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Abstract

Internal resonance between a pair of
forward and backward modes of a spinning
disk under space-fixed pulsating edge loads
is investigated by means of multiple scale
method. It is found that internal resonance
can occur only at certain rotation speeds at
which the natural frequency of the forward
mode is close to three times the natura
frequency of the backward mode and the
excitation frequency is close to twice the
frequency of the backward mode. For light
damping case the trivial solution can lose
stahility via both pitchfork as well as Hopf
bifurcations when frequency detuning of the
edge load is varied. On the other hand,
nontrivial solutions experience both saddle-
node and Hopf bifurcations.
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I ntroduction

The vibration analysis of a spinning
disk under space-fixed edge loads attracts
attention because of its possible application
in such fields as circular saw cutting and
grind wheel operation. Carlin and his
coworkers' investigation [1] appears to be
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the first paper attempting to calculate the
natural frequencies of a spinning disk under
a concentrated radial edge load. Radcliffe
and Mote [2] extended the work of [1] by
considering a general concentrated edge load
with both radial and tangential components.
Chen [3,4] reformulated the problem with
emphasis on the effects of relative motion
between the disk and the edge load on the
stability and natural frequencies of the
loaded disk. Recently Chen [5] extended
these analyses by considering the parametric
resonance of a spinning disk under space-
fixed pulsating edge |oads.

The plate model employed in [5]
ignored the effect of membrane stretching.
As a consequence the equation of motion is
linear in terms of the transverse deflection
and the stiffness term involves a periodic
coefficient which is due to the pulsating
edge load. This linearized model imposes
two limits on the applicability of the
parametric resonance theory presented in
[5]. First of al, while the linearized model
can predict the onset of parametric
resonance, it cannot predict the amplitude of
steady state vibration after parametric
resonance occurs. Secondly, it cannot
account for the complicated internal
resonance phenomenon which is due to
interaction between modes coupled by the
nonlinear effect.

In this project we extend our
previous work [5] to consider the nonlinear
parametric resonance of a spinning disk
under space-fixed pulsating edge loads.
Membrane stretching effect is taken into
account by employing von Karman’'s plate
model. We focus our attention on the
internal resonance between a pair of forward
and backward traveling waves with the same
number of nodal diameters and nodal circles.



Equations of Motion
The dimensionless equations of
motion of the spinning disk under space-

fixed pulsating edge load can be rewritten as
W, + 2Ww,, + Wew,, +N*w+ Lw+ 2ec, w, + eF, cosgtL, w=

W, (r g, + 1% g )+
(r_lW,r + r_ZW,qq)fS,rr B Z(r_1Wq),r(r_lf3,q),r

(1)

N, =- elw, (rw, + 2w, )+ 2w, w,

2w, F -t (w, F @

L, isthe membrane operator associated with

the stress field due to the edge load, and L is
associated with the axisymmetrical stress
field due to the centrifugal force.

Discretization

In this paper we focus on the
internal resonance between a pair of forward
and backward (m,n) modes excited by the in-
plane edge load. We assume that solution
wr,q,t) of Egs(l) and (2) can be
approximated in terms of eigenfunctions
Wm(r,q) as
VI’(r’qi t) = Cmn(t) Wml‘l + EI7'If7(t)VI/IT7I‘I (3)
After substituting Eq.(3) into Egs.(1) and
(2), and following Galerkin’s procedure, we
can discretize Egs.(1) and (2) into
8,,, + 2iWB,,, + K 1,,Cory + 26C, 8, + EXTE,, COSG + €8|Cp|* Cppy = O

4)

where

k w._w._

mn = "Y'mn"Y nin
— lxé R 2 +a725q(2n) 0 R und
m=p w‘s r(2n)( mn,r) (é - ns rq(2n),r :( mn) U r
ne r 2 2]

w,,, and W, . are the natural frequencies of

the backward and the forward modes,
respectively.

Multiple Scale M ethod

We apply the method of multiple
scale to analyze the solution of Eq.(4). The
method of multiple scale assumes an
expansion of the solution in the form
Con(1) = G (1, T) + &G (1, ) + (€)(5)
where T ° ef. Substituting (5) into (4) and
equating coefficients of like powers of e
yields

&: D9 +2inWD,c +k . .c9 =0(6)

0 ~mn mn~mn
e

D2 +2imWD,c® + k. ¢ = - 2D,D,¢9 - 2inWD,c2 - 2¢,D,c9)

2 _
Com| Com = M COSGE (7)
—”, and D, ° —” The general
it A
solution of Eq.(6) can be written in the form

Com = G(T) "™ +dy(T)E ™" (8)
Substituting (8) into the right hand side of

(7) we observe that there exist secular terms
in three different cases. In the first case

when w,,, is close to 3w, and g is close

-a

where D, °

to 2w, internal resonance involving both

modes will occur. In the second case when
W, is close to 3w,, and g is close to
2w, , only single mode resonance will be
induced. In the third case when w,; is
away from 3w, and g is close to 2w,,, or

2w, , again only single mode resonance is

possible. The second and the third cases are
the same in essence. No combination
resonance of the sum or difference type is
possible when only this pair of modes are
considered [5]. In the following we focus on
the internal resonance case.

