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Abstract  Given a Rabin automaton, we cousider the problem of computing the
foir controllebility subset of states, which consists of those states fram
which the automaton can be guided by a *fair’ controller to meet the
acceptance condition of the automaton. The problem is investigated
with respect to three notions of fairness, namely, imperfiality, fustice
and fasrness. By relating fair controllability to the existence of certain
types of strongly connected compunents, we propose a graph-theoretic
approach, which runs in polynomial time, for solving the problem with
respect to all three fairness notions, A matching PTIME-hardness result
is alsp shown

1. INTRODUCTION

The study of control theory in discrete event dynamic systems [3] bas
henefited a great deal from the knowledge of eutomeata theory and formal
langueges. Among problems of interest regarding the infinite behaviors
of discrete event dynamic systems, the so-called controllability subset of
an w-automaton captures the set of states from which the operations of
the antomaton can he ‘controlled’ in such a way that its computation
mueets the predefined specification. In [6], a fixed-point characterization
has been established to capture the controllability subset of a determin-
istic Rabin automaton, yielding an exponential time algorithm. (The
decision version of the problem was shown to be NP-complete in [6].) In
a subsequent article by Thistle [4]. the work of [6] has been extended to
incorporate a liveness constraint into the acceptance condition. Morc re-
cently, Thistle and Malhamé {3] have examined the controllability subset
problem with the so-called stale fairness assumption imposed on the ac-
ceptance condition. What stefe feirness implies is that if a transition is
cnabled infinitely often under the control mechanism, then the transition
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must be taken infinitely many times in the accepting computation. Like
[6], in [5] the controllability subset under the state fairness assumption
fur deterministic Rabin automata was computed through a fixed-point
characterization. Wich the additional state fairness constraint imposed
ou the aceeptance condition, the problem becomes solvable in polyno-
ntial time, as reported in [5].

The control mechanism employed in the setting of [4, 5, 6] is the fol-
lowing. The set of transitions of a Rabin automaton is partitioned into
a group of (not necessarily disjoint) sets {I'1,...,T'p}, where each T; is a
subset of transitions, and the control policy i3 to choose, at any point
in the course of the computation, a I'; which governs those transitions
that are cntitled to proceed. In addition to the state fairness condition
assumed in [5], in this paper we investigate the controllability subset
problem with respect to three types of fair condrol policies, namely, im-
partial, fust and fair policies. Fmparticlity, justice and fairness are three
notions of fairness introduced im [1]. We give a graph-theoretic approach
to compuiing the controllability subset of a Rabin automaton with re-
spect to the above three notions of fairpess. Our approach is based on
the idea of relating controllability to the existence of a certain type of
strongly connected components (SCCs, for short) in the so-called eze-
cution graph of the automaton. As it turns out, our graph-theoretic
treatment of the fair controllability issue yields a polynomial time al-
gorithm for computing the controllability subset of a Rabin automaton
(with respect to all three fairness notions}, As for the lower bound, we
are able to show the decision version of the problem to be PTIME-hard.

2, PRELIMINARIES

Given a finite alphabet ¥, we write Z7 {resp., %) to denote the set of
adl strings of Auite lengih (resp., infinite length) over £. Let A denote
the empty string, For a finite (resp., infinite) string =, the prefiz sef of
s. denoled by pref(s), is the set {w € E* | there exists a finite (resp.,
infinite} string 5", 3 = ws'},

A determanistic Rabin automaton (or simply Rebin aufomaton) M
is a b-tuple (X, X,d, 20, F), where T is a finite set of event symbols,
X is a finite set of stetes, § + B x X - X (a partial function) de-
fines the transition function, zg{€ X) is the initial stete, and F =
{{B1,F). s {Bn. P) | Ry, B € X1 €4 < n}, for some n, is a set
of pairs of state subsets specifying the accepiance condition. As as-
swned in [5], distinct transitions of M carry distinct event symbols.
The intuitive meaning of cransition d{e,2) = z' is that in state z, M
cat go o the nexi state ' by generating the event symbol 0. For
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casc of cxpression, we extend 4 to ©* x X — X recwrsively as fol-
lows: (A r) = zd(wo,x) = d{c, 6w, z)) (where w € £* and 0 € T).
provided thal d(w,z} is defined. We write x B & if Sw,z) = o,
where z,z' € X and w € &*. A finite string s is said to be gener-
ated by M if &(s,zg) is defined. M generates an infinite string s if
Yw € pr ef { ) 6(w, zo) is defined. Given a finite or infinite sequence
& =0z .- generated by M, it should be unoted that the sequem,e
of states ;1‘1‘.1‘2_ .. 2y~ witnessing og 2> x; 3 xo---miq > Ti--- 18
unique, for the underlying antomaton is determmlstm Throughout the
rest of this paper, we wrile st(s) to denote such a sequence. We define

={z!z (e X) d.ppEdI'b infinitely often in st{a)}. A string s € ¥ is
accepted by M ifA(R;, PYe F{Q "R #N A (R, C B).

