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Eigenfunctions of Linear Canonical Transform

Soo-Chang Pefellow, IEEE,and Jian-Jiun Ding

Abstract—The linear canonical transform (the LCT) is auseful is called the Talbot effect [16], [17]). For the case where
tool for optical system analysis and signal processing. It is param- {a,b,c,d} = {1/d,0,0,d} (in this case, the LCT becomes
eterized by a 2x 2 matrix {a, b, c, d}. Many operations, such as e gcaling operation), the eigenfunctions are known as the

the Fourier transform (FT), fractional Fourier transform (FRFT), . . . .
Fresnel transform, and scaling operations are all the special (:::1sesse”'s'mIlar functions [18], [19] (i.e., fractals). These functions

of the LCT. In this paper, we will discuss the eigenfunctions of the are invariant after doing the scaling operations. Besides, in
LCT. The eigenfunctions of the FT, FRFT, Fresnel transform, and [12], they have already derived the eigenfunctions of the LCT
scaling operations have been known, and we will derive the eigen- for the case whergr + d| < 2.

functions of the LCT based on the eigenfunctions of these oper- In this paper, we will improve and generalize the previous

ﬁté?;is\évﬁ;'\?: ’dif]?f;g;fte froerr:]tqscl avsvehsérfrllst ihslefeznilﬁlgcgg;gntg_e works and derive the eigenfunctions of the LCT for all the other

tions are the scaling, chirp multiplication of Hermite functions, but ~ cases. After the eigenfunctions of the LCT have been derived,
when |a + d| = 2, the eigenfunctions become the chirp multi- we can use them to analyze the self-imaging phenomena in op-
plication, chirp convolution of almost-periodic functions (see Sec- tjcs.
tion 1V-C), or impulse trains. In addition, when |a + d| > 2, Our paper is organized as follows. First, in Section II, we will
the eigenfunctions become the chirp multiplication and chirp con- - -
volution of self-similar functions (fractals). Besides, since many review the '_:RFT am_j the LCT as well as the prewous_works
0ptica| Systems can be represented by the LCT, we can thus useabout the e|genfunct|0ns of FRFT and the LCT. In Section I”,
the eigenfunctions of the LCT derived in this paper to discuss the we discuss the eigenfunctions of the LCT for the case in which
self-imaging phenomena in optics. We will show that there are usu- |q 4 d| < 2 and improve the works in [12]. In Section IV, we
ally varieties ofinput functions that can cause the self-imaging phe- yjj| derive the eigenfunctions of the LCT for the case in which
nomena for an optical system. |a+d| = 2 based on the eigenfunctions of chirp convolution op-
Index Terms—Fourier transform, fractional Fourier transform, eration (i.e., impulse trains). In Section V, we derive the eigen-

Fresnel transform, linear canonical transform. functions of the LCT for the case in whigh+d| > 2 based on
the scaling invariant functions (fractals). Then, with the aid of
|. INTRODUCTION the eigenfunctions of the LCT derived in Sections IlI-V, in Sec-

tion VI, we will discuss the self-imaging phenomena in optics.

HE LINEAR canonical transform (the LCT) [1]-[4] is S : ; . . .
an integral transform with four parametefis, b, c, d}.. It In addiiton, in Section VII, we summarize the eigenfunctions of
was first introduced in 1970s [5], [6]. Many operations, such fgs]e LCT we derived and make a conclusion.

the Fourier transform (FT), fractional Fourier transform (FRFT)
[7]-19], Fresnel transform [10], and scaling operations are the
special cases of the LCT. In some papers, the LCT is also calked Linear Canonical Transform and its Special Cases

as the affine Fourier transform (AFT) [2], [11], the general- thejinear canonical transform (the LCT)L]-[3] is defined
ized Fresnel transform [12], the Collins formula [6], the ABCD, 4

transform [3], or the almost Fourier and almost Fresnel trans-

formation [4]. The LCT is useful for optics because many op- ethe LCT Og:b:c:@(f(t))

tical systems can be represented by the LCT [13]-[15]. Besides,
LG
J2rh

Il. PRELIMINARY AND PREVIOUS WORKS

the LCT is also useful for radar system analysis, GRIN medium =
system analysis, filter design, phase retrieval, pattern recogni-

tion, and many other applications. / /B G/ @/DE £4) gy

In this paper, we will derive the eigenfunctions of the LCT. —oo

The eigenfunctions of some special cases of the LCT have forb #0 (1)
been known. For example, the eigenfunctions of the FRFT Ot (f(1)) = Vd - U/2De4 f(d )
have been known as the Hermite functions multiplied by forb=0 )

exp(—t2/2) [see (17)]. The eigenfunctions of the LCT when
{a,b,c,d} = {1,b,0,1} (in this case, the LCT becomes theyhere
Fresnel transform) are known as the periodic functions (this
ad — be = 1. 3)
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where where
as bg a2 bg ai bl . ejﬂ'z/)\
{c:), d3:| = [CQ dJ . [61 d1:| . (5) ¢ 1-D Fresnel transfomOFresnel(x)(g(a;)) = i
Because the additivity property of the LCT can be described by _/'°° A2 40 g, (1)
the matrix operation as (5), we usually represent the LCT with —o0

parameterga, b, ¢, d} as the 2« 2 matrix Comparing (13) with (1), we find that the 1-D Fresnel

a b 5 transform is just the special case of the LCT when
c d ®) {a,b,e,d} = {1,b,0,1} with some difference of con-

. . i stant phase:
Many important operations are the special cases of the LCT.

We describe them in the following. Ofesnei() (f (@) = TN QAN () (14)
A)  Fourier transform (FT):
When {a,b,c,d} = {0,1,—1,0}, the LCT be- The relation between the parameiemd the propaga-
comes the FT ' ' tion distance: is
- - 2A
Vi O T (1) =FTU (1) =1 (15)
1 =
=\ 2 / et .g(t)-dt. (T) D) Scaling operation:
e Scaling can be viewed as the special case of the LCT
B)  Fractional Fourier transform (FRFT): when{a,b,c,d} = {¢7%,0,0,0}:
The fractional Fourier transform (FRFT) [7]-[9] is )
] - o~ 7,0,0,0
defined as 0Z(9(t) = V5ar) - 0 *gr).  e)
oFRFT: O%(f(t) = wmew?) cot avu” Therefore, the FT, FRFT, Fresnel transform, and
o 2m scaling operations are all the special cases of the LCT.
/ girescomt (/2 cotat® p(pygr (8) The LCT can extend their utilities and applications
—o0 and can solve some problems that cannot be solved
It is the generalization of the FT. It satisfies the addi- well by these operations.
tivity property as ) ) _ .
B. Eigenfunctions of Fractional Fourier Transform
O (O'g(f(t))) = Op*P(£(1). (9)  In[7], Namias discussed that the FRFT has the eigenfunctions

as
The FRFT is useful for the applications of optical

system analysis, filter design, solving differen- - 1 et

tial equations, phase retrieval, pattern recogni-d)m 2 V2mml/m ‘ Hut) me0.1,2,3,..]

tion, etc. Comparing (8) with (1), we find that _ _ _ 7
the FRFT is the special case of the LCT wher@hereHy(t) is the Hermite function of order:

{a,b,¢,d} = {cos a,sin o, — sin v, cos o} and with . g )

some difference of constant phase Hp(t) = (=1)™ - ¢" - pm (Cft ) (18)

OR(f(t) = Vein - O @S OTsmacoN(f(1)) - (10)  and the corresponding eigenvaluedor(t) isexp(—jma), i.e.,

C) Fresnel transform: 08 (b (E)) — eI (5 .
The Fresnel transform is the operation that describes F ($m(®)) ()

the monochromic light propagating through the freghe eigenfunctions of FRFT satisfy the orthogonality property
space [10]. It is defined as

PN [ @) u(t) = 8 (20)

Fresnel transform: OZ =
¢ Fresnel(f(xv y)) j)\Z

oo poo ) ) Maybe (17) is the only set of eigenfunctions for the FRFT when
/ / N2+ 0)®) (0 ydady (1) « /27 is not a rational number. We can say that at least no eigen-
Toov T functions other than (17) have been found whkeR~ is not a
where f(z,y) is the distribution of the input mono- rational number until now, but when/2x is a rational number,
chromic light, X is its wavelength, and is the prop- the FRFT has the eigenfunctions other than (17). For example,
agation distance. In fact, (11) also can be rewritten sighena = 0 (in this case, the FRFT becomes the identity op-
the combination of two 1-D Fresnel transforms eration), all functions will be the eigenfunctions of the FRFT.
When«a = = (in this case, the FRFT becomes the time inverse
Ofresnet(f (%, 4)) = Ofesnel(y) (Of‘resnel(m)(f(x’ y))) (12)  operation), all even and odd functions will be the eigenfunctions

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:36 from IEEE Xplore. Restrictions apply.



