towards downstream to form a shock wave

propagating while spreading laterally. For a 7.2 s period

of simulation, the CPU time required is 50.92 s for the

LSS scheme. The VLS, SWS and LLFS schemes con-

sume respectively 100%, 102% and 97% of the CPU time

for the LSS scheme. The simulated 2D contours of the

water surface elevations at t ¼ 7:2 s obtained using four
schemes are very close, and only the result by LSS

scheme is shown in Fig. 14. Fig. 14 shows that the

proposed schemes give results similar to those found in

the literature for this problem [8,9,11,12]. For quanti-

tative comparisons of these four schemes, simulated

results along the cross-section of line CD are shown in

Fig. 15. As presented in Fig. 15, the LSS, VLS, and SWS

give similar simulated solutions.
4.4. Circular dam breaking

This problem tests the symmetric shock-capturing

capability of the proposed schemes. The simulation

condition and geometry used herein are the same as

those of Alcrudo and Garcia-Navarro [8], Tseng [10],

and Tseng and Chu [12]. The computational mesh using

the cylindrical grid system is shown in Fig. 16, in which
the circular mesh consisting of 50 cells in the tangential



4

5

6

7

8

9

10

0 50 100 150 200

Distance (m)

D
ep

th
 (

m
)

LSS

VLS

SWS

LLFS

0

1

2

3

4

0 50 100 150 200

Distance (m)

V
el

oc
it

y 
(m

/s
)

LSS

VLS

SWS

LLFS

(a)

(b)

Fig. 15. Comparisons of the simulated (a) water depths and (b) ve-

locities along Line CD (see Fig. 13) using the four schemes.

x (m)

y
(m

)

-2 0 -10 0 10 20

-20

-10

0

10

20

S T

Fig. 16. The geometry and the computational mesh for the circular

dam breaking case.

Contour interval  
= 0.7 m

-20 -15 -10 -5 0 5 10 15 20

x (m)

-20

-15

-10

-5

0

5

10

15

20

y 
(m

)

Fig. 17. The contour plots showing the water depth variation for the

circular dam breaking case at t ¼ 0:69 s using LSS scheme.

0

1

2

3

4

5

6

7

8

9

10

0 5 10 15 20 25

Distance (m)

D
ep

th
 (

m
)

LSS

VLS

SWS

LLFS

0

1

2

0 5 10 15 20 25

Distance (m)

Fr
ou

de
 n

um
be

r

LSS

VLS

SWS

LLFS

(a)

(b)

ig. 18. Comparisons of the simulated (a) water depths and (b) Fro-

ude number along Line ST (see Fig. 16) using the four schemes.

G.-F. Lin et al. / Advances in Water Resources 26 (2003) 861–873 871
direction and 25 cells of 1 m length along the radial

direction is used.
The initial condition comprises two regions of still

water separated by a cylindrical dam of radius 11 m. The

water depth inside the dam is 10 m and outside the dam

is 1 m. The computational time step is 0.02 s for all
F
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schemes. The CPU time required is 26.02 s for the LSS

scheme. The VLS, SWS and LLFS schemes consume
respectively 100%, 101% and 96% of the CPU time for

the LSS scheme. The 2D contours of the water surface

elevations at t ¼ 0:69 s for four schemes are very similar,

and only the result by LSS scheme is shown in Fig. 17.

The 2D contours present perfect symmetric flow be-

havior, which agrees very well with those found in the

literature [8,10,12]. For quantitative comparisons of

four schemes, simulated results along the central line are
shown in Fig. 18. Fig. 18(a) and (b) show respectively

the simulated water depth and Froude number along

Line ST. The results show that fluid inside the dam

progresses outwards symmetrically, and there is a tran-

sition from subcritical to supercritical flows. Visibly, the

phenomena observed are an outward-propagating cir-

cular shock wave and an inward-propagating circular

rarefaction wave. The LSS and VLS schemes produce
the similar simulated results.
4.5. Dam-break experiment of WES

In order to demonstrate that the proposed scheme is

capable of describing a real dam-break scenario, the

data from laboratory dam-break experiment by the

Waterway Experiment Station (WES), US Corps of

Engineers [25] is adopted. In this section, only the LSS
scheme is selected to simulate the shock wave propa-

gation.
The experiment was conducted in a 122 m long and

1.22 m wide rectangular channel with a bottom slope of

0.005. Initially, the water depth on the upstream side of

the dam is 0.305 m, and the downstream water depth is

zero (dry bed). The flow domain along the channel is

discretized into 122 grids with the uniform grid spacing

Dx ¼ 1:0 m. Manning�s n is calibrated to be of 0.009.

Fig. 19(a)–(d) show the simulated results for the WES
experiment in which the dam-break wave propagates

downstream on a dry bed. The agreement between

simulated and measured water depth against time at

various locations is good for the entire duration by LSS

scheme.
5. Conclusions

In the framework of the finite volume method, a

proposed algorithm using the flux-splitting technique is

established by modifying the MacCormack scheme to
preserve second-order accuracy in both space and time.

Four component-wise TVD schemes based on this al-

gorithm, including the LSS, VLS, SWS and LLFS

schemes, have been developed for solving the 2D SWE.

Verifications of the proposed schemes are made by

the comparisons of exact solutions and simulated results
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in the 1D dam-break and 2D steady oblique hydraulic

jump problems. Based on the simulated results of 1D

dam-break flow with/without dry-bed condition, it is

found that the resolutions of shock front using LSS and

VLS schemes are identical and better than those of the
other two schemes, while the LLFS scheme presents

much dissipative results of water depth and velocity

profiles. The CPU time consumed by each scheme is

about the same. In addition, the proposed schemes can

avoid the accumulation of errors caused by the direc-

tional dependences in the conventional TVD-MacCor-

mack schemes [6,12,22].

In the 2D steady oblique hydraulic jump problem, the
LSS scheme shows the best resolution at the shock front.

According to the overall numerical accuracy, the LSS

scheme produces the smallest relative error in L2 norm;
therefore, the LSS scheme has the best performance in

numerical accuracy among the proposed schemes. The

partial dam-break and the circular dam-break problems

are simulated and compared to show good agreements

with the results reported by other researchers [8,12].
Moreover, a dam-break experiment with bed slope,

friction and dry bed conditions is simulated, which also

demonstrates the applicability and reliability of the

proposed schemes. In conclusion, the proposed finite-

volume component-wise TVD schemes are accurate,

robust and highly stable for shallow water flows with

strong discontinuities.
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