Theoretical Transient Analysis
of the Interaction Between

a Dynamically Propagating
In-Plane Crack and |
Traction-Free Boundaries

In this study, the transient response of a propagating in-plane crack interacting with
half-plane boundaries is investigated in detail. The reflected waves which are gener-
ated from traction-free boundaries will interact with the propagating crack and
make the problem extremely difficult to analyze. The complete transient solutions are
constructed by superimposing fundamental solutions in the Laplace transform do-
main. The fundamental solutions represent the responses of applying exponentially
distributed loadings in the Laplace transform domain on the surface of a half-plane
or the propagating crack faces. We focus our attention on the determination of the
dynamic stress intensity factor. The dynamic stress intensity factors of a propagating
crack in a configuration with boundaries and subjected to dynamic loadings are
obtained in an explicit closed form. The transient solutions obtained in this study are
in agreement with the experimental results from the literature. Some interesting
phenomena observed in the published experimental works are also identified and
discussed. It is concluded that the reflected waves generated from the boundary
parallel to the crack have much stronger influence on the propagating crack than
those generated from the boundary perpendicular to the crack. When the reflected
waves generated from the boundary parallel to the crack return to the moving crack
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tip, the stress intensity factor will increase rapidly.

1 Introduction

Most existing analyses of cracked bodies are quasi-static.
However, there are numerous situations in which the material
inertia becomes significant and must be taken into account.
Inertial effects can arise either from applying dynamic loading
to a cracked solid or from rapid crack propagation. The inherent
time dependence of a dynamic fracture process results in mathe-
matical models that are more complex than equivalent quasi-
static models. The phenomena of crack propagation, arrest, and
branching are very important subjects in the area of dynamic
fracture analysis. In a series of papers, Freund (1972a, b, 1973,
1974) developed an important analytical method for evaluating
the transient stress field and dynamic stress intensity factor of
a propagating semi-infinite crack in an infinite medium. Freund
proposed a superposition method in the time domain to study
the dynamic effect of crack propagation, some fundamental
solutions were obtained and were used to develop the solution
for the negation of the stress distribution on the prospective
fracture plane. His method is valid for the loading condition of
step stress pulse applied on the crack faces, but without consid-
ering the reflected waves generated from boundaries.

The interaction of reflected waves with a moving crack has
only been discussed in a series of experimental works by Ravi-
Chandar and Knauss (1982, 1984a, b, ¢, d), Ravichandran and
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Clifton (1989), and Kim (1985). Experimental results indi-
cated that the effect of reflected waves dominates the stability
of crack propagation. The possibility of arrest, acceleration, or
branching of the propagating crack is influenced by the reflected
waves generated from boundaries of specimen. It seems difficult
to obtain the analytical solution of the problem of interaction of
reflected waves with a propagating crack by using conventional
methodology.

In recent years, a powerful and efficient methodology based
on superimposing the fundamental solution in the Laplace trans-
form domain was proposed by Tsai and Ma (1991, 1992, 1997)
to solve many complicated and difficult problems. Using this
superposition methodology, Ma and Chen (1994) and Ma and
Ing (1995) investigated the transient response of antiplane semi-
infinite cracks in a configuration with boundaries. The solutions
to applying an exponentially distributed traction at the surface
of a half-plane and at a semi-infinite crack face in the Laplace
transform domain are considered as the fundamental solutions.
The reflected and diffracted fields generated from the half-plane
and crack tip can be obtained by superimposing these fundamen-
tal solutions as shown in the Appendix. In this study, the super-
position method that is used to solve the stationary crack prob-
lem is extended to solve the transient response of a propagating
crack interacting with reflected waves generated from traction-
free boundaries.

In this paper, transient stress intensity factors for a semi-
infinite crack embedded in a half-plane subjected to a sudden
impact on the crack faces are analyzed. The orientations of the
half-plane boundary are parallel to the crack and perpendicular
to the crack. The reflected waves will induce mixed-mode stress
intensity factors and influence the crack propagation path for
the crack which is parallel to the boundary. The numerical
results obtained in this study show that reflected waves gener-
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Fig. 1 Configuration and coordinate systems of a semi-infinite crack
which is parallel to the half-plane boundary

ated from the boundary parallel to the crack have much stronger
influence on the propagating crack than those generated from
the boundary perpendicular to the crack. When the reflected
waves generated from the boundary parallel to the crack return
to the moving crack tip, the stress intensity factor will increase
rapidly. Finally, the analytical solution of a propagating crack
in a rectangular finite plate subjected to impact loading on the
crack faces is obtained without considering the diffracted waves
generated from plate corners. The experimental results obtained
by Ravi-Chandar and Knauss (1982, 1984b) are discussed and
are compared with the analytical result in light of the theoretical
analysis in this study.

2 Crack Propagation and Interaction With a Half-
Plane

For the convenience of the following derivation, some useful
symbols are defined as follows:
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R =R°(\) = RM)v=0, 8% =82(N) = $2: (M) om0 (1)
where a (=1/v)), b (=1/v,), ¢ (=1/v,), and d (=1/v) are the
slownesses of longitudinal wave, shear wave, Rayleigh wave,
and moving crack tip, respectively, v;, v, v,, and v are the
corresponding speeds of the longitudinal wave, shear wave,
Rayleigh wave, and the moving crack tip.