PEI AND DING: EIGENFUNCTIONS OF LINEAR CANONICAL TRANSFORM 13

of the FRFT, and when = 47 /2 (in this case, the FRFT be- la+d<2 Case A
comes the forward and inverse FT), the following functions a atd=2 Case B
all the eigenfunctions of the FRFT (see [20, ch. 22]) b=0 atd=—2
oo la+dl=2 Case C
1) Z 6(x—p\/27r> =0 atd=2 Case D
p=—00 - — atd=— Case E
. ™ . at+d>2
2) sin <\/;a:> Z ) (a: - (p+0.o)\/27r) it d>2 Case F
p=mee atd<-=2 Case G
z YD r |7Y2
3) ‘ \/% 4) ‘ \/% Sgr(a:) Fig. 1. Seven cases for discussing the eigenfunctions of the LCT.
Qo
5) sech 5 (1) Thus, the eigenfunctions set of the LCT they found is similar to

the eigenfunctions set of the FRFT but with some scaling and the

efif{bltiplication of chirp. We note that there are three parameters
. . . in (23) and (24). Th d to the three d

are integers, that the FRFT also has eigenfunctions other “if(fffﬁ;’éé}olr: E)f t?wsrll_cgl' (t)h e Lgyr%c:;;izﬁ(r);ar;m eetz{wsrl? ec de}grees

a7). ; .
. . S and one constraimtd — bc = 1; therefore, the degree of freedom
The eigenfunctions of the FRFT (which is also called as t §3). The parametersandr determine the eigenfunctions, and
a

Recently, in many papers (such as [21] and [22]), it has b
discussed, for the case whete= 2nN/M, whereN and M

self-fractional Fourier functions) are useful for the analysis e parameten determines the eigenvalues.

op_tical syst_em a_md wave propagation, especially for the an In fact, however, the works in [12] are suited for the case
ysis of self-imaging phenomena [17] and resonance phenomevr}?erem Y+ d| < 2, and even for the case whee+ d| < 2,

[23] L . the results in (23)—(26) are not complete enough. In this paper,
We have shown .that th? FRFT is just t_he_ LCT W'ﬂ?/ve will complete the works in [12]. We divide our discussion
parar?/thers {cosa,sina, —sina, cosap multiplied  bY 15 seven cases according to whethet d| greater than 2 and
() [see (10)]. Therefore, the LCT with param~yhethers equals zero, as in Fig. 1. In Section I11-B, we will
eters {cos,sine, —sina,cosa} also has the eigen- giscyss the eigenfunctions and eigenvalues of the LCT when
func'tlo?s2 set as (17), but the eigenvalues are modified @S+ d| < 2 (Case A) more completely, and in Section IV, we
(c) 2. exp(—jma): will discuss Cases B, C, D, and E. In Section V, we will discuss

Ccos @,s8in @, — sin ,cos & Cases F and G.
O}  (ém(®))

—ja 1/2 —j-m-a
= (e7%) e g (0). (22) lIl. EIGENFUNCTIONS OFthe LCT WHEN |a + d| < 2

A. Key Properties for Deriving the Eigenfunctions

C. Previous Study on the Eigenfunctions of the LCT Before discussing the eigenfunctions of the LCT, we first in-

Recently, in [12], they have found the eigenfunctions afoduce two important properties. These two properties are very
the linear canonical transform (the LCT) with the paramete{geful for us to derive the eigenfunctions of the LCT.

{a,b,c,d} as Property A: Supposed—bc = ajd;—bicy = asda—boca =

1 14 i7)#2 t 1, and
50 e () g (1) :
ag - 2rnm!\/7_r 20 g a b Rt bl ao bg ay bl
m IO, 1, 2, 3... (23) c d o C1 dl Co dg C1 dl
where H,,(t) is Hermite function [see (18)], and the corre- _ [al bl} [@ 52} [ dy —bl} @)
sponding eigenvalues are a di] | da] [—a @
Am = exp(—iam + €4) €, is some constant dependenten Then, the following equality will be satisfied:
(24) d=ay+d 28
and the values of, 7, anda are ot @2+ G- (28)
) 2% a—d This property can be proved by direct calculation or by the the-
:—7 7_ = H H H H
4—(atd? 4—(atd? orem that the eigenvalues of two similar matrices are the same,
J and the diagonal sum of a matrix is its eigenvalues sum [24].
a =cos™! <a+ ) (25) Property = B: Suppose {a,b,c,d}, {ai,b1,c1,d1},
2 and {as,bs,c0,d2} have the relation as (27), and
In converse, the original parametelis, b, ¢, d} can be repre- ad — bc = aidi — bici = aady — baca = 1; then, the
sented by{o, 7, o} as LCT with parameterga, b, ¢, d} can be decomposed as
a =cos « + 7sin q, b= 0'2 sin o Og‘l:bzczd)(f(t)) _ O;—?l bi,e1,dy)
c=— (72 +1)- 81112047 d=cosa—Tsina. (26) . (O%z’bz’cz’d” (Oiﬂil’*bl’*cl’al)(f(t)))) . (29)
g
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If we know thate(t) is the eigenfunction of the LCT with pa-i.e.,

rameters{az, b2, ¢z, d2 } and the corresponding eigenvalugiis o )( ) 1
G = ————
022 %) (1)) = X - e(t) (30) Vo - 2mmly/m
1) #2
then O;i“’bl’cl’dl)(e(t)) will be the eigenfunction of the LCT -exp <M) “H,, <3> (39)
with parameterda, b, ¢, d}, and the corresponding eigenvalue 20 g
is alsoA: where H,,(t) is Hermite function [see (18)], and theorre-
a,b,c,d a1,b1,c1,d1 i i i
O} ) (OEF )(e(t))) sponding eigenvaluese the same as the eigenvalues of the LCT

with parametergcos «, sin «v, — sin o, cos o+ [see (22)]
_ Og‘ll:blyclydl) . )

. (O$27b27c27d2) (O;_(‘ily_bly_clyal)
ay,by,c1,d
- (ofrt e )

Am = (1) Y? - exp(—iam) (ais defined ag33)). (40)
Since, after substituting (36) into (32), we obtain

a b| o 0 cosa  sina|[ o7t 0
_ O(Fl‘llyblyclydl) (ng,bz,cz,dz)(e(t))) ¢c d| | —re7t ot —sinew cosal| |70l o
a1 by c cosa + Tsina o? -sina
= A0 o)), (31) = |RLT comn el @

B. Eigenfunctions of the LCT for the Cases WHere d| < 2 from (41), we see that the explicit values«fr, and are

Here, we use Properties A and B introduced in Section IlI-A ;2 :¢7 T = M,
to derive the eigenfunctions. Sinee2 < 2cosa < 2, from Vi —(a+d)? V4 —(a+d)?

