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Abstract: A new class of recursive order-statistic 
soft morphological (ROSSM) filters are proposed 
and their important properties related to 
morphological filtering are developed. Criteria for 
specific selection of parameters are provided to 
achieve excellent performance in noise reduction 
and edge preservation. It is shown through 
experimental results that the ROSSM filters, 
compared to the order-statistic soft 
morphological filters or other well known 
nonlinear filters, have better outcomes in signal 
reconstruction. Two examples are given for 
demonstrating the flexibility of the proposed 
filters in signal processing applications. 

1 Introduction 

Mathematical morphology, a set-theoretical method, 
provides an approach to image processing based on 
geometrical shape of objects [ l ,  21. The principle appli- 
cations of the morphological operations include signal 
digitisation, enhancement, compression, restoration, 
segmentation and description. 

An important application in mathematical morphol-. 
ogy is to develop an efficient morphological filter to 
restore an image from its noisy version. Schonfeld and 
Goutsias [3] presented a theoretic analysis of morpho-, 
logical filters for optimal restoration from noisy binary 
images. Parametric alternating sequential filters [4] are 
the popular choice to retrieve the important informa- 
tion which resides in an image and to eliminate the 
effect of noisy environment. Soft morphological (SM) 
filters [5, 61, the combination of morphological filters 
and order-statistic filters, have been shown to be less 
sensitive to additive noise and to small variations in 
object shape. Although Kuosmanen et al. [7, 81 dis- 
cussed the optimisation and shape preservation of the 
SM filters, SM filters still have the disadvantage of 
lacking flexibility and applicability since the repetition 
times are set up to be the rank order. To overcome this 
drawback, Shih et al. [9] proposed an extended filtering 
class, order-statistic soft morphological (OSSM) filters, 
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and showed that they have better performance in noise 
reduction and edge preservation while providing more 
flexibility in image applications. 

In contrast to dealing with the filtering problems in 
nonrecursive transformations as stated above, another 
class of recursive transformations was introduced. Shih 
and Puttagunta [lo] developed the recursive soft mor- 
phological (RSM) filters, their properties, cascade com- 
binations and idempotent RSM filters. In general, 
recursive structures usually provide better smoothing 
capabilities and take less computational time even 
though this is at the expense of increased detailed dis- 
tortion [ll,  121. 

In this paper, we develop recursive order-statistic soft 
morphological (ROSSM) filters to achieve better per- 
formance than before and offer more potential in 
developing various signal processing applications. 

2 Preliminary: recursive soft morphological 
filters and order-statistic soft morphological filters 

Recursive soft morphological (RSF) filters are those fil- 
ters whose outputs depend not only on the original 
input signals but also on previously processed outputs 
within the window. That is, iff, and y 1  denote the input 
and output values at location i, respectively and the 
domain of the structuring element be {-L, ..., -1, 0, 1, 
... R}, a recursive soft morphological filter on input f 
can be defined as 

Yz = @(Yz-L, .  . . ~ Y z - l , f z , f z + l , - .  . J Z S R )  (1) 

where @ is an usual soft morphological operation. 
The order-statistic soft morphological (OSSM) oper- 

ations adopt order-statistics to replace the maximum 
and minimum in the standard morphology and offer 
flexibility in free-order selection, and have been shown 
to be better in noise reduction and edge preservation 
than traditional nonlinear filters such as order-statistic 
filters (OSF), soft morphological filters (SMF) or 
median filters (MF) [9]. Moreover, the flexibility in 
selecting the order parameter makes them possible in 
many applications. However, the recursive structures, 
in general, have been shown to provide better smooth- 
ing capabilities and take less computational time even 
though this is at the expense of increased detailed dis- 
tortion. A straightforward method to design filters 

ters is to join the structure of recursive and OSSM fil- 
ters as a new filter structure, ROSSM filters, and is 
described in the following Section. 

which combines the advantages of OSSM and RSM f;l- 
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3 Recursive order-statistic soft morphological 
filters 

In this paper, to simplify the presentation, we concen- 
trate on connected symmetric structuring elements. For 
other structuring elements, the corresponding results 
can be derived similarly. Moreover, the 2-D scanning 
order is also beyond our scope. To describe the recur- 
sive OSSM filters, the OSSM operations are defined 
first. Let f denote a l-D function and (B, A), (A  L B)  
denote the flat structuring element sets which are split 
subsets with the core set being A and boundary set 
being BIA, where 'Y denotes the set difference. Let the 
set translation of A by vector t be defined as (A)t, then 
the OSSM dilation (erosion) o f f  by [B, A,  k ,  I ]  is 
defined as 