Given a C C 2%, a controller is a function f : * — C such that f(w)
speucilies the set of symbols among which the next symbol comes from,
if w is the sequence that has been generated thus far. (That is, with
respect to a given a history, f places a restriction on the next eligible
symbaol.} Under the influence of a controller, the notion of generaéion is
refined as tollows. A finite string s € B* is generated by M under f iff
6(s. zg) is defined, and for every wo € pref(s), o € f{w). Likewise, an
infinite string s = 1oz (€ T} is said to be generated by M under
controller f il there exists an infinite sequence of atates zy,zo--- such
that (1) 29 3 2, 3 zg-- il Dopyee (21 ¥ > Lay € flog...0im1),
(3} {state fazrnes.s) for every o € I, if there exist infinitely many indices
]§w<19< <13<---qur'h‘rhat‘o’3>laef(m -7y, ), and
d {a, o, 0.00) is defined, then o must occur infinitely mmany times in

AT inCis said to be enabled in a state z if there exists a ¢ € I such
that d(o, ) is defincd.

Given a Rabin automaton M = {E, X §, z¢, F') and a state r, we write
M, to denote 1 Rabin automaton which is identical to M except that
the initial state of M, is z (ie., M, = (£, X,d,z, F)). With a given
C C 2%, the controllability subset contains those states x such that for
M. there exists a controller f such that

(i) (liveness condition) if w(€ B*) is generated by M, under f, then
there exists an ¢ € ¥, w € pref(s) and s is generated by M;
mnrler f (Le.. every generated finite string can be extended to an
infinice one {under the same controller)},

(ii) (safety condition) if s(c B*¥) is generated by M; under f, then s
is accepted by M., {1e., the set of generated infinite strings com-
plies with that of the accepted strings under the Rabin acceptance
condition).
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Intuitively, a state z is contrelleble if all the computations emanating
from z are five (i.e., non-blocking) and safe (i.e., in compliance with the
Rabin acceptance condition). The reader is referred to [5, 6] for more
about the above definitions.

In this paper, we investigate the problem of computing the controlla-
bility subset with respect to 'fair’ controllers, The following three types
of fairness notions (stated in [1]) are considered. Given a Rabin automa-
ton M = (E,X.d.2¢. F) and a € 2%, a controller f : &* — C is said
to Le

w impartiod iff for every infinite computation xq L I O 4
x;---under f.the set {[' € ¢ | there exist infinitely many ¢,
floy - a;) =T} equals C.

» just iff for every infinite computation zp Dom B oggez g it
r;-- under f, and for every T in C, if there exists a 7 > 1 such
that ¥i > §,I is enabled in z;, then there must be infinitely many
indices 1 <4y <o <iger, flog oy ) =0, ¥k 2 1.

s fair iff for every infinite computation zg Ao B oy 4
;- under f. and for every T in C, if there exist infinitely many
itlices 1 < ) < -+ < jip < -+ such that ¥m > 1,T" is enabled
i . then there must be infinitely many 1 < i) < -+ < ¢---,
Jion--oy,) = [k > 1.

The fair contrellebility subset problem is that of, given a Rabin antoma-
ton M = (I, X, 8,24, F) and a set C C 2k, finding the controllability
subset (with respect to a controller which is smpertial, just or fair) of
maximum size.

