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Canonical framework for motion and constitutive laws
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Abstract

The project was proposed to study the canonical framework of the laws of motion and constitution
for a particle moving or trapped in a frictional environment, and its finitely many degree-of-freedom and
continuum versions. The main focus is on the challenging extension of the Hamiltonians of the motion
laws of Newton and Eienstein to Hamiltonians which account for both (conservative and dissipative)
constitutive laws and (Newtonian and Eienstein) motion laws. Under the canonical framework, we take
advantage of canonical transformations to find exact and analytical solutions and to devise highly accu-
rate group-preserving aschemes.

Keywords: motion law, constitutive law, Hamiltonian, canonical framework, group-preserving schemes,
plasticity, friction, dissipation.

ø� *�
Ì�uÓGDÒÓGíÓ.ì!Z}&C@‰š}&CP�}&, °v�−ƒ (ÓC�í) �©
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) D A
, s6°v×ÛÊ‰ç‡eZK2, ø–d¸w‰çWÑ� FJ}&l�v, s66bø–5?�

J¡�V�Å—ê�íÝ(4�‰ç7k, w2F‚bÐÛï, Ê©ñC!Z5Ó� �G¥@2, 6´c.��

Ou¤ÛïÊ©ñ� !Z@‰}& (©ñ�à‰$«�CÖ”õÍ$ÁÓ«�) ½æ2, ˝§@vNÄ¦éÑ

‰0^@ (òÐ4� ò�4� òÙ4)? ´u¹¯�U4^@? &àw§W²‰$í(4ò�4Cä, J˝«	

ì, ¬«Tàø‰¾ Q, †¬«5P� q D‰¾ Q �à-5É[:

Q(t) =
∫ t

−∞
K(t, τ)dq(τ) (1)

,�à‹u A
, † K(t, τ) ˚ÑW²
ü��ƒb� OuÓ”í¥@uã¯×Ûí, Ö� A
íA}, 6

Ö�«�
í¶}, ÝBª?�s65�„�(K(t, τ) Jªø¥¹ÖU4^@, ª˚5ÑW²�G
ü��ƒ

b�) øOÊªW‡etð, ��b°ø§0� @‰0[M, JZø«�
5U4^@£ A
5‰0^@“¥,
ù·k0ÌÉ5�à, ¹Ù4C�ÁÓ� Ü�,, à‹g)‰0^@.â5?, †yz‰0^@[� , AÑ0

óÉ5�à, ¹òÙ4CòÁÓ� Ouõ�,, †%%�ÀËÇ‹øáòÐá, �[5?7‰0^@, à”õ5

ÁÓ«��c-H��:
fI + fV + fE + fF = f (2)
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w2 fI = mq̈, fV = cq̇, fE = kq, |fF | ≤ const., f =Õ‰� ½æu A‰ fC u´ªJ}×Ñ fC =
fV + fF + fE , }×uø��ÀË¡N, .}×ª?'µÆ, Ouu´ªJvƒq¶íú˚4, Ä7�À717

ö� ªø¥í½æuÓ”‰ fM u´øìb}jA fM = fI +fC , u´ª?¯–V7vƒq¶ú˚4, Ä7�

À717ö? Ù4 A
 (C�ÁÓì
) Ö˛ê�ì�J,. âkúïóÍ� ÛïµÆ, wÜ�-Z£õðj

¶×ê¾þ±� |¡Bbû˝l°XwÊ�Þ5ÁÓ«�êÛ”õ5ÁÓ«�ª?x�é«¾ (Hamiltonian)
5£†-Z (canonical framework)�

ù� ñí
«n«�
D A
¯7Ñø, AÑãÍøñ5Ó”
5ª?4, Óªúk�àÓ”Ý(4‰$«�57

j, Z¾‡etðD©ñ� !Z@‰}&5j¶�

ú�½b4
!ZÓ, ©ñªp�àÕGí}&� õðóçêG, J?¦³«�
D A
5£†-Z, ªJ‚à\ˇ

‰², �Zj&£j£ò��bM�¶, 1WJZªõðj¶Dõð}&j¶ (bWTÜ� ¡b,¿� �M…

�� !„…�)�

û� û˝j¶�ªW¥	£ÏWª�
1. ”õ«�


�âÜ�D=Äg�&2óú�·z”õ (Åä) 5�¾ p 5‰0�k”õF§5‰¾ Q:

ṗ = Q (3)

