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Theoretical Transient Analysis 
of the Interaction Between 
a Dynamically Propagating 
In-Plane Crack and 
Traction-Free Boundaries 
In this study, the transient response of a propagating in-plane crack interacting with 
half-plane boundaries is investigated in detail. The reflected waves which are gener- 
ated from traction-free boundaries will interact with the propagating crack and 
make the problem extremely difficult to analyze. The complete transient solutions are 
constructed by superimposing fundamental solutions in the Laplace transform do- 
main. The fundamental solutions represent the responses of' applying exponentially 
distributed loadings in the Laplace transform domain on the surface of a half-plane 
or the propagating crack faces. We focus our attention on the determination of the 
dynamic stress intensity factor. The dynamic stress intensity factors of a propagating 
crack in a configuration with boundaries and subjected to dynamic loadings are 
obtained in an explicit closed form. The transient solutions obtained in this study are 
in agreement with the experimental results from the literature. Some interesting 
phenomena observed in the published experimental works are also identified and 
discussed. It is concluded that the reflected waves generated .from the boundary 
parallel to the crack have much stronger influence on the propagating crack than 
those generated from the boundary perpendicular to the crack. When the reflected 
waves generated from the boundary parallel to the crack return to the moving crack 
tip, the stress intensity factor will increase rapidly. 

1 Introduction 
Most existing analyses of cracked bodies are quasi-static. 

However, there are numerous situations in which the material 
inertia becomes significant and must be taken into account. 
Inertial effects can arise either from applying dynamic loading 
to a cracked solid or from rapid crack propagation. The inherent 
time dependence of a dynamic fracture process results in mathe- 
matical models that are more complex than equivalent quasi- 
static models. The phenomena of crack propagation, arrest, and 
branching are very important subjects in the area of dynamic 
fracture analysis. In a series of papers, Freund (1972a, b, 1973, 
1974) developed an important analytical method for evaluating 
the transient stress field and dynamic stress intensity factor of 
a propagating semi-infinite crack in an infinite medium. Freund 
proposed a superposition method in the time domain to study 
the dynamic effect of crack propagation, some fundamental 
solutions were obtained and were used to develop the solution 
for the negation of the stress distribution on the prospective 
fracture plane. His method is valid for the loading condition of 
step stress pulse applied on the crack faces, but without consid- 
ering the reflected waves generated from boundaries. 

The interaction of reflected waves with a moving crack has 
only been discussed in a series of experimental works by Ravi- 
Chandar and Knauss (1982, 1984a, b, c, d), Ravichandran and 
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Clifton (1989), and Kim (1985). Experimental results indi- 
cated that the effect of reflected waves dominates the stability 
of crack propagation. The possibility of arrest, acceleration, or 
branching of the propagating crack is influenced by the reflected 
waves generated from boundaries of specimen. It seems difficult 
to obtain the analytical solution of the problem of interaction of 
reflected waves with a propagating crack by using conventional 
methodology. 

In recent years, a powerful and efficient methodology based 
on superimposing the fundamental solution in the Laplace trans- 
form domain was proposed by Tsai and Ma ( 1991, 1992, 1997) 
to solve many complicated and difficult problems. Using this 
superposition methodology, Ma and Chen(1994) and Ma and 
Ing ( 1995 ) investigated the transient response of antiplane semi- 
infinite cracks in a configuration with boundaries. The solutions 
to applying an exponentially distributed traction at the surface 
of a half-plane and at a semi-infinite crack face in the Laplace 
transform domain are considered as the fundamental solutions. 
The reflected and diffracted fields generated from the half-plane 
and crack tip can be obtained by superimposing these fundamen- 
tal solutions as shown in the Appendix. In this study, the super- 
position method that is used to solve the stationary crack prob- 
lem is extended to solve the transient response of a propagating 
crack interacting with reflected waves generated from traction- 
free boundaries. 

In this paper, transient stress intensity factors for a semi- 
infinite crackembedded in a half-plane subjected to a sudden 
impact on the crack faces are analyzed. The orientations of the 
half-plane boundary are parallel to the crack and perpendicular 
to the crack. The reflected waves will induce mixed-mode stress 
intensity factors and influence the crack propagation path for 
the crack which is parallel to the boundary. The numerical 
results obtained in this study show that reflected waves gener- 
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Fig. 1 Configuration and coo~inate systems of a semi-infini~ crack 
which is parallel ~ the half-plane boundary 

ated from the boundary parallel to the crack have much stronger 
influence on the propagating crack than those generated from 
the boundary perpendicular to the crack. When the reflected 
waves generated from the boundary parallel to the crack return 
to the moving crack tip, the stress intensity factor will increase 
rapidly. Finally, the analytical solution of a propagating crack 
in a rectangular finite plate subjected to impact loading on the 
crack faces is obtained without considering the diffracted waves 
generated from plate corners. The experimental results obtained 
by Ravi-Chandar and Knauss ( 1982, 1984b) are discussed and 
are compared with the analytical result in light of the theoretical 
analysis in this study. 

2 Crack Propagation and Interaction With a Half- 
Plane 

For the convenience of the following derivation, some useful 
symbols are defined as follows: 

c~_+ = ,~_+(X) = [a _+ X(1 T- av)] ~2, 

a ° = a ° ( k )  = (a 7- X) '/2, 

a = a(X) = a + ( k ) a  (k) ,  a ° = c~°(k) = a°+(h)a°_(h) ,  

/3+ = /3re(k) = [b _+ ~.(1 7- h i ) ) ]  1/2, 

/~o = ~0_+(x ) = (b  7- x)  ''2, 

¢~ = ¢~(x) = ¢L(x)¢~  i x ) ,  ~o  = / ~ o ( x  ) = ¢~o(x)C~0_(x) ' 