( f & ( e [ B ,  A ,  k ,  I ] )  (i) = I-th largest (smallest) of 

(2) 
where 1 represents the selected order and k represents 
the repetition times of the elements within '(A)$' with {k  

To define the recursive OSSM filters, let @ denote an 
ROSSM operation and (Bm, A,) be the symmetric 
structuring element sets with m pixels in B and n pixels 
in A. For example, the structuring element [-2, -1, 0, 1, 
21 is denoted as B5A1 while [-2, -1, 0. 1, 21 is denoted 
as B,A, where the centre of the underscore denotes the 
centre of symmetry. Then, applying a recursive order- 
statistic soft morphological filter on input f at index i 
can be written as 

O f ( 4 >  = C f ( 4  f(4, '", f(4> (k times). 

yz = @((yz--L,. . , y t - l ,  fi, f z + l , - .  . , f z+R)  ( 3 )  

where yL.L, ..., yL-l are already obtained by ..., 

The 2-D ROSSM operation on an image 1" with 
@K-J 

structuring element S is represented as 

where S = (S,, SA), (SA !Z S,), is a 2-D structuring ele- 
ment with core set SA and boundary set S,\S,; and p ,  
4: 0, + ( i , j )  and 4 # ( i , j ) )  are domain indices sets that 
precede and succeed the index ( i , j )  for some one scan- 
ning order (Fig. 1). An example is given to show the 
difference between the OSSM and ROSSM filters. 

1 
i x x x x x  

x x x x x  A 0 
x x x  
x x x  
x x x  / \ I  I \  

XIX 
X h g i G Y  
XIX x' _ _ _ _ _  
x x x r x x  I X 

-.. x x x  
X .A q set 

Fi .1 2-D structurin element and the preceding (succeeding) domain 
in2ces sets when using t f e  ruster-scan order 

Example I :  Let the structuring element be B5A1. Let k 
= 2 and 1 = 3. Assume that the input sequence be f = 
(74, 14, 28, 65, 55, 8, 61, 20, 17, 65, 26, 94) and the 
values which are outside the region off are set to be 
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boundary values of f .  Then the output sequences 
obtained from the OSSM and the ROSSM dilations are 

O S S M  ( f  , B ,  A ,  k ,  1 )  
= {74,65,55,55,55,55,55,20,26,65,65,94} 

and 

ROSSM ( f ,  B, A, k ,  I) 
= {74,65,65,65,61,61,61,61,61,65,65,94} 

respectively. Figs. 2a and b show a 256 x 256 image 
and its disturbed version with additive Gaussian noise 
having zero mean and standard deviation of 20. The 
reconstructed images by applying the OSSM and 
ROSSM filters with S, = [(-1, 0), (0, -l), (0, 0) (I, 0), 
(0, l)], SA = [(0, O)], k = 3 and I = 4 are shown in Figs. 
2c and d for visual comparison. The mean square sig- 
nal-to-noise ratio, defined as 

with y and y' denoting the reconstructed and original 
signal, respectively, is used to measure the fidelity of 
the reconstructed signals. The SNRms values of Figs. 2c 
and d are 84.3 and 91.6, respectively. Moreover, it is 
observed that the visual perception effect of Fig. 2d is 
better than Fig. 2c. 

An important feature of the OSSM filter is the dual- 
ity property [9]. This relationship property also holds 
for the ROSSM operators. That is, choosing I in an 
ROSSM dilation is the same as choosing T - I + 1 in 
an ROSSM erosion, where 7: represents the total 
number in the order list. Let OR and 6, denote the 
ROSSM dilation and erosion, respectively, then the 
duality relationship can be represented as fO,[B, A ,  k,  
I ]  = fGR[B, A ,  k,  T - 1 + 11. However, if the structuring 
element is obtained by taking the intersection (union) 
of two or more structuring elements, this duality prop- 
erty may be unavailable. 

