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A boundary element methods for incompressible viscous flows
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Abstract
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A linearized Navier-Stokes equation is
assumed to approximate the nonlinear
steady Navier-Stokes equations locally. In
this linearized procedure, the convective
terms are simplified but still kept in the
whole equation. Usualy, when the
convective terms are included in the
equations, the formulation of the boundary
element methods will contain a volume
integral instead of a full boundary integral.
In this proposal, we propose a new
formulation to avoid the volume integral .
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The numerical treatment of fluid dynamic
problems is of increasing theoretical and
practical importance in engineering and
science. In the computational fluid dynamics,
finite difference and finite element methods are
the two most important and broadly used tools
in the present stage. In the past decade, the
researchers are devoted themselves to
developing some new techniques different
from the finite difference and finite element
methods. One of them is the boundary element
method. The advantage of the boundary
element method over the other numerical
approaches is the dimension of the
computational domain decreasing by one for
the linear differential equations. Unfortunately,
viscous fluid flow is governed by non-linear
equations and the boundary value problem
cannot be converted into a boundary integra
equation only. When a volume integra is
involved in the integral formulation, several
techniques were developed to overcome this
type of problems in the boundary element
method such as dual reciprocal method,
Fourier series method, and multiple reciprocal
method. Basically, in these methods the
volume integral is contained in the integral
formulation, and the volume integra is
computed directly or hidden after some
operation of boundary integrals.

When modeling the Navier-Stokes
equation by a boundary integral formulation,
the nonlinear convective term is frequently



simplified as a linear term. In the early
development, the nonlinear convective term
was considered as a pseudo-body force, then
the linear differential equation might be

transform into boundary integral form easily.

In such cases, the fundamental solution of
The Laplace equation or the Stokes
equations has been utilized in which the
convective term has not been taken into
consideration. In most recent, the linearized
convective term is considered as a part of
differential operator. One of them utilizes
the Oseen equation to simulate the local
fluid flows for the Navier-Stokes equation.
The other employs velocity-vorticity
formulation of the conservation equation.
Both of them contain volume integrals in
their boundary integral equations.

In this paper, we have develop a new
formulation of the boundary integral equation
without a volume integral for the viscous fluid
flows. In this case, the numerical completeness
will become clear and simple, and the
numerical technique developed for the
traditional boundary element methods in the
past can be used without too much
modification.
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For simplicity, the primitive variable
formulation is used to describe the viscous
fluid flows. The continuity equation and the
Navier-Stokes  equations  represent  the
conservation laws of mass and momentum,
respectively, for viscous incompressible fluid
flow confined in a bounded domain. They are
written below in an indicial notation form for a
Cartesian coordinate system.
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where x;is the coordinate, u; the flow velocity
at the ith component, r the density, p the
pressure, and n the kinematic viscosity.

When a boundary element method is
applied to represent a viscous flow for either
steady or unsteady problems, the nonlinear
terms of the Navier-Stokes equations have to
be locally linearized, and the resulted
equations become diffusion-convective
equations in a sub-domain such as
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where Ujis the averaged velocity over the local
sub-domain and ;= U; + v. If the unsteady
term is descretized by a finite difference
scheme, and the perturbated convective term is
treated as a source term, this set of equations
can be expressed by a simple mathematical
form,

NZU,' :2a/-u,~,j +bu+d, (4)

where g;= U;, bu represents the partial effect of
unsteady terms, and d represents the
combination effect of perturbated convective
terms, a part of unsteady terms due to the
previous time step from the finite difference,
and the pressure gradient. In the following, we
will condider EQ. (4) with and without the
unsteady term, separately, and omit the
subscript /7 for simplicity. At first, if the
unsteady term is neglected in Eq. (4), then
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By substituting the above equation into Eqg. (5),
a the modified Helmholtz equation can be
obtai ned:

N2f- k*f=0 7)
where k% = ajaj in a subdomain. This
differential equation can furtherly be
transferred into a boundary integral equation
without avolume integral, if the Green formula
and a suitable Green's function are adopted.
The Green's function of the modified
Helmholtz equation in an unbounded domain
satisfies the equation:

N2G- K’G=d(x- x), (8)
and is given for the two-dimensional case as

G=-Kp(kn/2p 9
and for the three-dimensiona case as
G=-¢"/4pr, (10)

where r is the distance from the source point
% tothefield point x , and Ko is the modified

Bessel function of the second kind. To form
the boundary integral representation for Eq. (7)
a few steps are needed. Subtract Eqg. (7)
multiplying a factor G from Eg. (8)
multiplying a factor f, integrate it over a
subdomain, and transform the volume integral
into the surface integral by the Gauss
divergence theorem. We have
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where Gy represents the function G when k =
0.

If the unsteady term is kept in EqQ. (4), the
transformation in Eq. (6) has to be changed
dightly such as:

a
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After substituting Eqg. (13) into Eg. (4), a
dlightly different equation is obtained:

NZf- (aja;+b) f=0 (14)

Basicaly, Egs. (6) and (14) are of the same
type of equations. The coefficient K[ 0 in Eq.
(6), but it is not dways true for Eq. (14).
Equations (9) and (10) are till the Green's
function of Eq. (14), if K= g a+ b.

For Eq. (5), let U= u + da;jx;/2a;a;,

and substitute it into Eqg. (11). The Green's
formula can be modified such as:
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For a boundary element method, the above
equation can be discretized as a matrix form:

Hu + GM =0
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Though Eqg. (4) and (5) are very similar,
their basic properties are not so close. If the
source term d is treated as a constant in a
subdomain, the type of homogeneous solutions
of these two equations is different. The
homogeneous solutions of these equations are
the most natural bases in the subdomain. For a
two-dimensional case, the homogeneous
solution in Eq. (4) includes only exponential
functions such as:

Uy = otV @" - PIxH(@2(0rF N "+ p- )y

where c= g a + band pis an arbitray constant.
For Eq. (5), it contains more types of functions
such as:

a(ax- ay)+ ¢

To solve a PDE problem uniquely, a
preassigned condition on the whole boundary
IS necessary. In the boundary element method,
the boundary data are only specified on a few
nodes of the boundary, and the other part of
boundary data are interpolated by low-order
polynomials. From the above analysis, such



low-order polynomials may not match the
natural behavior inside the domain of the
Navier-Stokes equations. In some
finite-difference type methods, such as finite
volume methods or finite analytical methods,
exponential  functions are chosen as
approximating functions. Many of their results
indicated that the use of exponential functions
maked the numerical scheme stable when
comparing with pure polynomias. Physically,
it means that the correct choice of
approximating functions for the problem result
in stable solutions.

Up to now, the users of boundary element
methods follow finite element methods to use
isoparamatric elements to construct their
solutions. Usually, finite element methods use
low-order polynomials to construct the shape
of elements, and so for the physical properties.
In this paper, we still approximate the shape of
elements by low-order polynomials, but no
longer for the physica properties. Both
exponential  functions and polynomids are
combined as basis functions in an element,
which is no longer an isoparametric element.

For simplicity, Eq. (5) is chosen as a test
case and the basis functions on the boundary
are chosen such as:

Uy = QEAX*2%Y + g (ax- @) + 0y,
where ¢, ¢;, and c¢» are undetermined
coefficients.
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