R = R()t) = (b2( l  - Xv) 2 - 2)t2) 2 + 4k2a/3 

= K(d - ~ . ) 2 ( c  I - k ) ( c  2 -[- ~ ) S + ( ) t ) S _ ( ) ~ ) ,  

K = 4 ( 1  -aZv2) l /2 (1  - b 2 v 2 )  1 /2-  ( 2 - b a v a )  2, d =  1/v, 

al = a / ( l  + av), bl = b/(1  + by), cl = c/ (1  + ev) ,  

a2 = a/(1 - av), b2 = b/(1  - by), c2 = c / ( 1 -  cv) ,  

S+ = S+(X) 

= tan l [ (b2(1  + ~v)2 _ 2~2) 2 , 
e x p ( ~  .r2::' 4-~ 2 I a]l---~ [ ] ~ d_@x)  

R ° = R°(X) = R(X)I , -0 ,  S ° = S° (X)  = S+(X)l,_o, (1) 

where a ( = l / v l ) ,  b (=l/v.~), c (= l /v~) ,  and d ( = l / v )  are the 
slownesses of longitudinal wave, shear wave, Rayleigh wave, 
and moving crack tip, respectively, v~, v ,  v,., and v are the 
corresponding speeds of the longitudinal wave, shear wave, 
Rayleigh wave, and the moving crack tip. 

We consider a semi-infinite crack embedded in a half-plane 
whose boundary is parallel to the crack as shown in Fig. 1 and 
embedded in a half-plane whose boundary is perpendicular to 
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the crack as shown in Fig. 2. The distance from the crack tip 
to the boundary parallel to the crack is denoted as H and to 
the boundary perpendicular to the crack is denoted as L. The 
coordinate system (x~, x2) is attached to the stationary crack 
tip, and the alternative coordinate system (271,272) is fixed at xl 
= 0, x2 = H (or xl = L, x2 = 0). At time t = 0, a uniform 
pressure of magnitude ao is suddenly applied to the crack faces. 
After a delay time td, the crack begins to extend at a constant 
velocity v, and the moving coordinate system (~, x2) is attached 
to the moving crack tip. The relation between Xl and ~ is x~ = 

+ v ( t  - t . ) .  
After a uniformly distributed impact is suddenly applied to 

the stationary crack faces, a diffracted longitudinal wave (de- 
noted by P~ ) and a shear wave (denoted by S~ ) will be emitted 
from the stationary crack tip. The P~ wave will be reflected 
from the traction-free boundary of the half-plane and hence 
generate the reflected longitudinal wave and shear wave which 
are denoted by P~ P wave and P~ S wave. Similarly, the $1 wave 
will be reflected from the boundary of the half-plane and the 
reflected longitudinal wave (S~ P)  and shear wave (S~ S) will 
be generated. After a delay time t,t, the crack begins to propagate 
with a constant speed v. The diffracted longitudinal wave (P2) 
and shear wave ($2) will be emitted from the moving crack tip 
at time t = t,~. The diffracted waves P2 and $2 will also be 
reflected from the boundary of the half-plane and generate re- 
flected longitudinal waves (P2P, S2P) and shear waves (P2S, 
$2S). All these reflected waves will interact with the moving 
crack tip at later times, and make the problem extremely difficult 
to analyze. 

Before reflected waves return to the propagating crack tip, 
the problem can be viewed as a semi-infinite crack propagating 
in an unbounded medium; the solution has been obtained by 
Freund ( 1973 ) by using another method. We focus our attention 
on the reflected waves for the first time. The reflected effect for 
the second time, third time, etc., will not be discussed in this 
study. 

The diffracted waves include two parts, the first one is in- 
duced from the stationary crack tip and the second one is gener- 
ated from the moving crack tip. Before the Stress waves which 
are emitted from the propagating crack tip return to the moving 
crack tip, the stress intensity factors are shown in Section 2.1. 
After the P2P, P2S, SzP, and $2S waves reach the crack tip, 
the stress intensity factors can be obtained approximately by 
taking the problem for a uniformly extending crack (i.e., At 
time t = 0, the crack tip is located at Xl = -Vtu and extends at 
a constant speed v without delay time) which is shown in Sec- 
tion 2.2. 

2.1 Stress Intensity Factors due to the Stress Waves 
Generated From the Stationary Crack. 

2.1.1 Diffracted Waves in Infinite Medium. Consider a 
stationary semi-infinite crack embedded in a half-plane as 

X2 
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Fig. 2 Configuration and coordinate systems of a semi-infinite crack 
which is perpendicular to the half-plane boundary 
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shown in Fig. 1. At time t = 0, a uniform pressure with magni- 
tude a0 is suddenly applied at the crack faces. The waves emit- 
ted from the stationary crack can be expressed in the Laplace 
transform domain as follows (Thau and Lu, 1971 ): 

Ao f (b ~ -- 2h2) 2 e_~o,~+p×,~ 
~ = 2 ~ p  2ka°+(c - h)S  °_ 

2ha°/3 ° 
+ ( C ' ~ o  e-p~°x2+pXXldh, (2) 

Ao 7 7 -xTs ff{~ = 2 ~ p  f -°~°-(b2 -- 2K2) e-PC~%+t'~'x' 

+ a°-(b2 - 2X2) e-~'~%+PXX~dh, (3) 
(c - x)s °_ 

where 

, (agO Ooffa 
Ao (b ~ _ a 2  ) , Wo cSO+(o ) 

p is the Laplace transform parameter. The first and second terms 
of (2) and (3) represent the diffracted P~ wave and S~ wave 
generated from the stationary crack tip, respectively. The solu- 
tion is exactly the same as that for a semi-infinite crack in an 
unbounded medium. The corresponding stress intensity factor 
in the time domain is 

24r2 C 
K, = -~ -  COoVt . (4) 

2.1.2 Stress Intensity Factors due to Reflected Waves From 
the Boundary Parallel to the Crack. The diffracted waves 
emitted from the stationary crack will be reflected from the 
boundary at x2 = H. From Eqs. (2) and (3), it is obvious that 
the traction which must be applied at x~ = H to eliminate the 
stresses 8~2 and 8~ is represented by the exponential function 
#,xr,. The fundamental solutions for normal traction ePXr~ and 
tangential traction e pxxl applied at the surface of the half-plane 
can be obtained from the Appendix by taking v ~ 0, ~ ~ z~, r/ 

k. Then the stresses ~2 and ~f: induced by reflected waves 
can be obtained by superimposing the fundamental solutions of 
(A4), (A5), (A9), and (A10). 

