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Abstract
Mathematical foundations of social choice theory are reconstructed. Some

significant previous contributions on the impossibility theorems of raticnal social
choice are thoroughly reviewed. For continuum alternatives sets, the zero order and
the first order topologies of preference spaces are studied and introduced
respectively to equip the spaces of social and individual preferences in accordance
with the empirical world. Stratification structure is also defined and used to modify
the rationality principles of social welfare functions. It is pointed out that the
avoidance of singularities of social phenomena in the frameworks of previous
contributors causes the impossibility of rational social choice. With the revisions
and the new theory containing the singularities, the existence theorems of rational
social choice are established.
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Introduction

Kenneth Arrow [Ak] proved in 1951 a striking theorem that a social choice
with minimum rational principles a¥e logically iRdSE&chiht. For decades after
Arrow, the impossibility of a rational social choice has been widely accepted
in the community of social science and enormous related contributions have
appeared in literatures. This paper is to reexamine the essence of social choice
mechanism in reality as well as the frameworks of some significant contributors.
A concept of singularity from the viewpoints of structuralism is introduced.
Contrary to the common belief in the impossibility of a rational social choice, we
establish a new theory to contain singularities, with which possibility theorems
are proved both in the continuum and in the finite discrete cases. The infinite
discrete case is treated in a paper by Chen [Ch].

More precisely, we start with the continuum case of alternatives and de-
fine relative to a given structure of the alternative space a notion of singularity
for preferences (see § 2.2 for definitions). Chichilnisky [C] proved in 1982 that a
continucus rational social choice on a continuum alternative space is impossible.
However, we find that the impossibility arises essentially from her formulation
which totally separates singular preferences from regular ones — called sepa-
ration property (§2.3). By extending the notion of singularity to the discrete
case, we state that Arrow’s formulation (§4.1) also excludes the singularities
from consideration (Theorems 7 and 7'). It is the exclusion that leads to the
impossibility of a rational social choice.

The remaining question is whether or not social scientists should aveid
singular phenomena in their analysis, while the investigation into singular phe-
nomena in the nature, such as poles, d-functions, turbulences, non-linearity and
black holes, have long been recognized as the significant motivation of the re-
search in natural science.

As our approach inevitably involves rigorous modern mathematical con-
cepts and language, which seem not easily accessible for the general readers, we
try to outline the rough idea in the following paragraphs.

() Let X be an alternative space and P the totality of the preferences on
X, respecting the given structure of X. For example, when X is a continuum
space, P is the set of all continuous preferences on X. A soctal welfare function is
conventionally defined by a map F : P¥ — P.In proving the existence theorems
of continuous rational social welfare functions, we establish a sequence of maps,
PNy (o Sy cox) I cox)/.L - P
where PV denotes the product P x P x -+ x P with N copies of P and C°{X)
is the space of all continuous functions of X with compact-open topology. The
continuity of £ : P — C°(X) is proved in the lifting theorem (§3.4) while
the topological equivalence of ¢ : C9(X)/,. — P is shown in the quotient
theorem (§3.2). As for the symmetric function G, and the gquotient map =,



their continuity is obvious. By letting F : PN — P to be the composition map
womoG, oV we finally obtain the continuous rational social welfare functions
(Theorem 4).

(i1} For the continuum case, the controversial points of the above existence
theorem are probably the adopted topologies of P which makes £ and ¢ con-
tinuous. The lifting map £ defines a universal’ way (see §4.1 for definition) of
constructing utility functions to represent preferences in P contipuously. Here
we choose the first order topology < for the set Pi,4 of all the individual pref-
erences under social choice devices and call & the stratification topology of P
(§ 2.1). One characteristic of the first order topology S is the separation prop-
erty that Chichilnisky has assumed to show the nonexistence of a continuous
rational social welfare function. The only difference at this point between her
formulation and ours is that she sets up her arguments in the category of dif-
ferentiable structure which seems not self-consistent as criticized in § 2.2 of this
paper, while we rebuild a framework in the category of topological structure,
that might be more rational and compatible with the real world {§2.1).

(iif) As the notion of singularity plays crucial role in the later exposition, we
give in this paragraph a quick illustration about its meaning. Relative to the
topological structure of X a preference on X is singular if some indifferent set
Iz, ie. the set of y in X with y indifferent {o = in the preference {see §1.1 for
definitions), has non-empty interior; otherwise, it is called regular. For example,
letting X = the unit square [0,1] % [0, 1], Figure A shows a singular preference,
while Figure B shows regularity:

A A
Figure A Figure B

Here the marked curves or regions in the figures denote the indifferent sets of
the given preference and the arrows show the preferred direction. However,
relative to the differentiable structure of X, a preference is singular if there is
some points at which the preference vector vanishes. The preferences illustrated
in Figures C, D, E and A are all singular relative to the differentiable structure,
although they are regular relative to the topological structure, except the one
in Figure A.

{(iv) On the other hand, any preference on X corresponds to a stratification
(§1.1) which naturally stratifies X into indifferent sets with linear order. The
stratification structure has long been neglected. For the finite discrete case, it
is used to redefine Arrow’s rationality principle (§4.2) with the viewpoint that



any rational social welfare function should respect the stratification structure,
since the latter is innately built in the preferences under consideration. Using
the same sequence of maps given in the paragraph (i}, except replacing C°(X)
by the function space F(X), we show the existence theorem of rational social
welfare functions for the finite discrete case {Theorem 8).

®) 7l [
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(v) For the continuum case, the stratification structure also begets the first or-
der topology S for P, in the sense that the topology S respects the strasification
structure (see Stratification Approximation Theorem in §2.3). This motivates
us to call & also the stratification topology. On the other hand, the set P of
preferences is basically derived from the set §(X) of real valued functions by ne-
glecting cardinality yet preserving ordinality (see §3.1). For the function space
F(X), various topologies have long been investigated in the modern analysis,
Among them, the meaning of zero order topologies, e.g. compact-open topology
or L%-topology, and that of first order topologies are clear to mathematicians.
The first order topologies may be defined by the convergence of the function
values together with their derivatives. For example, in the compact-open sense
or in the Sobolev 1-norm sense!. More precisely, the convergence of a sequences
of functions in zero order topologies means the values of the functions at a given
point, say, get arbitrarily closed to each other eventually, and the convergence in
first order topologies requires not only the function values but also their deriva-
tives do. It is even of mathematical interest to investigate the related zero order
and first order topologies now for the set P of preferences. We infroduce &
the first order topology in the compact-open sense for the set Pinq of individual
preferences considered in a social choice apparatus, while for the set Py, of so-
cial preferences, we adopt &, the zero order topology also in the compact open
sense.

(vi) Disregarding the essential difference between individual preferences and
social preferences as involved in a social choice apparatus F : Pi¥, -+ P,,. made
Chichilnisky conclude that any social choice is discontinuous. The separation
property about singularities holds in the first order topology . However, there
is no reason to extend it for Py, of social preferences, although we accept & as
the topology for P4 of individual preferences. In a social choice apparatus such
as in a poll of election, a society is required tc have a sophisticated computing
ability to detect a very slight difference between distinct alternatives for social
preferences, even though the difference eventually vanishes into indifference.

1See Adams: Functional Analysis.



This simply means that a society allows its preference varying from regular to
singular continuously. Thus, unlike Pin4 of individual preferences having S as
its topology, Pyoc of social preferences should be equipped with the zero order
topology $y, in which the separation property no more holds and a singular
preference may therefore be a continuation of regular preferences. An example
to show this is given as follows.

Example A Let X = [~1, 1]. Define for each n = 1,2, 3, ..., a social preference
Pn € Pyoe by

{(1)z>w inps, for -1 <z<w<9,

2z <y inps,for0<z<y<0,and

(3) z is indifferent to —z/n in py, for each z € [0, 1].
Also define p € P, by

(1Yz>w inp,for -1 <z<w<0, and

(2) = is indifferent to 0 in p, for each z € [0, 1].
Given any two alternatives z and y in [0,1], let 2, = —z/n and y, = —y/n,
then we have

(1) z and y are indifferent respectively to z, and y, in p,, and

(2"”) both z, and y, tend to 0 as n — co.

~ %ﬂ ino X ? I
Figure F

It means that z, and y, should eventually become indifferent if the social ag-
gregation apparatus is able to compute delicate difference. By transitivity, =
and y should also becorne indifferent as n — o0, i.e. p, tends to p in Py,
Therefore, the separation property should not be accepted for Pyqe.

(vii) In many occasions of reality, e.g. in an election poll, social preferences
attached to a social choice apparatus are obtained through guantified functions
with cardinalities. In terms of matherriatics, a social welfare function F could
be factorized into the composition g o F' as

F. RJrYd —f—)- &(X) _q_} Paoc-
For X a continuum space, the factorization is through C°(X):
F:Pl, £ CUX) -1 Proe
where ¢ = ¢ o 7 with
g:Co%(X) I C° (X)L -2 Puoc

(see §3.1, §3.2 for details). A topological equivalence between C°(X)/_ and
Psoc under y is proved in the quotient theorem of § 3.2, where P,,. is equipped



with the first order topology . This theorem also justifies the adequacy of
adopting &, as the topology at P,,.. In this light, we also call the zero order
topology S, the social aggregation topology.

(viii) The social aggregation topology 9, is not a Ti-space, i.e. O, is not a
space in which each set consisting of a single point is closed. In particular a
sequence of preferences may have moere than one limit. Although it reflects the
reality of social preferences, one may feel uneasy because of the non-conventional
uncertainty of limits. As a matter of fact, we adopt G, as the topelogy for P,
since we have to consider the standard model of a social welfare function. which
has long been formulated as a function

F:PN 4 p
defined on PV into P. However, it is possibly more reasonable to regard
F.pYN o C°(X)

as a model of social welfare function, for F isin fact a quantified social welfare
function in the sense hat the social aggregation of individual preferences could
even be quantified, although only the ordinality of individual preferences are
given. To support the possibility of rational social choices, the existence of
F is stronger than that of F, if both satisfy the same required rationality.
In Theorem 5, we prove that there exist quantified social welfare functions
which are continuous, anonymous and unanimous, if P in the domain P¥ is
equipped with the stratification topology & With this formulation, we avoid
the unimaginable non-T) space .

(ix) The lifting £ : Pina =+ C°(X) and the quotient ¢ : C°(X)/., — Psse are
dual to each other. If Piqg is equipped with the first order topology < and
Pyoe with the zero order topology <, then both of the dual maps £ and ¢
are continuous, which yields the existence of continuous rational social welfare
functions. One may now come back to question why P4 should have the
separation property and therefore be equipped with <, yet not with &, as P,
is. A topological equivalence between C9(X)/. and Py, under ¢ is proved
in the quotient theorem of § 3.2, where P, is equipped with the first order
topology %¥,. This theorem also justified the adequacy of adopting &, as the
topology of P,e.. Besides that individuals are not as sophisticated as a society
is, an individual when asked to describe his small changes of mind before the
society, he has to present it in an articulate form. Suppose at the beginning
the individual has indifferent preference on two alternatives r and y, and after
a little while he starts to prefer ¥ to 2 “very slightly” as in Example A, say. If
now he was polled to express his change of preference, he would be hesitate to
poll his preference from p, to p. as in the figure G, since the change from p,
to pr seems drastic to him. The drastic change from p, to p, in Ping could be
continuated gradually from the boundaries such as the process in the figure H.
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Figure H

This is consisient with the first order topology G, where the separation property
is maintained,

(x) For the discrete case, we extend the concept of singularity to the continuum
case. A preference is called singular if there exists two distinct alternatives z
and y which are indifferent to each other. ‘We show in §4.2 that Arrow’s rational
principles #mplicitly excludes the singularities from consideration, and thereby
~we question whether the exclusion of singularities should be regarded rational.

(x1) On the other hand, we quantify Arrow’s independency by defining the degree
87 (F) of Arrow’s independency of a social welfare function F {See Definition
4.1.1(a) ). Also we introduce the degree ép(F) of dominance which measures
the power of a dominator { See Definition 4.1.1(b) ). In particular, if §;(F) = n,
where n is the number of X, F satisfies Arrow’s independency; if §p(F) = n, it
means that F has a dictator. By revising Arrow’s argument, we prove ( Theorem
6) that §p(F) > &;(F) if §;(F) > 3. Also 1 < 6p(F) < §;(F} < n in general.
This means that Arrow’s independency is innately connected with the existence
of a dictator, especially when §;(F) > 3. In fact, as n > 3, §;(F) = n then
implies 6p(F) = n, Le. a dictator exists. So Theorem 6 generalized Arrow’s
theorem. But it is a quantified theorem which detects the innate bond between
the independency ‘and the dominance in a scale gradually from small to large
that makes Arrow’s inconsistency theorem less striking. This leads us to recon-
sider the acceptance of independency as a rational principle. Another important
aspect of the quantified theorem is that it gives a constructive research line of
social choices. Theorem 6 suggests a study focussed in the interesting cases
where d;(F') < 3, since 4;(F) = 3 implies the existence of a dictator, which
should be ruled out. The existing voting rule of reality, such as simple majority,
arithmetic mean of inferiority and voting amendment bills, belong to the case
of §;(F) =1 or 2 (See examples in §4.1).

(xi1) To set up a qualitative theorem on a rational social choice for the discrete
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case, we claim that an independence candition is acceptable only when it does
not destroy the stratification structure which has been inherited from the given
preferences (Proposition 1.2.2.} and should not be ignored. This is based on the
viewpoint of structuralism.. We then establish an existence theorem of social
welfare functions satisfying the independence condition respecting stratification
structure, citizen sovereignty, strong Pareto condition and anonymous. Clearly,
anonymity implies nondictatorship.

(xiii) Finally, we select Baigent formulation of impossibility of a rational social
choice and also review its rationality. Baigent clalmed the impossibility on
the basis that the proximity property, the unanimity and the anonymity are
inconsistent. We prove in Theorem @ that proximity property is geometrically
impossible, merely under a very simple requirement of diagonal injectivity. Thus
the rationality of proximity property should also be questioned, and his theorem
does not imply the impossibility of a rational social choice.

(xiv) The case of infinite discrete alternatives is considered by Chen {Ch] with
an existence theorem of continuous rational social welfare functions. The case is
interesting, because it is a joint point of the continuum case, which we treated in
§ 2 and § 3, and the finite discrete case handled in § 4. In other words, the totality
P of preferences on an infinite discrete X has non-discrete topology, while X
itself is discrete. Thus, both of the stratification topology ( first order topology )
and the social aggregation topology { zero order topology ) make sense, On the
other hand, as X itself is discrete, one may avoid the complicate topological
formulation on X and still understand the context more intuitively. For details,
we refer the readers to the paper by [Ch].

