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Uniform Laminar Flow past a Porous Spherical Shell

H.J. Hsu, L. H. Huang , P. C. Hsieh'

Abstract

By applying Darcy's law as governing equation, Jones (1973) investigated the flow field of a uniform
laminar flow with low Reynolds number past a porous spherical shell. Due to the potential characteristics
of Darcy’s law, it is impossible to imply viscous effect in the porous medium. And due to the improperly
extension from the results of Beavers and Joseph (1967) and Saffman (1971) for spherical coordinate to
fulfill the tangential boundary conditions, the continuity conditions of tangential velocity and shear stress
are not satisfied on boundaries. Therefore the result obtained by Jones (1973) has the necessity to be

modified.

A new solution of Jones’ (1973) problem is reinvestigated based on Song and Huang’s (2000) theory of
laminar poroelastic media flow in the present work. It is observed that the new analytical solution can
sufficiently delineate the viscous effect on boundaries and satisfy the boundary conditions of continuity of
tangential velocity and shear stress. It is also found that as the porosity approaches to 1, the flow field
retrogrades to the uniform laminar flow; and as the porosity approaches to 0, the well-known Stokes’
solutions of a uniform laminar flow with low Reynolds number past a porous spherical shell are obtained.
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1. Introduction

In early researches for the flow interacting
with a porous medium, Darcy's law was often
used to dominate the flow field in the porous
region. Although the resuits were not bad in
agreement with experiments, and a great deal of
achievements had been obtained in use of this
potential model [e.g., Huang and Sonpg {1993)],
slip phenomena at interfaces could not be
avoided. Because Darcy’s law only poses the
form of a first-order differentiation, the surplus
boundary conditions with respect to continuous
tangential velocity and shear stress are
overdetermined. It brings about some perplexity,
especially when the no slip condition is applied
for revealing physical mechanism on the
boundaries.

A plausible but empirical tangential boundary
condition proposed by Beavers and Joseph (1967)
and Saffman (1971} for porous plane boundaries
when viscous effect is not negligible is

du a - q), 0

dy ‘,Jkp
where y is the coordinate normal to the

surface, » is the mean velocity parallel to the

surface, g is the tangential fluid velocity inside

the porous medium at y = 0, k, is the
specific permeability, and ¢ is a dimensionless
parameter depending only upon the properties of
the medium. For laminar flow passing over plane
porous bed of infinite thickness, Huang and
Chiang (1997} proved that equation (1) is
appropriate.

By applying Darcy’s law as governing equation,

Jomes (1973) investigated the flow field of a
uniform flow with low Reynolds number past a
porous spherical shell. Because of the spherical
geometry of boundaries, not only boundary
conditions in normal direction are necessary [see
Huang, Hsieh, and Chang (1993) for normal
boundary conditions], but also those in tangential
direction are required. In order to solve the
problem with spherical coordinate, Jones (1973)
hence proposed a tangential boundary condition,
which was improperly extended from Beavers
and Joseph {(1967) and Saffinan (1971) as

e = =1, — 45 )
ks

where e , is the rate of strain, in application for

(2

problems with spherical boundaries.

We will find later that due to the improper
extension of the partial- slip boundary condition
proposed by Beavers and Joseph (1967) and
Saffman (1971), the occurrence of slip situation
at interfaces is inevitable. It will yield handicaps
while the continuity of tangential velocity and
shear stress are absolutely essential and have a
great  effect upon actwal circumstances.
Furthermore, the potential characteristic of
Darcy’s model means that the solutions cannot
demonstrate viscous effect of the flow inside the
porous medium, as well as at {nterfaces.

Song and Huang (2000) proposed complete
governing equations and boundary conditions in
the poroelastic media theory. By applying the
governing equations and boundary conditions
proposed by Song and Huang (2000}, it is noted
that both the normal and tangential boundary
conditions are applied in this study. The result
can properly represent viscous effect in the
porous medium and satisfy the continuity of



tangential velocity and shear stress on boundaries.

In addition, the verifications of limiting cases
ascertain that the flow field retrogrades to the
uniform laminar flow as the porosity approaches
to 1, and retrogrades to the well-known Stokes
flow as it approaches to .

2. Jones’ Solutions

Jones {1973) investigated the flow field of a
uniform flow passing a porous spherical shell.
The spherical shell of external radivs a and
internal radius b is immersed in a uniform
stream of velocity U/ . The external region, the
porous region, and the cavity are denoted as
regions I, II, and W respectively, shown in
Figure 1. He derived and cbtained complete
analytic solutions by using Darcy’s law in
control of the porous medium, region 1, and
boundary conditions extended from Beavers and
Joseph (1967) and Saffman (1971).