Property A, we conclude that whén+d| < 2, theabed matrix g fa+d\ . i (sgn(b) 5
of the LCT can be decomposed as @ =cos 5 ) =5 5 Vid—(a+d)?).

{a b} _{al bl} [ cos v Sina} {al bl}_l (42)
c d c di] [—sina cosaf|a d Equations (39), (40), and (42) are the eigenfunctions and eigen-
B [al by } { cos o Sina} { di  =b } (32) values we solved for the LCT in the case whiere d| < 2. This
e dp result is more complete than the result in [12] [see (23)—(25)].
We can show, as in the case of the FRFT, the eigenfunctions
of the LCT when|a + d| < 2 have the orthogonality property

—sina cosa| | —e1 ap

wherea;d; — bic; = 1. Because, from Property A, + d =
cos « + cos o, we have

o = cos! <“ ;r d) . (33) / G(t) - GV () - dt =
Therefore, wheila + d| < 2, the LCT can be decomposed as (upper bar means conjugation).  (43)
O(ﬁgl»,c,d) (g(t)) = O(Fgl,bl,cl,dl) We may ask, except for (39), whether the LCT has other eigen-

(cos asin cr,— sin 6,008 @) [ o(da,—b1,—c1,a1) functions whenrja + d| < 2. We discuss it below.
: (OF (OF (g(t)))) (34)  From Properties Aand B, sineg-d = a»-+d» and the eigen-

i.e., decomposed as the combination of the FRFT and the LC#8ctions of the LCT with parameterfiz, by, ¢, dz} should

with parametergay, by, c;, di + and{dy, —b;, —c1, a1 }. Then, have been known, the only possible choice{as, b2, c2, d2}

from Property B, the LCT will have the eigenfunctions set asWh?n|a+d| < 2is {COS.O@ sin a, — sin a, cos Q}y anda should
satisfy (42). Thus, to find other eigenfunctions of the LCT for

{Ogl’bl’cl’dl) (pm(t)), m=0,1,2,.. } (35) the case wherg: + d| < 2, we must try to find the values of

whereg,, (t) is the eigenfunctions of the FRFT defined as (17){;“1’ bl’l cr, di} othsr thar;l(36) ;hat cag satll?fy (3?).18ecause for
There are many possible choices fon,b;,c1,dy} in 3ny values o_ft{ag 21’ Cl’t i} wherea;d; — bie; = 1, we can
(32)-(35). We can choose them as ecompose Its matrix as

a; b o 0 ap bi| o 0 | |as b3
{ci dﬂ B [_70—1 0_1} ' (39) [Cl dl} - [_”’1 01} [03 ds
In addition, the LCT with these parameters is the combination (aads —baes =1) (44)
of scaling and chirp multiplication wherer, o satisfies (42). Then, from (32), and after some cal-
Olanbier 7d‘)(g(t)) — o2 /D)t glo7L b, culation, we can prove that the values{of, b3, c3, d3} must
F (37) be of the following form:
Then, from (17) and (37), we conclude that when d| < 2, a3 =cosf, by=sinf, e3=—sinf, dz=cosp
the LCT will have theeigenfunctions (45)
(/)gg,r) (t) :O}""l:bl:cl:dl)(d)nl(t)) where/ is any real number. Thus
_ i 19)or 42 t ap b o 0 cosf sinf
o2 /2R hd o .
=7 ¢ Om <0> (38) [ c dp } [ —ro b o7t } [ —sinf  cos /3} - (46)
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Then, from Property B and the values §d;,b;,¢1,d;1} as A. Case Where +d =2andb =0
above, we conclude that the LCT will have the eigenfunctions ginceqq — be = 1, for the case where + d = 2 andb = 0

as (bm(1) is the eigenfunction of FRFT) the parametersa, b, ¢, d} of the LCT must be of the form

a1,b1,c1,d 0’707_7_0'_170'_1 b 1 0
O%l 1,01 1)(</)m(t)) :O; ) |:CCL d:| = |:c 1:| . (51)
(cos 8,sin 8,— sin 8,cos 3)
) (OF (‘7)’"(0)) In this case, therefore, the LCT becomes the chirp multiplication
(0,0,—70 0 1) operation
o O D) = 2 fw) (52)
(e 2, (1)) | - A
T 7 The eigenfunctions of any multiplication operation are the form
=y - (e77%) 12 G/ 2)rt=im of impulse train
“pmlo 1) 47 — i )
@1,01,C1,d1 —Ja 1/2 Sa(t) = E71 An : 6(t - 8”)7 WhereE = |An| ’
O;“ e )(¢nl(t)) =0 - (6 ! ) / ";C’O _z_:oo
(L+4m)t2 ) ) (53)
exp | — o - Jmp3 We can show that if,,s satisfy
+ o=/ Desty G/ 2)est _ (i/2)est
. Hm <;) . (48) :e(j/2)~c~s§ — ... (54)
In fact, except for some difference of constant phase, (48) is #len
the same as (39). No new eigenfunction has been found. c s
&) ] 0RO () = % (). (55)

Thus, in most of the cases, (39) are the only possible eigen-
functions of the LCT whetia + d| < 2, but in the case where Therefore, we conclude that the eigenfunction of the LCT when

a /27 [ovis defined as (33)] is a rational number a+d = 2andb = 0 must be of the form
a=cos! <a;d> = 27r%, whereM, N are integers (/)‘gh(t) =VE-1. i A, -8 <t _ /4|”T|7r +h )
| | | (49) "

;/;/esgztslizﬁagzt,) tf;]nedn other eigenfunctions of the LCT. In fact, if (49) n g::O B. .5 <t 4 47|nT|7r N h) (56)
i - ¢§i’;\2k(t) whereg(@)(#) is defined as (39) where0 < h < 4n/|c], ins, ansB,,s are free to choose
- cx's are any constants  (50) E= nzz:() ('A"|2 + |B"|2) (57)
will also be the eigenfunctions of the LCT wh¢n+ d| < 2, and the corresponding eigenvalge is

IV. EIGENFUNCTIONS OF THELCT WHEN |a + d| = 2 B. Case Where + d = —2andb =0

The eigenfunctions of the LCT derived in Section Ill is only For this case, we can prove that the parameters, c, d}
suitable for the case whete + d| < 2. For the cases where Must be of the following form:

la +d| = 2or|a+d > 2, we cannot apply the results in a b| _|-1 0 (59)
Section Il1. In this section, we discuss the eigenfunctions of the c d| | e -—-1]|°
LCT when|a +d| = 2. In addition, the formula of the LCT in this case becomes

We first discuss the case whetie+ d = £2 andb = 0 1.0.c1 o?

because these are the simplest cases. Then, we use these re—OEV’ o )(f(t)) = (=12 T2 (). (60)
sults and the properties introduced in Section IlI-A to deriv&his is the combination of chirp multiplication and time reverse
the eigenfunctions for the cases whéueb, ¢, d} = {1,b,0,1} operation. Therefore, the eigenfunctions in this case are the form
and{—1,b,0, —1}. Inthese cases, the LCT becomes the Fresraflthe symmetric or anti-symmetric impulse trains

transform and the Fresnel transform combined with reverse op- oh i

eration. We find, except for periodic functions, that the almost- P () =VE~L. Z An

periodic functions are also the eigenfunctions of the Fresnel n=0

transform. The conventional theory of Talbot effects can be gen- . { 5 ( ‘ \/m)
eralized by our results. Then, we will use the eigenfunctions of

the Fresnel transform and the Fresnel transform combined with

reverse operation to discuss the eigenfunctions of the LCT for +6 (t + Vanw|e[ T + h) (61)
all the other cases whefe + d| = 2.
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.{5(t_¢m)

"y (t +Anmd T+ h)} (62)
where0 < h < 4n/|c|, A, S are free to choose
B2y 4 63
and the corresponding eigez\zlglues are
Ao =(—1)Y % exp <‘%h> for (61)
A =— (=D)Y2exp <£2h> for (62). (64)

C. Eigenfunctions of the LCT Whén, b, ¢, d} =
{#+1,0,0,+1}

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 50, NO. 1, JANUARY 2002

That is, g, (v) is the linear combination of(v — pq/M). This
is called as thdractional Talbot effe¢R6]-[28]. The original
Talbot effect is the special case whéte= N = 1.