Consider a Rabin automaton M = (%, X, 4,7, F) and a ¢ = {T'[,
o Tp} (C 2%). We define the corresponding ezecution graph, denoted
by (Za;c. as a directed labeled graph (V, E, L}, where V" = X, the edge
labeling function L : E — 2{1"} is defined as L{{z, 2" = {7 ]1<j <
w20 € [, d(a,r) = o'}, Edge {z,z") is absent if L({z, 7)) = 0. For
cuuvenience, we write (@, x').,r € {1, ....n}, to denote that the label of
edge {x.1") is r. Given a set of vertices V! C V', a restricted graph over V'
15 a subgraph (V' E'. L") such that § £ E' C E, L'(e) C L(e), Ve € £,
and il an edge [z, '), € &, then there is no z” € ¥V — ¥/ such that
(2.2 € Fand riir’ # . (The last condition will be referred to as the
state fairness condition.) Consider a restricted graph G' = {V', ', L'}
aver V', Suppose G is strongly connected. &' is said to he of type
SCCm, TVl < i <n, (T e e B i€ Le); SCCjun iff V1 <4 < n,
(Ve e V.32 eV, icL{z,2')) = (Jec E, i € L'(e)h SCCauy
iff vl < 4 < n. 3z e V,dzxh e Vii € L{{x,2"))) = (2 e € E,
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i € L'e)). SCCimp (SCCjus and SCCrer) G is said 1o be aceepting
W ARPY e FAVIOR # B A (V' C P). (Intuitively, an SCC is to
capture the set of states and transitions that appear infinitely often in
an arcepting computation. )

Given a vertex z, a subgraph (V' B', L') is said to be a prefiz subgraph
rooted af 7 if fa) Wy € V', y is reachable from x, (b) |L'(e)| = 1.Ve €
E', and e} if (y, 1)) € E', then ¥z € V with ¢ € L(y, ), we have
(4,2)p5 € E’. Intuitively speaking, a prefix subgraph is to capture the
control policy prior to entering the set of states that occur infinitely
often in the computation.

3. COMPUTING THE FAIR
CONTROLLABILITY SUBSET

We are in a position to present a graph-theoretic approach to the fair
controllahility suhset problem. Before doing so. a couple of lemmas are
needed.

Lemma 3.1 Consider @ Rabin automaton M = (E, X, 8, x¢, F) and a C
(= {[1....Ta}) C 2%, let Guc = (V,E,L). If a state y resides in some
accepting SCCimy (resp., SCCjust and SCCpay ) (V! E', L"), then y s
controllable under impartiality (resp., justice and fairness).

Proof:  Without loss of generality, let V‘_' = {q,..., 3 }- For each state
g; € V', we partition V’ into a finite set {V{, ..., V,;T;J. }, for some m;, where
Vi = {q;} and V¥ = {g | g € V' = (U;ZpV7) such that (¢, 1), € B, for
somie v oand g € Vi, 1, 1 < ¢ <y, Sinee ¥/ is finite, snch an my; must
exist. For astate ¢;. wo design a control policy S{g;) as follows: if g; € V,j
{ = 1) is the current state, choose T'y such that for some state g € Vi,
{y,,q)r € E' and & € r. Intuitively, the policy has the tendency of
moving the computation toward ¥ (and hence, state g;). Now we claim
that from an arbitrary state g;, all the infinite computations under 5;
must eventually reach g;.

Let A= {[g.Ts}| 1< k< n,ge V', suchthat 3 (g,¢'), € E',h €7}
Since A is clearly finite, let A = {[¢g;,,T4,],..., {g5,.Tx,]}. Starting from
state . the control policy is as follows:

(1) Use S{q;,) until ¢;, is reached; in state g;,, select T'y, ; then proceed
according w (2).

(2) Use 8{g;,) until g;, is reached: in state g;,, select T'p,; then proceed
according to (3). ..
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() Use Sig;) until ¢;, is reached; in state g;,, select I'y;; then proceed
according to (1).

Based on our earlier claim, in step (7),1 < 7 < {, the computation must
eveutually reach state g;; in any generated infinite computation. Henee,
our round-robin control policy is impartial (resp., just and fair), since
(V',E', L") is an §CCimy (rosp., SCChyus: and SCCur). |

Lemma 3.2 Given a HRabin eutomaton M = {E,X,6,z0, F) and a C C
9% o state z is controlloble with respect to impartiafity (resp., justice
and foirness) iff for Gue = (V,E, L), there erists a prefic subgraph
(V' E' L") rooted at = such that for eachy € V', if the out-degree of y is
zern, then y s in some accepting SCCimp (tesp., SCCjyst and SCCrar j.