We consider a semi-infinite crack embedded in a half-plane
whose boundary is parallel to the crack as shown in Fig. 1 and
embedded in a half-plane whose boundary is perpendicular to
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the crack as shown in Fig. 2. The distance from the crack tip
to the boundary parallel to the crack is denoted as H and to
the boundary perpendicular to the crack is denoted as L. The
coordinate system (x,, x,) is attached to the stationary crack
tip, and the alternative coordinate system (&, %) is fixed at x,
=0,x,=H(orx, =L, x, =0). At time ¢t = 0, a uniform
pressure of magnitude o, is suddenly applied to the crack faces.
After a delay time ¢,, the crack begins to extend at a constant
velocity v, and the moving coordinate system (£, x,) is attached
to the moving crack tip. The relation between x; and € is x; =
6 + U(t — td).

After a uniformly distributed impact is suddenly applied to
the stationary crack faces, a diffracted longitudinal wave (de-
noted by P,) and a shear wave (denoted by §,) will be emitted
from the stationary crack tip. The P, wave will be reflected
from the traction-free boundary of the half-plane and hence
generate the reflected longitudinal wave and shear wave which
are denoted by P, P wave and P, S wave. Similarly, the S, wave
will be reflected from the boundary of the half-plane and the
reflected longitudinal wave (S,P) and shear wave (§,5) will
be generated. After a delay time #,, the crack begins to propagate
with a constant speed v. The diffracted longitudinal wave (P,)
and shear wave (S,) will be emitted from the moving crack tip
at time ¢t = ¢t,. The diffracted waves P, and S, will also be
reflected from the boundary of the half-plane and generate re-
flected longitudinal waves (P,P, S,P) and shear waves (P,S,
S,8). All these reflected waves will interact with the moving
crack tip at later times, and make the problem extremely difficult
to analyze.

Before reflected waves return to the propagating crack tip,
the problem can be viewed as a semi-infinite crack propagating
in an unbounded medium; the solution has been obtained by
Freund (1973 ) by using another method. We focus our attention
on the reflected waves for the first time. The reflected effect for
the second time, third time, etc., will not be discussed in this
study.

The diffracted waves include two parts, the first one is in-
duced from the stationary crack tip and the second one is gener-
ated from the moving crack tip. Before the stress waves which
are emitted from the propagating crack tip return to the moving
crack tip, the stress intensity factors are shown in Section 2.1.
After the P,P, P,S, S,P, and S,S waves reach the crack tip,
the stress intensity factors can be obtained approximately by
taking the problem for a uniformly extending crack (i.e., At
time ¢ = 0, the crack tip is located at x;, = —vt, and extends at
a constant speed v without delay time) which is shown in Sec-
tion 2.2.

2.1 Stress Intensity Factors due to the Stress Waves
Generated From the Stationary Crack.

2.1.1 Diffracted Waves in Infinite Medium. Consider a
stationary semi-infinite crack embedded in a half-plane as
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Fig. 2 Configuration and coordinate systems of a semi-infinite crack
which is perpendicular to the half-plane boundary
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shown in Fig. 1. At time ¢ = 0, a uniform pressure with magni-
tude o, is suddenly applied at the crack faces. The waves emit-
ted from the stationary crack can be expressed in the Laplace
transform domain as follows (Thau and Lu, 1971);

2wip J 2xa%(c — N)S°
B N )
(c — NS
oo~ Ao f ~al(0? = ) oo,
2wip (c—N)S2
2% (b2 — 20 e PN (3)
(c = N)S%
where
A = -Wo W = 0'0‘/;
P —ah T eSO

p is the Laplace transform parameter. The first and second terms
of (2) and (3) represent the diffracted P, wave and §, wave
generated from the stationary crack tip, respectively. The solu-
tion is exactly the same as that for a semi-infinite crack in an
unbounded medium. The corresponding stress intensity factor
in the time domain is

22
K= — wyt . 4
= 7wl (4)

2.1.2  Stress Intensity Factors due to Reflected Waves From
the Boundary Parallel to the Crack. The diffracted waves
emitted from the stationary crack will be reflected from the
boundary at x, = H. From Egs. (2) and (3), it is obvious that
the traction which must be applied at x, = H to eliminate the
stresses &%, and &1y is represented by the exponential function
e™, The fundamental solutions for normal traction ¢”% and
tangential traction e”" applied at the surface of the half-plane
can be obtained from the Appendix by taking v—0, £ = x;, 7
= \. Then the stresses 75, and &, induced by reflected waves
can be obtained by superimposing the fundamental solutions of
(A4), (AS5), (A9), and (A10).