If the crack starts to propagate before the reflected wave P~P 
returns to the crack tip (i.e., ta < 2al l ) ,  the moving coordinate 
system (~, &) should be introduced to perform the superposition 
procedure for the propagating crack. The stresses induced on 
the propagating crack faces by ~ :  and ~ :  must be eliminated. 
Applying the transformation principle between the two different 
coordinate systems as mentioned in Appendix Eqs. (A22) and 
(A23), ~ and ~2 can be obtained as 

Ao f - ( b  2 - 2X2)~((b ~ - 2X2) ~ - 4X2~°fl °) 
~2 = ~ _ 2~o+( c _ X)~-o/~o( 1 _ kv)2 

X e-ZPe~H+PX((-vta)d~ 

Ao 1" -8k~°fl °(bZ 2X~) 2 

+ 27rip J ~ ( c  -- X)S-°/~°(1 - kv) 2 

X e-PC~H-PflH+pX(~-vta)d~ 

ao g 2X~°-ff°((b 2 - 222) 2 - 4X2~°fl °) 

+ 27rip J ~c -- ~ ) ~ - f f " - ~  by) 2 
X e-ZpflH+PX(~-VG)dk, (5)  

Ao 

X e-2pa/~+Px(~-vtd)dh 
Ao 1" 2~°-(b 2 - 2X2)((b 2 - 2X2) z - 4X2~°fl °) 

X e-PCeH-pflH+PX(~-uta)d~k 
Ao [" -~°-(b2 - 2X~)((b ~ - 2X~) 2 - 4hz~°fl °) 

+ 27rip J (c - 2)S°_K°( 1 - by) ~ 
X e-2pl3H+pX(~-Otd)dh (6) 

J o u r n a l  o f  A p p l i e d  M e c h a n i c s  

where 

k 
X=--,l_Xv ~0=~o(~), no=so(X) ,  

B ° = r i ° (X ) ,  B~  = ,0°_+(k), ~o = So(X),  .Eo = Ro(x ) .  

It is obvious that the tractions which should be applied to the 
propagating crack faces to eliminate the stresses ~2 and ~2 
induced by reflected waves are represented by the function e "x¢. 
Since the stress intensity factor for applying normal traction 
e v~¢ at the propagating crack faces has been obtained in (A16) 
and (A21), the stress intensity factors induced from reflected 
waves can be obtained by superimposing the fundamental solu- 
tion as follows: 

1 
f H1 ( k)e 191 = 27rip3/------ ~ 

~2p~n~pX~g d 

+ H2(k)e  -mH-p~M P×°'a + H3(k)e  -2pan I'x~',~dk, (7) 

E.-  1 f 27rip3/-------- ~ H4(~)e-21"n-Px~', 

+ Hs(k)d  -p"n-p~n-vh°',' + H6(k)e-2P~n-v×°'ddM (8) 

where 

Hi(X) = - ( b  2 - 2X2)2((b 2 - 2k2) z 

- 4X 2~o~ 0)a+j(k)/2~/1 _ av X~°+, 

H2(k) = -8X~°-fl °(b2 - 2X 2)2a+J(h)/~/1 - av, 

H3(h) = 2X~°-fl°((b 2 - 2X2) 2 - 4X 2~°fl °)o-,+J(h)/~/l - av, 

H4(X) = -~°-(b2 - 2~2)((b 2 - 2X2) 2 

- 4X 2~° B °)fl+J(k)/~/l - by, 

Hs(X) = -2H4(X),  n6 (x  ) = H4(K), 

J(k)  = ~/2Ao/((c - X)g°_/g°(1 - hv)2(c2 + k)S+).  

Inverting to the time domain by using the Cagniard-de Hoop 
method, the stress intensity factors of the propagating crack 
induced by reflected PiP ,  P~S, & P ,  and & S  waves can be 
obtained as follows: 

1 t ~ -  ~ Im H,(X,) O r J  g ' = ~  z ,. 

1 ~ Im H2(k2) Or J 
+ ~ ,s 

+ ~ 1  , , s k i m  H3(M). o r j d r '  (9) 

fTo [ O~lldT 1 ~ Im H4(k,) - ~ j  
x .  = 7 ~  ,. 

£ [ 1 t ~ -  T I m Hs(k2) o r j d r  + ~72 ),,s 

+  lfT,,; 47- g 'm [ H'(x') °×3 ] J (10) 

where 

Xl = 
vtdt - 4va2H 2 + i2H~/fl - a2(vt - vt,~) 2 - 4a2H 2 

v2t~ + 4 H  2 - 4 a 2 v 2 H  2 

DECEMBER 1997, Vol. 64 / 821 

Downloaded 31 Oct 2008 to 140.112.113.225. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



v t d  - 4 v b 2 H  2 + i2H~/t ~ - b 2 ( v t  - vta) 2 - 4 b 2 H  2 
X,3 = , (11) 

132t~ + 4 H  2 --  462132H2 

and M is the solution of c~H + 13H + k13ta = t.  The arrival time 
for each wavefront is 

222  - - a 2 v  2& + ~/a 13 td + 4 a 2 H  2 4 a 4 v 2 H  2 

T~,p = 1 - a 2 v  2 ' 

-bZ132t a + (b2u~t~ + 4 b ~ H  a - 4b4132H 2 
Ts,s = 1 - -  b213 2 , (12) 

and Te,s is the corresponding time t at which the imaginary part 
o f  X~ begins to vanish. 