In regions [ and I, equations govemning the
flow are the Stokes equation

Viu=Lvp, 3)
H

where u and p are the velocity vector and

pressure of flow, and 4 is the fluid viscosity.

And the continuity equation is

V-u=0. (4)
In the porous medium, region II , the flow is

- governed by Darcy’s law

4
g=-22vp, ()
- H
where g is the velocity vector inside the porous

medium. And the continuity equation is
V. g = 0. (6)

Note that Darcy’s law is only a first-order
differentiation, so it cannot demonstrate the
viscous effect in region I+ and by connecting
with regions [ and II dominated by the
second-order Stokes equation, the continuity

conditions with respect to tangential properties

are overdetermined.
Boundary conditions at interfaces of the

spherical shells (i.e.,, r = a , b} are continuity of

pressure,
pllr——a =p=|r=a’ pllnb =P:lr=w D

continuity of normal fluid flux,

Uet| e =‘?r2|r-a: Gz rms =ur3lr=b’ (8)

and empirical tangential boundary conditions,
which are improperly extended from Beavers and
Joseph (1967) and Saffiman (1971), proposed by
Jones (1973},

— ﬁ(uallrm _qEZIrsal

eraa|r=a =-p (uas = 92 r=b)’ )
where \F_ is denoted as # and the rate of
k

€0

L4

strain ¢ , Is given as

e, =r2|¥e) 1o (10)
orl r r o8

By solving equations (3)~(6) with boundary

conditions (7)~{9), analytic solutions are

obtained.

Inregionl,
C2
P, = pUL = |cosé, {11)
r
u, =U[1+& +C—j)cosﬁ?, (12)
ror
Uy =— 1+&—& sin &. (13)
2r 277
Inregion II,
Cs 14
p,=U r_’+C6r cosd, (14)
kU
L= [zfs —c,_]cose, (15)
M\ r
kU
dn ="—(C—3’+Cs]sin€. (16)
a4 \r
Inregion I,



= pU{lOCJ)cosﬁ, (17
= U(C', + C4r’)cos 8, (18)
ugy = -U(C, +2C,r* Jsin 6, 19)

where | ~ C, can be determined by solving

simuitaneous boundary conditions (7)~(9).

3. Present Study

In dealing anew with the problem of a uniform
flow passing a porous spherical shell, it is
required to reset equations that will appropriately
delineate the viscous effect of fluid in the porous
medium. Besides, the equations of continuity of
tangential velocity and shear siress are to be
satisfied at interfaces, too.

Song and Huang (2000) proposed complete
governing equations and boundary conditions in
the poroelastic media theory. For the porous
medium, region II, we adopt the goveming
equations and boundary conditions from the
result of Song and Huang (2000) to reanalyze the
flow field.

3.1 Governing Equations

In regions [ and IH, goveming equations are
taken to be identical to Jones' (1973) study, i.e.,
equations (3) and (4).

When we analyze the flow phenomena inside
the porouws medium, region I, the fluid
viscosity is considered. Hence instead of Darcy’s
flow, the governing equation proposed by Song
and Huang (2000) is employed to dominate the
flow field in region 1,

n

k

P

Vig-—g=—Vp, (20)
where 7 is the porosity of porous medium. And
the equation of continuity is still

V.g=0 (21)
as usual. Becsuse equation (20) is a
second-order differential equation, different
from equation (5), it will completely handle the

overdetermined tangential boundary conditions
provided that proper boundary conditions are
founded. Besides, the added viscous term of
equation (20), compared with equation (5),
indicates that the governing equation will be able
to represent properly the viscous effect of the
porous mediumn, region 1T,

3.2 Boundary Conditions

Since we have adopted equation (20) to
govern the porous medium flow in region II,
the correction of tangential velocity and shear
stress at interfaces are probably available to be
concerned about. For this reason, it is necessary
to find out suitable boundary conditions that
satisfy the continuity of sbove physically
properties.

Song and Huang (2000) derived and proposed
eight physical wvariables that should be
continuous at porous interfaces. In our work, we
just use four of them to construct proper
boundary conditions. They are normal fluid
stress, normal fluid flux, tangential fluid stress,
and tangential relative flow velocity.