If the crack starts to propagate before the reflected wave P, P
returns to the crack tip (i.e., t; < 2dH), the moving coordinate
system (&, x,) should be introduced to perform the superposition
procedure for the propagating crack. The stresses induced on
the propagating crack faces by &5, and 7%, must be eliminated.
Applying the transformation principle between the two different
coordinate systems as mentioned in Appendix Eqs. (A22) and
(A23), 7% and 7%, can be obtained as
& _ A f —(b* = 2XH)X((b* — 22%)% — 4N&°B9)
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2mip (c — DR — W)’
X g WBHIPNEV) gy (6)
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where

A
11—
B°=p°N), = BL(N),

It is obvious that the tractions which should be applied to the
propagating crack faces to eliminate the stresses 75, and 7%,
induced by reflected waves are represented by the function e™.
Since the stress intensity factor for applying normal traction
™ at the propagating crack faces has been obtained in (A16)
and (A21), the stress intensity factors induced from reflected

waves can be obtained by superimposing the fundamental solu-
tion as follows:

X = a’=a’(N), a2 =a’),

59 = 85%XN), R®=R°N).
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J(N) = ‘/EAO/((C - X)S‘Tlﬁo(l — W)2(cy + N)SL).

Inverting to the time domain by using the Cagniard-de Hoop
method, the stress intensity factors of the propagating crack
induced by reflected P, P, P,S, S,P, and S,;S waves can be
obtained as follows:

)N
mf Vr — ImI:Hl()\l)a—T‘]dT

3
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O\
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where
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s
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vt — 4b’H? + i2HN1? — b*(vt — vt,)? — 4b*H?

Vi3 + 4H? - 4b%H’

, (11)

3 =

and X\, is the solution of a«H + SH + M\vt, = t. The arrival time
for each wavefront is
—a%%, + Va1 + 4a’H? — 4a*v?H?

Tpp = 1 — a? s

—bW2t, + VbWUS + 4b°H? — Ab*2H?
Tsls = 1= b%? s

(12)

and T is the corresponding time ¢ at which the imaginary part
of A, begins to vanish.

The physical meaning of the terms in (9) and (10) following
the sequence represent the stress intensity factors due to the

PG’ -

2.1.3  Stress Intensity Factors due to Reflected Waves
From the Boundary Perpendicular to the Crack. 1If the
crack is perpendicular to the half-plane boundary as shown
in Fig. 2, the diffracted waves emitted from the stationary
crack tip will be reflected from the boundary at x, = L. It
is obvious that the traction which must be applied at x, =
L to eliminate the stresses o9 and ek p) can be represented
by the exponential functions e ~**"1%! | ¢ ~7#°I%|  The funda-
mental solutlons for appl%/mg normal tractlon and tangential
traction e 72’15} or ¢ 7#"1% (o the surface of a half-plane
were solved by Tsai and Ma (1991); the reflected waves
can be obtained by superimposing these fundamental solu-
tions. Then, by using the same procedure as given from (5)
to (12), the stress intensity factor of the propagating crack
induced by reflected waves from the boundary of half-plane
can be expressed as follows:
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contribution of reflected P, P, P,S + S, P, and S,S waves, re-
spectively. It is noted that the P, S wave and S|P wave reach
the propagating crack tip at the same time. The wave fronts of
the above-mentioned reflected waves are shown in Fig. 1.

If the crack remains stationary after the reflected waves return
to the crack tip, Ay, Ay, and A; will be all pure imaginary num-
bers. Then, the integral result of (9) comes only from the contri-
butions of the pole \; = O of the first term, and the stress
intensity factor can be reduced to the simple form

K = 2{/5_“’" Vi ~ 2Ha.
m

Combining the incident effect due to diffracted P, and S, waves,
the stress intensity factor is

252_“"’ Vt — 2Ha, 2Ha <1 < 4Ha. (14)
s

(13)

K,:@\/}ﬂ—
™
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WAL — vy — 2L,

(16)
The arrival time of each wavefront is
al + bL + but,
Tpp = ar(2L + viy), Tps=———"%,
1+ b
L + bL + 1.
Typ = T Tyo= (2L + ). (17)

! 1+ av

The physical meanings of the four terms in (15) are the induced
dynamic stress intensity factors due to the reflected P, P, P,S,
S1P, and S, § waves generated from the vertical boundary.

2.2 Stress Intensity Factors due to Stress Waves From
the Propagating Crack.

2.2.1 Diffracted Waves in Infinite Medium. Consider a
semi-infinite crack embedded in a half-plane as shown in Fig.
1. At time ¢ = 0, the crack tip is located at x;, = —uvz, and
extends at a constant speed v. At this instant, a dynamic uniform
pressure with magnitude o, is suddenly applied to the crack
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Fig. 3 Stress intensity factors of a propagating crack subjected to a
uniform pressure. The half-plane boundary is parallel to the crack.

5

faces. The pressure continues to be applied along the newly
extending crack faces —vt, < x; < 0; after the crack tip pass
through the point x; = 0, the pressure is only applied at the
crack faces for x; < 0 and does not cover the newly created
crack faces. The uniform pressure can be expressed as

PG, (18)

- To f 1
2mid ph(1l — \v)

The emitted stress fields of the propagating crack can be ob-
tained by superimposing the fundamental solution (A14) as
follows:

(B2(1 — w)? - 2A%)?