The physical meaning of the terms in (9) and (10) following 
the sequence represent the stress intensity factors due to the 

2 . 1 . 3  S t r e s s  I n t e n s i t y  F a c t o r s  d u e  to  R e f l e c t e d  W a v e s  
F r o m  the  B o u n d a r y  P e r p e n d i c u l a r  to  the  C r a c k .  If the 
crack is perpendicular to the half-plane boundary as shown 
in Fig. 2, the diffracted waves emitted from the stationary 
crack tip will be reflected from the boundary at x~ = L. It 
is obvious that the traction which must be applied at x, = 
L to eliminate the stresses ~ and ~2  can be represented 
by the exponential functions e-PM't~I e P/3°l~lJ. The funda- 
mental solutions for applying normal traction and tangential 
traction e -t '~°l~t o r  e -pl~ I:r~l to the surface of a half-plane 
were solved by Tsai and Ma (1991);  the reflected waves 
can be obtained by superimposing these fundamental solu- 
tions. Then, by using the same procedure as given from (5)  
to (12) ,  the stress intensity factor of the propagating crack 
induced by reflected waves from the boundary of half-plane 
can be expressed as follows: 

~/2Ao f '  ~ L2X,~°_(c + ~ l ) S ° + ( X l ) R ° ( ~ ° ) ( 1  - i '~'~T ---- ~777T~-)7+(X1 O r  ] Im[  (b2 - 2X~)2((b2 - 2~°~)2 - 4kl~°~/3°(~°))a+(hl) OXl d r  
K , ( t )  = rr3/2 d~>,,, • . . . . . . . . . .  

2 Aofa   t ~ - r l m [  - 4 ( b 2 -  2°l°2(fl°))(c~°+(°~°(fl°))~°X~°!+(k2) OM]d,r 

2~/2A0 fdr~ ~ Im I - 4 ( b 2  - 2 K ~ ) ( b 2  - 2~°2)° l °+( f l ° (~°) )~°K3°L+()k3)  O~k31dT 
+ -777 , (c + 7 7 Z 7 i  - - 7 7 7 7  j 

2~/2Ao (-2~°+fl°X4(b2 - 2X2) 2 + 8~°+/~°3X420/°(~°))o/+(~k4) O ~ . 4 1 d T  

+ --7-577 f r , ~  " f ~ - Z 7  I m [ ( c  ; K 4 ) S ° ~ 4 ) R ° ~ f f ~ - I  -- k 4 ~  : a ~ c 2  ; -  M)~+(h4) O r  J ' 

where 

~1 = ' - -  

~k 2 = 

T T 
M 

2 L  + v t a '  2 L  + 13ta' 

a2vL  2 - bZvL 2 - r L  - rv ta  

a 2 v 2 L  2 b Z v 2 L  2 2 2 - - v  t d -  2Lv ta  

[(a213L 2 b213L 2 "rL "r13ta) 2 (aZl)2L 2 b2132L2 2 2 . . . . . .  v td - 2 L v t d ) ( a Z L  2 b 2 L  2 - r2)]  1/2 

+ a2132L 2 - b2132L2 - v2t2a - 2Lv t e  

~k 3 -~ 
b 2 v L  2 - a 2 v L  2 - r L  - Tv td  

b 2 v 2 L  2 aZ132L2 2 2  - - 13 td -- 2L13ta 

[(b213L 2 . . . . . .  a 2vL  2 r L  r v & )  2 (b2132L 2 a 2 v 2 L  2 13ta2 2 _ 2L13 ta ) (b2L  2 _ a 2 L  2 _ r2)]  i/2 
+ b2132L 2 a 2 v 2 L  2 2 2  - - 13 t~ - 2L13~ (16) 

contribution of reflected P t P ,  P~S  + S i P ,  and SiS waves, re- 
spectively. It is noted that the P ~ S  wave and S i P  wave reach 
the propagating crack tip at the same time. The wave fronts of 
the above-mentioned reflected waves are shown in Fig. 1. 

If the crack remains stationary after the reflected waves return 
to the crack tip, h l ,  ~k2, and k3 will be all pure imaginary num- 
bers. Then, the integral result of (9) comes only from the contri- 
butions of the pole k~ = 0 of the first term, and the stress 
intensity factor can be reduced to the simple form 

2"f20v0 ~/t - 2 H a .  /~,=~ (13) 

Combining the incident effect due to diffracted P1 and S~ waves, 
the stress intensity factor is 

2~f2a;o~ 2~f2~v° ( t -  2 H a ,  2 H a  < t < 4 H a .  (14) 
K , = - - g  V + ---g- 

The arrival time of each wavefront is 

TpLp = a l ( 2 L  + vta) ,  Tpts = 
a L  + b L  + bvt,t 

1 + b u  

a L  + b L  + avt,~ 
Ts,p = 1 + av  , Ts~s = b l ( 2 L  + vt~).  (17) 

The physical meanings of the four terms in (15) are the induced 
dynamic stress intensity factors due to the reflected P i P ,  P~ S ,  
$1 P, and S~ S waves generated from the vertical boundary. 

2.2 Stress Intensity Factors due to Stress Waves From 
the Propagating Crack. 

2 .2 .1  D i f f r a c t e d  W a v e s  in In f in i te  M e d i u m .  Consider a 
semi-infinite crack embedded in a half-plane as shown in Fig. 
1. At time t -- 0, the crack tip is located at x~ = -vt,~ and 
extends at a constant speed v. At this instant, a dynamic uniform 
pressure with magnitude a0 is suddenly applied to the crack 
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a /e  J 
o 5 K, 

- ~ 1 o  - - -  K,, ~ 

N I~= 0.5a,H P i P /  

PaP 

i i i i i i i i , i i i i i [ i i i i i i i , i 

0 1 2 3 4 5 

Fig. 3 Stress intensity factors of a propagating crack subjected to a 
uniform pressure. The half-plane boundary is parallel to the crack, 

faces. The pressure continues to be applied along the newly 
extending crack faces --Vtd < Xt < 0; after the crack tip pass 
through the point xj = 0, the pressure is only applied at the 
crack faces for xj < 0 and does not cover the newly created 
crack faces. The uniform pressure can be expressed as 