From (68), we can generalize the resultsin (66) and (67). Sup-
pose[l,ay,az, .. .,ay—1]T is the eigenvector of the following

matrix:

Co CM-1 CM-2 ... C1
€1 o CM-1 ... C2
C2 1 Co ... C3
CM—_1 CM—_2 CM—3 -+ Cp

M-1

a4 _N 2
Wherecp = M E 61(277/1\4)(17" Nn*) (69)
n=0

and its corresponding eigenvalueislf g(z) = g(z + ¢), and

MA_41)Q>

1) o

We know that the LCT with paramete{s, b, ¢, d} is just the - then we can show thgtz) is the eigenfunction of the LCT with
1-D Fresnel transform [see (14) and (15)]. The Fresnel trangarameters1, N¢?/7M,0,1}, and the corresponding eigen-
form describes the monochromic light propagation through frg@lues are also. Although there is no simple expression for

space. From the theory of thEalbot effect{16], [17], if the
distribution of input light f(x,0) is periodic, i.e.,f(x,0) =

f(xz + ¢,0), then after propagation through free space, the in-
tensity of the light at the distanc¥ - » will be the same as the ), = exp

original, i.e.,
|f($7 N - Z)

=|f(z,0)],
2
wherez :2% (Talbot distance) N is an integer (65)

Thus, together with (14) and (15), we can conclude thattif

the eigenvectors of the matrix in (69), its eigenvalues can be ex-
pressed in the closed form as

<—j27rN/€2

h k=012 ... M—1. (71
i )were 1,2, (71)

In (67), we find that the function with period gf= +/|b|7 /N is
the eigenfunction of the LCT with parametdiis b, 0, 1}. Here,
we also show that the function with perigd= /|n|7M/N is
also the eigenfunction of the LCT with paramet€tsh, 0, 1} if

is periodic and has the period @fthen it is the eigenfunctions it satisfies some symmetry relation.

of the LCT with parameter§l, Ng¢?/7, 0,1}, whereN is some

integer

OLST/mOD (1)) = 7. eo(t) if e(t) = c(t +q).  (66)

In fact, except for periodic eigenfunctions, the LCT with pa-
rameterq 1, 0,0, 1} and, hence, the Fresnel transform, also have
some aperiodic eigenfunctions.

We can apply the eigenfunctions of the LCT with parameters

Besides, we can prove the corresponding eigenvalue is jus{1,0, ¢, 1} derived in Section IV-A together with Properties A

i.e.,7 = 1. The above equation can also be rewritten as
1,b,0,1
OV (e(t)) = e(t)

if e(t) =e <t+\/%>

(N is some positive integgr (67)

The above result comes from the Talbot effect. It can
g(t + ¢) and thatg,(v) is the
LCT of g(t) with parameters{l,¢*N/xM,0,1}, i.e., the
periodic monochromic light propagating through the distan

generalized. Supposgt) =

of zpr N/M, wherezt is the Talbot distance, then [26]:

1,(¢*N/xM),0,1
go(v) =04 VT g9
] M1 -
M > 9 (” M)
p=0

M-1

. Z oI 27/ M)(pn—Nn?) (68)
n=0

and B introduced in Section IlI-A to derive the eigenfunctions
of the LCT with parameter§l, 5,0, 1}. Since

-1

N

o=l o 1

Therefore, from Property B, if we do the Fourier transform for
the eigenfunctions of the LCT with parametdrk, 0, —b, 1},
ﬁen it is just the eigenfunctions of the LCT with parameters
{1,b,0,1}. Therefore, from (56), the LCT with parameters
c{el’ b, 0,1} will have the eigenfunctions as

¢b,}L(t) —FT (d)];b,h(t))
1 s . dna
:\/%—E' Y;An'eXP(?'t W+h>

= . dmm
—|—ZBm-exp <—j-t W—l—h)

m=0
(73)

(72)
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PEI AND DING: EIGENFUNCTIONS OF LINEAR CANONICAL TRANSFORM 17

where0 < h < 4x/|b|, A.s, andB,,s are free to choose or b (t) =FT ¢Eb h( ))
E= AP+ |Bal? 74 anm
> (1l +15.) (74) Vs ZA sin 1/ -+
and the corresponding eigenvalues are the same as the eigen- [from (62)] (81)
values of the LCT with parametefd,0, —b, 1} [see (58)] where0 < h < 47/|b|, A,s are free to choose
B jbh o 42
)‘b,h = €Xp <_T> . (75) E — [En:()2| n| ] ) (82)

Equation (75) is the general form of the eigenfunctions of tfequation (80) can be called taémost-periodic symmetric func-
LCT with parameterg 1,5, 0,1}. Equation (73) is usually not tion, and (81) can be called ttamost-periodic anti-symmetric

periodic. It can be called th@most-periodic function function The corresponding eigenvalues are
Since the Fresnel transform equals the LCT with parameters .
{1,2A/2x,0,1} multiplied by some constant phase [see (14) Mo =(—=1)Y2 exp <Lbh> for (80)
and (15)], from (73), the general form of the eigenfunctions of ’ 2
i —jbh
Fresnel transform is Mo (=12 exp < 12 ) for (81). (83)

z,h / 1
z/Fres()_ 27I'E
+i3 - ex —"27rt1/2m

m P J 5

m=0

i . 2n
ZA"'eXp <‘727rt\/ Q‘Fh) Since the eigenfunctions of the LCT with parameters
n=0

{£1,b,0,£1} have been derived, we can use these results
to derive the eigenfunctions of the LCT for the cases that
a+d=+2andb £ 0.

(76)

where0 < h < 872/2), A,s andB,,s are free to choosé; is D. Case Where 4+ d = 2 andb # 0
defined the same as (74), and the corresponding eigenvalue is|p, this case, from Property Ay, + d» = 2, and when we

jm- 2 j2A\h want to apply Property B, the eigenfunctions of the LCT with
= exp < T : i ) parametersgas, bs, ca, d2 } should have been known. Therefore,

wherez is the propagation distance (77) ¢ set{az, by, ¢z, d2} @s{1,7,0,1} in (27). Then

Az

)

From the conventional theories of the Talbot effect [16], [17] a b| |a b 1 7 d -
and fractional Talbot effect [26]-[28], we know that periodic c d| |a d 0 1 -1 ay

functions are the eigenfunctions of the Fresnel transform, but 1—aien aln
from (76), we findthat some almost-periodic functions are also T = 1+ aicin (84)
the eigenfunctions of the Fresnel transforfinis type of aperi-
odic function will also cause the self-imaging phenomena aftghe general solution of the above equation is
free space propagation. The conventional Talbot effect is just the
special case of (76) where a1, d;: free to choose, but; # 0 must be satisfied
_ — — b d—a 2b(dy — a
h=0, A,=B,=0 | | = =T b= (; )
whenn, m # N2 whereN is some integer (78) o1 —a
whena #d. (85)