The boundary conditions at interfaces of the
porous shells r = a, b according to the continuity
of above four physical variables are listed below:
1. Continuity of normai fluid stress:

and

= . (22
n ar Fag ( )

2#—_ raa = P rma P2
r

ri

Su 2
o |1 - P;|r-o = TH%L-A& - ler-a- (23)

2u

Because equation (20) is the differentiation of
second order, we no longer merely use the
continuity of pressure, i.e., equation (7}, but can
sufficiently employ more generalized normal
fluid stress as the continuity condition.
2. Continuity of normal fluid flux:

U] oo™ Tra e (24)

r=b= QrZIr:b’ (25)

u r3



which are identical to equation (8).
3. Continuity of tangential fluid stress:

St T

& r=g ]‘ r=d r ae r=g

=la?az| ey (113, (26)
n o' onr' prpg'™

a”a:’ _Hg | +laur3

af' reb r r=f r ag r=b

1894y _ 14y, + 1 1&g, 27
-~ jr=b fraa |ruee
n or n ¥ nr o8¢

4. Continuity of tangential relative fluid

velocity:
uﬂl 'r=a = qu r=q (23}
U3 28 = Doz e (29)

Equations (26)~(29) are now adopted to replace
equation (9). Equation (9) is an improper
extension from Beavers and Joseph (1967) and
Saffman (1971), proposed by Jones (1973). We
now realize that because of the property of
first-order differentiation of equation (5), it is
neither possible to imply viscous effect in the
porous medium, nor to introduce equations
(26)~(29) as boundary conditions for Jones’
(1973) solutions. Therefore, Jones' solutions do
not satisfy the continuity of tangential velocity
and shear stress.

3.3 Solutions

The method of separation of variables is
applied to solve the governing equations (3)}(4)
and (20)(21) with the boundary conditions
(22)~(29). By taking some manipulation, the
final forms of solutions are obtained.

Inregion I,
C, 0
P = pll) =+ (cosd, (30)
r
u, = U(l +-&+£;—Jcosq9, (31)
r r

C C .

Uy = —U[l+2_:'_2r_33]sm& (32)
Inregion II,
ol 1

Py = £—(——2 C, —-m*rC, )cos 8, (33
n \2r

Gn = U[ mrsinh mr]—— coshmr c,
r
+ mr cosh mr; —sinh mr c, 34

r

1
+WC7 + CB }039,

2e. =U[ mrsinhmr -1+ m’r? Jcoshmr

2 G

_ 2,.2).:
+ mer cosh mr (1+m F Jsmhmr c, (35)

2¢°
1 C. - ki
g =G Fnd,
where \{E is denoted as mr.
k.u
Inregion IO,
p; = pU(10C,r)cosé, (36)
u, = U(C1+C'4r’)cos€, (37)
g, =—U(C, +2C‘r2)sin6". (38)

The boundary conditions (22)(29) provide eight
simultaneous equations to determine eight
unknown constants, C, ~C,.

4. Discussion

Since we have employed the continuity of
tangential relative fluid velocity and tangeatial
fluid stress as -boundary conditions, tangential
relative fluid velocity and tangential fluid stress
are continuous on the boundaries. We make clear
our point of view in Figures 2 to 5. Figure 2
shows the tangential relative fluid velocity
profiles obtained according to analytical
solutions (30)~(38) in two directional angles



from the spherical origin outward (=45 90"},
Figure 3 shows the profiles according to Jones’
(1973) solutions (11}~(19) for comparison. We
find that our curves are continunous at both inner
and outer surfaces of spherical shell (r =a,b),
but Jones’ are not. The same circumstances are
shown in Figure 4 and 5 for the tangential fluid
stress. Therefore, in the present analytical
solutions the slipping condition due to the
potentizl Darcy’'s model is eliminated at

interfaces, and Jones’ handicap hence disappears.

Another verification of our analytical solutions
is to investigate special cases such as how the
limiting values of porosity x lead to. We note

that ;= nfkp is composed of the porosity »

and the permeability %, that always interact

mutually, By introducing Kozeny-Karman
equation of soil mechanics [e.g. see Lambe and
Whitman (1969)]

nl

kp B Knsz(l_ny ’

where K, is the shape factor and § is the
specific surface area. We express &, in terms of
n and then transform the solutions into
polynomial terms in preparation for discussing
limiting values of porosity.

First, we study the limiting case of #
approaching to 0. It is found that the coefficient

3 a’
C, converges to -39 C, converges to —

(39)

2 k]
and the other coefficients vanish. Consequently,
only the flow field of region I still exists, and the
solutions turn into

D= .uU[—i]cosﬁ, (40)

2a
3

u,, =U(1—-3£+—a—3—}cos€, (41)
2r 2r
3a 4

=] 1-=-—|siné, (42
“ar ( 4r 4r3) " )

which are just the well-known Stokes sclutions
of a uniform flow passing a rigid impermeable
sphere, shown in Figure 6. Thus it is recognized

that the flow in the limiting condition of porosity
approaching to 0 indeed conforms physical
expectation.