1 f _
o = —_—— F )\ pa,\'2+p)\£
T2 = orin ) ke (1 = wyier = mso(n 1Me

AN (NS
+
kd?(1 = M)2(c, — N)S_(\)

Fi(Ne PP gN, (19)

_ _l_f —2ha_ (M) (B2(1 — \)? — 20%)

Table 1 Arrival times at which reflected waves reach the moving crack
tip. The half-plane boundary is parallel to the crack.

v lnmﬂm PS(P,5)/51P(52P)  515(825)
Oy 2.00(2.50)aH 2.73(3.23)aH 3.46(3.95)aH
01y | 2.01(2.51)aH 2.75(3.26)aH 3.50(4.02)aH

0.2u | 2.02(2.54)aH 2.80(3.33)aH 3.63(4.19)aH

where

oo, (0) 4 oot (d)e ™

Fl()\) = 0 .
2S5 (ON (e + d)S.(d)(d — \)

(21

The stress intensity factor can also be obtained by superimpos-
ing the fundamental solution (A16) as follows:

g = oo

1=
2mip?’3

ai(\)

VI = av(cs + NS, OO — W)

(22)

Because only the poles N = 0 and d contribute to the integral
in (22), the stress intensity factor for the unbounded medium
in the time domain is

K = 2‘/Ea+(d)
"R = avie, + d)S.(d)

X (wolt =Vt — . H(1 — 1)), (23)

2.2.2  Stress Intensity Factors due to Reflected Waves From
the Boundary Parallel to the Crack. The incident and dif-
fracted waves emitted from the propagating crack will be
reflected from the horizontal boundary at x, = H. From Egs.
(19) and (20), it is obvious that the tractions which must
be applied at x, = H to eliminate the stresses 72, and 7%
are represented by the exponential function ¢”*¢. The re-
flected waves generated from the half-plane boundary can

_ —pax,+pré
T12 = 2mip kd*(1 — \)2(¢1 — M)S_(N) Fi(A)e et be obtained by superimposing the fundamental solutions
) (A4), (A5), (A9), and (A10). From a similar procedure
201 _ 2 _ Ay 2 to that indicated in the case of stationary crack, the stress
2);2?)(?\ ;21( )\v))\)S ?)):)) Fi(N)e r=¥Pq) (20} intensity factors can be obtained as
K — W) (¢ — _
_ \EAO —(b*(1 - W)? ~ AD(B(] — Ww)? — 20?2 — 4afN?) ~
2paH
KI = . 32 P F[()\)e d)\
2mip V1 — auR
- 2 2 — 2 _ A2)2
. ﬁA:ng IONB(b2(1 = No)* = DND? o e g
2wip J1 — avR?
2 2 . 2 _ 2y2 _ 2
. \/E'A;/Zf%zﬂ)\ (B2 = W0)? = N2 = dah’) o gy
2mip V1 — avR? (24)
_ 201 _ 2 ay2y2 gy 2
%, - ‘/E-A;2f DB (B2 = W)? = D) = ANa) e
27ip V1 — buR?
201 _ 2 _ 2 201 _ 2 _ 272 2
.\ \/E.Aflzf4)\aﬁﬂ+(b (1 = )% = 2 ((B2(1 — Av)? — 2A2)2 — 4N%af) Fu(Nye -Polt-nti gy
27ip* J1 — buR?
\/EAO =2\ B, ((b*(1 — W)? — 2AD)2((h*(1 — )% — 2\2)2 — 4\%apf) appH
+ Yz 2 Fi(M)e dX.
2rip V1 — BuR (25)
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Fig. 4 Possible branching angle @ of a propagating crack subjected to
uniform pressure. The half-plane boundary is parallel to the crack.

By using the Cagniard-de Hoop method, the stress intensity
factors can be obtained in the time domain; the expressions are
omitted here. The arrival times for P,P and S,S waves are
Tpp = 2\/c71a-2H and Tss = ZMH , respectively, and Tp;s =
T;,p is the corresponding time ¢ at which the imaginary part of
\ begins to vanish and a(AN)H + B(MNH = t is satisfied.

2.2.3  Stress Intensity Factors due to Reflected Waves From
the Boundary Perpendicular to the Crack. In a similar way,
the stress intensity factor induced by the reflected waves gener-
ated from the vertical boundary can be obtained as follows:

2 ((b* — 2a%)(1 — fw)? + 2R2)(B2(1 — fw)? —

a

—— + b|L,
1+ by

TPZP = 2a,L, TPZS =

TSZP = (28)

+ alL, TSZS = 2b1L
1+ av

3 Numerical Results

We now perform a numerical investigation of the dynamic
stress intensity factor for a propagating crack interacting with
stress waves reflected from boundaries. In this study, Poisson’s
ratio v is assumed to be equal to 0.25, which gives ratios of
the slownesses » = ¥3a and ¢ = 1.8844. A semi-infinite crack
embedded parallel to the boundary of a half-plane as shown in
Fig. 1 is considered first. At time ¢ = 0, a uniform loading with
magnitude oy is applied to the crack faces. The stress gradually
intensifies at the crack tip, and crack propagation may be initi-
ated only after some delay time 7,. It is assumed that the crack
begins to propagate straight with constant speed v = 0, 0.1v,,
0.2v; after a delay time #, = 0.5aH. The pressure does not
expand over the newly created crack faces, but it continues to
act on the original crack faces.