The subtitle of this paper responds to the article “Is democracy mathemat-
ically unsound?” by Crypton appeared in Science Digest (1985) [Crl, although
we do not prove that democracy is sound in reality. Indeed, social choices or
dernocracy processes in particular are the processes more complicate than the
conventional model

Y
PV L p_x2

Even a democracy process itself involves usually an iteration of maps from
PN 5 P which is a dynamic process rather than the static F as conventionally
formulated. A more accurate model of a social choice contains a map

F:P¥ T — P

with T C R and F(p,t) € P, Vp € PV, t € T, attached by a nonparamet-
ric continuous profile curve p = p(?) in PY where t denotes the time. The
outcome F(p,s) of the previous stages (1.e. s < t) may affect, among other
factors, the individual preferences p(t) at a given time {. As an example, we
consider the Condorcet paradox (See § 4.1 for details), and let T" = {0, 1,2,---},
p(0) = Condorcet triple. Define the social preference F(p,t) by the preference,



corresponding to the sum of numbers of inferior alternative sets of individual
preferences (See Example 4.1.2), Then the social preference F(p(0), 0) which is
the singular preference = ~ y ~ z for the three alternatives z, y and z may af-
fect the individuals vy, v2 and vs to reconsider their preference orders in p(1). If
F(p(1),1} is regular, or at least the top alternative exists, then the social choice
process is finished. Otheérwise, it goes to ¢ = 2 and runs iteratively until the
top alternative appears. A second interesting example occurs in the two-period
elections in which the two or more most preferred alternatives are selected in the
first vote and listed as candidates in the second vote. For this case the individ-
nal preference p{l) may vary from p{0), even among the selected alternatives
of the first vote, in the form depending also on the outcome F(p(0}, 0).

The dynamic framework reminds us that the conventional static model
F : PN — P is over-simplified and inapplicable for a general social choice
process. Although it is not attempted in this paper to investigate the dynamic
model, the establishment of the fundamental notions, such as the singularity of
preferences, its stratification structure and especially the zero order and the first
order topologies of the preference space which describe the different features of
continuous changes of a profile, may provide basic tools to approach the general
dynamic mode] of the social choice process.

The author would like to express his deep gratitude to Ms. Hsiang-Ju
Chen for her remarkable suggestions from the viewpoint of economists and her
constant assistance with carefulness and consideration during the two years of
the preparation of this paper.



§ 1 Preferences and stratifications

§ 1.1 Definition of preferences

Let X be a space of alternatives, which mathematically is a set or more
generally a topological space — a pure set is regarded as a discrete topological
space. A preference order p on X is a binary relation - defined on some pairs
of elements of X such that

(i} {Completeness); ¥ z,y in X, either 2 = y or y 7~ =, or both,

(ii) (Transitivity); V z,y,zin X, 2 Zyand y =z = 2 - 2,
where z,y, # may be distinct or non-distinct. The set of all preference orders on
X is denoted by P.. '

Let p € P, and >~ be the binary relation defined by p. If specification is
necessary, we write “z > y in p”, otherwise “z > y” is written for simplicity,
By ¢ is preferred to y (in p), we mean z > y but not y = z, for which z > y is
denoted. On the other hand, when = > y and y =~ 2, z is called indifferent to y
(in p}, denoted by £ ~ y. Given U, V subsets of X, ifVz e U,y eV, z =y,
then we write

UV

Alsobyx 7~ V,wemeanz =~ y, Vy€ V.

It is evident that both of the binary relations > and ~ are also transitive.
Furthermore, we see

z-yandy~z=z >z

and

z~yand y>= 2=z 2.

A preference order p on X can also be regarded as a subset G of X x X,
where (z,y) € G iff £ - y. This subset G is called the graph corresponding to p.
For a topological space X, a preference order p respects the topology of X if the
corresponding graph G is closed in X x X with product topology. Respecting
the topology of X is clearly equivalent to the “continuity of the preference order
on X7 in economics terminology?, which means that for two sequences z,, ya
with &, = 2, yn =y in X, 5, = ¥, in p implies 2 2~ y in p.

A preference order on X respecting the topelogy of X is called a preference
on the topological space X. Let P denote the totality of preferences on X. In a
brief statement, for given p € P and z € X we call

Ry(p)={y€X; yrz inp}

2Se¢e e.g. [MC-W-G] Mas-Colell, Whinston and Green “Microeconomic Theory™ (1995),
Oxford Univ, Press,
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by the superpreference set of p at z, and

Q:(p)={v€X; y<z inp}

by the subpreference set of p at z, both of which are evidently closed in X.
Similarly, we call

R (p)={ye X; y> < inp}

by the strictly superpreference set of p at z, while it is called the preferred set
in the common use and

Q.(p)={yeX; y<z inp}

by the strictly subpreference set of p at z or the inferior set. Clearly, R, (p) and
Q. (p) are open in X. We also define the indifferent set by

I(p) ={y € X; y ~z in p} = Ra(p) N Qx(p),

which is c}?sed in X. When there arises no confusion, the abbreviation notations
R, Qz, R, @, and I, would be used.

By the notation =" as appeared in the last paragraph, we mean ”denoting”
or "defined by”. This convention will be repeatedly used in the paper. In
addition, we introduce several topological notations. Given a set A in X, the
closure A of A is defined by the minimal closed set containing A, while the
in_térior Int A of A is the maximal open set contained in A. We remark that
R. C R; and R. C IntR;

, but it may happen that R—; # Ry or R; # Int Ry, unless p is “regular”
in a topological structure (see Definition 2.2.1). The boundary 84 of A is
the difference A — Int A. It is clear that A consists of the points, of which
each neighborhood intersects both A and X — A. Therefore A = 8A U Int A.
Also notice that for a topological singular preference p in P, it is false that
dR. = R, — R, at singular points ¢ € A(p). (For the singular set A(p), see
Definition 1.3.1). The singular sets play a crucial role in our framework.

Throughout this paper, we assume X a general topological space which
includes both the cases of continuum space and pure set. A pure set X of
alternatives can be regarded as a topological space with discrete topology, i.e.
each point in the space is itself an open set.

In §1 and §2, we consider X a topological space with conditions such as
locally-compact, T3, locally connected, and connected which would be specified
when required. For those who are not familiar with topological language X may
be thought as a square in R?, a quadrant of R? or a topological manifolds. If
connectedness is not assumed, X could alsc be regarded as a pure set.

In §3, we concentrate to consider X a continuum space (for definition see
§3.1). Again, the square, the quadrant and connected manifolds are examples
of continuum spaces. The discrete case, i.e. X 1s a pure set, is handled however
in the last section §4.
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§ 1.2 Stratification structures

It is assumed in this section that X is a pure set or more generally an
arbitrarily given locally compact Ts-space®. We introduce the notion of the
stratification structure of an alternative space X, and show the equivalence re-
lationship between a preference on X and a stratification of X. Basically, a
stratification of X Is a decomposition of X into {X4;a € A} which is linear
ordered with the order respecting the topology of X. Here is the rigorous defi-
njtion.

Definition 1.2.1 Given an alternative space X, a stratification o is a decom-
position of X into non-empty closed subsets X,, a € A, associated with an
injective assignment of a non-empty subindex set A, of A to each o € A, where
A is an index set, such that

(81) X = e!g_:JAXQ, and XoNXg = ¢,Va, f € Awitha # 3, (Decomposition)

(52) R, and Q4 are closed in X, where (Topological coherence)
Ro = éﬁ Xa, Qa =E{X —Rs)U X,
(S3) AaNAp = Ay or 4, (Linear ordering of inclusion)

(S4) o € Aq, Va € A ; Ag C Aa, whenever 8 € A,.
(Minimality of & in A,)

We denote the stratification o by (X, Xa; 4, Aa).

The following proposition illustrates as an example how the topology of
X 1s reflected on the index set A,

Proposition 1.2.1 Let z, =z in X, ¢, € X,,, 2 € X, and
Awn D Aanys O Aq, Y1 Then °r?1 Ag, = Aq.
n=—

Proof. °r?1 Aa, D Ag is clear since 4., D Ay, ¥n. It suffices to show
n=
that °r5|’1 Aa, C Aq. Suppose the contrary, i.e. I e:r'il Ay, — Ag. Since
n= =

Y€ oﬁl Ag,, we have Ay C A4, Y1, by the minimality S4. Given n, we have
n=

%A domain in the Euclidean space R™ which is often considered in welfare economics is
an example of locally compact Ts-space. A topological space X is called locally compact, if
Yz € X, there exists a compact neighborhood V of . A neighborhood of = may not be open
in general, it is a set containing an open set W with = € W, A topological space X is called a
Ts-space, if any single point is closed in X, and given a point z in X as well as a closed set A
of X with z ¢ A4, there exists two disjoint open sets V and W such that z € V and A C W.
Since we have assumed X is of T3 and is locally compact, it is easy to see that Vz € X, and
¥ open neighborhood U of 7, there exists a compact neighbarhaod V of x such that V C U,
{see also the footnote in § 2.3)
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Case |[: ;1,., € A, which implies Ao, C Ay, le. Aa, = Ay. By the injectivity,
an =7, and X, = Xy. Case 2: a, ¢ Ay, which implies

Xa, CX— U Xgs.
an ,GEA-,'G

In either case, we have z, € (), since

xnéXanC(XﬁﬂEL:LXﬁ)UX’TEQ’T.

On the other hand, v ¢ A4 and v € A,. Hence, Ay is not contained in A,. By
the linear ordering S3, Ay D Aq with 4 # «. This together with the definition
of Q- yields that X, NQy = ¢. But z € X,4; we have

z ¢ Q.
However, z, € @, and z, — z in X, V n. By @ is closed (due to 52), we

would have z € . This is a contradiction. M

Now we show the equivalence relationship between preferences and strat-
ifications.

Proposition 1.2.2 Let p be a preference on X. Then p defines a stratification
o = (X, Xq; 4, Ac), where for each z € X, we have X, = I, Ry = Ry and
Qo = Q. Conversely, given a stratification o = (X, Xq; A, Aa), there defines
a preference p on X such that

= yiff Ax D Ap

with 2 € X, y € Xp and o, § € A.

Proof. Given p € P, let X be decomposed into indifferent sets. The decom-

posttion is well-defined by the transitivity of ~ of p. Let the index set A be the

quotient set? corresponding to the decomposition. We have X = EJAXQ, where
=4

Xo =1, V2 € X with 2 € X,. Hence Sl is satisfied. By Xy = I, = R: N @5,
each X, is closed. For £ € X, we define

A.={B €A JyecXpwithy -z (in p)},

then by transitivity,we have f € A, iff Vz € Xp, z 7~ =. Hence,

R, = Xz = X:y> 2} = R
s, K8 {ve X, yrz}
Qa = (X"ﬁeti Xp)UXe={ve X, y=<z}=0Q:,

1We may even equipe the index set A a natural topology by assuming A the topological
quotient space X /~, where ~ is the indifference relation given by p.
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and therefore R, and Q. are closed in X. This is S2. To show 83, let X, =
Iz, Xg = Iy with z, y € X. Assume without loss of generality that =z = y. It
holds that

AeNAp = {yeAV2eXy, z2-zand 22y}
= {v€A VzeX,, 2z} (by transitivity of p)
= Ag :

For 84, we have @ € Ay, Ya € A, since if X, = I; for some z then y = =
Vy € Xo = Ip. To claim that Ag C Ay, VB € Aa, we let v € Ag. Let Xo = I,
and y € X, we have y ~ z. However, Yz € X, we have z =~ y. Hence z >~ ¢
by the transitivity of p, and therefore v € A,.

Conversely, given ¢ = (X, X,; A, Ay) we define a preference p on X by
z<yinp iff 4. D 43 {1.2q)

where © € X, and y € X. Evidently, p is a preference order on X. In fact, by
S3, we have Ay, D Ag or Ag D A, or both. The previous two cases correspond
to £ X y and y <X z respectively. When A, = Ag, we have a = § by the
injectivity. Hence Xo = X and z, y € Xq, 1.e. £ ~ y. Finally we have to show
that p respects the topology of X, in order that p becomes a preference on X.
By S3 and 54, it is clear that § € A, iff Ax D Ap, and therefore iff y >~ z by
(1.2a). Hence

Loy = X
lveXsyzal= U Xp,
l.e. Ry = Rq. Thus R, is closed in X, by S2. Similarly,

Xoy=<at= - X Xeo
e X yZe)=(X - U XU

le. @z = Q. We also have @, closed in X. By the following Proposition 1.2.3,
the graph G defining the preference order p is closed in X x X. The proof would
then be completed. M

By Proposition 1.2.2, we see that the stratification structure can com-
pletely depict a preference.

The sets X,, o € A, or equivalently, the sets I, z € X, are also called
the stratification sets of a preference.

We have defined in §1.1 that a preference on a topological space X is
a preference order on X with the corresponding graph G closed in X x X. In
general, aset §in X x X with 5, and T, closed in X, ¥z € X, is not necessarily
closed in X x X, where for a given £ € X, S; and T} are defined by

Se
Iz

{(x!y)ESi yEX}
{{v, 2z} € S; ye X}.

i i
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However,\for the graph G corresponding to a preference order p we will show
that Ry and @ closed in X, ¥z € X, iraplies G cloged in X x X,

Proposition 1.2.3 Let p be as preference order on X with each Ry and @5
closed in X, Yz € X, where

RZE{UEX; yz.?: inp}, sz{yeX; yAz iﬂp}.

Then the graph G = {(z, y) € X x X; ¢ > y in p} is closed in X x X.

Proof.

Step 1 For K a compact set in X, we first claim 3 #, € K such that z, 7 K.
Suppose there exists no such «, in X, then given z € K, we have y, € K with
Yz > . By Ry, closedin X, Q, ={z € X; y, > z} 1s open in X. There exists

an open neighborhood U, of z such that U/; C Q;,:, ie.

Let {Us,, -, Usyn} be a finite subcover of {U;; x € K}. Let y, € K be an
element in {yz,, -+, Yeu} such that
yo?\:ya?n V‘l:l,?, ) N.

Then yo = Uz, Vi =1,2,.-- , N.But {Uy,; 1 =1,2,---, N} covers K. We
have y, » K, contradicting to the hypothesis.

Step 2 Let G¢ be the complement X x X — G. We show that G is open in
X x X, ie. given {z, y) € G°, 3 neighborhoods V', W of z, y respectively, such
that V x W < G°. First, we remark that (z, y} € G°iff z < y in p. Since Ry is
closed in X, Q; is open, there exists a neighborhood U of z such that U C Q;,.
By the assumption that X is locally compact, and of T3, there exists a compact
neighborhood V of z with V C U. ;From Step 1, 3 z € V such that

2z V.

On the other hand, Q; is c10§ed in X. Hence R; isopen. Buty» U,z€ V C U,
we havg ¥y > z, l.e. y € R,. There exists a neighborhood W of y such that
W C R, lie.

W z.
The transitivity of p implies that W » V', i.e.
VxWcGe.

The proof is completed. W

Proposition 1.2.4 Given p € P and two points z, y in X with 2 < y in p,
there exist neighborhoods U, V of z, y respectively such that

U<V inp.
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Proof. Q; is open and z € Q;,. Since X is a locally compact Ts-space, there
exists a compact neighborhood U of z with U C Q;. Let z€ Ubesuch z - U,
by Step 1 of Proposition 1.2.3. Notice that z € U C Q; implies z < y in p.

Consider now the open set R,. By y € R,, 3a compact neighborhood V of y
with V C R;. In addition, let w € V be such w < V. Similarly, w € V' C R,
also implies that z < w. Therefore, U < 2 < w < V, which gives the required
property. M

Clearly, we have

Proposition 1.2.5 Givenp&€ Pand z,y € X. Sﬁppose ZTp >z and y, — ¥
in X with z, >y, inp,Vn. Thenz > y inp.

In economics terminology, we say that a preference order p is continuous
if the property in Proposition 1.2.5 holds, which is equivalent to that p respects
the topology of X.

8 1.3 Examples of preferences

We give some examples to illustrate certain notions defined in the previous
secticns.