4 Properties of the ROSSM filters 

The basic properties related to the morphological filters 
are first discussed. According to the properties derived 
in [9], the OSSM filters are increasing, extensive (anti- 
extensive) and possess the idempotent properties under 
some conditions which are referred in E131 since OSSM 
filters is a subclass of WOS filters. We will prove that 
the ROSSM filters are also increasing and extensive 
(anti-extensive). Before we discuss these properties, a 
basic property should be borne in mind that the first 
output signal value of an OSSM is the same as that of 
its corresponding ROSSM operator. It is trivial since 
the left-hand side domain of the first value are 
appended signals, as a result the full domains are the 
same. All the proofs of the developed properties are 
given in the Appendixes. The basic morphological 
properties are discussed as follows. 
Property I :  The ROSSM filters are increasing. 
Property 2: The ROSSM dilation is extensive and the 
ROSSM erosion is anti-extensive if 1 s  k and the origin 
of set B belongs to set A. 
Property 3: The idempotent ROSSM filters exist. 
Although the exact expression of the idempotent 
ROSSM filters is not known, the idempotent ROSSM 
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a b 

C 

Fig.2 
a Original image 
b Noisy image disturbed by zero mean Gaussian noise (U = 20) 
c Reconstructed image obtained from the OSSMF 
d Reconstructed image obtained from the ROSSMF 

Visual comparison ofthe OSSM and ROSSM$lters 
d 

filters do exist. For example, let the structuring element 
be a centre-weighted structure with size 2N + 1, and let 
k = 2N - 1 and 1 = 2N, then the resultant ROSSM dila- 
tion is idempotent. The identification of the exact form 
of the idempotent filter class is left to further work. 
Example 2: Let the structuring element be &A,. This 
implies that N = 2. Let an input sequence f = (1, 3 ,  5 ,  
7 ,  2, 4, 6, 8, 3 ,  1, 5, 7, 9} and k = 3 and 1 = 4, then the 
first and second iterations of the ROSSM dilation out- 
put, denoted asfi and?, arefi = (1, 3, 5, 5 ,  4, 4, 6, 6, 
3 ,  3 ,  5, 7, 9)  andf = (1, 3 ,  5 ,  5 ,  4, 4, 6, 6, 3 ,  3 ,  5, 7, 91, 
respectively, which states that this is an idempotent fil- 
ter. 

Properties 1-3 deal with the basic properties pos- 
sessed by the morphological filters. According to prop- 
erty 3 and [2], a recursive morphological opening 
(closing) is obtained if the operator is idempotent and 
anti-extensive (extensive). In the following, some other 
interesting properties relating to the ROSSM filters are 
developed. 
Property 4: The ROSSM operator can be implemented 
by the threshold decomposition technique. 

In the following we will discuss some distribution 
properties. Let X and Y denote the binary input sig- 
nals, while C and D denote the structuring elements 
and (k,  I )  be the parameters. Let the unioniintersectiori 
of two structuring elements be defined as follows: The 
union (intersection) of two structuring elements is 
obtained by taking the maximal (minimal) range of the 
boundary and core sets of the original structuring ele- 

ments. For example, B7A, f l  B5A3 = B5A, and B7A, U 
B5A3 = B7A3. Then we have 
Property 5:  x gR(c n 0) c ( X  hRq n ( X  6 R ~ )  
Property 6: X GR(C U D) 1 ( X  6)RC) U ( X  g R D )  
Property 7: x GR(c n D) 2 ( X  G R q  n ( X  6,~) 
Property 8: X @R(C U 0) C ( X  G R C )  U ( X  GRD) 

The foregoing four properties deal with the distribu- 
tion from thg right. For the distribution from the left, 
i.e. ( X  f' Y)ORC, the same results can be obtained sim- 
ilarly. 
Property 9: (X n Y ) ~ R c  c ( X  ~ R c )  n ( Y  ~ R c )  

Property 10: ( X  U Y ) ~ R c  2 ( X  6 ) R ~  U ( Y  ~ R c )  

Property 11: (X n Y@,C 2 ( X  G R q  n ( Y  G R q  
Property 12: ( X  U Q O R C  c ( X  O R C )  U ( Y  
Example 4: Assume that X = { 1, 0, 1, 1, 1, 1, 0, 0}, C = 
B7A1, D = B5A3, k = 2 and 1 = 3. Then we have C n D 
= B5Al and C U D = B7A3. Let Z, ZO, 2 1  and 2 2  
denote the res_ults of X OR(C n D),  X GR(C U D), X 
oRC,  and X ORD, respectively. It is found that since Z 

= (1, 1, 1, 1, 1, 0, 0, 0}, and 2 2  = {l,  1, 1, I ,  1, 0, 0, 
0}, we have 2 2 Z1 n 2 2  and ZO C 2 1  U 22, which is 
the result of property 7 and property 8. 