The diffracted waves emitted from the crack tip will be re-
flected from the boundaries and interact with the propagating
crack tip. The transient responses of mixed-mode dynamic stress
intensity factors are calculated as shown in Fig. 3. The arrival
times of reflected waves reaching the propagating crack tip are
shown in Table 1. The analytical solutions presented in this
study are valid until the P, P wave is reflected twice from the
boundary and returns to the moving crack tip. It is found that
the mode 1 stress intensity factors increase rapidly after the

282)a_(b? — 2a")(b? — 202 . ,
)Ot ( 2w )( )Fz(')\)egzlmld

1= .
27”p3l2

4R (b2 (1 — N)? — 2MD)a_a’s% (&%) (b — 28 %)

kd*(1 — Xu)2a%(c, — S_(R) (1 = w)(1 — M)R%(a®)

kd*(1 — X)%(c; — MS_(A)(1 — )1 — WR% (&%

2

—8N2B((b? — 2aM)(1 — \w)? + 2R (b2

Fo(N)e Mg

(1 = )? =28

F2(7~\)e *[)XL'~[)Q°(E°)(!~AU)L’CZ)\

FZ(X)e ~pr'-pﬂ°(a°)(1_>\u)L'd)\

2mip? J kd?*(1 — A)%ac(e; — NS — a®(BONRY(BDH(1 — w)

2 820w, (b* — 28°(@°)?)(b® — 28 )X
2mip*? J kd*(1 = A)?(c; ~ ML) = B@)V)R%(a%) (1 — W)

V2 [ 16826% BV a (BN + 4R(b2(1 — hv)? — 2R a_NFO(b? — 2X2)
2mip?”? kd*(1 — M)2(c; — RS2 - X)(1 — WIR%(B®

where
a=aN), =003, L =L+,
- A N a (M) o
A= ——, FM) = Fi(X). (27
T V1 — av(es + NS (V) ). (27)

X expressed in the first and fourth terms in (26) are

-\
1 -2

X:

and X expressed in the second and third terms in (26) are

—a®(f") -B°(a)

@ T @y

X =

By using the Cagniard-de Hoop method, the stress intensity
factors are obtained in the time domain; the results are omitted
here. The arrival times are
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Fy(X *W’dx,
2(A)e (26)

reflected P, P wave reaches the crack tip. The mixed-mode stress
intensity factors will lead to crack branching and kinking from
the original crack direction. The criterion of minimum strain
energy density proposed by Sih (1972) is introduced to predict
the crack growth direction. The possible branching angle with
respect to the original crack direction is obtained as shown in
Fig. 4. It is found that the angles 6 are all positive which means
that the crack will propagate upward and extrude out of the
half-plane surface.

The diffracted waves generated from the moving crack tip
are smaller than those from the stationary crack; at the time
that the stress waves generated from the moving crack tip return
back to crack tip, the stress intensity factor will experience
slight variation. Because the tensile effect of a reflected P,P
wave will decay gradually, the incremental rate of stress inten-
sity factor change will decrease after the P,P wave arrives at
the crack tip (i.e., about time ¢t = 2.5aH). But at a later time
(about time 7 = 3.3aH), the P,S wave which carries a strong
tensile effect reaches the crack tip and will enlarge the stress
intensity factor.
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Fig. 5 Configuration and coordinate systems of a semi-infinite crack
embedded in a finite strip

If the asymmetrical strip shown in Fig. § is considered, and
the distance between the crack and the bottom of the strip is
1.4H, the mixed-mode dynamic stress intensity factors can be
obtained as shown in Fig. 6. The mixed mode stress will make
the propagating crack deviate from the original crack direction.
The possibie kinking angle with respect to the original crack
direction is obtained and shown in Fig. 7. The direction of
the crack propagation is always toward the top side, which is
consistent with the curved path of the propagating crack ob-
tained by Ravi-Chandar and Knauss (1984d).

A semi-infinite crack embedded in a half-plane, as shown in
Fig. 2, is considered next. With the same loading condition as
the previous problem, the transient history of mode I stress
intensity factor induced only from the reflected waves is calcu-
lated and shown in Fig. 8. Because the influence of the reflected
waves from the boundary perpendicular to the crack on the
stress intensity factor is very weak, the transient solutions (4)
and (23) are excluded from Fig. 8 in order to emphasize the
reflected effect. This figure shows clearly that the influence on
the stress intensity factor due to reflected waves from the bound-
ary perpendicular to the crack is much smaller than that from
the boundary parallel to the crack. The numerical results are
consistent with the experimental results obtained by Ravi-
Chandar and Knauss (1984d) in that the influence of reflected
waves generated from the frontal surface is very weak. It is
worthwhile to note that the first few reflected waves produce a
compression effect. The arrival times of the reflected waves are
shown in Table 2. The analytical solutions of this study are
valid until the reflected P, P wave is reflected twice from the
vertical boundary and returns to the moving crack tip.