Second, let n approach to 1 and ascertain
how the flow field becomes. The solutions turn

into

P =p;=p; =0, (43)
u, =, =u,, =Ucosé, (44)
Ug = Ugy =Ug =—Uging, (45)

which are just the uniform flow driven by a far
field velocity U/ as if the porous spherical shell
didn’t exist, shown in Figure 7. (Note that Jones
{1973) could not recover this limiting case.)
Therefore, it can be identified that the flow in the
limiting condition of porosity approaching to |
will retrograde to a simple uniform flow field,
which also coincides with physical expectation.

The general range of the porosity of soils are
Inewn as 0.1~0.5, so we select a medium value
of 0.3 and assume that the permeability is 0.5m’.
The flow state of the analytical solutions
(30)~(28), and coefficients in substitution for the
specified values are known in Figure 8. We can
see clearly the flow variates and penetrates
through the porous shell.

5. Conclusion

In this study, in order to remedy handicaps of
Jones® (1973) solution of a uniform laminar flow
with low Reynolds number passing a porous
spherical shell, we reinvestigate the flow field by
adopting the second-order governing equation
and sufficient boundaries from the laminar
poroelastic flow model proposed by Song and
Huang {2000). The solutions imply apparently
the viscous effect in the porous region that the
Darcy’s model can not provide. Furthermore, the
continuity conditions of tangential velocity and
shear stress are properly satisfied at interfaces.

It is also proved in the present study that the



flow field will retrograde to Stokes flow while
the porosity approaches to 0, and retrograde to a
simple uniform flow while the porosity
approaches to 1. Both of the limiting cases are in
accord with actual physical expectation and
verify the correctness of the present study.
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A REINVESTIGATION OF UNIFORM LAMINAR FLOW PAST A
POROUS SPHERICAL SHELL
H. Y. HSU AND L. H. HUANG
Department of Civil Engineering, National Taiwan University, Taipei, Taiwan, R.0.C.
P. C. HSIEH'
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Taichung, 40227, Taiwan, R.O.C.

By applying Darcy’s law as the governing equation, Jones (1973) investigated the
flow field of a uniform laminar flow with low Reynolds number past a porous
spherical shell. Due to the potential characteristics of Darcy’s law, it is impossible to
imply viscous effect in the porous medium of Jones’ work. And due to the improperly
extension from the results of Beavers & Joseph (1967) and Saffman (1971) for
spherical coordinate to fulfill the tangential boundary conditions, the continuity
conditions of tangential velocity and shear stress were not satisfied on boundaries.
Therefore the result obtained by Jones (1973) has the necessity to be modified.

A new solution of Jones® (1973) problem is investigated based on Song & Huang’s

(2000) theory of laminar poroelastic media flow in the present work. It is observed

* All corresponce to: P.C. Hsieh, Department of Soil and Water Conservation, National Chung-Hsing University,
Taichung, 40227, Taiwan, ROC. E-mail:pchsieh@dragon.nchu_edu.cw
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that the new analytical solution can sufficiently delineate the viscous effect on
boundaries and satisfy the boundary conditions of continuity of tangential velocity
and shear stress. It is also found that as the porosity approaches to 1, the flow field
retrogrades to the uniform laminar flow; and as the porosity approaches to 0, the
well-known Stokes’ solutions of a uniform laminar flow with low Reynolds number
past a porous spherical shell are obtained.
1. INTRODUCTION

In early researches for the flow interacting with a porous medium, Darcy’s law was
often used to dominate the flow field in the porous region. Although the results were
not bad in agreement with experiments,- and a great deal of achievements had been
obtained in use of this potential model [e.g., Huang & Song (1993)], slip phenomena
at interfaces could not be avoided. Because Darcy’s law only poses the form of
first-order differentiation, the surplus boundary conditions with respect to continuous
tangential velocity and shear stress are overdetermined. It brings about some
perplexity, especially when the no slip condition is applied for revealing physical
mechanism on the boundaries.

A plausible but empirical tangential boundary condition proposed by Beavers &
Joseph (1967) and Saffman (1971) for porous plane boundaries when viscous effect is

not negligible is



(94

JE' (u _q):

where y is the coordinate normal to the surface, % is the mean velocity parallel to

du
o (L

the surface, g is the tangential fluid velocity inside the porous medium at y =0,

k, is the specific permeability, and @ is a dimensionless parameter depending only

upon the properties of the medium. For laminar flow passing over plane porous bed of
infinite thickness, Huang & Chiang (1997) proved that equation (1) is appropriate,
and « =1/n,where n is the porosity.