Internal Resonance
Internal resonance occurs when w, . isclose
to 3w,, and g is close to 2w,,,. In this
case we assume that

g=2w,,+ey

W, =3w,, +eV,
where V, and V, are two independent

detuning parameters. The secular terms of
Eq.(7) can be eliminated if

‘ ‘2 ‘ ‘2 m iun i(ve-w)T

2imDich + 2t +ackidh +2c \- Tiche + ke \=0
9)

2iW,, D,d, + 2w c,d, - adZde\z +2\d1\2)+g781é‘v2'm =0
(10)

We express d, and d, intheforms

1 .
d(T) =7 a (7)™ (12)



]_ .
d,(Ty) =§a2(71)e*"2”” (12)

After substituting Egs.(11) and (12) into
Egs.(9) and (10) we can conclude that the
nontrivial steady state solutions of &, b,,

a, , and b, must satisfy the following

equations,

a,\ia, - aa(a +2a2)+2m{a,cosy , + 2,008/ ,) = 0
(13)

4Cmena1 - n{algnY1 + azsiny 2) =0
(14)

4, (2, - 3V)a, +aa,(a +2a°)- 2nz,cosy , =0
(15)

4c,w @, + na siny , =0 (16)

where

Yy, =VT - 2b,

Steady State Solutions
Figure 1 shows the amplitudes and
phases of the steady state solutions as

functions of detuning parameter V] for the
internal resonance between a pair of (0,3)
modes at W=3.3. The parameters used in
the calculation are e=0.01, w , = 9.9,

Wz =297, m=100 , ¢, =05, and

a=04 . The excitation frequency
g=2wy, +eV, . The solid and dashed
curves represent stable and unstable
solutions, respectively. The stable trivia
solution undergoes a super-critical pitchfork
bifurcation at V, =-3.11 (point A). From
point A the nontrivial solution branch is
stable and undergoes a saddle-node
bifurcation at point H (1, =0.90). On the
other hand, the unstable trivial solution from
point A undergoes a sub-critical pitchfork
bifurcation a point B ( V,=-0.64 ),
creating an unstable nontrivial branch BH
and a stable trivial branch BC. This stable
trivial solution then loses stability via a
super-critical Hopf bifurcation at
V,=-033 (point C), creating a
quasiperiodic solution C¢,; which cannot be
shown in Fig.1l. The unstable branch CD
undergoes a super-critical Hopf bifurcation
at point D (V, =0.33) and creates a stable
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trivial branch DE. The branch DE then
undergoes a super-critical bifurcation at
point E creating a stable nontrivial branch
EG and unstable trivial branch EF. The
stable branch EG then loses stahility via a
super-critical Hopf bifurcation at point G
creating a stable quasiperiodic solution
(which again cannot be shown in Fig.1) and
an unstable periodic solution. The trivial
branch EF undergoes a sub-critical pitchfork
bifurcation at point F creating an unstable
nontrivial branch and a stable trivial branch.

The bifurcation points along the
trivial solution path can be verified by
observing the eigenvalues / of the Jacobian
matrix in Fig.2. At points A, B, E, and F
there exists a zero eigenvalue, which implies
a pitchfork bifurcation. On the other hand at
points C and D there exist a pair of purely
imaginary eigenvalues and the real part loci
of the eigenvalues cross the zero line
“transversely”, which implies a Hopf
bifurcation.

To demonstrate the existence of
guasiperiodic solutions predicted by the
multiple scale analysis we use Runge-Kutta
method to integrate Eq.(21) at V| =-0.32
(a point dlightly to the right of point C in
Fig.1) with initia conditions ¢,; =0.1 and

&; =0 . Figure 3(a) shows the response

history of the real part of ¢, after a long

period of time. Figure 3(b) shows its
Poincare map recorded from t=10000 to
12000 with the sampling rate equal to the
excitation frequency. The sampling points
fill up a small strip around a closed curve,
which implies the quasiperiodic feature of

the response. If the initial condition of Cy,

is changed from 0.1 to 20, the response then
settles to the stable branch AH in Fig.1, as
shown in Fig.4. The Poincare map in
Fig.4(b) records the sampling points from
t=4000 to 6000.

Conclusions

In this paper we use multiple scale
method to study the internal resonance
between a pair of forward and backward
modes of a spinning disk under space-fixed
pulsating edge loads. Linear analysis in [5]
predicts that only single mode parametric



resonance can occur when the excitation
frequency is twice the natural frequency of
the mode of interest. By considering the
nonlinear effect resulting from von
Karman's plate model, however, internal
resonance is predicted in some special cases.
It is found that internal resonance can occur
when the natural frequency of the forward
mode is close to three times the natura
frequency of the backward mode and the
excitation frequency is close to twice the
frequency of the backward mode. In the case
when the excitation frequency is close to
twice the frequency of the forward mode, on
the other hand, only single mode parametric
resonance is possible.
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