Proof:  The if part (i.e., <) follows immediately from the definition
of *fair controllable states’ and Lemma 3.1. Now we prove the only if
part (l.e., ==). Suppose w: x Zop B ogge o mye =4 1;--- constitutes
an accepting computation under some impartial (resp., just and fair)
controller f, where z; € X and o; € &, ¥i > 1. Let § > 1 be the
smallest index such that for all 2 > j, z; appears infinitely many times
in 7. We define the following subgraph G = (V. E'. L'} of (V.E,L):
V= {Ii | 2> 3}1 E = {(mi1mz'+1) I 12 J}’ and { € L"{(mfjm”)} if
flmy - ap) =1 for some m > j and T, = 2’ Tmey = 2. Clearly, G’
is stronply connected and is a restricted graph, Now we show that s
an accepting SCCimp (resp., SCCjus and SCCtair)-

1 (impartial): As f is impartial, for each [y,1 < d < n, there exists
a transition {Fm, Tmat) in 7 such that f(o---o5) = d. Hence, d
oceurs in the label of an edge in G' (definition of &').

2 (just): The notion of justice requires that for cach T'y, if some
symbal in 'y is enabled continuousty after some point it time on
7, then d must be selected infinitely many times by f. Hence, the
condition ¥1 < i < n, (V& € V', 3z' € V, i € L((z,2')) = (3
r € E', i € E'(e)) in the definition of SCCjyet holds for G

3 {fea): Siuce fois ferr (Le, for each Ty, if some symbol in Ty is
enabled infinitely often on w, then o must be selected infinitely
many times by f}, the condition ¥1 <4 <n, {3z e V', 3z’ € Vi €
L{{z,z)) = (T e € E'. i € L'(e)) in the definition of SCCy;
holds for G".

Since m is accepting, so s G'. 1
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: Theorem 1 The fuir controllebility subset problem with respect to 'im-
i partiality’ (ustice’ and fairness’) is solveble in polynomial time.

! Proof: Consider a Rabin automaton M = (L,X,d, x4, F) and a
: C C 2%, Suppose F={(R;, ), ..., (Bn,Ps}}, for some h. We use the
following algorithms to find all the maximal accepting SCCimy (resp.
SCCjus and SCCpgs )

Algorithm Find-maz-Rabin-SCC

input: G =(V,E, L)

output: § = {Qy....,Q,}, containing all the maximal SCCs of G

such that each (; satisfies the Rabin acceptance condition.

{1) 8§ =0

{2) for each 1 < j < h do
Let G; = (P}, Ej, L;) be the induced subgraph w.r.t. Pj.
Find the maximal SCCs, say, @1, ..., @y (for some p) of Gy,
each voutaining some vertex in R;. § + SU{Q1,...Q}

end algorithm

Algorithm Find-maz-Rabin-SCC is to partition an input graph into a
: set of maxitnal SCCs, each of which complies with the Rabin acceptance
i conditivr,

Algorithm Find-maz-fair-§CC
input: Gy =(V,E.L)
coutput: § = {G,..., Gy}, containing all the max. accepting SCCimy
{resp. SCCiyq and SCChair) of Garp
i (11 8= 0.
(2) Let H = Find-maz-Rabin-SCC[Qare).
(3) If H = { then return.
{1) Choose some ) € Hy H + H — {Q}
(5)if Q= (V" E'.L')is an SCCynp (resp. SCCjper and SCC g0}
then S = SU{(Q}: goto (3) else
begin
(i} if ¢} viclates the state fairness condition then find nodes z, z'
eV, z" € V' and a T with i € L!{(z,2')) and 1 € L((z.2")}.
Then let ' he the subgraph of  resulting from changing edges
(x.9)eai €7, to (3,y),_y5y. I Q" is strongly connected, then let
H « Hu{Q'} and goto {3)}; otherwise,
H « H U Find-maz-Rabin-SCC(Q') and goto (3).
(if) if ¢} is not of type
(ii-1) §CCymp: then goto (3)
(ii-2) SCCjusr: then goto {3)




|
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(ii-3} SCCrair: then find an x € V7, 2’ ¢ V', and T; such that
i € L{(z,z'}) but no edge in £’ has 7 in its label set.
Lot ¢ be @'s subgraph by removing z and its adjacent edges
from €. Let H + HU Find-muoz-Rabin-SCC(Q') and goto (3).
end
end algorithm

Let § = {z | z is a node in some G;,1 € ¢ < m}, where {G1,...,Gn} is
the output of algorithm Find-maz-fair-§CC. In what follows, we design
an O(lag n) space bounded aiternating Turing mochine (ATM, for short)
{7 to decide whether a state x is in the fair controllability subset, We let
& be the set of accepting states of U. A state of the ATM is of the form
{y.3) or {y.i,¥), where y € V and i is the index of some I';. Starting
from the initial state (i, 33, a computation of the ATM U7 consists of two
phases: {3 phasc) In an J-state (y.3), U nondeterministically choases
a I'; and enter a V-state (y,4,¥); (V¥ phase) In a V-state (y.4,¥), ATM
€/ branches to all the 3-states {z,3), provided that ¢ € L{{y.2)). As
O{lag n) space bounded ATMs capture exactly the complexity class
PTIME, the theorem follows. |}