Up to now, we have discussed the case of binary sig- 
nals. For gray scale signals, similar formulas can be 
obtained if n, U, C and 2 are replaced by min, max, s 
and 2, respectively. The eight properties give a good 
way of predicting the upper and lower bounds of the 
filtering results when a ROSSM operation with multi- 

= { 1 , 1 , 1 , 1 , 1 , 1 , 0 , 0 } , 2 0 = { 1 , 1 , 1 , 1 , 1 , 0 , 0 , 0 } , Z 1  
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ple input signals or structuring elements is performed, 
which is helpful in some image analysis applications. In 
the following, an associativity feature phenomenon is 
concerned. To state this phenomenon, a new product 
operation O of two structuring elements is defined as 
multiplying the weighted values of the components by 
each other and then combining the results by addition. 
For example, if two structuring elements (C = &Al, k 
= 21, and ( D  = B3A1, k = 3) are given, then C O D can 
be rewritten as [l ,  2, 11 0 [l, 3, 11 and is computed as 
[l, 5 ,  8, 5 ,  11. That is, it could be viewed by taking a 
normal multiplication of two numbers, which are 
obtained by expanding all the weighted components, 
and regarding each digit as a weighting value as shown 
in Fig. 3. Then the associativity phenomenon can be 
observed as 
Phenomenon 1: X 6 1 , C 6 R D  C WOS(X, (C O D)) where 
WOS(X,  denotes a weight order-statistic filtering 
with input X and weighting coefficients matrix M. 

B3A1 @ B3A1 
k=2 k = 3  

121 
[1_21]@[131]=  x) 1Y 

15651 

Fig. 3 Product operation of two structuring elements 

An example is given to try to derive this phenome- 
non; other cases with different parameters could be 
derived similarly. Let (C = &A1, k = 2) and ( D  = &A1, 
k = 2). Thus, C O D  = [l, 2, 11 O [l ,  2, 11 = [l,  4, 6, 4, 
11. Let Y = X6)RC,  2 = Y g R D  and R = WOS(X,  [1, 4, 
- 6, 4, I]). According to [13], it is found that 

yi-l = Boolean (z i -2  + + zi 2 1 )  
yi = Boolean (Z,-L + 22, + zi+l 2 I )  

y;+l = Boolean (xi + 2zi+1 + 5 i + 2  2 I )  
zi = Boolean (yi-1 + 2yi + yi+l 2 I )  
~i = Boolean (xi-2 + 4zi-l + 6z; 

+ k + i  f Z i t 2  2 1 )  
It is noted that if zi = 1, there must exist at least one 
one-value point, for example yi, such that its corre- 
sponding expression, (xi-l t 2x, + x , + ~  2 2> holds. Since 
xi 2 0, it is easy to find that + 4x,] + 6xi + 4xi+] + 
xi+2 2 I )  is also satisfied. As a result, we have ri = 1, 
which leads to the result of this phenomenon. 
Example 5: Letf=  {29, 54, 51, 10, 41, 58, 88, 441, C = 
D = B3A1, k = 2 and 1 = 3. It is observed that 
f&,C6),D = (29, 51, 51, 10, 41, 58, 58, 44}, which is 
smaller than (bounded by) the result of WOSK 
[14641]) = (54, 54, 54, 51, 58, 88, 88, 88). 

The associativity phenomenon has its applicability in 
analysing the cascade behaviour of two ROSSM filters. 
If an input signal undergoes two ROSSM filtering 
processes with two arbitrary structuring elements, it is 
possible to predict an upper bound of the output signal 
by applying a WOS filter. That is, it is possible to use a 
one-pass filtering process to approximate a filtering of 
two or more passes and this is helpful to many applica- 
tions. However, it should be noted that a similar proce- 
dure for erosion to predict a lower bound is not yet 
available. 