By applying Darcy’s law as the governing equation, Jones (1973) investigated the
flow field of a uniform flow with low Reynolds number past a porous spherical shell.
Because of the spherical geometry of boundaries, not only boundary conditions in
normal direction [see Huang et al. (1993) for normal boundary conditions] but also
those in tangential direction are required. In order to solve the problem with spherical
coiordinatc, Jones (1973} hence proposed a tangential boundary condition, which was

improperly extended from Beavers & Joseph (1967) and Saffman (1971) as

= (“e - ‘i’al : (2}

erﬂ = |l_
kP
where e,, is the rate of strain, in application for problems with spherical boundaries.

We will find later that due to the improper extension of the partial-slip boundary

condition proposed by Beavers & Joseph (1967) and Saffman (1971), the occurrence



of slip situation at interfaces is inevitable. It will yield handicaps while the
continuities of tangential velocity and shear stress are absolutely essential and have a
great effect upon actual circumstances. Furthermore, the potential characteristic of
Darcy’s model means that the solutions cannot demonstrate viscous effect of the flow
inside the porous medium, as well as at the interfaces.

Song & Huang (2000} proposed complete governing equations and boundary
conditions by the poroelastic media theory. According to their results, both normal
and tangential boundary conditions are applied in this study and thus the continuities
of tangential velocity and shear stress on boundaries of the porous medium are
satisfied in consideration of viscous effect. In addition, the verifications of limiting
cases ascertain that the flow field retrogrades to the uniform laminar flow as the
porosity approaches to 1, and retrogrades to the well-known Stokes flow as it
approachesto 0.

2. JONES’ SOLUTIONS
Jones (1973) mvestigated the flow field of a uniform flow passing a porous spherical
shell. The spherical shell of external radius & and internal radius b is immersed in
a uniform stream of velocity U/. The extemal region, the porous region, and the
cavity are denoted as regions I, II, and I respectively as shown in Figure 1. He

established the complete analytic solutions by using Darcy’s law in control of the



porous medium, region II, and adopting the boundary conditions extended from the

works of Beavers & Joseph (1967) and Saffman (1971).

In regions I and I, equations governing the flow are Stokes equation

Viu= l‘?p
H 3)
and continuity equation
V.u=0. (4)
where ¥ and p are flow velocity and pressure respectively, and 4 is the fluid
viscosity.
In the porous medium, region II, the flow is governed by Darcy’s law
g=-—+Vp, &)
H
where g is the flow velocity inside the porous medium. And continuity equation is
V-g=0. (6)
Note that Darcy’s law has only first-order differentiation, so it cannot demonstrate
the viscous effect in region II, and the continuity conditions connected to regions I
and II , which are dominated by the second-order Stokes equation, are
overdetermined in tangential properties.

Boundary conditions at the interfaces of spherical shells (i.e., r = a, b} are

continuity of pressure

p||r=a=p2|r=a’p2|r=b=p3 rab? (7)



continuity of normal fluid flux

“rllr-n = Qrzlraa H qr2|mb = ur3 rab? (8)
and empirical tangential boundary conditions, which are improperly extended from

Beavers & Joseph (1967) and Saffinan (1971), proposed by Jones (1973),

s ) )

b = --B(uﬂ.?'rzb — g,

rag )’ er93

r—y B (ual

er&i

e o2

where a/ A /kp is denoted as £ and the rate of strain e,, is given as

d(uy | 16u
= ] = | e 10
e i“Br[ r } ¥ 0f ' (15

By solving equations (3)—{(6) with boundary conditions (7)~{9), analytic solutions are

obtained.
Inregion [,
B =#U(E§]cosé‘, (11)
r
u, = U[l+£‘—+£})cos€, {12)
¥ r
c, C
= 1+—% -2 lgin@. 13
2y U( > 2r3)sm (13)
In region IT,
Cs
gy, =Ul =+ Cyr [cos8, (14)
¥
kU
g,, =% (-2—%——-6'5}0039, (15)
ao\r
kU X
g2 =-—1-—-(£§‘—+ CﬁJsmE. {16)
a4 \r
Inregion I,
p, = pU(10C,r)cos, an



u,, =U(C, + C,r? Jcosé, (18)