Then, we discuss the eigenfunctions of the next LCT with pa-
rameters{—1, b, 0, —1}. Similarly, we can apply the eigenfunc-whengq = d, the values ofa,b, ¢, d} must be{1,b,0,1}. This
tions of the LCT with parametefs-1, 0, ¢, —1} derived in Sec- case has already been discussed in Section IV-C.
tion IV-B and Properties A and B introduced in Section Ill-A.  Then, applying Property B introduced in Section IlI-A, we

Since can conclude that whem + d = 2 andb # 0, if f(¢) is the
-1 b 0 1 -1 0 0 —1 eigenfunction of the LCT with parametefs, b/43,0,1}, i.e.,

oAl B A R e 2
0ROV (F(1) = A f(8) (86)

the transform results of the FT for the eigenfunctions of the LCT
with parameter§—1,0, —b, —1} [see (61) and (62)] is just the

eigenfunctions of the LCT with parameteirs 1, 5,0, —1} then the LCT with parametefs:, b, ¢, d} will have the eigen-

function
b,h b.h
: FT
() d)C )) o) = O(a1,2b<d1fa;1>/<dfa>7<<dfa>a1/2b>,d1)(f(t)) 87)
- YF
=1/ —= Z A, cos < + h)
27TE | wherea; andd; are free to choose, and the corresponding eigen-
[from (61) (80) value is also\. From the discussions in Section IV-C, we know
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that to satisfy (86),(¢) must be the form of periodic function wherep is free to choose (but whem = d, we must choose
as p = 0). The corresponding eigenvalue is

/1 > dna3m < jbh)
N i Mon = 1. 95
f@® 5 F ;An exp <‘1t 7l + h) b,h = €XP 5 (95)

+ i B, exp | —jt dmaiw T h (88) From the above, we can conclude that wlaer d = 2 and
= - |b| b # 0, the eigenfunction of the LCT is the chirp multiplication,
chirp convolution of an almost-periodic function [the function in
where0 < h < 4ra2/|b|, A.s andB,.s are free to choosg the form of (92) can be called as the almost-periodic function].
is defined the same as (74), and the corresponding eigenvalugigcially, we can always choose
(86) isA = exp (—jbh/2a%).
The above results can be simplified. From (85), we can prove p=20 (96)

[al b1:|_|: 1 0}[1 a1b1:||:a1 0} (89) SO that from the fact that

e di] |42 1]|0 1 0 at

. 1 . (x1 — 2)?
so that (86) can be rewritten as the combination of chirp multi- ;% Ji2np exp\J 2 = 6(w1 — 9) ©7)
plication, chirp convolution, and scaling operation as in
1 we can simplify the eigenfunctions of the LCT wher-d = 2
Pp(t) = ———f((d=a)/a)* andb # 0 as

Vj2maiby

. / =y 20t <£> dr. (90) L (1) = I/ ey, (98)
oo a1

_ _ It is the chirp multiplication of an almost-periodic function.
Then, we set a new functigy(¢) and define a new parameter P P P

G E. Case Where +d = —2 andb # 0

. ; W(ardy — 1) For this case, we chooge, b2, c2, do} as{—1,7,0, -1},
< ) , p=aby=————. (91) and (27) becomes

g(t) i’ \ar
After the representation as above, we can show that the param- [a b} _ |:a1 b1:| ) [—1 n } . [ dy _b1:|
etera; has fully disappeared. In addition, becaug@andd; are c d a1 0 -1 -1 @
free to choose, if we use the parameiénstead ofzy, d;, then B {_1 —aien aln }

p is also free to choose. From the above discussion, the results —din —1+acin]|”

in (86)—(88) can be simplified, as in the following.

(99)

{1,6,0,1} (85) whena # d. Whena = d, the values of{a, b, ¢, d} must
be the same form a§-1,4,0,1}. This case has already been
1 = . [4nm discussed in Section IV-C. From (99) and Property B introduced
9t =\55" > Cuexp|jt o +h in Section 1ll-A, we can conclude that
n=0
- 4 —1,b/a2,0,— ,
+ Z D, exp <—j t % + h) (92) Oi(F bb/en0 1)(g(t)) =X-g(t) ay isfreetochoose (100)

m=0

i.e., g(t) is the eigenfunction of the LCT with parameters

where0 < h < 4x /||, C,,s andD,,s are free to choose {~1,b/a2,0,~1}; then

- 2 2 a1,(2b(di—a; ') /(d—a)),((d—a)a1/2b),d1
S ;::0(|Cn| + 1D, %) (93) d)E(t):Og (25( )/ (d—a)),((d—a)ar/2b) )(g(t))

d, is free to choose (101)

then the LCT with parametefs, b, ¢, d} in the case where +
d = 2 andb # 0 will have the eigenfunction as will be the eigenfunctions of the LCT when+ d = —2 and
b #£ 0, and the eigenvalue is also
b.0) L a7 =) 20) As in the case where +d = 2 andb # 0, we can also
op"(t) = J2rp e’ - ¢ "g(w)dz simplify the above results. From the similar process to derive
(94) (92)—(95), we obtain the results as followsalf- d = —2 and

32w
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b # 0 andg(¢) is the eigenfunction of the LCT with parametersameters{a, b, ¢, d} as (29), then sinces + d» = a + d (from
{-1,0,0,—1}, i.e., g(¢) satisfies [from (80) and (81)] Property A), in this case, the constraint that + dz| > 2
must be satisfied. In addition, to apply Property B, the eigen-

1 i — functions of the LCT with paramete{g., bz, ¢z, d2 } must have
9(t) = \V ons E:OC" cos (t dnm |67t + h) (102)  peen known. Therefore, in (29), we choose

or g(t) =4/ LS . Z C,, sin (t dnr)b|—t + h) (103) {a2,02, ¢2,d2} ={07,0,0,0}
R B (6 >0) whena+d > 2 (110)
_r -1 _
where0 < h < 47/|b| andC,,s are free to choose {az,bs,¢5,do} ={-0"",0,0, -}
(0 >0) whena+d < 2. (111)
=T 5 Before discussing the eigenfunctions of the LCT wier-

d| > 2, we first discuss the eigenfunctions of the LCT with
then the LCT with parametes:, b, ¢, d} will have the eigen- parameter§o—!,0,0,0} and{—c"*,0,0, —c}.

function as
A. Eigenfunctions of the LCT Whém, b, c,d} =

s -1
©n gy = [ L it / =27 120) gy gy 1EOT 50,0 F0)
J2mp —oo The LCT with parameter§s—1, 0,0, o} is scaling operation,

h < ¢ o o A (ﬁOS) and the LCT with parametefs-o—1, 0,0, —o} is the combina-
wherep is free to choose, but when = d, we must choose tion of scaling and time reverse operation

p = 0. In addition, the corresponding eigenvalue is

2 Y . O O (f(1)) =0'/* - fo ) (112)
Ao =(—1)"“exp <—7> wheng(t) is as (102) (106) O(Ff"fl’o’o”")(f(t)) :(_0)1/2 o)
Ao =(—1) 2 exp <—@> wheng(#) is as (103) (107) =(=1)/2. 047 OO (f(—t)).
’ (113)

Equations (105)—(107) are the eigenfunctions and eigenvalues
of the LCT we derive whem + d = —2 andb # 0. From Recently, because of the development of the fractal theory,

(102), (103), and (105), we can conclude that whend — —2 many functions with the scaling invariance property as below

andb £ 0, the eigenfunctions of the LCT are the chirp muiave been found:

tiplication, chirp convolution of symmetric (or anti-symmetric)

almost-periodic functions. flo-t) =A-f(#).
To simplify (105), we can always set

(114)

These scaling-invariant functions are also called the self-similar
(108) functions [18], [19] or fractals. In fact, the functions that satisfy
the scaling invariant property of (114) will also be the eigen-
functions of the LCT with parametefs—1,0,0, o}.
The simplest scaling invariant functions are the constant func-

p=0.