5 Experimental results and discussions 

In this Section, computer simulations are performed to 
validate the good performance of the ROSSM filters. 
To compare the performance with the OSSM filters in 
edge preservation and noise reduction, three noise 
models, Gaussian, uniform and Pepper-salt are adopted 
for comparison. The input 1-D signal and the cor- 
rupted signals corresponding to the three noise models 
are shown in Fig. 4. Both the ‘mean square SNR 
value’, which was defined previously, and the ‘transi- 
tion rate’ are used to assess the performance in 
noise reduction and edge 
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C 

Fig. 4 
a Original signal 
b Corrupted by Gaussian noise (mean = 0 and U = 50) 
c Corrupted by pepper-salt noise (occurrence probability Po = 0.2 and stand- 
ard deviation D = 50) 
d Corrupted by uniform distributed noise (mean = 0 and U = 50) 

1-D original signal and its noise-corrupted versions 

To define the transition rate, a test method stated in 
[14] is adopted and is described as follows. A step edge 
signal f ,  denoted as Ai) = 1OO(i < 128); f ( i )  = 200(i 2 
128) is corrupted by the given three noise models sepa- 
rately and its ROSSM filtering output is denoted as y .  
The transition rate T, defined as the percentage of edge 
reconstruction from its disturbed version, is represented 
as 

T = l -  IE[Y(128)1 - E[Y(127)11 
100 

where Eb(i)] is estimated by averaging 128 different 
trial outputs. Therefore, it can be used as the perform- 
ance meter of edge preservation, where value ‘1’ repre- 
sents ‘perfect’ preservation. Figs. 5-7 show the mean 
square SNR values corresponding to three different 

results. From these results, it is found that for Gaus- 
sian and Pepper-salt noise models, the SNR,  values of 
the ROSSM filters are almost greater than those of the 
OSSM filters. However, the transition rates of the 
ROSSM and OSSM filters are nearly the same for all 
three noise models. In image processing applications, 
since images are often corrupted by natural noise 
(Gaussian) or impulses stemming from decoding errors 
or noisy channels, and both are easily detected by eye 
and degrade the image quality, it is observed that the 

noise models while Figs. 8-10 show their transition rate 
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Fig.5 
Gaussian distriruted noise by dij'ierent structuring elements 
a-c, g-i OSSM dilation 
d-J j-1 ROSSM dilation 
U, d B3A,; b, e B,A,; c, f B,A,; g ,  j B,A,; h, k B,A,; i, 1 B,A5 
- - -  k = 1 IOSF) _ _  k = 4  

SNR (vertical axes) against 1 (horizontal axes) curves of using the OSSM dilation and the ROSSM dilution for I-D sigml reconstructedfrom 

. . . . . . . . . k = 2  
k = 3  

t k = 5  
0 median filter 

proposed ROSSM filters are better in noise reduction 
applications while maintaining the advantage of edge 
preservation as in the OSSM filter. Since OSSM filters 
is a subclass of WOS filters, many well known nonlin- 
ear filters, such as MF, OSF and SMF, can be repre- 
sented by the OSSM filters with different (k ,  I )  
parameters [9]. As a result, we can conclude that the 
ROSSM filter is better than those nonlinear filters. 

It should be noted that the analysis of optimisation 
in using the ROSSM filters is nearly the same as in the 
OSSM filters. However, by observing Figs. 5-10, the 1 
ranges that can be used in the ROSSM filters are some- 
what narrower than those of the OSSM filters. It 
means thaL it is a little more strict in selecting a suitable 
1 value when the ROSSM filters are used in noise 
reduction applications. Moreover, the cascade behav- 
iour of two ROSSM filters is similar to the analysis in 

IEE Proc.-Vis. Image Signal Process.. Vol. 145, No. 5, October 1998 

[lo]. Although no direct formulas which can describe 
the combination of any two ROSSM filters exactly are 
available, the analysis gives the principal idea in con- 
structing the combined filter from two different filters. 