EBrample 1.8.1 (See Figure 1.3.1)

Let X = R? where R is the line of real numbers, i.e. X is the real plane.
Let (21, z2) be the Euclidean coordinate system of X and let A = (A, Az) be a
unit vector. We define a linear preference p on X by

= (21, 22) 3y =(y1,42) inp
iff
(A 2y <A,

where (A, z) = Ayzy+ Aqx is the inner product of A and z. Then the indifferent
sets are the straight lines:

(A, z) = a; o € A, with A = (—00,00) the index set.
Given a point z = (1, z2) in X, we have
L = {yeX; (X y =(Az)}

R = {yeX; Ay 20 5}
Q: = {veX; Ay <{A o)}

where Ry and @, are closed (I; = R, N @; is consequently closed). Therefore
p respects the topology of X = R? and p € P. On the other hand, for each e,

Xo = {zeX; (A z)=uqu}
Ry = {zeX; (A )20}
Qa = {3EX; ()‘a x)_<_o:}
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with [ : Nea, Az = Ry and Qg = @4 where a = (A, z). Clearly,
Ao = [, 00)

and ¢ = (X, Xq4; A, As) is the stratification defined by p as in Proposition
1.2.2.

%
8, Ra
:1 * b rx
=
Fig. 1.3.1 Fig. 1.3.2

Ezample 1.8.2 (See Figure 1.3.2)

Let X =[a, b] x [-1,1]. We define a preference order p by 2 = (23, z2) 3
Y = (y1, ¥2) In p, iff (i) 21 < y1, when 29 = yo = 0, and (ii) |z2| < |yel,
otherwise. Then X is stratified into the points on z;-axis and the horizontal
line segments in X except for the one in z;-axis. We see that p is a preference
order, but p does not respect the topology of X, since for example, at z = (¢, 0)
with a < ¢ < b,

R,; = {(9}1, 0) EX;'Cﬁﬁl Sb}U{(Il, 22) EX, I3 -‘,150}

and R, is not a closed set in X, although Q. is. Hence

pgr

We see by this example that P. — P # ¢, ¢ denoting the empty set.

Ezample 1.3.3 (See Fig. 1.3.3}
Let X be the torus S x S! where S! denotes a unit circle. Given the
product coordinate (#, ) for each point = of X such that

X=A{(9,9); 0<0< 2, 0< < 2n}.

Define a preference order p on X by

z= (BO) ‘Po):ny (91: (Pl) iﬁ.ao\ S glv

Clearly p € P.. However, p does not respect the topology of X, since at each
z = (0, o), Rz = {(8, ¥} € X; 8, <8 < 2m} which is not closed in X. Hence
p 1s not a preference, i.e. p & P.

Ezample 1.3.4

17



Figure 1.3.3

Let X be the surface of the Earth. Define a preference order p by the
criterion: “the higher the more preferred”. Then R, = {y € X the altitude
at y is greater than or equal to that at z}. It is easily seen that R; and Q;
are closed in X, if the altitude is a continuous function on the surface of the
Earth. The level curves are the indifferent sets of p. The surface of the Earth
is thus stratified into level curves with their higher sets as the superpreference
sets. The summits of mountains, the ridge points, the saddle points and the
points on a flat plateau, or on the bottom of a basin give various singularities
of which the notion would be introduced in section 2.2.

Erample 1.8.5
Let X be the 2-dimensional unit sphere 52, i.e.

X = {{z1, 22, za) ER% 2l + i + 25 =1}

Clearly, X is a differentiable manifold of dimension 25. Define a preference order
pon X by

£ = (21, T2, 23) SY=(v1, ¥2, v3) inp Iff z3 < ya.

It is clear that p € P. The indifferent sets (also called stratification sets) are
the meridians

In={ze X, zzg=0c}, a=[-1,1}.

They are all nice differentiable curves except at the north pole and at the south
pole, where o = +1 and & = —1 respectively. Such a preference will be called
singular in the differentiable structure (see Section 2.2.) We note that any pref-
erence on S? must be singular at some points in this sense, because the singular
points such as the north pole and south pole are not avoidable, according to
Hopf's Index theorem [H].

Let f be a continuous real valued function on X. We define a preference
order pon X by

34 differentiable manifold of dimension n is a topological space, in which a peint has a
neighborhood homeamorphic (i.e. topologically equivalent) to the Euclidean space R™, and
on which differentiable functions are well defined.
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=%y in piff /(z) > f(y). (L3.1)

We usually call f a ufility function of the preference p. It is evident that
R ={y€X; fly} > f(z}} and Q= = {y € X; f(y) < f(z)}. Rs and @y are
closed in X for any z € X, since f is continuous on X, Therefore, p respects
the topology of X, and p € P. Let 0 = {X, X,; A, Ay) be the stratification
defined by p as in Proposition 1.2.2 with Xo = {z € X; f(z) = a}. The index
set A is the range of the function f. In economics terminology, f is a utility
function on X.

We remark that a preference p considered in social choice theory has
usually no intrinsic meaning to quantify its degree of preference with a cor-
responding utility function f. Simply for expository convenience in illustrating
examples, we use f to define p, neglecting the values of f, while preserving their
inequality as in Formula (1.3.1).

We give in the following a weird example of preferences in measure theory.
Ezample 1.3.6 (See Figure 1.3.6) Let X be the square /2 =[0,1] x [0,1]. We
may denumerate the set of all rational points of X, i.e. the points in X with

both the two coordinates zy and z» rational into

{Tlar'Z) Tg, - )TTH"'}

(. 1) h

(0,0} tLol

Figure 1.3.6 (ex = 1/¢/8)

Given € with 0 < e < 1, define Z, = X— :gl B (rk, \/5/2":"'2) where B(z,, p)

denotes the open disk {1: € R? [z — z,| < p}. Let u be the “Lebesque measure”
on R? which is essentially the extended notion of the “area” on the nice sets in
R? to the relatively complicate sets whose area is not intuitively clear. Evidently,
Z. has the Lebesque measure

u(Zs):l—gE>1—e>0,
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although it has no interior point, i.e. no point of Z, with its neighborhood
contained in Z,, because the rational points are dense everywhere. Define a
preference order p on X by

yzz inp iff dist{y, Z,) < dist(z, Z.)

where dist(z, A) denotes the Euclidean distance from a point of z to a closed
set A in R% Since dist (z, Z.) is a continuous function of z, p respects the
topology of X. As an example, at z € Z;, I; is equal to Z; and closed in X.
However, given = € Z,, the indifferent set I, has 8I; = I, since Int [, = ¢,
and therefore p (81,) = p{Z:) > 0.

Definition 1.3.1 Given a preference p € P on X. Define the topological singular
set A(p) by U{Iz(p); = € A°(p)}, where the interior singular set A°(p) = {z €
X; 3 neighborhood V of z with V C I.(p) }

A point = € A(p) is called a singular point of p. Otherwise z is a regular
point of p. For z € A°(p), we call z an interior singular point of p.

Ezample 1.8.7 Consider the Cantor function which is a continnous increasing

function f : [0,1) — [0,1] defined by f(z) = % for % <z< %; flz) = % for
1

§7§ z < %é flz) = %sfor -glgg z < —g-;zéf(x) =1 i_‘:or -2725_<_ T < -2—3.—2,6)'(:1:) = g for
m<els flz) =3 fom ey flz)=§for 52 <2< 57 etc. Let
p be the corresponding preference on [0, 1] defined by f. We have

12 12 78
===, lL1=]==]Ta=[==] ..
I% [3) 3]!‘[-{ [9)9]! H [9!9]!

the inferior singular set

ooy L2012 78
A (p)_(§,3)U(§,g)U(§,§)U T
with the (topological) singular set identical with the Cantor set, i.e.

Aoy =15 Bk Bl S

But the closure of A®(p) is

Rl = [0,1)= X,

which is different from A{p), and therefore the singular set A(p) is not closed.
In this example, although each 8, with z € A(p)contains exactly two points,
OA(p) has uncountable set of points. Also we notice that

p(8A(p)) =0, p(A%(p)) =1

The existence of the particular examples such as the last two examples
would make our analysis of social choice theory unnecessarily complicate. To
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include such examples, we would need to develope the whole theory of social
choice on the basis of measure theory. This is similar to the historical devel-
opment that for centuries from Newton to Weierstrass, Riemann integration
theory where the number of discontinuity of functions are regulated, is suffi-
cient to describe the reality that human beings ever encounter with. After the
rigorous real number system was invented in the middle 19th century, studies
of Lebesque integration theory is inevitable, because more complicate functions
{e.g. Cantor’s function) have to be handled. At the time being, as the social
choice theory is concerned we make assumptions to exclude the complicate pref-
erences as in the example 1.3.6 and 1.3.7 which are often occurred in measure
theory:

Additional Assumption: For a preference p in P we assume in the latter sections
that

#(0Lz(p)) =0, Vz € X.

Intuitively, the requirement means that the boundary of each indifferent set is
“thin”, so that it occupies no “area” (see Example 1.3.6). Also we assume that
the topological singular set A(p) is closed in X (see Example 1.3.7).

§2 Stratification convergence and singularities

"§2.1 Stratification convergence

Let P be the set of all preferences on X. The equivalence of preference and
stratification is established in Proposition 1.2.2. We now introduce a natural
notion of convergence in P, 1.e. a natural topology of P, based on this equiva-
lence, to reflect the stratification structure of preferences, which will be called
stratification convergence in P. The criterion of pn convergent to p, in strati-
fication structure is that the stratification sets of p, tend to the corresponding
stratification sets of p,, while preserving the preference order. The convergence
of stratification sets is required to be uniform in an arbitrarily given compact set
of X. The figure 2.1.1 illustrate the rough idea of the stratification convergence:

Y

;

[

(The dark lines and regions denote the indifferent sets;

the arrows illustrate the preference directions)
Fig. 2.1.1

The convergence is indeed the “first order convergence” of which the meaning
will be explained in the later sections.

21



To define the stratification convergence rigorously, we use the viewpoint
of open sets, i.e. we regard a topology of P as a family® of open sets in P.

Definition 2.1.1 Let <, be the zero order topeology of P defined by the subbase
B, = {G(K,L); K, L being compact sets in X }

where G(X,L) = {p € P; K < L in p}and let &, be the first order topology of
P defined by the base

By = {H(K,W); K compact, W open in X and K C W}

where H(K, W) = {p € P; K C A°(p) C Alp) C W}.and A(p) is the topological
singular set {See Definition 1.3.1) with A°{p) its interior.

Definition 2.1.2 The topology & defined by
T = Q‘o U E}]_

is called the stratification topology of P. Given a sequence p,, in P and p, € P,
we Say pPn conuverges to p, in stratification f VT € & with p, € T, there exists
N such that p,, € T,¥n > N, The convergence is usually denoted by

Pn —> P in &,

Since B, and B generate , a criterion for p, — p, in & is that: YVG(X, L) and
Y H(J, W) with X, L, J compact and W open in X, if p, € G(K, L)NH{J, W),
then there exists N such that p, € G(K,L)NH(J,W),¥n > N.

Proposition 2.1.1 Let p, —3 p, in §. Then

z>y inp, = dneighborhoods U, V of ¢,y respectively
and 3N such that 7 = V in p,,¥n > N.

Proof By Prop.1.2.4, 3 neighborhoods Uy, V of z, y respectively such that
U > Vi in p,.

Since X is locally compact, there exists U and V, cornpact neighborhoods of x
and y respectively, such that 7 C U; and V' C V4 with U,V open neighborhoods
of z in X. Clearly p, € G(V,U). By the definition of ¥, 3N such that p, €
G(V,U),Yn> N. In particular,

Us=Vinp, ¥Yn> N,

as required. M

Remark 2.1.1 If the antecedent is replaced by p, — p. in &, the proposition
2.1.1 is still valid. If fact, the above proof invelves only open sets generated by
G(U,V) in ..

SFor reference see “General Topology”, by J. Kelly.
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The féllowing corollary is logically equivalent to the last proposition.

Corollary 2.1.1 Let p, - p, in ¥, and £, 2 yn in p, with 2, — = and
Yo = yin X. Then z = y in p,.

Definition 2.1.3 A topology &’ of P respects the topology of X if given p, € P
with p, — p, in O’ and given 2,y € X withz, = 2,yn = yin X and z, 7~ yn
in pn,¥n, we have ¢ 7~ y in p,.

Evidently, both &, and < respect the topology of X.

Ezample 2.1.1 (See Figure 2.1.2)

Consider the linear preference p, on R? defined as in Example 1.3.1 by
An = (cos Zisin -E) and consider p, defined by A, = (1,0). Then p, = p, in &
as well as in S, when n — co.

il

£y
Nao

Fig. 2.1.2

Ezample 2.1.2 (See Figure 2.1.3)
Let X = [0,c0) x [0,00) C R? and p, be defined by the stratification with
(i) Xﬂ(pﬂ) = {(31, 3"3) € X [I]_ - a‘)(i’:g - C:’) = ‘Ei} » €n 2 0,
(ii) 2 < y in p, iff @ < B, where z € Xa(ps), v € Xp(pa)-.
Let {€,} be a sequence of pesitive numbers tending to £, = 0, as n — co. Then
P =t Po 1t & and also in S,

Fig. 2.1.3

Ezample 2.1.8 (See Figure 2.1.4)

Let pn be the preference on X = [~1,1] x {~1,1] defined by the corre-
sponding utility function f,(z) = (I — €2)z7 + z2, where ¢ = {z;,22) € X,
0<e,<1,and e, = 1 as n — co. Let p, be defined by f,(z) = z% Then we
have p, — p, in § (as well as in §,). The stratification sets of p, and p, are
ellipses and horizontal straight lines respectively.
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Ezample 2.1.4 (see Figure 2.1.5) Let X = (—1,3) and let the preference p,
be defined by the utility function f,, which is constructed as follows,

~(l~z}+z/n , forze(-1,2]

_ 0 , forxe(%,i]
fn(z)— z—1 ; formE[l,Q]
~z 43 , forz&(2,3)

Let fo(z) = nILngofn(x) and p, be defined by f,. Then A.(p,) = (G,1) and

Aolpn) = (1, 1). Also, A(po) = 0, 1] and A(pa) = [&, 1]. If po € H(K, W), then
K C(0,1) C [0,1] C W. For n sufficiently large, we see

Ec(plclhlcw,

which yields that p, € H (K, W), for large n. It is also clear that given G(J, L) €
Bo, po € G(J, L) implies p, € G{J, L) for large n. Therefore,

Pn — P, In .

However, at £ = 0 the subpreference set Qx{ps) = (-1, 0], while Q.(p,) =
(=1, 1]. Notice that Q.(p,) does not tend te Q. (p,).

- ZaN

Fig. 2.1.5

Ezxample 2.1.5 {See Figure 2.1.6) Let X = [0,27]) and let p, be defined as in
Example 1.3.6 by f., where we construct f,(z) as follows. Divide [0, 27] into
2m intervals of equal length with dividing points:

-

_— — 2mm __
y reey ap = ;‘lﬂ;’ ey azm = "m = 271",

3y

— P —
a, = 0, a1 = ;71 G2 =
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where m = 2", n > 3, and let

sin ag, for z € [agk, agk_,.l]
fa(z) =<4 (1= N sinankqr + Asinageys
forz = (1 - /\) sin Gok41 T+ (1 - /\) sin Aok+2 €© [agk+1,agk+2]

Define f, = sinz and let p, be defined by f,. Then f.(z) converges to f,(z)
uniformly in {0, 2], while p, does not tend to p, in &. In fact, A{p,) = A°(pn) =
¢. Therefore, p, € H($, ¢). But for each p,,

A{pa) :Tgl [eak, 22540 # ¢

0
and here p. & H{¢,¢), Vn.