As for the lower bound, we have:

Theorem 2 The fuir controllability problem is PTIME-hard.
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Abstract

The problem of deciding whether an infinite-state sys-
tem (5 self-stabilizing or not is investigaled from the de-
cidabitity viewpoint in this paper. We develop a unified
Strategy through which checking self-stabilization is shown
to be decidable for one-counter machines and conflict-free
Peiri nels. Our sirategy refies on the reachability sets be-
ing semilinear, as well as on the capability of extracting
periodic behaviors of infinite compulations, which, i turn,
facilitares the expression of self-stabilization by Presburger
Arithmelic.

As fairness is frequently used as a gualitative measure 1o
caprure the rotion of a quantitative measure of ‘something
happens with probability one,’ it is of interest to examine
the fair version of the self-stabilization problem, i.c., the
problem of asking whether all ‘fair’ infinite computations
eventually become self-siabilizing. We propose a potential
method through whick the problem is shown to be decidable
for conflict-free Perri nels.

Keywords: Decidability, infinite-state system, Pewri net,
self-stabilization.

1 Introduction

The notion of self-stabilization was introduced by Dijk-
stra [3] 1o describe a system having the behavior that regard-
less of its starting configuration, the system would return
o a ‘legitimate’ configuration eventually. (By a legitimate
configuration, we mean a configuration which is reachable
from the initial configuration of the system.) The motiva-
tion behind self-stabilization is that a self-stabilizing sys-
tem has the ability to ‘correct” itself even in the presence of
certain unpredictable errors that force the system to reach
an ‘illegitimate’ configuration during the course of its oper-
ations. In this sense, sclf-stabilizing systems exhibit faull-
tolerant behaviors to a certain degree. With the increased in-
terest in designing fault-tolerant systems, the siudy of self-
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stabilization has been gaining increasing popularity in the
computer science community lately. In what follows, we
briefly review some of the previous work done in the area
of self-stabilization.

Follewing the seminal work of Dijkstra [3], the majoi-
ity of research along the line of self-stabilization has been
focusing on providing solutions (and their proofs) for self-
stabilizing systems with a variety of properties and topolo-
gics. {See [6] for a bibliography of self-stabilization.) In
2 somewhat different divection of research, Gouda, How-
ell and Rosier {[5]) have showed that the property of self-
slabilization is ‘unstable’ across a wide variety of system
classes, ranging from ceHular automata, Turing machines,
communicating finite state machines, 1o Petri nets. They ba-
sically demonstrated that the sinwlation peradigm, which is
a useful toof for designing and analyzing systems, may not
be ‘robust” with respect to the property of seif-stabilization.
(The simulation paradigm, simply speaking, is a methodol-
agy routinely used for designing or analyzing one class of
systems with the help of another (hopefully, a well-studied
one) through the simulation of the former by the latter. In
this manner, properties of the former can be deduced from
the respective properties of the later) Unlike traditional
properties such as liveness, boundedness and faitness which
are almost always preserved under standard simulations,
self-stabilization could easily be lost through the process of
simulation from one class of systems to another. (For more
details, see [S).) To our knowledge, [5] also pioneers the
intraduction of the notion of self-stabilization to the madel
of Petri nets. In a subsequent paper [ 1], specific efforts have
been devoted to reasoning about self-stabilization aspects of
Petri nets from the computational complexity point of view.
Among those complexity resutts derived in [1], detecling
whether a Petri net is self-stabilizing is complete for poly-
nomial time for bounded ordinary Petri nets, whereas ii is
PSPACE-complete for bounded general Petri nets.