1 
~22 = ~ /  pk (1  - hv) ePX({-%')dh" 

The emitted stress fields of the propagating crack can be ob- 
tained by superimposing the fundamental solution (A14) as 
follows: 

1 f (b2( 1 - ~kv) 2 - 2K2) 2 F1 (k)e -v%+px~ 
~22 = ~ Kd20e+(1 - hv)2(¢l - X)S_(K) 

4k Za- ( h ) [~ Fi ( h )e - Pe~= +PXe dk,  
+ Kd2(l - Xo)2(c, - X)S (X) 

' f - 2 h a - ( h ) ( b 2 ( 1  - Xv) 2 - 2k 2) 
~ 1 2  = ~ K - - - d ~ i - : k - ~ ~ ( c T - - - K S T ( - ~ -  ~ F,(X)e -p'~x2+'x' 

+ 2 k a - ( k ) (  b2(1 - h v )  2 - -  2k z) Fl(h)e-,,~,~+pX~dk, 
Kd2(1 - kv)2(cl  -- R)S_(R) 

Table 1 Arrival times at which reflected waves reach the moving crack 
tip. The half-plane boundary is parallel to the crack, 

O v l  

0.1vt 

0.2vl 

P~P(P2P) P1S(P2S)/SiP(S2P) SIS(S2S) 

2.00(2.50)aH 2.73(3.23)aH 3.46(3.95)aH 

2.01(2.51)aH 2.75(3.26)aH 3.50(4.02)aH 

2.02(2.54)aH 2.80(3.33)aH 3.63(4.19)aH 

where 

_ cr oOe + (0_____________) aoa+(d)e-P',, (21) 
Fl(~.) c2S°+(0)k + (c2 + d)S+(d ) (d  - h) 

The stress intensity factor can also be obtained by superimpos- 
ing the fundamental solution (A16) as follows: 

G o t  
2trip 2/3 

f e Px~',,dh. (22) 
o!+ (~.) 

× ~/1 - av(c2 + R)S+(R)k(1 - kv) 

Because only the poles k = 0 and d contribute to the integral 
in (22),  the stress intensity factor for the unbounded medium 

(18) in the time domain is 

2V~a+(d) 

K, = ~f~/1 - av(c= + d)S+(d)  

× (Wo'~ - ~/t - t , t H ( t -  td)). (23) 

2.2.2 Stress Intensity Factors due to Reflected Waves From 
the Boundary Parallel to the Crack. The incident  and dif- 
fracted waves emitted from the propagat ing crack will be 
reflected from the horizontal  boundary at x2 = H. From Eqs. 

(19) (19)  and (20) ,  it is obvious that the tractions which must  
be applied at x2 = H to el iminate  the stresses g~2 and ~ 2  

are represented by the exponent ial  function e pM. The re- 
flected waves generated from the half-plane boundary  can 
be obtained by superimposing the fundamenta l  solutions 
(A4) ,  (A5) ,  (A9) ,  and (A10) .  From a similar  procedure 
to that indicated in the case of stationary crack, the stress 

(20) intensi ty factors can be obtained as 

Ki = 27rip3/2 J ~/1 - avR 2 
- ( b 2 ( 1  - kv) 2 - 2h2)2((b2(l  - Xv) 2 - 2~2) z - 4 a f l h  2) F l (h )e -2V ,ndk  

V~Ao f -16h2alS(bZ(1 - by) 2 - 2h2) 2 Fj(h)e_V,n_pBnd h 
+ 2trip3/--------- ~ ~ - a-~R-" ~ 

~/2Ao f 4a/~X2((b2(1 - kv) 2 - 2k2) 2 - 4a/3k 2) F l (X)e  2p~ndh. 
+ 2~ip 3/'-''''~ ~/1 - avR 2 

KH = ~/2A._..____~ f - 2 h a  /5+((b2(1 - kv) 2 - 2k2) 2 - 4 k 2 a f l ) F l ( X ) e  2"Hdk 
27rip 3/2 ~1 - bvR 2 

~/2Ao f 4ha_fl+(b2(1 - ~ , v )  2 - 2h2)((b2(1 - Xv) 2 - 2X2) 2 - 4k2afl) 

+ 2trip 3/'--''--'-~ ~1 - bvR z 

~Ao 
+ 2triP 3/------i ~/1 - bvR 2 

Fl(k)e PaH-pPH dh 

f -2ha_/5+((b2(1  - by) 2 - 2h2)2((b2(l  -- XV) 2 -- 2h2) 2 -- 4~2olfl)F,(X)e-2,,~,dX. 

(24) 

(25) 
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Fig, 4 Possible branching angle 0 of a propagating crack subjected to 
uniform pressure. The half-plane boundary is parallel to the crack. 

By using the Cagniard-de Hoop method, the stress intensity 
factors can be obtained in the time domain; the expressions are 
omitted here. The arrival times for PzP and S~S waves are 
Teae = 2 a~f~a~H and Ts~s = 2 b~-~b~H, respectively, and Te~s = 
Ts2e is the corresponding time t at which the imaginary part of 
X begins to vanish and a ( k ) H  + f l (h )H = t is satisfied. 

2.2.3 Stress Intensity Factors due to Reflected Waves From 
the Boundary Perpendicular  to the Crack. In a similar way, 
the stress intensity factor induced by the reflected waves gener- 
ated from the vertical boundary can be obtained as follows: 

a 
Tezp = 2a lL ,  Te2s - 1 + b~-------v + b lL ,  

b 
Tsae - 1 + av + a lL ,  Ts2s = 2b~L. (28) 

3 N u m e r i c a l  R e s u l t s  

We now perform a numerical investigation of the dynamic 
stress intensity factor for a propagating crack interacting with 
stress waves reflected from boundaries. In this study, Poisson's 
ratio u is assumed to be equal to 0.25, which gives ratios of 
the slownesses b = ~/3a and c = 1.884a. A semi-infinite crack 
embedded parallel to the boundary of a half-plane as shown in 
Fig. 1 is considered first. At time t = 0, a uniform loading with 
magnitude or0 is applied tO the crack faces. The stress gradually 
intensifies at the crack tip, and crack propagation may be initi- 
ated only after some delay time td. It is assumed that the crack 
begins to propagate straight with constant speed v = 0, 0.lye, 
0.2v~ after a delay time ta = 0.5al l .  The pressure does not 
expand over the newly created crack faces, but it continues to 
act on the original crack faces. 