Yo

2y

‘] qr. '1] aT 'f “‘ ﬂ'] A} qi ﬂbﬂ&\t\/ﬂm

Fig. 2.1.6 (m = 12)

In the last example, we see that f, — f, in the zero order but not in
the first order. In other words, although f, — f, uniformly, the derivatives
fi of fl does not tend to f,. For preferences, it appears that the first order
approximation has no clear meaning, i.e. it seems ambiguous to say that p, — p,
in the first order. To give it a precise meaning, we need the first crder topology
3. As the cardinality discarded while ordinality maintained, derivatives are
meaningless. However, the distinction between regularities and singularities
in the context of topological structure (for more details, see §2.2) still makes
sense. This is the idea underlying the definition of $¥1.In Example 2.1.6, the

~1
singular set A(pg) ::L_J0 [@2%, @2k 1] occupies half of length (1.e. “measure”) of

the defined interval [0, 2x], while A(p,) is empty. This makes p, divergent in
the first order topology <, in spite that p, converges to p, in the zero order
topology $,.By the abuse of language, we also call & = Qg Uy the first order
topology to mean the approximation up to the first order.

§2.2 Singularities relative to given structures
In this subsection, we let X a general connected topological space with
various structures, not necessarily assuming it a continuum alternative space.
The concept of regularity and singularity of preferences corresponds to the
structure of X under consideration. We will define them in topological structure,
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in manifeld structure, in differentiable structure, as well as in measure structure,
Although the notion of regularity has a different description, each formed by the
concerned structure, it has a core characteristic that when the preference order
gradually increases, the corresponding stratification covers the alternative space
X as evenly and smoothly as the relative structure could detect and describe.
Singularity occurs otherwise.

Definition 2.2.1 Let X be a connected topological space. A preference p
on X is singular in the topological structure if there exists a point z in X and

a neighborhood V; of z such that V; C I (p). Otherwise, p is regular in the
topological structure.

Ezample 2.2.1

(a) Let p be given by the utility function f with f(zy, £2) = Az?+2Bzze+Cx}
for z € X = R? with B% — AC # 0, then p is regular in the (canonical)
topological structure {although singular both in the manifold structure and in
the differentiable structure to be defined later).

(b) If p is defined by the utility function (See Figure 2.2.1)

1, 2f0.'.'1_<_0
flzy, za) = ¢ 0, if0<e <1
931—'-1, ?:fl‘]_ZI,

then p is singular in the topological structure,

N

Fig. 2.2.1 (z = (1,0})

Definition 2.2.2 Let X be a connected topological manifold of dimension
n. A preference is regular in the manifold structure if each indifferent set I
of an inferior point = in X is a topclogical sub-manifold of X with dimension
n — 1 and any neighborhood of z contains a smaller neighborhood V; such that
Ve — Iz has exactly two components, one in the preferred set R; and the other
in the inferior set Q; Otherwise, p is singular in the manifold structure.

Ezample 2.2.2 Let p be given by the utility function
flz1,29) =2f, z=(e1,22) eR* = X

"Then p is regular in the (canonical) manifold structure for n odd, and singular
for n even. However, it is regular in the topological structure for any n.

Definition 2.2.3 Let X be a connected differentiable manifold of dimension
n. A preference p on X is regular in the differentiable structure if p is regular in
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the manifold struciure and each [ is a differentiable submanifeld of dimension
n — 1. Otherwise p is singular in the differentiable structure.

Ezxample 2.2.3
Let p on X = R? be defined as follows (see Figure 2.2.2)
() Vz=(a,0) witha€ R, I = {(a(l +]t),1);tER}
(i) For z = {a,0) and y=(b,0), z > yin piff a > b.
Then p is regular in the (canonical) manifold structure but singunlar in the
{canonical) differentiable structure”, since I is non-differentiable on z5 = 0.

N2
7/

Fig. 2.2.2

It follows immediately that a preference singular in a topological structure
is singular in the corresponding manifold structure. And if p is singular in a
manifold structure, then it is singular in the related differentiable structures.
Finally, we consider the singularities in a measure structure.

Definition 2.2.4 Let X be a locally compact Hausdorff space with a positive
Borel measure pu. A preference p on X is regular in the measure structure if
each I; has zero measure, i.e. p(I;) = 0. Otherwise p is singular in the measure
structure.

It is evident that a preference singular in a topological structure is also
singular in the related measure structure p. In fact, if 32 € X with a neigh-
borhood V,; C I, then p(fz) > p(Vz) > 0. Conversely, a preference singular in
the measure structure is not necessarily singular in the topological structure,
as Example 1.3.6 shows. (In that example, p(f;) = p(Z:) > 0 for z € Z;
with 1 > & > 0, but each indifference set has no interior point.) However, we
have assurned in §1.3 that u(0l;) = 0, which excludes the case like Example
1.3.6. Under this additional assumption, the converse is clearly true. If p has
p(fz) > 0 for some x € X, we claim that J; has nonempty interior points.
Suppose the contrary, i.e. Intl; = ¢, we see I = (Int I;) U (0I;) = 8I; and
u{8I;} = p(l;) > 0, against the hypothesis.

Chichilnisky [C] shows nonexistence of a continuous rational social welfare
function for preferences on an n-dimensionai cube I of R". We now compare
her formulation of in [C] with the one defined in this paper. In [C], a preference
on I™ is defined by a vector field v on I™ with |u(z}] = 1 or 0, such that v(z)
is differentiable in z as |u(z)] = 1. In other words, she considered preference
relations relative to the canonical differentiable structure of I™. Let the totality

"The differentiable structure in the cannonical one in B2,
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of all such preferences,i.e. all such vector fields, be denoted by P.. She defined
a topology Q. on P, by inducing the distance d, where

d(v, w) = max {|v(z) — w(z)|; z € X}

for two v, w € P,. If v(z) = | everywhere, it is called regular, otherwise it is
singular.

Given v € P, we say v is integrable if there corresponds s preference
pv € P, such that at each z with |v(z)| = 1, v(z) is the unit normal of the
indifferent hypersurface Ir(p,) pointing toward Rl and such that at a point
z where |v(z)| = 0, Iz(py) is nondifferentiable. A nonintegrable example is
seen in Fig.2.2.3. Let B, be the set of all integrable preferences v in P.. Then
the definitions of regularity and singularity of a preference coincide with those
defined in this paper relative to differentiable structure (Def. 2.2.3). However,
the topologies ¥, in [C] and the topology < in this paper restricted to P, are not
consistent.. In the category of differentiability, the example 2.1.2 shows p,, —+ p,
in ¥, which should be commonly accepted, while in S, the preference p, does
not converge to p,. In fact, for v, singular and v, regular, let v,(z,) = 0 at
some &, € X. According to [C) a metric which measures the “distance” between
the two preferences v, and v, is given by

d(ve,vn) = max{|v.(z) —vn(z)|; z € X}
> [vo(®o) — vn(zo}l = |un(To)] = 1,

and therefore any singular preference is isolated from regular preferences in S

This flaw of the formulation of [C] arises from defining the topology . on
P., which heavily relies on the differentiability machinery. However, the defect
is not crucial in proving the nonexistence of a continuous rational social choice
function in [C]. Her concept that the singular preferences are separaled from
regular preferences is still agreeable, if restricted to the changes of individual
preferences under social choice mechanism, and if not limited to the category of
differentiability but released to the given topological structure.

More precisely, when we consider a continuous social welfare function
F:PYN 4 p

where PY = P x ... x P {N copies), we adopt  as the topology of individual
preferences P = Pj,q in PV (instead of the social preferences). Consider the
whole P,z with topology <&, and let

P, = {p& P;pisregular in topological strucure}
Py

11}

{p € P; p is singular in topological strucure} .

We will show that P. and Py are the disjoint open sets, which is called separation
property of &.

Separation Property P = P. U Pg with P. N Pg = ¢ and F,, Ps are both
open in P with stratification topology 9.
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Proof.  The property is evident except that F. and Pg are open. First,
P. = H{é,¢)is open in {P,9). Given p € Pg, A°(p) # ¢. Choose K a
nonempty compact subset of A°(p). Then H(XK, X) C Ps, since each preference
g in H{X,X) has the intertor A°(g) at least containing K and therelore ¢ is
singular. This proves Pyg is open in (P, 3). ®

The separation property says in particular that relative to the topclogi-
cal structure the singuler preferences are isolated from the regular preferences
in §. In other words, the statement that a very slight change of a singular
individual preference does not become regular is a fact only in the topological
structure, rather than in the differentiable structure. Example 2.1.2 has shown
in the category of differentiability that a singular preference could suddenly
shift to regular ones. However, when topological singularities are considered,
the individual preference should stay indifferent on an open set of alternatives,
which is “large” in a sense. A slight perfurbation therefore would not cause an
indifferent set to become “thin” at once. Mathematically, this means that Pg
in open in $.

In the proof of her nonexistence theorem, the separation property in dif-
ferentiable sense is unnecessary. Chichilnisky merely used essentially the sepa-
ration property in topological sense, since the argurnents restricted in the linear
preferences suffice to work. A linear preference once singular in differentiable
structure, is elso singular in topological structure.

Another defect of the formulation in [C] is the non-integrability of the
vector filed v in F,. If a vector fleld in P, is not integrable, it can hardly be
called a preference in practice. The formulation of [C] defines the preferences
with their first order parts, yet leave the zero order parts undetermined. More
precisely, according to [C], the preference order between two points z and y in
X may be undecided and even not well-defined as seen in the following. Let
v € P, be given by

v(z) = (—za, 71) / \/2} + 23. (see Figure 2.2.3)

Fig. 2.2.3

Consider y = (-1, 0) and z = (L, 0). If we follow the lower semi circle I'_ =
{(z1, z2); 2] + 23 = 1, z2 < 0) } from y to z along the preference vector fields
v(x) as the tangent vector fields, then 2z is preferred to y. However when the
upper semi circle 'y is followed from z to y, y is preferred to z. Therefore we
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have y < z in v and alse z < y in v, which leads to a contradiction to the basic
definition of a preference order. This simple observation shows that the way
defining the set of all preferences on X as in [C] by the set of all preference
vector fields is improper.

Nevertheless, the points mentioned previously about the formulation of
[C] are minor shortcomings. The crucial defect lies in the assumption of the
separation property in the social preferences, i.e. Chichilnisky did not differen-
tiate the topologles in Pjnq and P,,. and adopted I, for both the topologies in
FPing and in Pyge. It is this assumption that makes the nonexistence of a contin-
uous rational social welfare function valid. In the formulation of this paper, we
take a different opinion: the social aggregation is more accurate so that some
other topology should be introduced in social preferences in order to match the
empirical world. This viewpoint leads to the existence of a continuous rational
welfare function, contrary to Chichilnisky’s nonexistence result.

§2.3 Stratification approximation theorem

The theorem in this subsection shows the uniform approximation of strat-
ification sets on compact regions for convergent preferences in &. It justifies
ﬁgure 2.1.1, which illustrates the stratification convergence, as well as the name

“stratification topology” of . Let the alternative space X be a ]ocaI]y can-
nected®, locally compact, T3-space.

Theorem 1 (Uniform Appro:czmatzon Theorem)
Let pp — p, in &, Given X compact in X and z € X. 1

Lip)nXcCcw

for some open set W, then 3 N and 3a neighborhood V of z such that I, (pn) N
X CW, ¥n> N and Vv € V. Furthermore, if

for some compact connected set K, then 3N, and Ja neighborhood V] of 2
such that X C IntI,(ps), Vn> Ny and Vv € V4,

Proof. Step 1 Let We= X-w. Evidently, W*° is a compact set. Let
= WeNQL(ps), Lo = W N Ry(p.).

Since Ly and Ly are disjoint and open in W,, it is easily seen by the finite open
covering property of the compact set W* that both L;and L, are compact.
Also, Ly < =z < Lo in p,. By the argument used in Step 1 of the proof of
Prop. 1.2.3, 321 € Ly and z3 € Ly with L; X z; and 23 X Ly in p,. By the

5By X locally connected, we mean Yz € X, ¥ neighborhood U/ of z the component of U/
containing « is also a neighborhood of .
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local compactness of X, Ja neighborhood V' of z such that V is compact and
V€ R, nQL,. Thus we have

Lliml-{V%mgng inpa.

Now p, € G(L1,V) ﬂG(V_@ Lp). By the definition of p, — p, in 9, there exists
N such that p, € G(L;, V)N G(V N La), Yn > N. This means that Vn > N
and Vv >V,

Ly <v =Ly in py,.

In particular, any point of X indiferent to v in pn with n > N and v € V is
disjoint from W€ = L, U L,. Equivalently,

Lipa)NX CW,¥n>NandVoeV.

Step 2 Given a connected set K with z € K C Int I;(po). Since X is a
locally connected, locally compact®, Ty-space, IV open in X with its compact
closure V' connected such that

re K CcVCVcCIntl(p).
Denote V by K. Evidently, Yve V
v E K C Int I{p,).

We have p, € H(]?,X). By Definition 2.1.2, 3 N; such that p, € H(I?,X),
¥Yn > Ny;ie. K C A%pn), Vo > N;. For any fixed n > N; and each given
v € V it is claimed that

K C IntI,(pn).

Let K, = KN, (pn). The indifferent set I, (pn) is closed in X. Clearly, K, # ¢
sj_nce v € K, and K, is closed in K , We then claim that K, 1s also open in
K. 1t suffices to show that K, C IntI,(ps). For any y € K,, we have y € K
and y ~ v in p, due to the definition of K,. Since X C A°(ps), it holds that
y € A°{pn). By the definition of the singular sei A°(pn), 3U open in X with

y €U C ILy(pn)-
However, I,{pa) = Iy(ps). Therefore, y € Int I,{p,) and hence

K, C Int I, (pn).

9S5ince X is locally compact and of T3, V& € K, 3 a compact neighborhood uz of = such
that Uz C Intl:(po). The component Vz of Uz containing z is a neighborhocod, by the local
connectedness of X. V: is connected and closed. A closed set in a compact Ts3-space is
compact. Therefore Vi is compact. By the finite open covering property of K, it is easy to
see that V, being a finite union of Vz; with z; in K ratiofies the quirements.
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In other words, K, =~1‘?~ﬂ IntI,(ps). 1t follows that K, is open in K. By

the connectedness of K, K contains no proper subset which is both open and
closed. We have X' = K,, and consequently,

K C K ¢ Int I(pn),
which completes the proof. W
The condition that X be connected in Theorem 1 is essential, as seen in
the following example.

Ezample 2.8.1 (see Figure 2.3.1) Let X =[-2,2] x [0,1] C R? and let p, and
Po be defined by the utility functions f, and f, respectively, where

0, —2<z;<-1

_ z+1; -1<21<0
O R R S S
0; 15.’1:152
0, -2< 2z <~1
. z+1;, —-1<e <0
folenza) =\ (1_1z41  0<: 21
o~ 1<z <2

H
npd

Fig. 2.3.1

Let z = —3. Clearly, Io(p,) = [—2,—1]U([1, 2], while Iz (pa) = [—2, —1]. We see
that at the singular point z, I;(p,) dose not tend to Iz(p,), although p, — p,
in 9. However, the singular set A(p,) of pn converges to the singular set A{p,}
of p,. In this example, if we let K = [~2, ~4] U (£, §] which is not connected,
then the second consequence of Theorem 1 would be false,

Also the {following example 2.3.2 shows that the local connectedness of X is

essential in Theorem 1.