As far as we know, very little is known regarding the
decidability/complexitly issue af the self-stabilization prob-
lem (i.e., the problem of deciding whether a system is self-



stabilizing or not) for infinite-state systems. Al this mo-
ment, the best bounds of the problem for general Petri
nets are a lower bound of expongntial space and an up-
per bound of [Ty (the second level of the arithmetic hier-
archy), whereas it is IT;-complete for Turing machines [1].
Therefore, it is of interest and importance to take a clgser
look at the problem for other infinite-state systems, in the
hope of recognizing the key characteristics which govern
the decidability/undecidability nature of the problem. An
equally important goal is 10, perhaps, come up with a uni-
fied framework through which decidability/undecidability
of self-stabilization can be obtained. In this paper, we ex-
tend the work of [t} by investigating, from the decidability
viewpoint, the problem of deciding whether a given system
is self-stabilizing for one-counter machines and conflicr-
Sree Peiri mers. As it turns omt, the decidability of self-
stabilization for these two computational models can be es-
lablished in a unified setting, taking advantage of the fol-
lowing key propenias:

1. The reachability set as well as the set of ‘dead” config-
urations are effectively semilinear,

2. The existence of a perfodic witness for non-self-
stabilizing infinite computations.

The above properties allow us to formulate setf-stabilization
in terms of formulas in Presburger Arithmetic, giving rise to
the decidability result.

As ‘faimess’ is frequently used as a qualitative measure
to capture the notion of a quantilative measure of ‘some-
thing happens with probability one, it is of interest to re-
examine the self-stabilization problem by asking whether
all ‘'fair’ infinite computations eventually enter legitimate
states, We propose a *potential method’ through which the
problem is shown (o be decidable for a restricted class of
Petri nets. The idea is to associate a value (called ‘po-
tential') with each marking in the Peiri net in such a way
that the potential along any Petri net computation is nan-
increasing, and in some cases, has the lendency lo move
towards the ground Jevel (i.c., potential zerc). To a certain
degree, the basic idea of our potential methad is analogous
10 the analysis of reural nets (in particular, Hopfield rets),
in which an energy function is associated with a Hopfield
net, and the energy of the nel decreases as the computation
proceeds (provided that the net meels certain conditions)
which, in turn, guarantees the convergence of the net,

The rest of this paper is organized as follows. In Sec-
don 2, we give the definitions of transition systems and
self-stabilization. Section 3 deals with the issue of decid-
ing whether a given system is self-stabilized or not from
the decidability viewpotini for infinite-state sysiems. A fair
version of self-stabilization is investigated in Section 4. A
conclusion is given in Section 5.
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2 Preliminaries

Let Z (N} denote the set of (nonnegative) integers, and
2% (N*} the set of vectors of k (nonnegative} integers.

A Iransition system (or rystem, for shot) S is a four-
luple (X, E,8,¢q), where X consisis of a (possibly infi-
nite) set of configurations, T is a {possibly infinite) set of
transition symbols, § : X x £ — 2% defines the fran-
sition function, and cgle X is the initial configurarion,
We write ¢ 5 ¢ if ¢! € 8{e,t). Also let 3 (resp., )
be the reflexive and transitive closure (resp., transitive clo-
surey of —. In words, ¢ =+ ¢ {resp., ¢ 5 ¢} T ¢ can
be reached from ¢ through zero (tesp., one) or more tran-
sitions. A compuetation  is a (finite or infinite) sequence
aB a8 e B Citt '+ A configuration ¢ is said 10
be a dead configuration if ¥t € T, 8{c,t} = B, Le., chas no
immediate successor in S. In this paper, we consider only
those systems for which X can be encoded in such a way
that X' € Q = IN*, for some finite set &) and integer k > 1.
(€2 is referred to as the set of states of system S.)

Inluitively speaking, a system is said 1o be self
stabilizing (55, for short} if, repardless of its starting config-
uratian, the system would eventally return to a ‘legitimale’
configuration which is reachable from the inirial configicra-
tian of the system. That is, a sclf-stabilizing system has the
ability to ‘correct’ itsell even in the presence of certain un-
predictable errors that force the systiem to reach an ‘illegiti-
tnate’ configuration during the course of its operations. Let
& be a {finite or infinite) system with cp Bs its initial configu-
ration. Also let R(S,cp) (={e | £o < c}) denote the sc1 of
reachable configurations from ¢g. A compulation ¢ from
configuration ¢, is said 10 be non-self-stabilizing (non-55)
iff one of the following holds:

1. o is finite (o : o 2 ez LY S g Cm. fOT
some ) such that 2y, is a dead configuration and ¢,,, &
R(S,ea). ox

2. o is infinite (7 : ¢ 4 Cy LY Y. Ly Cyy1 - - o) such
that Vi > 1,5 & R(S, ).

See Figure . A syslem is said to be self-stabilizing if for
gach configuration ¢, none of the computations emanating
from-c is non-ss. The self-siabilization problem is to de-
termine, for a given (finite or infinite} system, whether the
system is self-swabilizing. In this paper, our main concern is
to investigate the decidability issue of the self-stabilization
problem for 4 variety of infinite-state systems. The formal
definitions of configurations and computations of each indi-
vidual system will be clarified as our discussion progresscs.