4y ==U(C, +2C,r* Jsin8, (19)
where
6k 3k
C,=- 2,,(1+_a£J 2 35,2 r,
a 2 ) 40aff 20a 4dab (20)
3 4
C-Sa( ﬁ] g2y b 3 5
2 J2ab 20af 20a 20a* ;‘3 20a* @1
3k, 3 4 3k,
¢, =248 A Y P IR
4 24 \20a*8 204" 2ab  20a3 © 20a @)
9
gl T --
202’6 2 (23)
3 4
C; —3,ua[1+ af 3‘54 + b /T,
2 |20a°8  20a 24)
Cs = 2[ ﬁ] £+ 3 b r,
a 2 )| 2ab 20af 20a - 29)
6k 3p° b*
[=|3+g8~—=
[ e If—lﬂa‘ﬂ 20a“]
3k, 3k pY 3k 3 b
-3 2 2 £ . 26
( vafi+ 2t 2a ][2ab+20aﬂ+2{la] (26)

3. PRESENT STUDY

In dealing anew with the problem of a uniform flow passing a porous spherical shell,



it is required to reset equations that will appropriately delineate the viscous effect of
fluid in the porous medium. Besides, the equations of continuity of tangential velocity
and shear stress ought to be satisfied at the interfaces, too.

In the present study, we adopt the governing equations and boundary conditions
proposed by Song & Huang (2000) to reanalyze the flow field inside the porous
medium, region . II
3.1 Governing Equations
In regions I and II, the governing equations are identical to Jones® (1973) study, i.e.
equations (3} and (4).

While in region II, to consider the viscosity of fluid, the governing equation

proposed by Song & Huang (2000), instead of Darcy’s flow, is employed as follows.

2

s 27

where n is the porosity of porous medium. And the equation of continuity is still
vig=0 (28)

as usual. Because equation (27) is a second-order differential equation, different from

equation (5), it will completely handle the overdetermined tangential boundary

conditions provided that proper boundary conditions are founded. Besides, the added

viscous term of equation (27), compared with equation (5), indicates that this

governing equation will be able to delineate the viscous effect of the porous medium,

8



region II properly.

3.2 Boundary Conditions

Since equation (27) are adopted to govern the porous medium flow, the boundary
conditions at the interfaces need to be corrected to satisfy the continuities of
tangential velocity and shear stress.

Song & Huang (2000) proposed eight physical quantities that should be continuous
at porous interfaces. In this work, only four of them are used to construct proper
boundary conditions. They are normal fluid stress, normal fluid flux, tangential fluid
stress, and tangential relative flow velocity.

The continuities at the interfaces of the porous shell (r = a, b) are listed below:

1. Continuity of normal fluid stress:

Ju 21 0g
2 Tl - we 7 AP - ) 29
p 5}' ] PI ] n ar Ir=a pi ra ( )
Ou, 24 0q,
2u ars |r-b TPl = n-— arz F=b _Pz|r=a' (30

Because equation (27) has second-order differentiation, we no longer merely use the
continuity of pressure, i.e., equation (7}, but can sufficiently employ more generalized
normal fluid stress as the continuity condition.

2. Continuity of normal fluid flux:

Ypfrea™ Qr2|r=a * (31)

(32)

url rab = qrz rab?



which are identical to equation (8).

3. Continuity of tangential fluid stress:

ou 1 0u 1 1
Vo) Hoy L% 10 1dey) (1185 g
ar r r 08 n or nor nr o8
Ot g U a3 1 Ou,, 1 8g,, 1 gy, 1109q,
e T e YT e T rxb - |r= ——— P 34
arl’b r braﬂsbnarlbnr|b+nraﬂb (34)
4. Continuity of tangential relative fluid velocity:
uﬁl r=a = qﬂi r=a?% (35)
u63|r=b= Qa1 ras- (36)

Equations (33) to (36) are now adopted to replace equation (9) which is an improper
extension from Beavers & Joseph (1967) and Saffman (1971), proposed by Jones
(1973).7 Referring to equation (10), we find that equations (33) and (34) will never
become equation (9).

We now realize that because of the property of first-order differentiation of
-equation (5), it is neither possible to imply viscous effect in the porous medium, nor
to introduce equations (33) to (36) as boundary conditions for Jones’ {1973) solutions
Since Jones’ solutions do not satisfy the continuity of tangential velocity and shear
stress.

4. SOLUTIONS
The method of separation of variables is applied to solve the governing equations (3),

{4) and (27), (28) with the boundary conditions (29}36). After some manipulation,

1¢



the final forms of solutions are obtained as follows.