Ezample 2.5.2 (See Figure 2.3.2) Let
X = {(i,sin-:-) eR%0<t< 1} U{(0,s);-1<s<1}.

Notice that X is connected but not locally connected. We define continuous
functions f and f, on X as follows. Given ¢ = (1,s5) € X,

A 0 ’ SE[_'L:%]
f(m)={2s—1 ; 36[?15,1]
2s+1 ; s€[-1,-3]
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and

f ; t<ta
fn(m):{gn((xx)) R ATY

Where {,’s are the maximal points of h{t) ordered as 1 > 4y > ta > > 1, >
+++— 0. and

1/n; s E [—1/2: 1/2]
gnlz) =< (2s=1)(1~-1/n)+1/n; s€(1/2,1]
(2s+ 1)1+ 1/n) 4+ 1/n; se{~1,-1/2].

Let the preferences p, and p be defined correspondingly by the utility functions
fn and f. Denote the set {(t,s); ~1/2 < s < 1/2} by X. Then the singular sets

Alpn) = Alp,) = Z.
Choose z = 0. We have

Ii(p,) =X and Iz(pn) = ZN A,

where A, = {(t,s) € X; t < t,}. Evidently, I;(pn) does not tend to I;(p,)
as n — co. Let K be the connected set {{0,s) € X; s € [—1/3,1/3]}. Then
z € K C I:(p,). Given any neighborhood V of r in X, there must exist
v =(7,¢) € VNI with 7 > 0. Choose n, such that {;, < 7. Then ¥V n > n,,
Iy(pn) = N AL where A% = {{t,5) € X; ¢ > tn}. But K NAE = ¢. Therefore
KNI,{pn) = ¢. Then second consequence of Theorem 1 is false in this example,
where X is not locally connected.

$ . e
X‘ 4+ u,.F(:”: 5(1";) T u:%ﬂf‘):%,(‘,s)

N

M- —
o=

[N ] g
or

Fig. 2.3.2
£ 3 Continuous rational social welfare functions

§ 3.1 Social aggregation topology S,

We assume in § 3 that the alternative space X is a domain with or without
boundary in the n-dimensional Euclidean space R™ or more generally a con-
nected topological manifold!®. In fact, the results in this section (§3) are valid

0By a topological manifold {of dimension n}, we mean a topological space in which every
point has a neighborhood homeomarphic te B™. Usually for a topological manifold we assume
o-compactness which means that the whole space is a countable union of compact subsets.
With o-compactness, we can use compact subsets to approximate the given space.
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for a general continuum alternative space, by which we mean a topological T3-
space which is path-connected, locally connected, o-compact, locally-compact
and has a finite Borel measure g such that the measure of any nonempty open
set is positive. The meanings of the mathematical terms would be explained
in the context whenever they are used. However, those who are not familiar
with general topology and measure theory may regard the continuum alterna-
tive space X as a domain in R™ on which p means the n-dimensional volume
(or n-Hausdorff measure is technical terminology).

The case of discrete alternative spaces will be treated separately in the
next section § 4.

By a preference singular {resp. regular] in §3, we mean singular [resp.
regular] relative to the given topological structure of X, unless otherwise stated.

In §2, we have introduced for P the stratification topology < which sep-
arate singular preferences from the regular ones. The following example shows
a topology different from <&, but as natural as § on the basis that both two
topologies respect the topology of X. The new topology does not satisfy the
separation property however.

Ezample 8.1.1 Let the preferences p,, and P, be defined on X = [~1, 1) by the
utility functions f, and f, respectively, where

-z, ze€[-1,0 ~z, z€[-1,0
f"(x)={£ 36%0,1]}"}:"(1:):{0, mE%D,lj]

n? "

Fig. 3.1.1

We remark that the use of the utility functions f, and f, is simply for the
expository convenience and is not necessary in the essence. For z and y in [0, 1],
x ~ &y and y ~ y, where z, = ~% and y, = —X. Asn — o0, both z, and y,
tends to 0. Let p,, have a limit in P relative to & topology of P respecting the
topology of X (see Definition 2.1.3). The two alternatives = and y are forced
to be indifferent in the limit preference. In other words, the limit of p,, must be
P,- However, B, diverges in the stratification topology <. In fact, suppose the
contrary with B, converging to a limit ¢, in . It follows from Coroliary 2.1.1
that z >~ 0 in ¢,, V2 € [0,1]. .On the other hand, given = & [0,1] we assume
that ¢ > 0 in ¢,, then 3 neighborhoods U, V of z, 0 respectively and 3N
such that

UV ing, ¥n> N.
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Choosing w € (~1,0) NV, we have z ~ ~% < w in F,, for n > —Z. This
contradicts to U/ » V' in P,, ¥n > N. Hence, & ~ 0 in q,, Yz € [0,1], and
therefore

qD = ﬁo‘

But g, has the singular set A(q,) = A(P,) = [0,1], while each P, is regular.
It violates the separation property that < satisfies. Therefore, the topology of
P with limP, = P, should be a new topology different from the stratification
topology $.

Ezample 8.1.2 Let X be the square [0,1] x [0,1] and the preferences P, and
7, be given by Fig. 3.1.2.

’5’?\? ) *n=7<v1 )

Let 2, — =, as n —+ oo. The curves in the figures indicate indifference sets.
For 7,, the moon-like area M is an indifferent set. Also, B, is regular and 7, is
singular with A(p,) = M. We see that Yz € M,

T~ 2z, in’ﬁn,mojznjm,} inp,, Ty — T, asn — oo,

Therefore, if §, tends to a limit preference lim 7, relative to a topology of P
n—oo
which respects the topology of X, we should have

T ~Z, in limP,.
n—00
Hence,

ims, =75,.
Jmp. =7,

The zero order topology S, defined in Definition 2.1.1 serves as a model of
the topologies of P which respects the topology of X and allows the convergence
of P, to P, in the above two examples. We note that <, is weaker (or called
smaller) than &= S, U S, L.e. given p,,, po € P,

Pn =¥ P MT = pn = pe In By

In fact, &, is the weakest topology of P that respects the topology of X. This
is proved as follows.
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Proposition 3.1,2 The zero order topology of P is the weakest (or equiva-
lently, the smallest) topology of P that respects the topology of X.

Proof. It follows from Proposition 2.1.2 that <, respects the topology of X.
Given O a topology of P which respects the topology of X. Let p, — p, In &,
it is claimed that p, — p, in 9y, i.e. for p, € G(X, L) we claim that 3 N such
that p, € G(K,L), Yn > N, where K and L are compact sets in X. For any
z,ywithz € K, ye L, we have £ < y in p,. By Q' respecting the topology of
X, 3 Uy, Uy neighborhooeds of z, y respectively and 3 N, such that Uz < Uy in
Pn, Y1 > Ngy, Using the finite open covering property of compact sets, we see
that AN with K < L in ps, ¥n > N. This completes the proof. W

We search now a topology suitable for Py, of social preferences. Any
reasonable topology of P should respects the topology of X. This is certainly
a minimum requirement for an acceptable topology of P,... We claim in the
following that the topology of P,,. should be J,, the smallest topology of P
respecting the topology X. The underlying reason is that the social aggregation
must be a quantified process, so that the social preferences as the outcomes of the
quantified social aggregation should detect the slight difference of a preference
over two distinct alternatives even when the difference vanishing into zero. With
this observation, a social welfare function F' has to be factorized into

PPN D 3(X) - Page

where §(X) is the space of all real-valued functions on X. For X a topological
space, we may restrict the range of F to be the space C°(X) of all continuous
real-valued functions on X. The factorization means F can be written into the
composition F =g o Fin

Fu PN S oo(x) <4 Pae

Therefore, the candidate for the topology of P, of social preferences naturally
is the quotient topology inherited from the compact-open topology of C°(X)
through the quotient map ¢. In the quotient theorem of § 3.2, we prove that the
reguired quotient topology is exactly 5, the smallest topology of P respecting
the topology of X. This justifies why we adopt &, as the topology of Py, and
call it the social aggregation topology.

With the soctal aggregation topology &, of Pisc, the preference 7, con-
verges 1o B, in the two examples 3.1.1 and 3.1.2. This just incorporates the
reality that for social preferences, an arbitrary small perturbation of ¥, may
result in B, with some large n, or equivalently, the society has the ability sophis-
ticated enough to catch the slight difference of its preference over two distinct
alternatives, for instance z and y in the two examples 3.1.1 and 3.1.2, and even
detect whether or not the difference vanishing into indifference.

The situztion would be different for individual preferences under social
aggregation apparatus F. Consider Bxample 3.1.1 with X = {0, 1]. Let an indi-
vidual have slightly perturbed his preference F,, in which all the alternatives in
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[0, 1} are totally indifferent, to B,,. Before the social aggregation apparatus F' {or
in mathematical terminology, a profile of individual preferences is given as an
element in the domain of a social welfare function F), an individual was asked
to formulate his new preference explicitly and present it to the society in an ac-
curate form. We hardly believe that the individual would then present the new
preference in the form 7, in which each point in [0, 1] is now totally differently
preferred from one another. The change would be considered by him as “a big
change”, rather than merely a slight perturbation. Moreover, individuals are
not sufficiently sensitive to distinguish the difference between 7, and 5, with
very large n (See Chichilnisky [C], 1982 and Kreps [Kd], 1996). It corresponds
to the mathematical fact that interiors have the “huge inertia”, as not to jump
to becorne “thin” in an infinitesimal change. This means in Example 1.3.1 that
the interior of the singular set (0,1] does not shrink with small perturbation
into a single point, and in Example 1.3.2 the moon-like area not change into an
arc.

One may wonder how an interior point z, of a singular set of an individual
preference changes into a regular point continuously, as it presented to a soci-
ety. The process is to vary its singular points into regular ones gradually from
the boundary of the singular set, rather than from the interior. It reveals the
nature of the stratification topology & adopted for F;, 4, comparative to that of
the social aggregation topology . adopted for P,,.. We use Example 3.1.3 in
Fig.3.1.3 to illustrate the difference.

Ne N

a continuous change in <, a continuous change in 4
Fig. 3.1.3

We conclude this subsection § 3.1 by comparing the essence of our formula-
tion from the one by Chichilnisky [C] on selecting the topology for Py, of social
preferences. She adopts 8. both for Pi.g and P,,. without any distinction, so
that for instance in Example 3.1.1 F, does not converge to p, since singular
preferences are separate from the regular ones by the separation property of
De. This seems to violate the reality that for the social preferences the conver-
gence is reasonable. The key point of the proof of her nonexistence thecrem of
continuous rational cheoice is exactly based on the separation property. By the
formulation of the social aggregation topology for Pec, we obtain in § 3.4 the
existence theorem on the contrary.

§ 3.2 The quotient theorem

Historically, the viewpoint of utilitarianism on the soctal choice theory
was criticized by Lionel Robbins [R] and others in that the preferences had
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been naively quantified by utility functions without scientific basis. The “new
welfare economics,” emerged from the eschewal of interpersonal comparisons
and cardinality of individual utilities, tried to redefine preferences simply by
their preference ordering (see Sen [S2]).

Mathematically, instead of using a (utility) function on the alternative
space X to define a preference, one could redefine it by an equivalent class of
functions preserving the order of the function value. That is, two real valued
functions f and g are in the same class, denoted by f ~ g, if and only if
there exists a transformation # : S — T which is monotonic (i.e. 7 (u) < 7{(v)
whenever u < v), such that

flz)=nog(z),Vz € X,

where S = f(X) and T = g (X) are respectively the images of X under f and
g in the real number systemn R!. In fact, the equivalence relation ~ leads to the
fact that

Fz) < fly) it g(2) S 9(y), Yo,y € X,

and given an equivalent class { f] containing f. A preference p can be corre-
spondingly defined by

z<y inp iff f(z)<f ()

without multiplicity. Let F(X) be the space of all real valued functions defined
on X, the historical improvement of social choice theory shifting from utilitar-
ianism to modern formulation of the welfare economics is to consider in place
of §(X) the quotient space §(X) /. (i.e. the set of all equivalent classes of
functions on X) as the space of preferences.

When X is a topological space, it is natural to consider the space C?(X)
of all real vatued continuous functions on X to replace the function space F(X),
because the preferences on X should now respect the topology of X. It is evident
that P and C°(X)/_ are identical as sets (see also the proof of Theorem 3). In
the definition of the equivalence relation ~ between two continuous functions f

and g, we have to require the transformation n be a homeomorphism, besides
the monotonicity.
Consider the quotient map

2 CoX) = C?(X)/

~

defined by »(f} = [f], ¥f € C°(X). A natural topology of C?(X) is the compact
open topology which is defined by the subbase

B, = {Z(K,U); K is compact in X, U is open in R}
where

Tk, U)={f € C°(X); fmaps K to U}.
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The compact open topology corresponds to the uniform convergence on compact
sets for functions in C°(X). We take for C°(X)/_ the quotient topology of the
compact open topology of C'°(X)} by the quotient map «. It means that a set
G is open is C°(X)/., if and only if the preimage m~1(G) is open in C°(X).

We now show the quotient theorem that the quotient topology of C°(X)/
is exactly the zero order topology I, of P.

Theorem 1 (Quotient theorem) (P, 3,) is topologically equivalent to C°(X)/_ ;
in other words, these two spaces are homeomorphic.

Proof. Let ¢: C°(X}/_ — P be defined by

z<y inp iff f(z) < f(¥) (3.2.1)

where [ f] € C°(X)/.. and p = o([ f]). Clearly, ¢ is well defined.
Step 1 First we claim the ¢ is an injection. For f, g € C°(X) such that
e([f1) = ¢({g]) = p. Consider 5: f(X) —+ g{X) defined by

n(u) = g(zy), Yu € f(X).
where z, € X with f (a:’u) = u. Note that n 1s well defined, since for z, and :1:;
in X with f(zu) = f(z,), we have z,, ~ z,, in p and therefore
glzu) = g(=.).

To claim that [f] = [g], we have to show that the transformation 5 is a homeo-
marphism!!. Let u, and un, n=1,2,--+, be in f(X) such that

Up — U in RL

We will see that n{un} — n(u,) in R, It is claimed that given any monotonic
subsequence {uy,, } of {u,} with

Un, — Uo in R, as k — oo,
there exists {z,,} in X such that
Ty, =+ Zoin X, as k —+ o0,

and f{zn,) = Un,, f(Zo) = U,. Assume without

loss of generality that u,, is increasing. Choose z,, such that f(z,,) = ua,
and choose Z such that f(T) = u,. Since X is path connected, there exists
a continuous map <y : {0,1] — X connecting z,, to T with v(0) = z,,and
v(1) = %Z. Let z, be a point on « such that f first attains the value u,, i.e,
T, = (tp) with

o = min{t; f(7 (1)) = o).