Finally, experimental results reported by Ravi-Chandar and
Knauss are simulated and compared with the present theoretical
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LIS I S e et e By N B G S B B B B0

0 1 2 3 4 5

t/aH

Fig. 6 Stress intensity factors of a propagating crack subjected to uni-
form pressure in a finite strip
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Fig. 7 Possible branching angle § of a propagating crack subjected to
uniform pressure in a finite strip

Aol L e s ey el o

analysis. For the experimental set-up, a long edge crack was
cut into a rectangular specimen of Homalite-100 along a sym-
metrical line as shown in Fig. 9. The specimen was then sub-
jected to suddenly applied uniformly distributed pressure on the
crack surfaces. The time variation of this pressure distribution
was approximated very well by a linear increment in magnitude
up until the rise time ¢, after application, and then constant
magnitude thereafter. From the experimental data presented, the
loading rise time ¢, was approximate 25 us, independent of the
final magnitude of the applied pressure. The time history of the
applied loading can be expressed as oot/t.H(t) — oo(t — 1)/
t.H(t — 1), so that the transient effect can be obtained by
superposition of the solutions for the linearly increased pressure.

The properties of Homalite-100 given by Ravi-Chandar and
Knauss (1984d) are p = 1230 kg/m*, v = 0.31, and E = 4550
MN/m?, which yield the wave speeds v, = 2057 m/s, v, = 1176
m/s, and vy = 1081 m/s. Two different loading conditions will
be discussed in detail; we choose oy = 1.10 MPa (2.46 MPa)
which makes #, = 56 us (28 ps) and crack extending speed v
= 240 m/s (363 m/s). The transient stress intensity factors are
calculated by neglecting the diffracted waves generated from
the corner of the plate and results are shown in Fig. 10. The
theoretical predictions are in agreement with experimental re-
sults. The first reflected wave generated from the boundary
arrives at the propagating crack tip at 7 = 150 us and causes
the stress intensity factor to increase very quickly. At about
time ¢ = 170 us to 200 us, the experiment shows a short duration
period of constant value of stress intensity factor. This phenom-
enon is attributed to the arrival of the reflected P, P. But a short

=
o
] d/a
4 o 5
8— o 10
o‘q A o0
o j t,g=0.5¢1.H
7
8]
9]
1 K=2vw/ 7
‘9_
= R S D A
t/aH

Fig. 8 Stress intensity factors of a propagating crack subjected to uni-
form pressure. The half-plane boundary is perpendicular to the crack.
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Table 2 Arrival times at which reflected waves reach the moving crack
tip. The half-plane boundary is perpendicular to the crack.

v P1P(P2P) PlS(PzS) Slp(SQP) S]S(st)

Ovi | 2.00(2.50)aL 2.73(3.23)el 2.73(3.23)al 3.46(3.95)al

0.1v; | 1.86(2.32)al 2.40(2.83)al 2.53(2.98)al 3.03(3.45)al

0.2u | 1.75(2.17)al  2.16(2.53)al 2.36(2.78)al  2.70(3.07)al

time later, the P, S wave and S,P wave reach the crack tip,
the stress intensity factor will increase again and branching is
observed in the experiment.

4 Conclusions

The phenomena of crack propagation, arrest, and branching
are the most important subjects in the areas of dynamic fracture
analysis. The interaction of reflected waves with a propagating
crack subjected to dynamic loading had previously only been
investigated in experimental works. It seems difficult to obtain
the analytical solutions by using well-known conventional
methods. The fundamental solutions for a half-plane and a prop-
agating crack are used to solve the problem of the interaction
of stress waves and a moving crack. The reflected and diffracted
fields can be constructed by superimposing the fundamental
solutions in the Laplace transform domain. A superposition
methodology is used in this study to solve this complicated
problem. It is shown to be both powerful and efficient in solving
complicated dynamic fracture problems of finite dimensions.

In this study, we focus our attention on the contribution of
the reflected waves generated from plane boundaries. An ex-
plicit result for the dynamic stress intensity factor is obtained
in a closed form which is valid before the reflected waves for
the second time return to the crack tip. For the finite crack
problem, the diffracted waves generated from the other crack
tip reach the propagating crack tip will influence the stress
intensity factor. But according to the study of a stationary center
crack by Sih et al. (1972), the influence is very small before
the time ¢ = 2.5al, where [ is the crack length. Thus, if the
crack length [ = 2H, the present solutions are remain acceptable
during the time interval t = SaH. Because uniform step loading
or high-ramp loading are unusual and the reflected tensile waves
occurring require the shorter pulse for the crack close to the
surface, the reflected effect due to practical loading should be
weaker than the theoretical results.

If the medium is a half-plane or a asymetrical finite strip, the
mixed-mode stress intensity factors will induce a curved crack
path. The theoretical results and numerical calculations pro-
vided in this study are consistent with the experimental work
done by Ravi-Chandar and Knauss (1982, 1984d). There are
many unanswered questions in dynamic fracture mechanics.
This work may provide a useful technique for further investiga-
tion in more complicated dynamic loadings and configurations.