Inregion 1,
p, = ul (C—j)cosé,
r
u, =U[I+Q-+C—;Jcosﬁ,
r r
g, =—U(1+§—2———CL3 siné.
2r 2r
Inregion II,
Py = ﬂ(—l—z(}? —mera)cosﬁ,
n\2r
mpr sinh mr — cosh mr
Qrz = U[ ?‘3 CS

N mrcoshmr —sinh mr

."3

C

+—21'TC? +C, kose,
m'r

mrsinh mr — [1 + mzrz)coshmr
2r°

+ mrcoshmr — (1 +m?r? )sinh mr

2y’

Go2 = U[ Cs

Ce

1 .
+ *ém—'zr;c-, - Cﬂ ]Sln a,

where ,fn/kp is denoted as m.

In region I,
p,=ulU (1 0C4r)cos€,
u, = U(C1+C4r2 )cos 8,

gy = -U(C, +2C,#* Jsin 6.

(37

(38)

(39)

(40)

(41)

(42)

(43}

(44)

(45)

The boundary conditions at the interfaces provide eight simultaneous equations to

il



determine eight unknown coefficients, which are found to be:

oy =ﬂc=as
A

A =K1 {P; (CIMI +B|O|)"' Q1 (C1L1 + A101)+R1(‘BIL1 _AIMI )}
_DI {H(JlMl _Hlol)—Ql(JlLl —G101)+R1(H1L| “G|M1)}

+U|{C|[H,(L1 _ﬂ)_61(-M1 _QI)]+Bl[Il(LI _P;)_Gl(ol "Rl)]

"AJIEII(MJ_QJ_Hl(_OI“Rl)]:‘G
1 212 272
a =+ 6D -5mbC+m** DY, +(5C— 5mbD + m*b*C )y,

a, =—-2;—2[— m’a’Ba, ~m'a’ da; -3a’q, +3a’].
a, = —é;[ @B+3m2a13—6mm4—m3a3A)15

+64+3m*a’ A-6maB-m*a®B Y, ——6—2a, i
m

o, =- Ias [ 6D +3m82D—6mbC - m*6’C ),

6n
+{6C +3m*b*C - 6mbD - m*b* D Jx, -%a? ]
a, =-F{K,(0,0,+ MR )+U,[J,(a,-0)-G,(0,+ R )]
a, = F{K (0,2 + LR )+U [/ (L, -P)-G (0 +R)]
a, = F{K,(M P, - 1,2, )+ U,[H#,(L, - R)~- G (M, + Q)]
a, =-F{R(/M, - H0)-0,/,L, -G0)-R(H,L -GM,)
A =(Bn-2)m’a’B+2m'a’ 4,

B, =(3n-2)m*a*A+2m’b’B,

2
C =-a’,
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(47)

(48)

(49)

(50)

(31)

(52)

(33)

(34)

(35)

(56)

7

(58)



D, =9na® +2m’a’, (59)

F, =9na’, (60)
G, =18(n—1\B—mad)+ (6n - TYm’a*B)+ m’a’ 4, 61)
H, =18(n - 1{4 -~ maB)+ (61— 7\m*a’ )+ m’a’B, (62)
J, :;—Sz(n—l)—az, (63)
K, =2m'a’, (64)
L, =3(3n+2){D - mbC)+(3n+4)\m*b*D}-2m*b°C, (65)
M, =3(3n+2)C - mbD)+(3n +4){m*b*C)-2m5°D, (66)
B, =m*b*(D-mbC), (67
0, = m'b*(C ~mbD), (68)
R = 1:2_ , (69)
U, = m%?, 70
A =sinhma, (71)
B =coshma, (72)
C =sinhmb, (73)
D =coshmb. ' (74)

5. DISCUSSION
Since we have employed the continuity of tangential relative fluid velocity and

tangential fluid stress as boundary conditions, tangential relative fluid velocity and

13



tangential fluid stress are continuous on the boundaries. We make clear our point of
view in Figures 2 to 5. Figure 2 shows the tangential relative fluid velocity profiles
obtained according to analﬁical solutions (37)-(45) in three directional angles from
the spherical origin outward (& =45",90",135"). Figure 3 shows the profiles
according to Jones’ (1973) solutions (11)-(19) for comparison. We find that the curves
of the present study are continuous at both outer and inner surfaces of spherical shell
(r =a,b), but Jones’ are not. The same circumstances are shown in Figure 4 and 5 for
the tangential fluid stress. Therefore, in the present analytical solutions the slipping
condition due to the potential Darcy’s model is eliminated at the interfaces, and Jones’
handicap hence disappears.