For a vecior v € IN® and a finite set p (= {v1, ..., 2a}, For
some n) C M*, the set £ 0) = {v|F0y...,8, € N,v =

n

v+ Z a; *v;} is called the linear ser with butse v over the

3]
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Figure 1. Non-self-stabliizing computations.

sev of periods p. A semilinear se1 (SLE) (cf. (4]} 15 a fnite
union of linear sets. 1t is known that semilinear sets are ex-
actly those thal can be expressed in Presburger Arithmetic
[10), which iz a decidable theory.

3 Decidability analysis

In this section, the ss problem for one-counter md-
chines and conflict-free Petri nets will be shown to be de-
cidable. Before going into the details, we begin by giving
an overview of the general strategy using which the decid-
ability resulis are obtained.

Recall from the definition of ss that a system 5 is not
setf-stabilizing iff either (i) a dead configuration is not
reachable fram the initial configuration, or {il) an infinite
non-as compuiation exists. As we shall see later. (i} is rel-
atively easy to check as long as certain properties of & are
decidable. The idea behind our approach of checking (i) i
built upon showing that 1o demonsirate the non-ys nature of
a system, it is sufficient 1o search among only non-53 comn-
putations of peréodic behavioes, and hopefully, the confine-
ment ta such computations adwmits a decidable checking of
{ii). By non-ss periodic compulations we mean those non-
85 compulations of the form & "L i.e., repeating T from &
infinitely many times wilnesses non-ss. In our subsequent
investigation, we characterize the following two types of
non-$s periodic behaviors, through which a unified strategy
is developed serving as a foundation for our decidability re-
sults of the 55 problem.

o (Sirongly periodic:) Every finite computation ¢ 5S¢
with ¢ > ¢and ¢ g R(S,rp) ensures non-gs of s
infinite repetition (i.e., ¢ "= is non-$s).

o {Weakly perigdic:) If an infinite non-ss computatian
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exists, there must £xist a witness T which is in a com-
putsble finits set, and ¢ "23" constituies an infinite non-
£3 computation.

The disparity between strongly and weakly periodic non-
4 computations is that in the former, a finile computation
of the form 'c 5 ¢ with ¢ > cand ¢ € R(S, oo} is guar-
anteed to conclude the system’s non-ss behavior, whereas
in the latter, however, not every finite computation of the
above form is extendible to render #a; nevertheless, there
does exist such a witness which is compulable. (The mean-
ing of *=" will become clear as our discussion progresses.)

Before going into the details, we require the following
notations. Let S=(X, I, §, ¢} be a transilion system, where
XCQxNce X andg, g €8Q.

o SUCC(S,0.¢) = {(,5) | {a.8) D (2,4, for
some transition t € I},

o REAGH(S,q.¢') = {(s,5) | {g:8) =+ (¢, 5"}
REACH*(S,0.¢) = {(5,¢) | (.8} B (g", s')}1s
Reach(8,¢,¢) = {# {1 ¢ > (¢, )}

R(S,c) ={c| 5 '}

» DEAD(S,q) = {5 | (g, ) is a dead configuration}.

As we shall see later, decidability of the ss problem for each
of the aforementioned computational models is based upon
the following wnified strategy:

Theorem 3.1 Let X be a computational model for which
the ss problem is considered. If for each sysiem S
={X, 5, 6,cp) in X, where X C @ x N¥, we have

{7} fSemilinear condition} ¥q,q [= Q. the
sets  SUCC(S,a,¢"h REACH(S,q,¢) and
DEAD(S, q) are effectively semilinear, and

{2) (Periodic condition} & has an infinile non-ss compy-
tation iff there exists an infinite computation {g,5) it

(g,5+d) X (g s+ 2d) -, for some (g, 8) € X and
d € N¥, such that either {a) or {b) below holds:

fa) s & Reach(S,c0,9)

(s ¢ Reach(S, co,q}) implies (¥n 2 0,5 +
n «d & Reach(S, o, )}, and

((q, 5} 5 (g, s+d)) implies (¥n > 0, (g, 5+
ned} H(g, s+ (n+1)a)0

th) s¥r>0a+nsdg Reach(S.co,9). and

o d belongs to a computable finite set D C
Nk,

ther the ss prablem is decidable for X, {Notice that types
{a) and () characterize sirangly and weakly periodic non-
48 compulations, respectively.)