Ê¯U,j‹õ[ývÈ‰0� q”õÓ¢”¾Ñ�bM m0, J”õJ§0 v ò(«�, / 0 ≤ v < c, w2

c Ñm§, qÑ�bM, †;W=Äg�&2óú�ø”¾ m ÓO v 7Ó×:

m =
m0√

1− (v
c )2

(4)

Ä7”õ5�¾Ñ

p = mv =
m0v√

1− (v
c )2

(5)

â

v =
∂H1

∂p
(6)

£ (5) ª)«�
5é«¾ H1 Ñ

H1(p) = m0c
2

√
1 + (

p

m0c
)2 (7)

ç�¾ p 'üv,

H1(p) ∼= m0c
2 +

1
2m0

p2 (8)

w2�øá m0c
2 Ñ�b, �ùá p2

2m0
¹Ñ�âÜ�5�?�

2. ÀAâ� A


éO�ÁÓ A
‚ÁÓ‰ Q DÁÓ�Þóú§0 v (”õÄÑJ§0 v «�Ä7ú¶`l‹ÁÓ‰

Q ) �à-5É[:

Q =
{

Qy ∀v > 0
−Qy ∀v < 0

(9)
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w2ÁÓ‰,Ì Qy Ñ�b�(9) „zp v = 0 v Q Mí×ü, øOJ-�^£,

Q


= Qy ∀v > 0
∈ [−Qy, Qy] ∀v = 0
= −Qy ∀v < 0

(10)

,HŸ¶ÖÍ³˜, º.êe, ³�ÀU[® v(t) D Q(t) ír¶É[� d. [30] aŒ�ÓÜ<2�à05…

«
ä Λ̇ ø (10) êe“Ñ

v = Λ̇
Q2

y
Q,

|Q| ≤ Qy,

Λ̇ ≥ 0,

|Q|Λ̇ = QyΛ̇.

(11)

ñq„p [30] â (11) ªû) (10), 7 (10) º.?)ƒ (11)�
� (10) DÃ� (11) ·[ýÊòOvÁÓ‰ Q �k ±Qy 5È, ¥5?Í� ¥�ÁÓ‰.ñøí8$, c

uø��Àí¡N, �A5?ÊË�‡, �k�hpo[ÞÈª?�ªL5�4‰$, 7ø_� (11) í�ø�

‹p�4‰$á, ^ZAÑ

v = 1
k0

Q̇ + Λ̇
Q2

y
Q,

|Q| ≤ Qy,

Λ̇ ≥ 0,

|Q|Λ̇ = QyΛ̇.

(12)

�<ÁÓd. [38] ø_� (11)[C (10)] òOvÁÓ‰Ñ � Õ¯M �, Q ∈ [−Qy, Qy], Z£Ñ_� (12), U5

AÑøúøÉ[ Q = k0q í�T, ˚Ñ£d“ (regularization)� _� (12) ªJ�gË[ýÑ

1
k0

Q̇ + Qv
Q2

y
Q = v if |Q| = Qy and Qv > 0

1
k0

Q̇ = v if |Q| < Qy or Qv ≤ 0 or both
(13)

9õ,, ,HÁÓ A
DÙ4 A
Ê$�,uêrøší, _� (11) ¹Ñêr�Ù4 A
, _

� (12) ¹Ñêr�Ù4 A
� �Ù4 A
T|Ýo, 7�Ù4 A
†bBù�0�ù� ú��Hnâ

Prandtl D Reuss T|� OuÌ�ÿ ‡e�ÙWÑC‡e�ÞÁÓWÑVõ, ,H_�.c)u|Q¡öõ5

�À¡N� Prager [64] ¹T|.°íÙ4 A
� âxñí@‰@‰�(Vhô, 'Ö‡eÊ‹-v1³�p

éí(4�4¨, Ä¤Ý(4�4CÙ4AÑÇø�²Ï� �O¥‘2˜, _� (13) [¹ (12)] ªJ^ZÑ

1
k0

Q̇ + Qv
Q2

y
Q = v if Qv > 0

1
k0

Q̇ = v if Qv ≤ 0
(14)

C6yªø¥^ZÑ
1

k0

√
1−QQ

Q2
y

Q̇ + Qv
Q2

y
Q > v if Qv = 0

1
k0

Q̇ = v if Qv ≤ 0
(15)

_� (14) D_� (15) ·[p: çŠ0 Qv > 0 v, ÁÓ‰ Q DóúP� q 5É[ÑÝ(4� u�àí, Oç

Š0Ñ 0 CŠv, †Ñ(4�4� u\èí; s_�íÏæÊk: çŠ0Ñ£v, ?¹Ê�àÕGv, _� (15)
í�4¶}ÑÝ(4, 7_� (14) í�4¶}Ñ(4� _� (15) ªJ[ýÑ

q̇ = v (16)