Then, (105) can be simplified as

d)(Eb’p) (#) = oI ((d—a)/4n)t? o(t). (109) tion, step function, impulse function, and the powet of
(¢71,0,0,0) o
In this case, the eigenfunctions of the LCT, whe# d = —2 (a) constanU B (@) =vo-C (115)
andb # 0, are simplified as the chirp multiplication of sym- (b) s(t):O(Fi’ 70707")(3@)) = o - s(u)
metric/anti-symmetric almost-periodic functions. (s(t) = 1fort >0, s(t) = 0fort < 0)
From (58), (64), (95), (106), and (107), we find, as in the case -7 116
where|a + d| < 2, when|a + d| = 2, the eigenvalues of the . (116)
LCT always have unity amplitude. ©6(t):0 OV =Vo T 8w)  (117)
We also notice that whefw + d| < 2, there is only one d) t";O(Fi’fl’O’O"’)(t") — /2D4n (118)

complete linear independent eigenfunction set for the LCT [i.e.,
(39)], except for the case whetie= 27 N/M. When|a 4 d| =
2, however, there are infinite complete linear independent eig
functions set for the LCT.

There are also many other scaling-invariant functions developed
efﬂ/'the fractal theory. They are all the eigenfunctions of the LCT
with parameterg§o—1,0,0,}.

Then, we discuss the eigenfunctions of the LCT with param-
eters{—o—1,0,0, —o}. The functions satisfy the following two

As in the previous cases, we also use Properties A and B @onstraints will be the eigenfunctions of this case:
troduced in Section IlI-A to find the eigenfunctions of the LCT
when|a + d| > 2. If we want to decompose the LCT with pa- @ fle-t)y=Xx-f(t), (b)f(t)==Lf(-2). (119)

V. EIGENFUNCTIONS OFthe LCT WHEN |a + d| > 2
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From (119), we can conclude that the eigenfunctions of the LGillll be the eigenfunction of the LCT, wherg {a1,by,¢1,d1}

with parameter§—o—1,0,0, —o} are symmetric (or anti-sym- are calculated from (121) and (123), and the corresponding
metric) scaling-invariant functions. For example, the constagigenvalue is alsa.

function, delta function, antl* listed in (115), (117), and (118) We also notice that when the value{af; , b, ¢1, d; } is (123),

all satisfy the above two constraints. They are all the eigetien

functions of the LCT with parametefs—o=*,0,0,—c}, but

. . . r s-b
the corresponding eigenvalues are changedjfiter, v/ —o—1, 1 Satdy?—1

and(—o)™+/—o. Although there are also some functions thatl;al 21 } =
do not satisfy the above two constraints and are the eigenfunc<? %1
tions of the LCT with parameter§—o—*,0,0, —c }, they are

=

s-(d—a)

—2s-¢ 1 < +1

_s(d—a)+\/(a+d)2—4 2\ V(@a+d)2—4

too complicated, and we will not discuss them here. . [“1 01}
With the aid of above results and Property B described in i 0 a
Section 11I-A, we can derive the eigenfunctions of the LCT for | a1 b1:| _ |1 0} . [1 77} . [al 0 } (126)
the cases where + d > 2 anda + d < —2. c d 1] |0 1 0 at
B. Case Where + d > 2 where
For the case where+ d > 2, we choosd as, b, ¢, d2} as _og. ¢ s b

{¢71,0,0,0} in (29). Then, because+d = a +d; mustbe 7=

satisfied sd-—a)+JardE—4 " JardZ-4

(127)
Therefore, the eigenfunctions of the LCT whehd > 2 shown

1
at+d=0c+ p (120) in (125) can be rewritten as

Solving the above equality, we obtain arbr .y
Pr(t) =OF " (f(1))

_atdtyletd® -4 (121) =0y <0§’"’0’1) < at-f (allt)>>
2

1

- G2t
=—FF—C
Then, after substitutingaz, b2, c2,d2} = {07%,0,0,0} into \/j207<r>77a1
(27), we obtain . / /2 (t=)* f (al_la:) - dx. (128)
a bl far bi][o™ 0] d —b
c d| |ea d 0 oll|-a a We can then set
a1ds _ blC;LO' —aby + albla _ 1
= | o g . (122 g(t) = f(art). (129)
[% —cdio - —i—aldla} (122) !

From (124), we can prove that
The general solution of the above equation is

Vo-glo-t)=X-g(t) (130)
a1:free to choose, except 0
s-b must be satisfied. Therefore, no matter what the value;of
by :m is, g(t) = f(a7't) is always a scaling invariant function with
1 PSR scaling ratiol /&, so the parameter; essentially has no effect.
= Thus, the results in (121)—(125) can be simplified. We summa-
s(d—a)+/(a+d)? -4 rize the simplified results in the following.

1 5-(d—a) In the case where + d > 2, if g(¢) is a scaling invariant

dy 24, m + (123)  function with scaling ratid /o and eigenvalué

wheres = sgno — o). Then, together with Property B in Vo g(o-t) =\-g(t)

Section IlI-A, we can conclude thatwhen-d > 2, if f(t) is the whereo <2 T3 V({e+d? —4 (131)
scaling invariant function with scaling ratig’c and eigenvalue 2
A, le.,
then
Vo flo-t) =X f(t) (124) .
¢(F7-7777U)(t) S Celi/mt?
then Vi2mn

Prp(t) = O (f(2) (125) ' / U2 g(a)  de (132)
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where it seems that the eigenvalues of the LCT must have unity ampli-
tude, but in fact, (138) is satisfied only for the case where
—2s-¢c
T = ) oo
s(d - a)b+ (atd?—14 / O - dt < oc. (139)
S - 1 —0o0
= s=sgn(o— 133
K (a+d)?—4 g (a ¢ ) (133)

However, for many of the scaling-invariant functions, such as
) ) _ _ the functions listed in (115), (116), and (118), the constraint
will be the eigenfunction of the LCT, and the correspondings (139) will not be satisfied. Therefore, the eigenfunctions of
eigenvalue is alsa. the LCT in the case + d > 2 will also not satisfy the power

In (132), there are many possible choices §of). We can preservation property, and their corresponding eigenvalues may
chooseg(t) as the functions developed by the fractal theoryot nave unity amplitudes.

or the functions listed in (115)—(118), or other scaling-invariant

functions. In fact, all the functions that are scaling-invariant tg. Case Whera -+ d < —2

the scaling ratio of /o can be used here. For example, in (132), .
) For the case where + d —2, in (29), we choose

we can choosg(t) as delta functiod(t) (we remember that theé W T < in (29, w

> A . b d as {—-071,0,0,—c}. Then, because
delta function is also a scaling-invariant function). Then, (13 a2’d2’_62’ 2}d {=071.0,0,~0} u
becomes Ta= ozt

1
a+d=—0——. (140)
. 2__ . 7
ST () = /217r /4 (d—ayflard)—1) 2 (134)

Solving the above equation, we obtain

Here, we have normalized the result and ignored some constant —a—dEt/(a+d)? -4
phase. This chirp function is indeed the eigenfunction of the 7= 2 ) (141)
LCT whena + d > 2.