The diffracted waves emitted from the crack tip will be re- 
flected from the boundaries and interact with the propagating 
crack tip. The transient responses of mixed-mode dynamic s t r e s s  

intensity factors are calculated as shown in Fig. 3. The arrival 
times of reflected waves reaching the propagating crack tip are 
shown in Table 1. The analytical solutions presented in this 
study are valid until the P~ P wave is reflected twice from the 
boundary and returns to the moving crack tip. It is found that 
the mode I stress intensity factors increase rapidly after the 

, 5  ~ (( b2 -- 2a2)( 1 - Kv)~ + 2X2)( b~(1 - kv)~ - 2k~)&-(b2 - 2~°~)(b2 - 2X2) ~ , ~ ,  -ztxa, 

+ 4~t(b2(1 - Kv) 2 - 2K2)&_~°13°(~°)(b2 - 2X 2) F2(X)e-2paL,dk 
Kd2(1 - ~tv)2(cl - k ) S  (k) (1  - Xv)(1 - kv)R°(~ °) 

, 5  f -8k2fi°~((b2 - 2a2)(1 - ~v) 2 + 2k2)(b2(1 - ~v) z - 2~. 2) 

+ 27rip 3/----7 Kd2(1 -- kv)26+(cl -- k)S°_(~.)(1 - a ° ( f i ° ) v ) R ° ( f i ° ) ( 1  - kv) 

,5 
-F 27rip3/----%S 

,5 
+ 27rip3/-- ~ 

F2 (~)e -P~'-Pa°(fi%(1-X~)L'dk 

8 ~ 2 / ~ & + ( b  2 - 2~°(~° )2 ) (b  2 -- 2Xz)K. F2(~t)e_PXC,-pBo(~o)(l-Xv)L,dk 
f Kd2(1 - -  ~ V ) 2 ( C l  - -  k)S°_(~.)(1 - f l ° ( a ° )v )R° (~° ) (1  - kv) 

f 16~.afi°&_fl°2o~°(/3°)X + 4k(ba(1 - ~v) 2 - 2~2)&_XfiO(b 2 - 2 -2  
K--~i- --- ~ ---- ~ ) ( ]  ~XV')('~ - - ~ ~ )  k )F2(~)e_ZpXL,dK ' 

(26) 

where 

& = cff~.), f i =  fl(~.), L '  = L +vta ,  

k F2(~.) = o~+(k) F~(~).  (27) 
X - l + k~v' ~/1 - av(c2 + k)S+(k)  

expressed in the first and fourth terms in (26) are 

~ =  - X  

1 - 2kv 

and ~ expressed in the second and third terms in (26) are 

_ _c?(fio) ~ -  _to(co) 
1 - c ~ ° ( f i ° ) v  ' 1 - f l ° ( ~ ° ) v  ' 

By using the Cagniard-de Hoop method, the stress intensity 
factors are obtained in the time domain; the results are omitted 
here. The arrival times are 

reflected P~ P wave reaches the crack tip. The mixed-mode stress 
intensity factors will lead to crack branching and kinking from 
the original crack direction. The criterion of minimum strain 
energy density proposed by Sih (1972) is introduced to predict 
the crack growth direction. The possible branching angle with 
respect to the original crack direction is obtained as shown in 
Fig. 4. it is found that the angles 0 are all positive which means 
that the crack will propagate upward and extrude out of the 
half-plane surface. 

The diffracted waves generated from the moving crack tip 
are smaller than those from the stationary crack; at the time 
that the stress waves generated from the moving crack tip return 
back to crack tip, the stress intensity factor will experience 
slight variation. Because the tensile effect of a reflected P2P 
wave will decay gradually, the incremental rate of stress inten- 
sity factor change will decrease after the P2P wave arrives at 
the crack tip (i.e., about time t = 2.5al l) .  But at a later time 
(about time t = 3.3al l ) ,  the P , S  wave which carries a strong 
tensile effect reaches the crack tip and will enlarge the stress 
!ntensity factor. 
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Fig. 5 Configuration and coordinate systems of a semi-infinite crack 
embedded in a finite strip 

If the asymmetrical strip shown in Fig. 5 is considered, and 
the distance between the crack and the bottom of the strip is 
1.4H, the mixed-mode dynamic stress intensity factors can be 
obtained as shown in Fig. 6. The mixed mode stress will make 
the propagating crack deviate from the original crack direction. 
The possible kinking angle with respect to the original crack 
direction is obtained and shown in Fig. 7. The direction of 
the crack propagation is always toward the top side, which is 
consistent with the curved path of the propagating crack ob- 
tained by Ravi-Chandar and Knauss (1984d). 

A semi-infinite crack embedded in a half-plane, as shown in 
Fig. 2, is considered next. With the same loading condition as 
the previous problem, the transient history of mode I stress 
intensity factor induced only from the reflected waves is calcu- 
lated and shown in Fig. 8. Because the influence of the reflected 
waves from the boundary perpendicular to the crack on the 
stress intensity factor is very weak, the transient solutions (4) 
and (23) are excluded from Fig. 8 in order to emphasize the 
reflected effect. This figure shows clearly that the influence on 
the stress intensity factor due to reflected waves from the bound- 
ary perpendicular to the crack is much smaller than that from 
the boundary parallel to the crack. The numerical results are 
consistent with the experimental results obtained by Ravi- 
Chandar and Knauss (1984d) in that the influence of reflected 
waves generated from the frontal surface is very weak. It is 
worthwhile to note that the first few reflected waves produce a 
compression effect. The arrival times of the reflected waves are 
shown in Table 2. The analytical solutions of this study are 
valid until the reflected P~ P wave is reflected twice from the 
vertical boundary and returns to the moving crack tip. 