Q = −∂H2

∂q
(17)

w2

H2(q) =

 −Q2
y

k0

√
1 + (k0q

Qy
)
2
+ con

2 if Qv > 0

−Q2
y

k0
− 1

2k0q
2 + coff

2 if Qv ≤ 0
(18)
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Ñ A
5é«¾, w2 con
2 � coff

2 ÑÒ¨�bƒb, U)Ê~²v, �àÕGD\èÕGíé«¾?D�Q� ç

P� q 'üv, �àÕGí H2 ¡N�k\èÕGí H2, (65�øá Q2
y/k0 Ñ�b, �ùá 1

2k0q
2 ¹Ñ(

4�*íP?�

ËÅ: (18) 5�ø�uø_Ý(4É[�, d¸ÁÓ‰ Q DÁÓP� q ÈíÝ(4É[, N˛ur¾$

�, ¥D�à@u‰0$�íwø.°, O!¯ (16) D (17), J£~²œ„ (·< con D coff) (, éÍu‰0

$�� Ä¤r¾$�íO?.æÊ�

3. ÀAâ�5£†$�

à‹ø”õDw¶`eÑøñ, Ñø£Í$ (closed system), †ì2é«¾ H(p, q) Ñ,H H1 D H2 5

¸:

H(p, q) = H1(p) + H2(q) =

 m0c
2
√

1 + ( p
m0c)

2 − Q2
y

k0

√
1 + (k0q

Qy
)
2
+ con if Qq̇ > 0

m0c
2 + 1

2m0
p2 − Q2

y

k0
− 1

2k0q
2 + coff if Qq̇ ≤ 0

(19)

‡6ÑŠ0£v5é«¾, 3−ÀAâ��à‰$Ë�«�; (6ÑŠ0ŠCÑÉv5é«¾, 3−ÀAâ�

\èªL‰$� �2 con� coffÑÒ¨�bƒb, U)Ê~²v, �àÕGD\èÕGíé«¾?D�Q� �7

(19), †â (16) D (6), J£ (3) D (17) ª}�û)

q̇ = ∂H
∂p

ṗ = −∂H
∂q

(20)

� (20) ¹ÑÀAâ��à\èùó£Í$5£†«�j˙�, (19) Ñwé«¾�

4. ‰0^@

‰0^@óç½b, ÊòÙ4CòÁÓ A
·u½b{æ� …lå‚à �dø@ä}Œ� ‹JTÜ� F

‚dø@ä}Œ, 4Ý(4�‰ç2íø�}ŒÛï,ì&bÑ1, ÄÑx� ì4>² (exchange of stability)
íÔ4, ªaàZ¨5, U5x��àD\èsó~²íŠ?� Ou.�µøó, }Ä¤ùpò4, ¹‰0^@�

O.�õ (fixed point) ídø@ä}Œ�£d$ (normal form)

ẋ = α1ux− α2x
2 (21)

w2 x ÑÕG‰b,u Ñ−„¡b� ,H x, u ·@ÜjÑÌÄŸ, FJWà�Ù4 Prandtl-Ruess _� (J@

‰ÀPÑÀP) í±(ƒb f ª‚à‘~±(@‰ τy VÌÄŸ“, 7 (J@‰0ÀPÑÀP) Ù4ç¾‰0 λ̇

ª‚à‘~_b G DòÐ[b η íªMVÌÄŸ“� ·<bÅ—dø@ä}ŒílÙÌ„, Jn‰A°šu

ì&bÑ1í¶õ�õ}Œ (saddle-node bifurcation)�
û˝dø@ä}Œ5}ŒÇ (bifurcation diagram), êÛw.�õ¹â (21) �·H, Ouw ì.�õ

ºâ-H�^új·H

α1u ≤ α2x, x ≥ 0, α1ux = α2x
2. (22)

J¦-Hú@
x ↔ λ̇

u ↔ ḟ
α1 ↔ 〈f〉
α2 ↔ (1− f)

w2〈f〉 = (f + |f |)/2, † (21) �AÑ

λ̈ = 〈f〉ḟ λ̇− (1− f)λ̇2, (23)

7† (22) AÑ

〈f〉ḟ ≤ (1− f)λ̇, λ̇ ≥ 0, 〈f〉ḟ λ̇ = (1− f)λ̇2. (24)
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�^új (21) ·H±(¾ÞÇÉœ„, u�©ÇÉœ„� 7 (23) �Ö�‰0^@, uÝ�©ÇÉœ„�

5.Ý�©�à�GÍ$

�7,�5 (23) �, ªJ¡5�GÍ$

ẋ = V(t,x,u), (25)

y = Y(t,x,u), (26)

w2x, u, y }�ÑÕG²¾, �p²¾, �|²¾, Ÿ|Ý�©�àÍ$íj˙�à-:

dx
dλ

= V(λ,x,u), (27)

y = Y(λ,x,u), (28)

λ̈ = 〈f〉ḟ λ̇− (1− f)λ̇2 (29)

6.�©�à�GÍ$

óú,�5Ý�©�à�GÍ$, wú@5�©�à�GÍ$ªJà-5j�·H:

dx
dλ

= V(λ,x,u), (30)

y = Y(λ,x,u), (31)

〈f〉ḟ ≤ (1− f)λ̇, λ̇ ≥ 0, 〈f〉ḟ λ̇ = (1− f)λ̇2, (32)

éÍ, ¥_�GÍ$x�ÇÉœ„, 7/u±(¾Þ�í, óçmË, .Ö�¬jCPÓ5.¯ÜÛï�

7.‰}ŸÜ

J�Ù4 A
ÑW,  A


Qyq̇ = λ̇Q, (33)

‖Q‖ ≤ Qy, λ̇ ≥ 0, ‖Q‖λ̇ = Qyλ̇,

ªJZŸÑ
max QT q̇ w.r.t. Q
subject to ‖Q‖ ≤ Qy

Juêr�Ù4 A

1
k
Q̇ + λ̇

1
Qy

Q = q̇, (34)

‖Q‖ ≤ Qy, λ̇ ≥ 0, ‖Q‖λ̇ = Qyλ̇,

†ªJZŸÑ
max QT (q̇ − 1

kQ̇) w.r.t Q,
subject to ‖Q‖ ≤ Qy.

û˝í-ø_ñ™u©°,ù�5�GÍ$, ª´J‰}ŸÜ·H5, 1â5˚é£†-Z�

8. ©ñ�à«�

ÀAâ��à«�£†$�, ñqR�ÑøÅ�ø&5ÖAâ�Í$, Í(ø5Ò�“Ñw§W²‰$í

Cä� Í7%ú&©ñR�º.yÀÓ �…lå¡5ÛH A
Ü�, "¾ƒbÜ� (¨�.‰¾Ü�) , úX

Ü� [11, 12, 13, 14] VªWû˝� ÊÒ�“íû˝2, lõ(4�4‰çXºj˙�, øw“Ñú&²¾$�,
Î7‡e4”Õ, U®‰bÉ�ú&²¾, ³�"¾, à@‰"¾C@‰"¾, ªJ�®��}C	}«�ä�

à�²4� ÒÓG, ÌÕ‰-, Xºj˙�Ñ:

∇2u +
1

1− ν
∇(∇ · u) = 0 (35)
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w2 ν Ñš#ª, ∇ ÑG�«�ä, ∇· Ñà�«�ä, ∇2 = ∇·∇ Ñ…««�ä, ¤�� Boussinesq-Galerkin
¦j, Papkovich-Neuber ¦j, Tep-Naghdi-Hsu ¦j, Kelvin Ôj� Òû˝ (35) ‹pÕ‰£U4á(5£

†$�, £wó@¦j� Ôj5$�� â¤|êþt)|ú@5�à«�£†$�� øOwÑ (Wà¡c: [16]
í p.98, [9]) é«¾� é««�j˙�úû˝$l‰ç (±(¾Þ� }0jÖ_�)� �×Ü�� ¾ä‰ç (K�
‰ç) œÑjZ, úkû˝Ò� (©ñ‰ç), †J…«¾� …««�j˙�œ7� ·<ú@� (19)� (20) 5…

«¾� …««�j˙�.ØŸ|V� ½õufÇ®�@‰ � @‰‰0� @‰� @‰05"¾ì2, 7J«�ä

5Ý(4Ñ5, 1\MúXÉ[, £†É[�

9. �M…�D!„…�

øO‡e A
5õð…�·cqw�áv…ÑÉMvÈ, Ñ®ƒ¤‘K, .âyútñTÜ (¢Ê� ½

_), UwTkÉMG, ¤�TZ˛ú;‡eç-öõ5‰çÕG, 7/TÜ¬˙}I‘çÕíÀÂDvÈ� Ê

	˙õ�,, ‡eZK%%%¬}‹	� º«�  _� l	�¬˙, Ä¤Ê	˙2�¿	�	‡5õÒÕG, ª
7ã¿`§Õ‰ (P�) Tàv‡e5¥@vv, úk‡e5‰çWÑ¦³�½×í6Œ�

;Wò�4Ü�ªø, (4.4“‡e5	} A
ª[ýÑ

ε(t) =
∫ t

t0

C(t− τ)dσ(τ) (36)

D

σ(t) =
∫ t

t0

E(t− τ)dε(τ) (37)

w2 C(t) Ñà‰ßb, E(t) Ñ
ü_b, t ÑÛÊv…, t0 ÑÉMvÈ� ¦�, ‡e·uTkÝÉMG, ]�

(36) ªZŸÑ

ε(t) =
∫ ti

t0

C(t− τ)dσ(τ) +
∫ t

ti

C(t− τ)dσ(τ) (38)

�U¬i�øáH[‡eí�MÕG,

εti(t) :=
∫ ti

t0

C(t− τ)dσ(τ) (39)

ti Ñ�ávÈ� ó°Ë, � (37) ªJZŸÑ¤$�� ·<: � (38) 2�U¬isáîÑ t 5]Áƒb� 	Í

�ª?ÄÑ˜,�MÕGƒb εti(t) 5]Á4, 7ø¤.4“‡eÏ‡A4“‡e� â¤ªnj�MÕGíü

ì, úkò�4‡e5‰çWÑ¦³íü2�½×M¾� 7úkóN4”òº¢yµÆ5�Ù4�\è�às

ó‰çÍ$, w	àyÑéO� …lå‚à(4Í$ªh¿5h1VTÜ�M…�5½æ�

(4v‰Í$5ÕG˛È[ý�à-

ẋ(t) = A(t)x(t) + B(t)u(t) (40)

y(t) = C(t)x(t) + D(t)u(t) (41)

w2 x : R → Rx ÑÕG, y : R → Ry Ñ�|, u : R → Ru Ñ�p, 7 A : R → Rx×x, B : R → Rx×u,
C : R → Ry×x, D : R → Ry×u †ÑÍ$Ô4� J¤Í$Ê t ∈ (ti, tf ] Ñªh¿, †æÊøÝJæ O

O(ti, tf ) =
∫ tf

ti

ΦT (t, ti)CT (t)C(t)Φ(t, ti)dt, ti < tf < ∞ (42)

w2 Φ(t, ti) ÑÕG�²ä³� Ä¤BbªJÊLøvÈ t ∈ (t0, tf ], R°)�áv…5ÕG x(t0)�
Jø‡e5‰çWÑª[ýA� (40)� (41), 1æÊø O(ti, tf ) Å—� (42), BbZªJÊL<v…

t, t ∈ (t0, tf ] R°í�áÕG x(ti)� õ†.Í, Ä�Ù4�\è�àsó‰çÍ$õÑøÝ(4 �Ý�Ë�

GÍ$, ;Wl‡5û˝Bbªøà¤µÆíWÑ, �“ÑPÊr«˛ÈD”«v˛5¹¯v˛ís (4Í

$ó�~²V·H� ¤vu´ªJÊL<v… (.�~²D´� ~²Ÿb) R°)�áÕG, 1/u´ª‚à�
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Ù4 A_�5ú˚ˇC‡H£†$�:ˇh1V�
ªh¿ (�M…�) 5Ä†, �&…lå�ù�V¿À�

J?yø±(¾ÞÇÉœ„‹p, †¤!‹yIA‚&�

úk_�…�D¡b,¿, àSøJ,h1‹p1/c¯ÓÜÔ4 (àÄ‹
� ?¾5ælD�à� p[

¾¢�) FTXí!„, ªø¥�
ÊÝmË� ¹¯v˛í…�Ü�, …lå�ù�6}d¿pí«n�

10. \ˇ�¶5…�xX

…l•�ø�J\ˇ�¶…�Ïfû[bCØà[b� øÏfR�}j˙5˛È¶}×à, ‚à�}j

˙

u̇ = f(u, t)

íÓ��

d

dt

{
u
‖u‖

}
=

[
0 f

‖u‖
fT

‖u‖ 0

] {
u
‖u‖

}
5\ˇÔ4, V�Z…��¶, wÊ^0D��·�˚AíA‹� …l•�ù�ø}ú¤\ˇ�¶dyÌ`í

û˝�

ü� ¡5d.
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