Another verification of our analytical solutions is to investigate special cases such
as how the limiting values of porosity n lead to. Note that m= m is
composed of the porosity » and the permeability %, that always interact mutually.
By introducing Kozeny-Karman equation of soil mechanics [e.g. see Lambe &

Whitman (1969)]

3
k= —— 75
? K(,S'z(l—n)Z ()

where K is the shape factorand S is the specific surface area. We express &, in
terms of » and then transform the solutions into polynomial terms in preparation for

discussing limiting values of porosity. First, in the limiting case of » approaching to

14



3
0, it is found that the coefficient C, converges to —%a, C, convergesto —az—-,and

the other coefficients vanish. Consequently, only the flow field of region I still exists,

and the solutions turn into

3
py=pU [— —) cosd, (76)
2a
u, =U[1-3%21 % Jeoso k)
[ I 2?‘3 H
uy =-0[1-25 2 leno (78)
a 4r 4t ’

which are just the well-known Stokes solutions of a uniform flow passing a rigid
impermeable sphere of radius «, shown in Figure 6. Thus it is recognized that the
flow in the limiting condition of porosity approaching to 0 indeed conforms physical

expectation.

Second, let » approach to 1 and ascertain how the flow field becomes. The

present solutions turn into

b=p,=p,=0, (79)
u, =4, =u, =lUcosé, (80)
Ug =Ug, =Ug, ==Usind, (81)

which are just the uniform flow driven by a far field velocity U as if the porous
spherical shell didn’t exist, shown in Figure 7. (Note that Jones (1973) could not

recover this limiting case.) Therefore, it can be identified that the flow in the limiting

15



condition of porosity approaching to 1 will retrograde to a simple uniform flew field,
which also coincides with physical expectation.

The general range of the porosity of soils are known as 0.1~0.5, so we select a
medium value of 0.3 and assume that the permeability is 0.5m?, The flow field of the
analytical solutions (37)-(45), and coefficients in substitution for the specified values
are shown in Figure 8. We can see clearly how the flow varies and penetrates through
the porous shell.

6. CONCLUSIONS

The use of the boundary conditions of Beavers & Joseph (1967) and Saffman (1971)
should be very careful. In the present study, it is shown that the extension of the
boundary conditions with spherical coordinate proposed by Jones (1973) is incorrect.

In order to remedy the handicaps of Jones’ (1973) solution of a uniform laminar
flow with low Reynolds number passing a porous spherical shell, we reinvestigate the
flow field by adopting the second-order differential governing equation and adequate
boundary conditions from the laminar poroelastic flow model proposed by Song &
Huang (2000). The solutions imply apparently the viscous effect in the porous region
that the Darcy’s model cannot provide. Furthermore, the continuity conditions of
tangential velocity and shear stress are properly satisfied at the interfaces of the

porous spherical shell.
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In the present study, it is also proved that the flow field will retrograde to Stokes
flow while the porosity approaches to 0, and retrograde to a simple uniform flow
while the porosity approaches to 1. Both of the limiting cases are in accord with actual
physical expectation and thus verify the correctness of the present study.
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NOTATIONS

The following symbols are used in this paper:

a= external radius of the spherical shell;

b= internal radius of the spherical shell;

€,¢ = rate of strain;

kp = specific permeability of the porous medium;

n=porosity of the porous medium;

P = pressure of flow field;

4 = tangential fluid velocity inside the porous medium at y = 0
9= velocity vector inside the porous medium;

U = velocity of the uniform flow;

x = mean velocity parellel to the plane surface;

¥ = velocity vector of flow;

a = dimensionless parameter depending upon the properties of the porous medium;

# = viscosity of fluid.
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CAPTION OF FIGURES

Figure 1. Schematic figure of the problem

Figure 2. Distribution of tangential velocity for different @ for #n=0.3, &=~0.5m’,
U=1.0m/s, a=5m, 5=3m in the present solutions

Figure 3. Distribution of tangential velocity for different & for »=0.3, kp=0.5m2,
U=1.0m/s, a=5m, b=3m in Jones’ (1973) solutions

Figure 4. Distribution of shear stress for different & for n=0.3, kp=0.5m2, 7}
=0.001N—s£m2, U=1.0m/s, a=5m, b=3m in the present solutions

Figure 5. Distribution of shear stress for different & for n=0.3, kp=0.5m2, J7
=0,001N-sz;m2, U=1.0m/s, a=5m, b=3m in Jones’ (1973) solutions

Figure 6. Flow field as » approaches to ¢

Figure 7. Flow field as » approaches to 1

Figure 8. Flow field of a general case: #=0.3, k,=0.5 m’
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