117 X is assumned compact, then the proof is trivial, since continuousinjection fx : X/_ ~+
R! is an open map. In that case we do not need even connectedness. However, for X non-
compact, we use the path-connectedness of X.
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Then the value of f on ¥ approximates continuously to f(¥ (¢,)) from below
as ¢ increasingly tends to {,. Therefore 3v(¢,,) convergent to y(¢,) as k = o0
with un., = f(v (ts.)). Let zn, = ¥ (¢n,). Then z,, — 2, in X as k — oo and
f(%ni) = un,, as required. Hence, we see that

n(uﬂk) = g(xﬂk) - g(:co) = n(uo)) as k — o,

by the continuity of g. This implies that n(u.} — 7(u.) as n — oo, since
otherwise 3 a neighborhood U of n(u,)} and 3 subsequence {u,.} such that
7(un,;) € R' —U. However we can find a monotonic subsequence {uk} of {un;},
which has 7(u}) ~ 7(u,) since v}, = u,. It contradicts to n{u}) € Rl = U with
n(u,) € U. This show that 7 is continuous. The exactly same reason yields that
77! is continuous. Therefore, 7 is a homeomorphism and hence f ~ g, {f] = [g].

Step 2 We now claim the surfectivity of . Given p in P, let

fe)=u (Q;(p) - A(p)) : (3.2.2)

First we show that f € C°(X). To claim fis continuous on X, it suffices to
show that for any monotonic sequence {z,} convergent to = in X, we have
f(zn} — f(z) in RY. By {z,} monotonic, we mean {z,} decreasing, i.e.
Tn ¥ Tpel, Y1, o {z,) increasing, i.e. zn < 241, V0. For {z,} decreasing,
we see that

In fact, for y € ﬂ an, Y < Tn, Yn. In virtue of Proposition 1.2.5 and z, = ¢

in X, we have that y < z, and therefore y € Q. The converse is obvious. Now
we have

limn f(zn) = Yimp (Q), ~A) =tim (u (@) - (@s. nN4))
= w(fQ.,)-n(B @, nn)
= (@) ~u((R Q. na)
= p Q;UI:;)—M((Q%UL:)“A)

(

= w(@)+p)-n(@ na)0L)
(9:)
(

Similarly, we have f(zn) — f(z) for increasing {z,}, noting that
[=] ! [
ngl Qm" = Qx
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We claim p = @([f]). It is clear by (3.2.2) that 2 > y in p implies f(z) >
f(y) . For the converse, suppose £ < y in p, we would have f(y) — f(z) =

1 (Q4(p) — Qz(p) — Alp)), in which Q! (p) — Q4(p) — A(p) is a non-empty open
set. Hence f(y)} — f(z) > 0, contradicting to the assumption f(z) > fly).

Step 8 We claim that ¢is a homeomorphism. We show that ¢ is contin-
uous, ie. p ! (G(K, L)) for any G(K, L) in B, is open in C°(X)/,. Let the
preimage (¢ o 7)~' (G(X, L)) be denoted by A. Then '

A={feCX); flz) < fly), Ve € K,y € L}

and
A= U (3(K,B7)nE(LED),

where BT = {s€R% s<r} and R} = {s € RY; s > r}.Thus, Ais open in
C?(X). By the definition of the quotient topology on C°(X)/., ¢~} (G (X, L))
is open in C°(X)/_.

Step { Finally, we claim that ¢~ is also continuous, which is the nontriv-

ial part of the proof. This is equivalent to show that

Pn—pin S, =2 p, 5 pin C°(X)/

It suffices to prove that given f with p = ¢ (] f]) and given any finite number
A
of compact set Ky,..., Ky in X and open sets Uy,---,Ux in R! with f E,ﬂl
1=

h
F (Ki,U;), there exists N and f, with p = ¢([fs]) such that f, E.Ql F(&;,U3),
~ h
¥n > N. Let X be a compact subset of X which contains '91 IK; and let W be

a closed finite interval of R! which contains _QJl F(¥K:). Denote

e = min dist (f(K;), R' = U;) (3.2.3)

i=1,...,

where dist (A, B) means the distance between two sets A and B in R, We sub-
divide W into 2m + 1 intervals [ao, a1], [a1,@2], - -+, [@2m, @2m41] , €ach having
length less than £/3. Let I; and IJ'- denote the intervals

Ij = [a2j:a2j+1]? jzosl?"')m:
and I; = [agjs1,02542], 5= 0,1, ,m—1,
and let g, be an arbitrarily chosen function in C?(X) such that ¢ ([g.]) = P,

by the way given in Step 2, for example. We adjust the value of g, by defining
(o i R — R! to construct the required f, = (n 0 go With fu ~ gn. Let

’

X;= NN X, X; = )N X,
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As X,, -+, Xy are disjoint compact sets in X and X; < Xi inp, ¥j,1 with
J <1, there exists N; such that X; < X; in p, for n > Ny and j <!. We have
that for n > Ny,

gnlzs) < gnlm),
Vz; € Xj, o1 € Xy and j < I. Hence, we can freely define a monotonic
horneomorphism ¢, : B! — R! such that ¢, maps 9a(X;) homeomorphically
onto [; with n > Ny. This yields that
fﬂ(XJ) - f(XJ) = [a2j:32j+1]s Yn> Nl and VJ =0, 1, Ty T (324)
As for f, on XJJ-, we let

b = (sz + agj1)
I 2

and let Z; = 7~ ({b;}) N X. It follows that
by < fle;) < bje1, z; € X;.

Again Z,, -+, Zm and X;,--- ,X;n_l are disjoint compact sets in X. By the
similar reasoning, there exists Ny such that for n > Ny,

0n(25) < n(5}) < 9n{2142), V2 € Z; and <} € X,
Therefore, for z; € Z; and o:;- 1S X_,:-, we have
az; < falz;) = (a0 galzy) < (a ogn(x_;-) <nogn(zir1) = falzj+1) < azjys,
i.e.
az; < fn(:v;-) < ai+3,

where n > N = max{Ny, N} and the formula (3.2.4) is used to claim the first
and the last inequalities. Hence,

i (X..;) - (agj,a2j+3), ¥n>N. (325)
Combining (3.2.4) and (3.2.5), it holds that

[fa(z) = flz)] <,
for z ¢ )?, n>N.But X 3@1 K;. By (3.2.3), we have proved that
fn EF(K, Ui, Vo> N,

as required. W
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§3.3 Graph topology S¢

The topologies §, and ¥ are defined to describe the features of preference
convergence when the zero order and first order behaviors of preferences are
considered respectively. We have called S, the social aggregation topology and
defined the stratification topology & by &, US;. Evidently, & .3_ $,, hence & is
stronger than S,; in other words,

pn“_}poins}:}pn ‘_)po ingo.

The converse is not true in general, as Example 2.1.5 and Example 3.1.1 illus-
trated. However, we have '

Proposition 3.3.1 If p, and p, with large n are regular, Then

Pn Do in%'4:pn - Po in 90-

Proof. Given p, € H(K,W). Since p, is regular, K C A,(p,) = ¢; there-
fore K = ¢. Hence, H(K,W) = H(¢,W). Also by p, regular for large n,
pn € H(¢, W), for n >some N. In fact, ¢ € W is a trivial condition. Hence
H(¢, W) = P, where P, denotes the set of all regular preferences. We have
Pn — Po in $y. But it is given that pp — p, in Bp. Therefore, pp — p, in
S = S}o U 5}1 . 1

We consider two prototypes of preferences (pn, po) for which p, — poin Jo,
but not in &
Type A p, is regular, but Isubsequence {p,} with each p,, singular;
Type B p, is regular for lazge n, but p, is singular.
They are illustrated in Figure 3.3.1

Type.A Type B
Figure 3.3.1

Example 2.1.5 and Example 3.1.1 represent the two types 4 and B correspond-
ingly.

Given p, — p, in Q,, Proposition 2.1.1 describes a necessary condition of
z >y in p, by

(J): dneighborhoods U, V of 2,y respectively and 3 N such that

UsV inpp,¥Vn>N.
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In general, the sufficiency is not true, as shown in the following examples.

Ezample 3.3.1 Let p, and p, be defined by the utility functions illustrated in
Figure 3.3.2, where z ~ 2, and y ~ ¥, inp, and z, = ¢, Yo — ¢ a5 N — CO.
Evidently, p, — p, both in &, and &. By Corollary 2.1.1, z ~ ¢ ~ ¢ in p,.
But (z,y} satisfies (J).

The condition (J) is closely related to a third topology of P, which we
call the graph topology T defined by the convergence of graphs of preferences
is X x X. More precisely, letting the graph G{p) of a preference p be the
set {(z,¥) € X x X; 2 = y in p}, we define pn — po in Sg if the graph
G(po) of p, is identical with im G(p,} where HmG{p,) = R' U I with R’ =
{{z,y) in X x X; (2,y) satisties (J)}, @' = {(z,¥) in X x X; (y,z) € R'} and
I =X %X~ RUQ. The convergence p, — p, in Gy is also denoted by
“G(pn) = G(p,) as subsets of X x X”. We see in the following that even
for BExarmnple 3.3.1 where pn — p, both in &, and S, p, diverges in S¢, since
lim G(pn) does not correspond to a preference order satisfying even the tran-
sitivity. In fact, Figure 3.3.3 shows that 4 = (y,2) and B = (z,z) belong to
BmG(pn), yet C = (y, z) does not. In this sense, we do not consider the graph
topology S¢ a candidate for the topology of P in our approach.

Ref@F, I-@N, Q=3 LG = 6] v

G(po) = m G(pn) U{C} # lim G(py)
Fig 3.3.3

Instead of considering G(pa) — G(p.) pointwisely as in the above treat-

ment, one may choose G(p,) =+ G(po) in measure, so that an indifference set of
measure zero is negligible. More precisely, we say “G{pn) = G(po) in measure”
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i p2(G(pn)AG{p,)) = 0 as n = co, where p? is the product measure p x p of
the measure p defined in X, and AAB denotes the different set (A~ ByU(B—A)}.

1t is observed that for the preferences (pn,p,) of Type A, we have G(p,) —
G(p,) in measure. However, this is not the case for (pn,p.}of Type B. The
Figures 3.3.4 and 3.3.5, corresponding to Example 2.1.5 and Example 3.1.1
would illustrate these observations.

Type A: (Example 2.1.5, n = 3)

g i K@=
i L Lol ;G ETluEe
Vi i &=

B i

Ger? Lomirtige b Bip,)

Fig. 3.3.4

Type B: (Ezample 3.1.1)

-y ¢ Sp=ERuEm

GiPe ) dute ot Lomptege b Gep,)
Fig.3.3.5

With this observation, the graph topology, either in the sense of measure
or in polntwise convergence, is not proper to be used for the preference space
considered in the social choice theory.

§ 3.4 Lifting Theorem

Let X be a continuum alternative space. We show in the following lifting
theorem that there exists a continuous map £ which assigns to each preference
p € (P, ) a (utility) function f =£(p) € C?(X), where (P, ¥) means the space
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P of preferences equipped with the stratification topology and C°(X) equipped
with compact-open topology.. Here the topological singular set A(p) plays a
crucial role in making £ continuous.. Recall that y is the Borel measure of the
continuum alternative space. In particular when X is a finite domain in R7,
#(8) is the n dimensional volume of .3, for an open set S in X.

Theorem 2 (Lifting Theorem) Let X be a continuum alternative space and
let

§: (P9 = C(X),

where £(p) = f, Vp € P, is defined by f(z) = p(QL(p) — A(p)). Then ¢ is a
continuous map.
Proof.  As the compact-open topology of C°(X) is concerned, we have to

show f,(z) tends to f,(z) uniformly on any given compact subset X of X, if
Pn = Po in ¥ where :

fola) 1 (Qelpn) ~ Alpn))
folz) 1 (Q%(po) — Alpo)) -
To avoid the complication of notation, we denote X by X, assuming X compact,

Denote Dy(p) = @, (p) — A(p). Given ¢ > 0, we first prove that Ve € X, 3N
and 3a neighborhood V of z such that

in

l(Dy(pn)) = 5(Du (o)) < &,¥n>NandVv eV

in the following steps.

Step I Given z € X, choose a compact set K C De(po), K C Int I.(p,)
and K C R, (p,) such that

#(Da(po) = K') < €/4, p(Int I (p,) — K) < &/4, and p(R (po) ~ K") < e/4.
Let
Al(po} = {2 € A°(po); 2 < zin po}

Since X is o-compact, A%(p,) has at most countable components I; = Int I.,(p.), z €
AZ(po). As As(po) =T I(ps) is assumed closed in QL(pa), 8(Az(po)) =3,
81,,(p,). Hence

B(Az(ps)) = w(0A:(ps) UAZ(ps)) = p(BAz(po)} + 1(AZ(Po))

o9

(
MG 0L(po)) + u(T 1)

;§1 #{81z(po)) + f“(l-i:jl L) = p(£§1 5

Il

46



where the last equality follows from the assumption that u(3(J:(p)) = 0,Vz €
X,Vp € P given in §1.3. Choose an integer M with

P(Az(pv)) = #(,-?1 I") = ”(;ﬂg_ Ii) +-u(i=§+1 I’.)’

such that the last term < g. Also choose K; ¢ I; such that

M

S Wl - K9) < /8,

i=1
We see that

p(ha(po)= U Ki) <e/8+ef8 = c/4.

M I
Let U= X — (.U1 K; )UK UK . Then we have
1=

K' CDg(po)CU
with
N 1] M ' "
wlU—-K) < p(AxUDxUI,UR,,—(iL_JlK,-)UK UKUK )

M 1 ' ]
= p(Az— Y K4+ p(Dy -~ K Y+ p(l; —K)+ p(R, - K )
< &

Step 2 Let K’ be divided into:

?

K, = {yeK;y<K inp,)
; {veK  Ki<y<Kig1 inp,},Vi=12,..,.M~1

K]
Ky {veK' Ky <y=<z inpo}.

i

i

In general, for a compact set K = K, U Ky C X with K, and K, separates
form each other; i.e. Idisjoint open sets U and V of X such that B, ¢ U and
Ky ¢ V, we have K; and K, compact, by applying the finite open covering
property. Consequently, each K; , with 1 = 0,1, ..., M, is compact, since each
pair K; and K' — K; separates form each other by their definition. Choose 2
compact neighborhood V of 2 such that

"K' <V <K' inp,and K; <V inp, Vi=10,1,.., M.
Then
Po € G(K,, K1, K1y oo, Kag, K, KUV, K1) 12
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By pn = po in S5, 3 Ny such that
P € GK, K1, Ky, Ky, Kor, KUV, K™Y, V0 > Ny (3.4.1)

On the other hand, letting Ad Ki=z KoUK U---UKjpr, we have
M ' "
(UKHUEK CA(p) CAlp)C X ~K UK .
M ¢ if
ie po € H{(U K;)) UK, X — K UK ). Also by p, — p, in &1, I N, such that

rne H(UKNUE, X - K UK"). (3.4.2)
Step 8 1t is claimed that 3V such that ¥n > N and Vv € V,
K" CQylps) = Alpa) CU.
where U is defined in Step 1. Let N = max{Ny, N2}. By the formula (3.4.2)

U K)JUK CApa) C X~ K UK",¥n> N. (3.4.3)

; M

Hence, Qy(pn) — Alpa) C X — (U Ki) UK, Vn > N. By the formula (3.4.1},
v < K inps, Yo > N. Thus, Q,(pn) N K is empty. Therefore, Vn > N, we
have

@, (pn) = Alpa) C X — (ﬁ KJUKUK =U.

On the other hand, the second inclusion in the formula (3.4.3) implies X n
Agpn) = ¢. But again by the formula {3.4.1), K" < vin ps, ¥n > N. Hence,
K € @Q,(ps) and therefore,

K' € Qupn) ~Alps) CU, ¥Yn > N.