To illustrate the flexibility of using the ROSSM fil- 
ters in image processing, two examples, one for impulse 
noise elimination and the other for ramp edge enhance- 
ment, are developed. The first example deals with the 
problem of reconstructing signals from impulse noise 
environment and is stated as follows. Assume that an 
original flat signal, shown in Figs. 110, e, 1 and m is 
corrupted by impulses (positive or negative) as shown 
in Figs. 1 lb, f, j and n. To eliminate the impulse noise, 
an OSSM dilation with B = B3A1, k = 1 and I = 2 is 
applied and the result are shown in Figs. l l c ,  g, k and 
0. It is found that the impulse noise is not completely 
removed. However, if a ROSSM dilation with the same 
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Fig.6 
pepper-salt distributed noise by daerent structuring elements 
a-c, g-i OSSM dilation 
d-f. i-1 ROSSM dilation 

SNR,, (vertical axes) a uinst l (horizontal axes) curves of using the OSSM dilution and the ROSSM dilution for I-D signal reconstructedfrom 

a,*d4BB,A,; 6, e B5A1; e, f B5A3; g ,  j B,Al; h, k B,A,; 1, I B7A5 
k = 4  

. . . . . . . . . k = 2  t k = 5  
_ _ _  k = 1 (OSF) ~~ 

k = 3  0 median filter 

parameters is used, the original signal can be recon- 
structed perfectly (except the result shown in Fig. l l h )  
as shown in Figs. 1 Id, 2 and p .  It should be noted that 
although we cannot make a strong conclusion that the 
ROSSMF is better than OSSMF in impulse removing 
just by the foregoing examples, we can expect that the 
ROSSMF is better in impulse reduction in most cases. 

In the second example, an edge enhancement prob- 
lem is given since it is important for feature detection 
or visual perception in image processing. Owing to the 
flexibility of the ROSSM filters, the ramp edges can be 
transformed to step edges, as shown in Figs. 12 and 13, 
by using a 1-D ROSSM filter. The algorithm is 
described as follows. Let a structuring element be B,Ai 
and k = 1 for simplicity. The input image f of size M x 

N is first decomposed into M row sequences, which has 
N pixels in each. For each point fm(i) of the sequence 
f,, its tangent Tu is first determined throughf,(i) -fm(i 
- l), then 1 is chosen according to the tangent value. If 
Ta is greater than a threshold value Th = 12, I is set to 
4. If Tu is smaller than -Th, 1 is set to 2. Those cases 
with Tu ranging within [-TA, Th] will set 1 to 3. The 
threshold value Th controls the sensitivity of the ramp 
edge detection and varies according to different appli- 
cations. By applying this ROSSM filter, a blurred Lena 
image, shown in Fig. 13u, can be enhanced as shown 
in Fig. 13b. It is noted that the blurred edges are now 
enhanced as clear boundaries. An additional advantage 
is also observed in the Figure that after being processed 
by this ROSSM filter, the textures, sometimes defined 
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form distributemdnoise by dgerent structuring elements 
a-c. P-i OSSM dilation 

SNR (vertical axes) against 1 (horizontal axes) curves of using the OSSM dilation and the ROSSM dilation for I-D signal reconstructedfrom uni- 
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- - -  

by pseudoperiodic patterns, are suppressed while the 
edges are enhanced. This leads to some other applica- 
tions which need to separate edges from textures. It 
should be noted that since the 1-D procedure is used to 
process the Lena image, Lena's hat and hand are quite 
distorted. This scratched effect, however, may be 
erased by using a suitable 2-D directional morphologi- 
cal filter which is not yet available. For the 1-D signal 
as shown in Fig. 12a, the above procedure can be 
applied to obtain the result of Fig. 126. 

The solution of optimal selection of parameters (k, I )  
for general uses is still not on hand since each applica- 
tion may need a specific parameter of its own. How- 
ever, according to this work, readers can choose 
suitable parameters when dealing with applications of 
noise reduction, edge preservation and edge enhance- 

ment. To sum up, the proposed ROSSM filters not 
only support a flexible structure in developing 
enhanced signal processing applications, but also have 
better performance in noise reduction when the noise is 
either of Gaussian or pepper-salt distribution. That is, 
both advantages of using the recursive filters and the 
OSSM filters are preserved in the ROSSM filtering 
structure. 