From (132), we can conclude that the eigenfunctions of tAden, after substitutingaz, bz, ca,d2} = {—0—1,0,0, —o—}
LCT, whena + d > 2, are the chirp multiplication, chirp con-into (27), we obtain

volution of scaling-invariant functions. This is especially true

when a b _|lar by —o~1t 0 dy —by
c d| |ea d 0 —0| |- a1
b=0. (135) _ady abr
- [T e ] ae
Then, from (97) and (133) 7 1 " 1
’ , The general solution of the above equation is
n=0, hlrb U/ t=2)" —  [iomp . 6(t —x) (136)
" a1 :free to choose, except 0
ad therefore, the chirp convolution in (132) can be saved. In the by :3%1)2
case, where ary/(a+d)* —4
—2a1-s-cC
Cl1 =
c=0 (137) YT sd—a)+\/(atd)? -4
sincer = 0, the chirp multiplication in (132) can be saved. d; _ Ll [ sld-a) +1 (143)
We note, because for the scaling operations, all the eigen- 2a1 (a+d)? -4
values are possible, all the eigenvalues are also possible for the
LCT in the case where + d > 2. We remember that for the where
cases wherén + d| < 2 and|a + d| = 2, the eigenvalues of B 1 144
the LCT always have the unity amplitude, but for the case where s=sgn(oc™" —o). (144)

a+d > 2,itis possible that the amplitudes of the eigenvalues 4,5 is the same as (123), except that the definitions d6

the LCT are not equal to 1. For example, if in (132) we choosg anged. Thus, with a little modification, the results in Sec-
g(t) as a constant function or step function, then the eigenvaliig, \/_g can also be applied here.

willbe A = /o, and if we choose(t) ast™, then the eigenvalue

X _ From the similar process to derive (131)—(133), we find, if
will be X = ¢7+(1/2) From the power preservation property of (

t) is a symmetric (or anti-symmetric) scaling-invariant func-

the LCT ton
/ |F(a,b,c,d)(u)|2du:/ |f(t)|2dt Vv —a-g(—a-t) :)‘g(t)
o P —a—dtJ/(a+d)? -4
whereF (o« a)(u) =0 (f(1))  (138) whereo = 5 (145)
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then Besides, the monochromic light with wavelengthpropa-
gating through the cylinder lens with focal lengflcan be ex-
P (1) = L e pressed as
V2

/ e(j/Qﬁ)'(t*W)Z cg(z)-dz (146) Ol{ms(g(x)) _ Cj(ﬂ'/)\)nAcfj(ﬂ'/ﬁ)\)a;zg(x)

- n: refractive index A:thickness of lens (148)
where _ .
It just corresponds to the LCT with parameters
—2s-c¢ {1,0, =27 /f A, 1}
T =
s(d—a)++(a+d)?—4 '
5:b L Ofa(g()) = A TS0 O g ). (149)
N=——o——, s=sgno " —o) (147)
(a+d)?—4

From (14) and (149) and the fact that the combination of op-
will be the eigenfunction of the LCT when+d < —2, and the tical components can be represented by the product eftie
corresponding eigenvalue is alsoThere are many choices formatrices that represent the LCTs [see (8)], if an optical system
g(t). For example, the constant function, delta functidnand just has free spaces and lenses, then we can use the LCT to rep-
all the symmetric/anti-symmetric fractal functions with scalingesent it. For example, if an optical system contains a lens with
ratio o can be used ag(t) to derive the eigenfunctions of thefocal lengthf followed by a free space with lengththen since
LCT whena + d < —2.

Thus, from (146), the eigenfunctions of the LCT when- 1 % 1 0] J[1- ? %
d < —2 are the chirp multiplication, chirp convolution of sym- 0 1 }—2{ 17| =22 1
metric (or anti-symmetric) scaling-invariant functions. As in the
case where +d > 2, in some special cases, the eigenfunctionge can use the LCT with parametefd — z/f,z)\/2x,
ofthe LCT Whem+d < —2canbe Slmpllfled Wheb = 0, the —27T/f)\, ]_} to represent this Optica| System_
chirp convolution in (146) can be saved, and in the case wherey/e then describe an important property. This property is very
¢ = 0, the chirp multiplication can be saved in (146). helpful for discussing the self-imaging phenomena of optical
As in the case where + d > 2, all the values of the eigen- system.
values are possible for the case where d < —2. The am-  (Property C) Conditions That two LCTs Are Equivalent in
plitudes of eigenvalues of the LCT whemnt- d < —2 are not Optics [29]: Because whem /a; = b; /by, the transform

constrained to be 1. _ results of the LCTs with parameterfa;, by, c;,d;} and
We also notice that, as in the case|of+ d| = 2, when (g, b, c,,d,} will have the relation as follows:

|a 4+ d| > 2, there are also infinite complete linear independent

2y

eigenfunctions sets for the LCT. |F( o )(u)| _ |\/E~F( s (0 u)|
b
VI. APPLICATIONS FORSELF-IMAGING PROBLEMS whereo =2 — b—l (150)
a2 2

From the current research works about the self-functions of
fractional Fourier transform (FRFT), there are mainly three afrherefore, we can conclude the following.

plications of the eigenfunctions of FRFT: a) If only the intensity is considered, then two LCTs are

1) self-imaging problems; equivalent if

2) resonance problems;

3) mode selection.

Similarly, we can also use the eigenfunctions of the LCT we
derive for these applications.

In this section, we will discuss how to use the eigenfunc-
tions of the LCT to analyze the self-imaging problems of optical
system. Before discussing this topic, we first review how to use
the LCT to represent the optical systems briefly and introduce
an important property.

a1 = as, bl = bQ. (151)

b) If the difference of scaling is ignored, then two LCTs are
equivalent if

alzbl = aglbg, Clldl = Cgldg. (152)

c) If only the intensity is considered, and the difference of

A. Relations Between the LCT and Optical System scaling is ignored, then two LCTs are equivalent if
The LCT has very intimated relations with optics because
many of the wave propagation operations in optics can be ar:by = az:by. (153)

expressed as the special case of the LCT [13]-[15]. For

example, from (14), we can use the LCT with parametersBecause, in optics, the difference of phase and scaling are
{a,b,c,d} = {1,2A/27,0, 1} to represent the monochromicusually ignored, from Property C, the constraints for the input
light propagating through the free space with distance functions to cause the self-imaging phenomena are very relaxed.
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Therefore, for most of the optical systems, there are usually va- f 12
rieties of input fl_Jnctions th_at can cause the self-imaging phe- Tnput z Output
nomena. This will be seen in Section VI-B. l l

B. SOlvmg the Self-lmaglng Problems Fig. 2. Optical system with two lenses and one free space.

By the relations between the LCT and optical system, we can
use the eigenfunctions of the LCT to study the self-imaging phe—We give the following example. For the optical system in

nomena of optical system, i.e., searching the input images t .2, we can represent it by the LCT with the parameters as
will have the output the same as the input images. If an opti |OW'S'

system is the combination of free spaces and lenses, then from
the discussion in Section VI-A, we can represent it by the LC 0111 = 1 0
with some parameterga,, by, ¢1,ds }. Then, if the input light I_Qi 1} [0 217:} {_2_77 1}
has the distribution the same as the eigenfunctions of the LGT f2A fiA Z A
with parameterday, b1, c1, dy }, it will cause the self-imaging _ [ =5 27 } . (155)
phenomena for this optical system. — A IR R 12