500 x 300 x 476 (mm)
Homalite -100

Fig. 9 Configuration of an edge crack specimen investigated by Ravi-
Chandar and Knauss (1982, 1984b)
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Fig. 10 Stress intensity factors of theoretical prediction and experimen-~
tal results of Ravi-Chandar and Knauss (1982, 1984b)

Acknowledgment

The authors gratefully acknowledge the financial support of
this research by the National Science Council (Republic of
China) under Grant NSC 81-0401-E211-503 to Huafan Univer-
sity.

References

Freund, L. B., 1972a, ““Crack Propagation in an Elastic Solid Subjected to
General Loading—I. Constant Rate of Extension,”” Journal of the Mechanics
and Physics of Solids, Vol. 20, pp. 129-140. :

Freund, L. B., 1972b, “‘Crack Propagation in an Elastic Solid Subjected to
General Loading-—II. Non-uniform Rate of Extension,”’ Journal of the Mechanics
and Physics of Solids, Vol. 20, pp. 141-152.

Freund, L. B., 1973, “‘Crack Propagation in an Elastic Solid Subjected to Gen-
eral Loading—III. Stress Wave Loading,”’ Journal of the Mechanics and Physics
of Solids, Vol. 21, pp. 47-61.

Freund, L. B., 1974, ‘‘Crack Propagation in an Elastic Solid Subjected to Gen-
eral Loading—IV. Obliquely Incident Stress Pulse,”” Journal of the Mechanics
and Physics of Solids, Vol. 22, pp. 137-147.

Kim, K. S., 1985, “‘Dynamic Fracture Under Normal Impact Loading of the
Crack Faces,”” ASME JOURNAL OF APPLIED MECHANICS, Vol. 52, pp. 585-592.

Ma, C.C,, and Chen, S. K., 1994, ‘‘Exact Transient Full-Field Analysis of an
Antiplane Subsurface Crack Subjected to Dynamic Impact Loading,”” ASME
JOURNAL OF APPLIED MECHANICS, Vol. 61, pp. 649--655.

Ma, C.C,, and Ing, Y. 8., 1995, ““Transient Analysis of Dynamic Crack Propa-
gation with Boundary Effect,”” ASME JOURNAL OF APPLIED MECHANICS, Vol. 62,
pp. 1029-1038.

Ravi-Chandar, K., and Knauss, W. G., 1982, ‘‘Dynamic Crack-tip Stresses
Under Stress Wave Loading— A Comparison of Theory and Experiment,”’ Inter-
national Journal of Fracture, Vol. 20, pp. 209222,

Ravi-Chandar, K., and Knauss, W. G., 1984a, ‘‘An Experimental Investigation
into Dynamic Fracture: I. Crack Initiation and Arrest,”” International Journal of
Fracture, Vol. 25, pp. 247-262,

Ravi-Chandar, K., and Knauss, W. G., 1984b, ‘‘An Experimental Investigation
into Dynamic Fracture: 1I. Microstructural Aspects,” International Journal of
Fracture, Vol. 26, pp. 65-80. ‘

Ravi-Chandar, K., and Knauss, W. G., 1984c, ‘‘An Experimental [nvestigation
into Dynamic Fracture: IIl. On Steady-State Crack Propagation and Crack
Branching,” International Journal of Fracture, Vol. 26, pp. 141~154.

Ravi-Chandar, K., and Knauss, W. G., 1984d, ‘‘An Experimental Investigation
into Dynamic Fracture: IV. On the Interaction of Stress Waves With Propagating
Cracks,” International Journal of Fracture, Vol. 26, pp. 189-200.

Ravichandran, G., and Clifton, R. J., 1989, ‘‘Dynamic Fracture Under Plane
Wave Loading,”” International Journal of Fracture, Vol. 40, pp. 157-201.

Sih, G. C,, Embley, G.T., and Ravera, R. S., 1972, *‘Impact Response of a
Finite Crack in Plane Extension,”’ International Journal of Solids and Structures,
Vol. 8, pp. 977-993.

Thau, S. A,, and Lu, T. H., 1971, “Transient Stress Intensity Factors for a
Finite Crack in an Elastic Solid Cause by a Dilatational Wave,”’ Infernational
Journal of Solids and Structures, Vol. 7, pp. 731-750.

Tsai, C. H., and Ma, C. C,, 1991, ‘‘Exact Transient Solutions of Buried Dy-
namic Point Forces and Displacement Jumps for an Elastic Half Space,” Interna-
tional Journal of Solids and Structures, Vol. 28, pp. 955-974.,

Tsai, C. H., and Ma, C, C., 1992, ‘“Transient Analysis of a Semi-infinite Crack
Subjected to Dynamic Concentrated Forces,”” ASME JOURNAL OF APPLIED ME-
CHANICS, Vol. 59, pp. 804811,

Tsai, C. H., and Ma, C.C., 1997, “‘Transient Analysis of a Propagating In-
Plane Crack in a Finite Geometry body Subjected to Static Loadings,”” ASME
JOURNAL OF APPLIED MECHANICS, accepted for publication.