Finally, experimental results reported by Ravi-Chandar and 
Knauss are simulated and compared with the present theoretical 

/ 
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o 5 K~ ¢ 
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o 
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Fig, 6 Stress intensity factors of a propagating crack subjected to uni- 
form pressure in a finite strip 
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Fig. 7 Possible branching angle 0 of a propagating crack subjected to 
uniform pressure in a finite strip 

analysis. For the experimental set-up, a long edge crack was 
cut into a rectangular specimen of Homalite-100 along a sym- 
metrical line as shown in Fig. 9. The specimen was then sub- 
jected to suddenly applied uniformly distributed pressure on the 
crack surfaces. The time variation of this pressure distribution 
was approximated very well by a linear increment in magnitude 
up until the rise time t,. after application, and then constant 
magnitude thereafter. From the experimental data presented, the 
loading rise time t,. was approximate 25 #s, independent of the 
final magnitude of the applied pressure. The time history of the 
applied loading can be expressed as o o t l t , H ( t )  - ~o( t  - tr) l  
t , H ( t  - tr), so that the transient effect can be obtained by 
superposition of the solutions for the linearly increased pressure. 

The properties of Homalite-100 given by Ravi-Chandar and 
Knauss (1984d)are p = 1230 kg/m 3, u = 0.31, and E = 4550 
MN/m 2, which yield the wave speeds vl = 2057 m/s, v, = 1176 
m/s, and vk = 1081 m/s. Two different loading conditions will 
be discussed in detail; we choose o0 = 1.10 MPa (2.46 MPa) 
which makes t,t = 56 #s (28 #s) and crack extending speed v 
= 240 m/s (363 m/s). The transient stress intensity factors are 
calculated by neglecting the diffracted waves generated from 
the corner of the plate and results are shown in Fig. 10. The 
theoretical predictions are in agreement with experimental re- 
sults. The first reflected wave generated from the boundary 
arrives at the propagating crack tip at t = 150 #s and causes 
the stress intensity factor to increase very quickly. At about 
time t = 170 #s to 200 #s, the experiment shows a short duration 
period of constant value of stress intensity factor. This phenom- 
enon is attributed to the arrival of the reflected P2P.  But a short 

o 

d/a / 
o 5 
nlO / 

O - t e l =  

. . . .  ~ . . . .  ~ . . . .  .~ . . . .  

t/aE 
Fig. 8 Stress intensity factors of a propagating crack subjected to uni- 
form pressure, The half-plane boundary is perpendicular to the crack. 
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Table 2 Arrival times at which reflected waves reach the moving crack 
tip. The half-plane boundary is perpendicular to the crack. 

OWl 

O.lvl 

0.2vl 

PtP(P2P) PtS(P2S) S,P(S2P) SiS(S2S) 

2.00(2.50)aL 2.73(3.23)aL 2.73(3.23)aL 3.46(3.95)aL 

1.86(2.32)aL 2.40(2.83)aL 2.53(2.98)aL 3.03(3.45)aL 

1.75(2.17)aL 2.16(2.53)aL 2.36(2.78)aL 2.70(3.07)aL 

time later, the P i S  w a v e  and SiP wave reach the crack tip, 
the stress intensity factor will increase again and branching is 
observed in the experiment. 

4 Conc lus ions  

The phenomena of crack propagation, arrest, and branching 
are the most important subjects in the areas of dynamic fracture 
analysis. The interaction of reflected waves with a propagating 
crack subjected to dynamic loading had previously only been 
investigated in experimental works. It seems difficult to obtain 
the analytical solutions by using well-known conventional 
methods. The fundamental solutions for a half-plane and a prop- 
agating crack are used to solve the problem of the interaction 
of stress waves and a moving crack. The reflected and diffracted 
fields can be constructed by superimposing the fundamental 
solutions in the Laplace transform domain. A superposition 
methodology is used in this study to solve this complicated 
problem. It is shown to be both powerful and efficient in solving 
complicated dynamic fracture problems of finite dimensions. 

In this study, we focus our attention on the contribution of 
the reflected waves generated from plane boundaries. An ex- 
plicit result for the dynamic stress intensity factor is obtained 
in a closed form which is valid before the reflected waves for 
the second time return to the crack tip. For the finite crack 
problem, the diffracted waves generated from the other crack 
tip reach the propagating crack tip will influence the stress 
intensity factor. But according to the study of a stationary center 
crack by Sih et al. (1972),  the influence is very small before 
the time t = 2.5al ,  where 1 is the crack length. Thus, if the 
crack length l = 2H, the present solutions are remain acceptable 
during the time interval t = 5 a l l .  Because uniform step loading 
or high-ramp loading are unusual and the reflected tensile waves 
occurring require the shorter pulse for the crack close to the 
surface, the reflected effect due to practical loading should be 
weaker than the theoretical results. 

If the medium is a half-plane or a asymetrical finite strip, the 
mixed-mode stress intensity factors will induce a curved crack 
path. The theoretical results and numerical calculations pro- 
vided in this study are consistent with the experimental work 
done by Ravi-Chandar and Knauss (1982, 1984d). There are 
many unanswered questions in dynamic fracture mechanics. 
This work may provide a useful technique for further investiga- 
tion in more complicated dynamic loadings and configurations. 