In optics, however, we always ignore the difference of
phase, and when discussing the self-imaging phenomemgerefore, all the eigenfunctions of the LCT with the parameters
the difference of scaling is usually tolerable. Therefore, if a, b, ¢, d} where
optical system can be represented by the LCT with parameters
{ai1,b1,c1,d1 }, and then, the eigenfunctions of the LCT with ab=1_ 2. (156)
parametergay, b1, ¢1, di } are not the only possible inputs that ) fi2r
can cause the self-imaging phenomena. In fact, from Property _ _ ) )
C, all the eigenfunctions of the LCT with parametgasb, ¢, d} will cause the self-imaging phenomena for this optical system,

that satisfya;:b, = as:b can also cause the self-imagingtnd the scaling ratio is
phenomena. Therefore, when discussing the self-imaging )
phenomena of an optical system, we can use the algorithm as oo 1- f—‘l 2 (157)
follows. T a 27b
1) Find the parametefSiy, b1, ¢1,d;} of the LCT to repre-
sent this optical system. When
2) If the difference of scaling is considered, then we can B 2\
follow the algorithm. a=1- f—“l, b= éw (158)

i) Always fix a, b asa = a1, b = 01.
i) Vary d from —oo to oo in iterative, and setas(ad —  theno = 1, and the eigenfunctions of the LCT in this case will
1)/b. cause the self-imaging phenomena without scaling difference.
Then, all the parameters séts b, ¢, d} of the LCT that In the following, we will just discuss the case where= 1,
satisfya = a1, b = b; can be found. The eigenfunctionsi.e., no scaling difference. We can apply the algorithm intro-
of the LCTs with all the parameters dgt, b, ¢, d} found duced in this subsection. We first fixandb as (158).
above can all cause the self-imaging phenomena withoutThe value otz + d determines the form of the eigenfunctions
scaling. of the LCT. Sinced can be any value, and
3) If the difference of scaling is ignored, then we can follow
the _algorithm. atd=1-7% 14 (159)
i) Seta = a1/0,b = b1 /0. f1
i) Vary d from —co to oo iteratively and set: as
(ad—1)/btofind all the parameters sefts, b, ¢, d}  the value ofz + d can also be any value. Varying the values of
of the LCT that satisfyi = a1 /o, b = b1 /0. d from —oo to oo, we can find all the possible inputs that will
iii) Vary o from —co to oo, and repeat i) and ii) itera- cause the self-imaging phenomena without scaling difference
tively. for the optical system in Fig. 2.
Then, all the parameter sefa, b, ¢, d} of the LCT that 1) The case wheré < -3+ z/f1 (i.e.,a+d < —2).
satisfy a:b = a;:b; can be found. The eigenfunctions In this case, from Section V-C, we will find that the
of the LCTs with all the parameters set, b, ¢, d} found functions defined as (146) (i.e., the chirp multiplica-
above can all cause the self-imaging phenomena when thetion, chirp convolution of the symmetric/anti-symmetric
difference of scaling is ignored, and the scaling ratio (i.e., self-similar functions) will cause the self-imaging phe-

the ratioo such that f,,(¢)| = 7 - | fi(o - t)| wheref;(¢) is nomena without scaling. The value of =, and# can be
the input andf,(¢) is the output) is calculated from (145) and (147) by substitutitg b, ¢, d}
as{l — z/f1,z\/2n, ¢, d}.
a; by 2) The case wheré = —3+ z/f1 (i.e.,a+d = —2) (suppose
o=—= (154) z # 2f1).
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TABLE |
EIGENFUNCTIONS OFthe LCTFOR ALL THE CASES

Eigenfunctions Eigenvalues
L\, —ja Y72 R
Case A expl = (1+ 121)t H, (i] (e J ) exp(— lam),
(atd<2)| (o 2" miNx 20 o a+d

where o =cos’ (—)
where H,,(f): Hermite function (see (18)), 2

oL e d) () )

CJa—@ray fa-(@rdy?

Case B E[iA,, 5(t—1l4nﬂ]c|_l +h)+ exp(jch2)
n=0

(a+d=2,
b=0) iBm 5(t+,l4m7r|c|_l+hj:,
m=0

where 0 < A < 47l|c|, A,’s, B's are free to choose,

E=3(4,1"+|B,"
n=0

172

Case C  |The same as case B, except for 4, = B, for all n or +(-1) “exp(jch/2)
(a+d= -2, |4,=-B), for all n.

b=0)
Case D d-a; = exp(—jbh/2)

1 St J P~
— — e ¥ e ** g(x)dx

(a+d=2, W’jzﬂp L g(x)

b=0)

where g(t)= \/%[gcn m(p(jz‘,/4n7r|b|~1 +h ) +
ygoDm exp(— jt,l4m7r,b)-l +h )],

0<h<4nb|, C,’s, Dy, s are free to choose,

S=ZE)(IC,1 ?+1D, ")

172

Case E  |The same as case B, except for C,, = D, for all n or +(=1) “exp(—jbh/2)
(a+d= -2, |C, = -D, for all n.

b=0)
Case F 1 Loy Lexy? A (defined as left)

2
er [Le  glx)dx,

(atd >2) 1127577

where «/E-g(o"t): A-g(0),

- -2s.c = s:b
s(d-a)+a+d) -4 Ja+dy -4

o‘=(a+di,/(a+d)2 —4)/2, s = sgn(cr—a'l).

Case G |The same as case F, except for A

(atd<-2)| g®==g(-)
must also be satisfied, and s is changed as sgn(a'—l—a).

T

In this case, from Section IV-E, we find the functions wherep andC,,s are free to choose< h < 2/z\. We can
that follow will cause the self-imaging phenomena without just choosey = 0 so that
scaling:
oo — A i (=242 f1) /2087
B(t) = eI T2/ 1N / =200\ iy (160) o) =4-e 9. (162)

— o0

3) The case where3 + z/f1 < d < 1+ z2/f1, (e, -2 <

where a+d<2).
i 2n In this case, from Section Ill, we find the functions that
9(t) = Z Cn cos | 2mt T h ] or follow cause the self-imaging phenomena without scaling:
=0
> . 2n _ S N42
g(t) = Z Cpsin | 2ty 3 +h (161) (/)(U,T)(t) = exp M ‘H,, 13 (163)
o z m 202 o
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where
z 2
5 ZA 1_d_f < z)
== r=—— (=4 (14d-—)
¢ ¢ fi 1]

(164)

4) The case wheréd =1+ z/f1, (i.e.,a+d = 2). [2]
In this case, from Section IV-D, we find the functions

that follow will cause the self-imaging phenomena without (3]

scaling:

[4]
B(t) = I (/I / I 20 g dx (165) 3]
where 6]
_ = - 2n [7]
g(t) = Z Crexp | j2nty/ oY +h
n=0 [8]
> . 2m
+g=:0 Dy, exp | —j2nty/ Stk (166) o]
wherep, C,.s, andD,, s are free to choose [10]
0<h<—. (167) [11]
ZA
We can just choosg = 0 so that
o, 12
Blt) = TN g (e, aes)
5) The case wheréd > 1+ z/f1, (i.e.,a +d > 2). [13]
In this case, from Section V-B, we will find the functions [14]
defined as (132) (i.e., the chirp multiplication, chirp con-
volution of the self-similar functions) will cause the self-
imaging phenomena without scaling, where the value,of
T, n can be calculated from (131) and (133) by substituting
[16]

{a,b,c,d} as{l — 2/ f1,2\/27, ¢, d}.
Thus, there are many types of input images that can cause the
self-imaging phenomena without scaling for the optical systenfi7]
as Fig. 2. We notice that the last lens (with focal lenfithdoes
not have any effect on the self-imaging phenomena. [18]

VII. SUMMARY AND CONCLUSION [19]

In this paper, we divide the discussions about the eigenfungém
tions of linear canonical transform (the LCT) into seven cases.
We make a summary for the eigenfunctions and eigenvalues ¢f1]
the LCT for each case in Table I.

In this paper, we have derived the eigenfunctions and eigerJEZ]
values of linear canonical transform (the LCT) for all the cases|23]
Whether|a + d| is greater than 2 and whethieequals 0 will af-
fect the form of the eigenfunctions of the LCT. We also use thé24]
eigenfunctions of the LCT we derive to discuss the self-imaging2s]
phenomena. We find that Hermite functions, (almost) periodic
functions, self-similar functions (fractals), and the chirp mul—[26]
tiplication, chirp convolution of these functions may possibly
cause the self-imaging phenomena in optical systems.

Besides, since we can use the eigenfunctions of FRFT to digﬂ
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