Transactions of the ASME

Downloaded 31 Oct 2008 to 140.112.113.225. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



APPENDIX

Al Fundamental Solution of a Half-Plane

The solution of applying an exponentially distributed loading
in the Laplace transform domain to the surface of a half-plane
is denoted as the fundamental solution of the half-plane. The
coordinates system (£, x,) moving with a constant speed v is
attached at the surface of half-plane. For the boundary condi-
tions

72(€, 0, p) = e, (A1)
712(£, 0, p) = 0, (A2)

where 71 is an arbitrary imaginary number, the solutions for
stresses can be obtained as

(b = 2a>)(1 — mu)* + 29*)(b*(1 — ) - 2p?)

—0 < £ < o,

=00 < £ < o,

R(n)
X efpaxzﬂmg + 477_26!'8. e~pﬂx2+pn£’ (A3)
R(n)
= —2na(b(1 — qu)?* — 21?) o Pk, e
R(n)
n Zna(bz(] - 7]1))2 - 2772) e—pﬂx2+l)77£, (Ad)
R(n)
gy = A =m)® = 2007
R(m)
M e*pﬂxzﬂm&. (A5)
R(m)
For the boundary conditions
522(£y 0’ P) = Oa —0 << £ < o, (A6)
712(&, 0, p) = e, ~o < £ <o, (A7)
solutions for stresses are
7y = _2nﬂ((b2 - 2612)(] _ 771))2 + 27)2) g ~Pax, g
R(m)
+ “2nﬂ((b2(1 - 77”)2 - 2772) e—pﬁxz—f—pnﬁ, (A8)
R(n)
5_12 = 4772aﬂ e~,mx2+pn§
R(m)
L B2 = ) — 297)? e PRI (A0)
R(m)
Ty = -27]ﬁ(b2(1 — 77“)2 _ 2772) o Py HpE
R(n)
+ zﬂﬁ(b2(1 _ 7)”)2 — 2772) e—pﬂx2+pr/£. (AIO)
R(n)

A2 Fundamental Solution of a Propagating Crack

The solution of an exponentially distributed loading in the
Laplace transform domain applied at the propagating crack
faces is denoted as the fundamental solution of propagating
crack. Consider a semi-infinite crack propagating with constant
speed v = 1/d in an unbounded medium. The coordinate system
(&, x2) is attached to the moving crack tip and is also moving
with the constant speed v. Consider the boundary conditions of
mode 1

Journal of Applied Mechanics

T2(§ 0,p) =e™ for —o<E<0,  (All)
7120, 0,p) =0 for —0 <€ <o, (A12)
B(E 0, p)=0 for 0 <€ < oo, (A13)

where 7 is a complex number, under the condition that Re ()
> Re(M\), the stresses can be obtained as follows:

oy = Lf [S{(N)e Peatrre o ST(N)e PPt 4N, (Al4)
27
where
SN = = ((h? — 2aD)(1 — W)? + 222)
X (D31 = W)* = 2\ a, (1) G(n, M/a, (\),
SHN) = °BN)a-(Ma. (n)G(n, V),
S12(N) = 20 (b (1 — W)* — 20D (M, (7)G(7, \),

Sh(N) = =Sh(n),
Sn(A) = —(b*(1 = W)* = 203 %a, () G (7, N)/a, (M),
S%z = ”S%h
G(n, N) = 1/(x(d = M) (e — M (ez + 1)
X S-(M)S(m(N—m)). (AlS)
The corresponding mode [ stress intensity factor is
K = b @ (1) : (A16)
Vp 1 = av(e, + n)S+(n)
If the boundary conditions are
70(§,0,p) =0, ~»<{<w, (A17)
(€ 0,p) = ™, —o < £ <0, (A18)
#(0,p) =0, 0<¢<oo, (A19)

the solution of stresses is expressed as in Eq. (A14) with
SN =20 (b*(1 = W)? = 2a2)B(M) B+ (7)G (7, M),
SHN = Sh(n,
S12(N) = =) B- (M) B.(m)G(n, M),
SRV = =(B%(1 = W)* ~ 2A)BL () G(n, M)/ B (N,
Sn(N) = 2Mb*(1 = W)* = 2X)B_ (M) B, () G(n, \),

S%(N) = ~Sn(\). (A20)
The corresponding mode 1I stress intensity factor is
g, -2 B.(m) 21

PV = bu(e, + m)Sa(n)

A3 Coordinates Transformation Principle of Stresses

The physical quantities must be expressed in the same coordi-
nate system, so that the superposition method can be performed
successfully. If the stress 7 expressed in the fixed coordinate
system (x|, x;) is

Ty(x1, X2, p) = p" f F(\)e P*"atohn gy, (A22)
then it can be transformed to the moving coordinate system (¢,
x2) by the form
7€ x2, p)

A
— ph 1_)\ nle
P f( V) (l—)\v

where { = x; — vt. The stresses of (A22) and (A23) can be
proved to be equivalent in the time domain.

)e TPt N, (A23)
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