500 x 300 x 4.76 (rnm) 
Homctlite -100 

Fig. 9 Configuration of an edge crack specimen investigated by Ravi- 
Chandar and Knauas (1982, 1984b) 
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Fig. 10 Stress intensity factors of theoretical prediction and experimen- 
tal results of Ravi-Chandar and Knauss (1982, 1984b) 
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A P P E N D I X  

A1 Fundamental  Solution of a Half-Plane 
The solution of applying an exponentially distributed loading 

in the Laplace transform domain to the surface of  a half-plane 
is denoted as the fundamental solution of  the half-plane. The 
coordinates system (G x~) moving with a constant speed v is 
attached at the su r f aceo f  half-plane. For the boundary condi- 
tions 

g2~({,0, p )  = e v~e, -oo < { < co, (AI )  

~ ,2({ ,0 ,  P)  = 0, - ~  < { < co, (A2) 

where rl is an arbitrary imaginary number, the solutions for 
stresses can be obtained as 

( (b  2 - 2a2)(1 - r/v) z + 2r/2)(b=(1 - ~Tv) 2 - 2r/2) 
~11 

~12 = 

~22 = 

R(r~) 

× e P%+P~e + 4rl~cefl e-pax< ~'~, (A3) 
R( '  0) 

.2r/ce(b2(1 - fly) 2 - 2~ z) e_pO%+p~ e 
R(~)  

+ 2~oe(b2(l _ ~u)2 _ 2~=) e -p'~x~+p~e, (A4) 
R(~)  

(b2( 1 - r/v) 2 - 272) 2 e-p'~x2+'~ 

R(r~) 

+ 4 ~ ' 3 ~  e -'e~+~''~. (A5) 
R07) 

For the boundary conditions 

~2=({,0, p )  = 0, - ~ < {  < 0% (A6) 

~12(~, 0, p)  = e "~,  - ~  < { < ~ ,  (A7) 

solutions for stresses are 

~12 ~ - -  

~22  = 

-2 r / f l ( (b  2 - 2aZ)(l  - r/v) 2 + 2r/z) e_pO%+prl{ 
R(r~) 

+ -2rl/3((b2(1 - r/v)2 - 2r/2) e v~x2+p~, (A8) 

R(r/)  

4r] 2o/fl e-P~X2+/n~{ 
R(~) 

+ (b~( l  - ~v) 2 - 2~7e) ~ e_pZ~+~ ' (A9) 

R07) 

-2~/,3(b~( 1 - fly) ~ - 2V 2) e-~'%+P~ 

R(~) 

+ 2r/fl(b=(l - r/v)2 - 2~7~)e-"ex=+"% (A10) 

R07) 

A2 Fundamental  Solution of a Propagating Crack 
The solution of an exponentially distributed loading in the 

Laplace transform domain applied at the propagating crack 
faces is denoted as the fundamental solution of propagating 
crack. Consider a semi-infinite crack propagating with constant 
speed v = 1 /d  in an unbounded medium. The coordinate system 
(G xz) is attached to the moving crack tip and is also moving 
with the constant speed v. Consider the boundary conditions of  
mode I 

~ 2 2 ( ~ ,  0, p )  = e t''¢ for -oo < ( < 0, ( A l l )  

~12(( ,0,  p )  = 0  for - ~ < ( < o %  (A12) 

~-2((,0, p )  = 0 for 0 < ~  < w ,  (a13)  

where r / i s  a complex number, under the condition that Re (r/) 
> R e ( k ) ,  the stresses can be obtained as follows: 

1 
f [S~j(~.)e -p"x2+px~ + S~(k)e-V/%+t'~<]dk, (AI4)  ao = 27r-i 

where 

SIR(R) = - ( ( b  2 - 2a2)(1 - Rv) 2 + 2R 2) 

× (b2(1 - kv) 2 - 2X2)a+(~)G(rb  X)/o~+(k), 

S~,(k) = 4k2fl(h)c~_(R)c~+(rDG07, k),  

SI2(R) = 2k(b2(1 - kv) 2 - 2h2)o~ (k )~+( r l )G( rb  X), 

s~2(x) = - s I2 (x ) ,  
S~2(k) = - ( b 2 ( 1  - hv) 2 - 2Kz)%~+(r/)G07, k)/ce+(k),  

$222 = _ Si2,, 
G(r/, k) = 1/(K(d - h)2(c, - ~)(c2 + r/) 

× S - ( K ) S + O 7 ) ( h -  rD). (AI5)  

The corresponding mode I stress intensity factor is 

- , ~  o~+(~) 
Ki = ~pp ~/1 - av(c2 + rl)S+(r/) (AI6)  

If the boundary conditions are 

~22(~,0, p )  = 0, -oo < ~ < ~ ,  (A17) 

e~2(~,O,p) = e v'¢, -oo < ~ < 0, (A18) 

ffl(~,0,  p )  = 0, 0 < ~ < 0% (a19)  

the solution of stresses is expressed as in Eq. (A14) with 

SI i (R)  = 2k (b2 ( l  - ~.v) 2 - 2c~2)/3=(k)/3+(rl)G(r], k),  

8 2 1 ( ~ . )  -~- S I i ( X ) ,  

Sl2(h) = -4X2ce(h)/3 (k)/3+(rl)G(r/ ,  k),  

Saz(~.) = - ( b Z ( 1  - Xv) 2 - 2h2)2fl+(r/)G(r/, h) /p+(k ) ,  

S~2(X) = 2h(b2(1 - X u )  2 - 2K2)fl ( h )~+( r l )G(~ ,  h), 

S~2(h) = - S~2(R). (A20) 

The corresponding mode II stress intensity factor is 

KH - ~/2 fl+ (rl) (A21) 

A3 Coordinates Transformation Principle of Stresses 
The physical quantities must be expressed in the same coordi- 

nate system, so that the superposition method can be performed 
successfully. If the stress ~0 expressed in the fixed coordinate 
system (x~, x~) is 

~o(x~, x~, p)  = p" f F(k)e-P°'%+PX~,dk, (A22) 

then it can be transformed to the moving coordinate system ({, 
x=) by the form 

~o(~, x2, p )  

=p"f (1-xv)" 'F(l~hkv)e-P"*~+p<dh , (A23) 

where { = Xl - vt. The stresses of  (A22) and (A23) can be 
proved to be equivalent in the time domain. 
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