6 Conclusions 

This paper introduces an extended class of morpholog- 
ical filters, ROSSM filters, for signal processing appli- 
cations. The ROSSM filters, like the OSSM filters, 
offer flexibility in designing filters for various applica- 
tions and efficiency in noisy images reconstruction. 
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Some important properties related to the morphologi- 
cal filters are derived and the extensive properties of 
the proposed filters are developed. Comparing the 
experimental results with OSSM filters (equivalent to 
comparing with many well known nonlinear filters), it 
i s  observed that the ROSSM filters have better per- 
formance in noise reduction when the noise is either 
Gaussian or pepper-salt distributed, which covers most 
cases in image processing, However, the edge preserva- 
tion feature in the OSSM filters is also maintained. 
Two applications, ramp edge enhancement and impulse 
noise elimination, are also presented to provide the 
flexibility feature of the proposed ROSSM filters. As a 
result, it is concluded that the ROSSM filters preserve 
those benefits of OSSM filters and recursive filters and 
are suitable for enhanced signal processing applica- 
tions. 
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9 Appendixes 

To complete the proofs of this paper, the following 
notations are introduced. Let X and Y denote the 
binary input sequence; C, D and W denote the binary 
structuring element (thus they can be viewed as the 
weighting coefficient 19, 131); while 2, 2 1  and 2 2  
denote the binary output sequence. The ith component 
of a particular sequence, for example 2, is denoted as 
Ai. 
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9. I Proof of property I extensive property of a ROSSM erosion can be 
This is a trivial consequence of the fact that ROSSM obtained immediately when the duality relationship is 
filters are recursive weighted order statistic (WOS) fil- used. 
ters and thus a subclass of stack filters, which in turn 
are increasing by the definition of the positive Boolean 9.3 Proof of property 

It is trivial, cf. the proof for property 1. functions. 

9.2 Proof of property 2 
This property can be proved by intuition as follows. 
Since an OSSM dilation on f at location i, y = 
OSSMV; B, A,  k, I)(i) is to choose the Zth largest value 
fromfwithin domain B ,  we can write the descending 
sort list as Ifu, k 0 Ai), fL] ,  where fu = vu1, fu2, ..., 
fu,> and fi, = VL~, fL2, ..., f L n }  represents upper 
(greater thanf(i)) and lower part sets, respectively. It is 
found that as long as 1 s k is satisfied, either a greater 
value fV in f u  or an equivalent value of f ( i )  will be 
picked out. Thus, we always have f I OSSMcf), Vi. 
Therefore, for the input domain of the ROSSM dila- 
tion, there must exist at least one point yj-l zJ-1 such 
that the upper part of the new sort list Ifu, k 0 Ai), J” 
is always greater than f u  both in its domain and range. 
Thus, from property 1, it is concluded that the ROSSM 
dilation is extensive. Similarly, the proof of the anti- 

9.4 Proof of property 5 
We first prove this property for binary OSSM filters 
since gray results can be obtained by using property 4. 
Let W = C n D- while 2, z1 and 2 2  be the results of 
X O ( C  n D), XOC and X O D ,  respectively. According 
to the theorem in [13], for each zi = 1 we always have 
the following equation: 

2 1 

where w,xi represents the ‘AND’ operation of wi and xi, 
where x is the input data block obtained by shifting the 
central point of W to position i and takes the values 
within the domain L of the structuring element. It is 
observed that since W L C and W G D ,  we always have 
Cwjxj  s Zcixi and Zwixi 5 Zdixi. It leads to the result 
that if zi = 1, then zil 1 and z: = 1 also hold, which 
leads to the results XO(C n 0) C (XOC)  n (XOD).  
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Thus, if the input xi is replaced by the recursive output 
Ca(xJ, the same result can be immediately obtained for 
the ROSSM filters. 

9.5 Proof o f  property 6 
This proof is similar to the above thus only the 
OSSMF part is given. Because W = C U D, we always 

50 100 150 200 250 

b 
Fig. 13 
a Original image 
b Filtered image 

2-D image edge enhancement example 

have Zwixi 2 Ccixi and Cwixi 2 Zd,x,. As a result, if zil = 
1 or 2: = 1, i.e. Zcixi 2 I or Zdixi 2 I ,  it is also true that 
zi = 1, which leads to the equation of this property. 

9.6 Proof of property 7 
According to [13]. An output point z, is set to ‘1’ if 
Zw,x, I 1. Since Cw,x, 5 Cc,x, and Ew,x, I CdIxl, it is 
observed that if zZ1 = 1 and/or z? = 1, we always have 
z, = 1. Proofs of properties 8-12 are omitted since they 
can be easily derived by using similar methods. 
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