Step 4 By the previous steps, we conclude that given z € X, 3N, and
a neighborhood V', of z such that X' C Dy(pn) C U,¥n > N;. In particular,
K c D,(p,) C U, since by choosing py = po = <+ = pp = -+ = p,, We
certainly have p, — p, in . Therefore,

Dy(pn)ADy(p) CU — K’

and

fl

| fa (v} ~ f(v)] |#(Dy(pn)) = 1(Dv (o))

S l#(Dv(pn)ADu (Po))l < ,U(U - .KJ) < €&,

h
Finally, covering X by a finite number of such V.’s, ie. X C_l..l1 Vz;. Choose
J:
N, = max{Ng;; § =1,2,...,h}, we have

|fn(z) = Flz)] <,
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VYere X andVn > N,, where N, is independent of 2. This completes the proof.
|

§ 3.5 BExistence of confinuous rational social welfare functions

We are now ready to prove the existence theorem of rational social welfare
functions in our framework.

Theorem 3 Let X be a domain of R” or a general continnum alternative
space, and let P be the totality of preferences on X. Then there exist social
welfare functions '

F, PN P p=1,2--- N,

which are continuous, anonymous, and satisfy the strong Pareto condition. On
the domain of F,,, P of individual preferences on X is equipped with the first
order topology (also called the stratification topology) S, and on the range of
F,, P of social preference is equipped with the zero order topology (also called
the social aggregation topology) <¥,. . The precise definitions of the anonymity
(AN) and the strong Pareto condition (PA) are given in the proof.

Proof. Step ! Let Pipq = (P, ) denote the set P with the topology & and
Pyoe = (P,Q5) denote the set P with the topology S,. Consider the following
sequence of maps:

N
Ne S (C(X)Y 2 Co(X) Ty CUX)/ Ly Proe, (M)
where R‘ﬁr 4 18 the topology product space Ping X Ping X+« + X Ping with N copies

of Ping. The fact that the composition F, = ¢ om0 G, o &N is exactly the
desired rational social welfare function for each v = 1,2,---, N will be proved
step by step as follows..

Step 2 Let C4(X) be the subspace {g € C°(X); g(2) > 0, Ve € X} C C°(X).
Define £ @ Ping — C3(X) by

f:E*(p): Vpe P,

with3f(z) = p (Q; (0) -A(p)) +1>0, Yz € X. By Step 2 of the proof

of the quotient theorern (Theorem 1), we have shown that f € C(X). Using
the lifting theorem (Theorem 2), we see that £, is a continuous map on Pinga.
Therefore, £ is continuous on P,-"I 4

Step 8 Define G, : (C3 (X)) — C°(X) by

Gu(f1, fos s n)= ((ﬁ)—lzﬁifi" ) ..fi")lly

for each v € {1,2,---,N} and (fi, f2,-+-, fv) € (C% (X))N, where the sum-
mation ) ranges over all the possible combinations I, = {i;,-..,4,} of v
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integers contained in {1,2,---,N}. The map G, is clearly well-defined and
continuous when restricted to (C¢ (X))N. Consider the quotient map = :
C°(X) — C°(X) [ ~ as defined in the proof of the quotient theorem in
§3.2. It is continuous by the definition of quotient topology on C°(X)/,. that
a set A is open in C°(X)/, iff its preimage =~! (4) is open in C° (X). Finally,
e CAX)/ . = Piwe = (P,9) also defined in § 3.2 is continuous, by the
quotient theorem. Therefore the composition map

F,=pomroG,otlN
of continuous maps is continuous.
Step 4 It is clear by the symmetry of G, in its entities that F,, is anonymous,

i.e. F, satisfles

AN FU(?IJPZ;"' ;PN) = F, (pa;:pa;:"’ :PaN) VY (pl,PZ;"‘ ;PN) € PN and
V¥ permutation ¢ of indices 1,2,---, N.

Furthermore, F, satisfies the strong Pareto condition, i.e.

PAz>»y inp,¥i=12,-,N = ¢ >y in F,(p1,p2, - ,pn) and if
furthermore 37 in {1,2,...,N}such that 2 > y in p; then z = y in
Fy(pl,pZ;"' :pN)l

since each f; = & (pi) > 0 and the symmetric function G, is strictly increasing,
in (f1, fa,---, fn). The proof is completed. @

Theorem 3 states the existence of rational continuous social welfare func-
tions when the topologies of P in the domain and the range are given by < and
Y, differently to fit the real world. The following theorem 4 will show the same
existence theorem for the situation in which the domain is restricted to the set
of all n-tuples of regular preferences, while the two topologies are identical.

Theorem 4 (Restricted domain) Let the alternative space X and the pref-
erence space P on X are as in Theorern 3. Then there exist social welfare
functions

F,:PN 5P v=12 N,

which are continuous, anonymous, and satisfy the strong Pareto condition. Here
P, denotes the totality of all regular preferences, and both topologies of P in
the domain and P in the range of F, share the same topology <,.14

Proof. By Proposition 3.3.1, the two topologies &, and & are identical as
restricted to the regular preferences, i.e.

(Pr,So) = (P, 9).

Therefore, the map £, defined in Theorem 3 is still continuous if it is restricted
to (Pr, <) . The rest part of this proof follows exactly as in Theorem 3. R

Remark 3.5.1 It is clear that the strong Pareto condition implies the una-
nimity which is defined by
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(UN) F(p,p,---,p) =p,Vp € P, where I is the social welfare function.

Chichilnisky proved in [C] that there exists no social welfare function 7 : PN —
P. which is continuous, anonymous and unanimous. In her framework, she
adopted B, for P, without distinguishing the topology for the individual pref-
erences from that for the social preferences.

Finally, we define the quantified social welfare function by
F:PY 5 Co(X).
We say F satisfies the strong Pareto condition if
¢ >y in p;, Vi.= L,2,---,N = u(z) > uly)

~—

where u = F(p1, pa, ..., pn) € C°(X}, and furthermore,
Trxyinp;, Vi=1,2,---, N, with z > y in p; for some 7 = u(z) > u(y).

By the proof of Theorem 3, we also obtain the existence theorem of quantified
social welfare functions; which in fact is a strong existence theorem.

Theorem 5 Let the alternative space X and the preference space P on X
are as in the theorem 3. Then there exist quantified social welfare functions

F, i PN — C°(X), Yw=1,2,---,N.

which are continuous, anonymous and satisfies the strong Pareto condition. The
preference space P is equipped with the stratification topology and the function
space C°(X) with the compact-open topology.

§4 Analysis of Arrow’s framework

§ 4.1 A degree theorem

Consider in this section that the alternative space X is simply a finite
discrete set. Since the topolegy of X is now trivial, a preference order on
X respecting the topology of X is a void condition. Using the terminology
introduced in § 1, a preference order on X is automatically a preference on X.
That X is a finite discrete set was the case considered by Kenneth Arrow in 1951,
Arrow first proved the impossibility of rational social cheices. His impossibility
theorem in our language is the following.

Arrow’s Impossibility Theorem

Let X be a finite set of at least three alternatives, denoted by #X =
n > 3, P be the totality of all preferences on X and N be a positive integer
denoting the number of the individuals (or the voters) with the set of individuals
V = {v1,---,un}. There exists no (social welfare) function F : P ~» P with
F(p) =7, p={(p1,p2,- - ,pn)"'® satisfying the following conditions:

13, the N-tuple of preferences, is usually called a profile.
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(C8) (Citizen sovereignty) F is surjective.
{PA) (Strong Pareto Conditicn)

zryinp;, Vi'* =z > yinp,

and'if “3 j with = > yin p;” is added to the antecedent, then = > yin 7.

(I) (Independent of Irrelevant Alternatives)
Given p, q€ PN and z,y € X such that for any individual v;,

z>yinp <z yin g, and

z3yinp <>z dying,
which is written as p;(z,y) = ¢:(z, y). Then
Plz,y) =7(z,y)
where 7 = F(p) and 7 = F(q).

(ND) (Nondictatorship) There exists no a‘zctator of F. By a dictator of ', we
mean an individual v such that

F(p) =

for any p € PN,

Instead of interpreting the result as a deductive impossibility theorem,
we establish on the contrary a constructive degree theorem, which detects a
more essential intrinsic connection between the degree of Arrow’s independency
and that of dominance. The argument we use to obtain the degree theorem
is basically the same argument that Arrow invented to prove the impossibility
theorem. However, Arrow’s impossibility theorem is negative for possible social
choice, while our degree theorem is positive, emphasizing constructively a line
to study the possible rational social choices in practice.

By a social welfare function we mean a function F : Q@ = P, where
c PN
Definition 4.1.1 (a) Given F : = P, Z C X is called a set of Arrow’s
independence for any pair 2,y in Z, if the social choice preference on the (un-

ordered) pair {z,y} 17 is independent of the given individual preferences on the
other pairs, ie. Vz,y € Zand Y p,q € 22,

pi(z,y) = ¢i(z,y), Vi= Blz,y) =9(z,y). ({a)

7By {z,y} we mean the unordered pair z,yregarded as a set of two elements z and y,
while (z,y) means the ordered pair in the product space X x X.
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(b) The degree of Arrow’s independency of F is defined by the maximal number
of sets of Arrow’s independence; i.c.

61(F) = max {#2Z; Zis a set of Arrow’s independence} 2.

Definition 4.1.2 (a) Given F: Q2 =3 P, 2 C X iscalled ¢ dominated, set if
there exists v, such that Vp € Q,

F(p}lz = pxlz,

which means that the social preference restricted to any pairs in Zis the same
as the k-th individual preference restricted to the pairs in Z. The individual
v 1s called a dominator over Z,

(b) The degree of dominance of F is defined by the maximal number of domi-
nated sets, i.e. by

6p(F) = max{#Z; Z is a set of dominance}.

Theorem 6 Given F : PY — P, a social welfare function with the Pareto
condition!®(PA’), we have

1< dp(F) Lor(F) <n,

where n = #X being the cardinal number of alternative set X. Furthermore,
if 67 (F') > 3, then
Sp (FYér(F).
Rk n\wimre Spf}-—) = SI(F') bt;, Ay flassfatensad
We give some examples with the assumption of #X > 3 to illustrate these

two kinds of degree before proving the theorem. All the social welfare function
F in the following five examples satisfy (CS) and (PA).

Ezample 4.1.1 (Simple Majority) Let F be defined on a restricted domain PY
where

Pr, ={p € P;3z € X such that z - y in p,Vy € X with y # z}
Given z € X and p = (p1,...,pn) € P, let
Ff@=#{wueV;zryinp,¥Vyec X with y # z}
Define

s %y in F(p) if f{z) > o).
19 (PA’) z = yin p;, Vi = & > y in B, where 5 = F(p).
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In this example, 6;(F) = 1and ép{F) = 1.

Ezample 4.1.2 (Arithmetic Mean of Inferiority) Let F : PY — Pbe defined
as follows, For the #-th individual preference p; € P, let the utility function f;
be defined by

filz) = #Qu{pi), Vz € X.

Alsolet f=(fi+ fo+ ..+ fv) /N. Then define F(p) for p = (p1, P2, .-, PN)
by '

¢ 2y in F(p) iff fz)> f(y).
Clearly, 6;(F) = 1 =4dp(F).

Ezample 4.1.8 (Voting of Amendment Bill) Given X = {L, L, C’} three bills

formul?,ted in a meeting, where C is the original bill and L a bill newly proposed
with L its amendmeni;,.. The social choice system F requires to cast the first
vote between L and L, and then the second between C and the winning bill

of the first vote to decide the final choice. It is clear that Z = {L,L'} 15 a

set of Arrow’s independence, but {L, L’,C}is not. Therefore, 6;(F) = 2. On

the other hand, ép (F) = 1 < 6;(F) since there is no dominator over any two
distinct bills,

Ezample 4.1.4 Define a social welfare function F : PN — P by
F(p1,....,pN) = P1.
Then ép(F) =n = §;({F), where n = #X.

Ezample 4.1.5 For each m with 3 < m < n, we construct an example with
6p(F) = m = 6;(F). Given a subset Z of X with #Z = m, define for each
profile p the utility function f of 7= F(p) by

fley=#{z€Z;z22z inp}, forze 2
and
Y= Flh+fat -+ fn)forzeX -2

where fi(z) = #{y€ X;y dz inp;}. Wesee that for z € Z, f(z) € {1, m],
and for z € X — Z, f(z) € [1,n]. Let

zxy inp iff f(z)> f(y).

Clearly, Z is a set.. of Arrow independence with #Z attaining §r(F). On the
other hand,

F(py, o pn)lz = pilz.
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We have 6p(F) = m = §;(F).

Proof. It is straightforward to see the first consequence. According to the
definition, any singleton set {z} is a dominated set, since the only relation z - «
is trivial to in any preference. Therefore, §p(#) > 1. Now given Z a dominated
set of F with #2Z = §p(F), then F(p)|z = pxlz for some individual v;. Clearly,
it follows that Zis also a set of Arrow’s independence of . Hence dp(F) <
37 (F). The proof of dp(F) > §;(F) when §;(F) > 3is basically the Arrow’s
argument. For easier reference, we present again the argument, while taking
a more concise version of Sen [S2]. The only difference of the following proof
from the known argument is that-we have to be careful about the restriction of
the Arrow’s independency. It is denoted by [ {z,¥, ..., w} that {z,y, ..., w}is a
set of Arrow’s independence. We also follow Sen in defining that a subset G of
V decisive over the order pair {z,y), denoted by Dg(z,y), if

-y inp, Yoy eG=>z >y In7.

When “z <y in p;, Vv; € V — G "is added to the antecedent of the last impli-
cation, we say G almost decisive over {z,y), denoted Dg(z,y). Note that Z is a
dominated set by vy iff Dy, (z, v} for any ordered pair (z,y) with ¢,y in Z. We
now proceed the proof by steps:

Step 1 (Field Expansion Lemma) We claim first that

where Dg{z,y, 2} means that G is decisive over any order pair in {=z,y, z} with
z,y, z distinct. Let the profile p be given such that z >z >y inpi, Vv; € G,
andy >~ z>corz2Zy>2z inp;, Y V — (. This is illustrated by the
diagram:

Gi|V-G

z | [y 2]

Y T

§ Demute p = FCPD,
where [y, z] means undecideness of the preference order between y and z\,/éince
z>zinPby (PA) and z » y in p by De(z,y), we have z > y in P when
F=-"{p]. By I{z,y}, we then have Dg{z,y). Thus,

H{z,9} + Dalz,¥) = Dalz, v). (4.1.1)

Similarly, considering the following diagram
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we have

Iz, 2} + Do(s,y) = Dalz, 2), (4.1.2)
Repeating the formulas (4.1.1) and (4.1.2) by changing order pairs of al-
ternatives among {z,y, z}, we easily obtain

Hz,y, 2} + Do(z,v) = De{z,y, 2} (4.1.3)
Again by iterating (4.1.3), forexample, wt fxwe

(42=5) -
b % I{"f mkf{fﬂ,y,a b}"r’DG( ,y) DG{I‘ y,G}

Tedaln e vahd Biprt BY {al.T) , wre Lt

Wﬁﬁ‘g’ Hy, a, b}+DG v,a) = Dg{y, a,b},
I(Z) + Dg{z,y) = Dg(2), (4.1.4)
for any subset 7 of X,

Step 2 (Group Contraction) Let G = G; U Gawith Gi1 NGy = ¢, we will
show

I(Z) + De(z,v) = De(2) or Dg,(2), (4.1.5)
VY272 C X. Let z,y, z be three distinct atternatives in X. Consider

G1]|G: | V=G
z 1y
Z
£

HD .

z |y
Hyrz in 7 wherep F(p } then by Dc;-(a: yland z >y 1np;, Vo € G,
we have z >y <z in P . Sincez > zin P and I{z,z},we have Dg,(z z)
By the formula {4.1.4) we have Dg,(Z). On the other hand, ify < z in %,
we have Dg,(z,y} based on I{z,y}. Again by (4.1.4) we have Dg,{Z). Hence
(4.1.5) is proved.

Step & (lterated Contraction) Let Z C X be given with I(Z). Let G = V
at the beginning. By (PA’), we have Dg(z,y) for a given ordered pair (z,y).
Iterating {4.1.5) for finite times (no more than N times), we finally have Dy, (Z)
for some v © V. This shows that

Op (F) 2 é1(F)

as required. £

Theorem 6 generalizes Arrow’s impossibility theorem. In fact, Arrow’s
independence (I) means 8;(F) = n, where n = #X, being the number of the
alternative set X. On the other hand, the existence of a dictator means §p (F) =
. With the assumption of Pareto condition (PA’} we have ép (F') = §;{F) = n,
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which yields the existence of a dictator. Therefore, (PA’), (I) and (ND} are
inconsistent.

However the significance of Theorem 6 is neither limited to generalize
Arrow’s theorem, nor to strengthen the impossibility of a rational social choice.
On the contrary, it says that Arrow’s independence has an innate bond with
the possible dominance of some individuals over alternatives. Once the degree
87 (F) of Arrow’s independency is no less than 3, the degree ép (F) of dorninance
satisfles dp(F) > &;(F), where Arrow’s independent condition (I) is not as
rational as it ever appears. To investigate rational social choices, we have to
limit our consideration to the cases of §;(F) = 1 or 2 (as in the Examples 4.1.1,
4.1.2 and 4.1.3), which ironically have long been regarded as irrational simply
because they do not satisfy the irrational principle (I).

The historical background of Arrow’s impossibility theorem is also inter-
esting to draw attention. Given a Condorcet triple??, there contains no paradox
in itself unless we exclude singularities of the social preference?!. It leads to the
Condorcet paradox when pairwise majority voting is infroduced. Arrow’s im-
possibility theorem is historically a generalization of the Condoreet paradox to
a general setting of profiles in which the pairwise independence {I) is satisfied.
A reasonable interpretation of Arrow’s theorem is the nonexistence of a rational
sotaal aggregation which satisfies the pairwise independence (I). As whether
the condition (I) could therefore be regarded rational remains debatable, it is
too facile to conclude from Arrow’s theorem the nonexistence of a rational social
aggregation.

Mas-Colell, Whinston and Green stated in [MC-W-G], “What Arrow's
theorem does tell us, in essence, is that the institutional detail and procedures
of the political process cannot be neglected.” However, there evidently exist
no logical connection between Arrow’s theorem and the relevance of procedures
and rules to social aggregation. Instead, the latter is the consequence of the
quantified degree theorem [Theorem 6] which says that d;(F) < 3 are the cases
worthwhile to be studied in the practical world. The studies about the pro-
cedures of political process such as the examples 4.1.1 to 4.1.3 and the ones
in {AS-B] and {S-B], which do not involve dynamical process as mentioned in
the end of the introduction of this paper, are all included in the realm with
81 (F) < 3, while Arrow’s theorem only governs the complementary case that
§r(F)=n>3.

In § 4.2 we will define a revised rational independence condition (I,) which
respects the given stratification structure of individual preferences. With (L.)

203ee [MC-W-G]. A Condarcet triple is a profile (p1, p2, pa) with N=n =3 andz > y » 2
inpy, ¥y > 2> zinp2, 2+ z > yin ps. By pairwise majority voting we mean a 2 b in the
social preference F(p} iff

#{w; a>binpi} > #{vis a < binpil.

For a Condorcet triple, the pairwise majority voting causes non-transitive social preference.
This is called Condorcet Paradox.
218¢e the following section § 4.2 for details.
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an existence theorem of rational social choices will be established.

§ 4.2 Singularities and existence

We will show that Arrow’s independence condition (I) precludes the can-
cellation in social aggregation, although any social aggregation by nature is a
process of averaging individual preferences that make the cancellation inevitable.
As a corollary, the preclusion of cancellation then excludes singularities from
consideration.

Theorem 7 (Preclusion of fancellation 3 il aggregatio hx:é;) Let F:
PN — P be a social welfare function satisfying (PAY and (I) with n = #X >

3. Given 2,y € X and p = (p1,...,on) € P¥, z is not indifferent to v in
F(p),unless z is indifferent to y in p;, Vi.

Proof. Suppose z ~y in F(p). Let z € X, distinct from z and from y.
It suffices by (PA) to consider the case that 3Gy, G2 two proper subsets of
V such that

G]_ Gg V—(G1UG2)
p: = Y
Y z L~y

(In fact, if G1 # ¢ and G2 = ¢, then 2 > y in F(p) by (PA}). Denote
G = G; UG,. Suppose z~y—in7F{p). Consider

G Gy V-G Gy Gy V-G
Pz oy vz oz
Py 2 a:~y~z’andp' z Yy zTe~y~z
F s Y z

leaving open the preference order on other pairs, we have by (PA) that y » z
in F(p'). But I{z,y) implies

zryin F(p)iffc 3yin F(p)
and
z<yin F(p)iffz Xyin Flp)
Hence, x ~y in F(p"). The transitivity of F(p’) yields that
z >z in F(p'). {4.2.1)

On the other hand, z >y in F{p'), still by (PA). Similarly z ~ y in F(p")
by I(x,%} and

z>1z in F(p”).
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by the transitivity of F(p“). Again by I(z,z), we have
2>z in F(p),

contradicting to (4.2.1). The proof is thus completed. &

Extending the idea about the regularities and the singularities developed
in § 2.2, we define them for the preferences on the discrete finite space as follows.

Definition 4.2.1 A preference p on a finite set X is called singular if 3
distinct z,y in X such that = ~ y in p. Otherwise, it is called regular.

Literally, Theorem 7 can be restated by

Theorem 7’ (exclusion of singularities by (I) ) TUnder the assumption of the
strong Pareto condition {PA), the Arrow’s independence condition (I) excludes
any singularity appeared in the social preference, except the same singularity is
given in each of the individual preferences.

Since to deal with the singularities is inevitable for any discipline of sci-
ence, the theorem 7 gives a strong reason to question the rationality of Arrow’s
independence condition (I).

We agree that the independence of irrelevant alternatives in some modified
sense would still be regarded as a principle of rationality. As the stratification
structure of individual preference is, a priort, built in the preferences presented
to the society, a rational independence condition must respect the stratification
structure.. The following (I*) is such a condition.

(I*) (Independence respecting stratification structure) Given z,y in X and
p, q in PV, if the subpreference sets are invariant, i.e.

Qz(pi) = Qx{g:), Quips) = Qyl@)
Yu; €V, then

gy inF(p) iff 2>y in F(q).

The modified in dependence condition (I*) means that the social prefer-
ence on a pair (z,y) remains unchanged, as the individual preferences on (z, y)
alters yet preserving the stratification structure given at = and y for each indi-
vidual preference.

Theorem 8 (Existence Theorem of Rational SWF) Let X be a finite set. P
be the totality of preferences on X. There exists F : PY — P, called social
welfare function, such that (CS), (PA), (I*) and (AN)?? are satisfied.

22{AN) means the anonymity. For the definition, see §3.5.
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Remark 4.2.1 Tt is evident that the anonymity (AN) implies the nondicta-
torship (ND). In fact, suppose vy is a dictator, then p1 = F(p1,p2, .. PN) =
F(pa2,p1,...,PN) = p2, leading to a contradiction, if p; and p; are chosen distinct.

Proof of Theorem 8 Consider again the sequence of maps

PV 3O S5 300 I 3/ 5 P,

defined in § 3.5, except here we take F(X), the totality of functions on X, to
replace C°(X) and redefine £ : P — F(z) by &(p) = f, Vp € P, with

f(z) =#Q=(p), V2 € X,

i.e. f(z) is the number of the alternatives y's with y % z in p. Notice that G,
in the v-th symmetric function®® where ¥ = 1,2, ,n, « is the quotient map?*
and ¢ is bijective? .1t is clear that all the rational principles are satisfied. H

§ 4.3 Rationality of proximity property

Besides Arrow and Chichilnisky, Baigent [B] also proved an impossibil-
ity theorem which said that the proximity preservation (PX), the unanimity
(UN) and the anonymity (AN) are inconsistent for social choice. As the three
properties are considered rational, Baigent hence claimed the impossibility of a
rational social choice.

According to Balgent, the prozimity preservation (PX) of a social welfare
function

F:PN P
is defined by
(PX) ds(p,q) < ds(p,r) = §(F(p), F(q)) £ §(F(p), F(r))

for any p, @, r € PV, where § is any given metric in P and ds is given by

N
ds(p,aq) SZ &(pi, gi) (4.3.1)
i==1

It was regarded as a rational principle since it means that the slighter a profile
of individual preference changes, the smaller the social preference varies. The
proximity preservation (PX) appears to be the extended notion of continuity
to the discrete case.

2%See Step 3 of the proof of theorem 3 in §3.5.
24 8ee the begining of §3.2,
255ee the formula (3.2,1) and Step 1 of Theorem 1 in §3.2
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However, we question the rationality of (PX} by showing that it viclates
the spacial arrangement. In other words, (PX) itself is geometrically impossible.
Therefore, it should not be accepted as a rational principle as it appears.

Theorem 9 Let V be a metric space®® with a metric.§, V¥ be the N-product
space with the metric ds defined by (4.3.1) and F : V¥ —» V be an arbitrarily
given map, where N > 1. Assume F maps the diagonal points of V¥ injectively
into V, ie. V distinct v,w € V, F(v,v,...,v) # Flw,w, ..., w). (The assumption
is called the diagonal injectivity (DI} ). Then the proximity preservation (PX)
is false.

Ezample 4.8.1 We show in this example that the diagonal injectivity assump-
tion (DI} is essential for the theorem 9 to be valid. Let V = {a, b, ¢1,¢9,...,¢1}
with & > 9, and let

&(a,b) = 100, 8(a, ;) = 90, 4(b,c;) = 10, (4.3.2)
0 =4,
) i,6j) =
(e1,¢5) {1; i

Vi je{l,2,..,h} Define F: V¥ 5V, N = 2 by mapping each of the nine

seta:
{{a, @)}, {(6,0)}, {(a, D)}, {(b,a)},
{{a, e} i=1,.., AL {(Bei); 1=1,..., A},
{{ci,a);i=1, .., A}, {{ei,}); i =1, ..., h}
{(C{ch); 'L.lj = 1, T h}?

into {{ck, ex); k= 1,...,h} injectively. Then {PX) is satisfied.

Proof of Theoremd
Step 1 Let a,b € V attain the diameter of V, i.e.

6(a,b) = maén‘c/cf(v,w) = diam V.

Denote A = (a,q,4a,...,a), B=(b,b,b,...,0) € V¥, Also let
D= (a,b,b,...b) e V¥,

By the injectivity assumption, the image of all diagonal points covers V, since
it have the same cardinality with that of V. There exists C = (u, u, ..., u} such
that F{D) = F(C). However,

ds(D, C) = 8(a,u) + 8(b, ) +8(b, u) + - - - + 3(b,u) > 6(a, b) = ds(D, B).

Suppose the proximity property (PX) were true, then §(F (D), F(C)) > é{F(D), F(B)) >
0. But §(F({D), F{C)) = 0. Hence, §(F(D), F(B)) = 0, i.e. F(B) = F(D) =
F(C}. This yields that B =C.

26Dy V a melric space, we meana set Vwithamap§: ¥V x V —+ R suchthat Vr,y,z € V,
{i) 6{z,y) > 0 and the equality holds iff ¢ = g, (ii) §{=z,v) = &(v, ), and (iii) §(x, ¥} + (v, 2} >
§(z, z).

61



Step £ For any v € V, consider the point & = (v, 8,b, ..., b}, we have
ds{&, D) = &{v,a) < §{d,a) = ds(B, D).
By (PX), it follows that
§(F(B), F(D)) < 6(F(B), F(D)) = 0.
Hence F(E) = F(D) = F(B), i.e. the whole column «; defined by
o 2 {{v,b,..,0) e V¥ v e V}

was mapped by F to a same point in V.

Step 3  We claim that the entire domain V¥ would now be mapped under
F' to the same point. Consider

Dy = {a,a,b,b,..,b), By = (b,a,0,b,..,0).
Since
ds(Da, DY = §{a, ) = ds(B, D},

we have by (PX) that §{F({D3), F{D)) = §(F(B), F(D)) = 0; hence, F(Dy) =
F(D). Similarly F'(Bq) = F(D}. It is then clear that the set

ag = {{v,w,b,5,...,0); v,w e V}

are mapped by F to a same point in V. Continuing the procedure inductively,
we would have V¥ mapped by F tc a same point, which would violate (DI).
@

Theorem 9 says that the proximity preservation {PX) is geometrically
impossible, if assumed the diagonal injectivity (DY) which is & mild condition
much weaker than the unanimity (UN). One therefore can hardly accepts (PX)
as a rational principle and concludes from the inconsistency of (PX), (UN)
and (AN) that a rational social choice is impossible as claimed by Baigent.

Furthermore, the proximity preservation (PX) is far beyond the extension
notion of the continuity of social welfare functions considered by Chichilmisky.
The continuity means the “smaller the change” in individual preferences, the
“smaller the change” in social preferences. However, it does not claim that
the “larger the change” in individual preferences, the “larger the change” in
social preferences. Unfortunately, the proximity preservation {(PX) required the
tatter, which practically is false even in the geometric content. The following
figure in continuum case would illustrate this better. Consider Figure 4.3.1,
where = F(p), 7= F(g), ¥ = F(r), with p,r mapped to the same F while
having the distance from p to r larger than that from p to ¢. The proof of
Theorem 9 is essentially based on the last observation in the figure.
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Fig. 4.3.1

If one agrees that the proximity preservation (PX) is irrational, then
Baigent’s theorem could not be régarded as an impossibility theorem of ratiopal
social choice.

Remark 4.5.1 Finally, we point out that the proof of Baigent’s theorem [B] is
not valid for odd N. We follow his notations to illustrate the mistake. In the
proof of his lemma 1, the last inequality

ds(s,p) = ds(t,p) +8(p,q) < gcf(p,Q)

dose not necessarily hold for odd n. Although

d6 (Ea_) < gé(p: Q)J

the fact ds(s,p) < (5 + 1)(p, ¢) implies the desired inequality only when n
is even. The counter example of the lernma 1 is illustrated as follows. Let
n =3, p# g Let F map the four points (p,p,p), (¢,7,p), (»,p,q) and
{p,¢,p) to p, and map (g,9,9), (9.4,p), (9,p,9) and (p,q,q) to g. Taking ¢ =
(‘LP:P): 8= (Q,Q:P)s we have dﬁ(iaﬂ) = 5(?: Q) 1 dﬁ(.‘i)?) = 2‘5(1): Q) > %d(plfns
not < 24(p,q) as claimed.

Theorem 9 is logically a strong version of Baigent’s theorem, although it
challenges the rationality of the proximity property (PX) on the contrary. It
also affords a correct proof with much weaker requirement.
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