Proof:  First nolice that if Vg, ¢' € Q, REACH(S, q,¢')
is semilincar, so is Reach{S,c,q'),¥c € X and ¢ € Q.
According to the definition of =3, systern S is not ss iff ei-
ther (i) a dead configuration is not reachable, or (i) an infi-
nite non-ss computation exists. The (i) case can be checked
by testing (33 € G} (DEAD(S,q) 0 Reach(S,cp, q) #
8}, which is decidable because of the semilinearity assump-
tion of (1}. To check (ii), assumption (2) suggests (hat it
is sufficient 1o look for an infinite non-ss computation of
type {a) or (b). Deciding the existence of such a path can be
formulated as follows.

s Type (a) (i.e., sirongly periodic case):

Vg 3 & € NH (3 d € N¥
({s,s + d) € REACH*(S,q,q9) A (s & Reach(S,c0, )},
which can be expressed in Presburger Arithmetic (due to
assumption {1)}).

» Type (b) (L.e., weakly periodic case):

Voo Veep (3 8 € NEY (W o 2> 0)
({(s+nsds+{n+1)xd)c REACH*S,q,9)

A (s+n=dd& Reach(S,cy,q)), which can be ex-
pressed in Presburger Arithmetic (due 0 assumption
()} and the fact that (s,8') € REACH™(S,q,¢) iff
{3s” € N*) (3¢ € Q) ((s,5") € SUCC(S,q,4")) A
{{s".s') € REACH(S,¢",¢")).

We are in a position 1o show why cach of the models of
one-counter machines and conflict-free Peiri neis falls into
a special case of Theorem 3.1.

3.1 One-counter machines

A one-counter machine M consists of a finite-state con-
trel equipped with a counter on which three types of opera-
tions, namely, addition, subtraction and tesi-for-zero can be
performed. For convenience, we use the following to denote
the above three basic operations:

(1) {g,¢',n), n > 0 (resp., n < O), meaning that M can
go from state ¢ to state ¢’ by adding n 10 the counter
(resp., by subtracting |r} from the counter, provided
that the value of the counter is grealer than or equal to

I

() (g.q',= 0}, meaning that A{ can go from state g to
state ¢' provided that the value of the counter is zero.

Given a one-counter machine M, we denote by M a4, and
M, the sets of states and transitions of M, respectively.
A configuration of one-counter machine M is a pair (g, 1),
where ¢ € Myiaie, and v € N (indicating the value of the
counier), Suppose gq is the fritial state of M, the configu-
ration {qp, 0) is called the inftial configuration of M. Given
1wo configurations (g, m}, (¢",m"), and a Iransition £, we

write (g, m) < (g, m’) iff one of the following holds:
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Li= [Qqu!n}ln EZandm =m +n,
Lit={g¢,=0adm ' =m =0

A short positive loop in M is a sequence of transitions
{1, g2, 1) (22 93,112} - - - (Gma @1, e}, fOr SOME M > 1
suchthatforall} i # j <m,q # g, and (X2, ) >
0. (In words, a short positive loop is a cycle (without test-
for-zera transilions) in M'’s transition diagram along which
no slate repeals itself except the first and the last, and the
counter has a positive gain in value along the cycle.)

Before proceeding, we require the following result which
is a direct consequence of a similar one in {11].

Lemma 3.2 Let M be a one-counter machine of size z
(when a binary encoding scheme is used). If (g,m} =
{¢'.m’), then there exists a compuration v = (g,m) 5
{¢',m'}, for some transition sequence s, along which every
configurarion (p, h) inr has k < 32 (22*)® + maz{m, m’'}.

Proof: InLemmad4.3 of {11], it was shown that for one-
counter machines in which the counter can only be incre-
mented or decremented by 1, the reachability of (¢, m")
from (g,m) 15 witnessed by a short computation along
which the counter never exceeds 3 « (n)® + max{m,m'},
where n is the number of transitions of the machine. In our
one-counter machine model, up to 2% can be added to or
subtracted from the counter in a single transition. Hence,
our one-vounter machines of size » can easily be simulated
by those defined in [11] using at mast z2° transitions, The
lemma follows immediately. ||

Lemma 3.3 Given a one-counter machine M and two
states g amd ¢, REACH(M, q,4') is effectively semilin-
ear

Proof: REACH(M,q,q') is the union of the following
two sels:
« R'(M,q,¢)={{c,d)l(g,c) -

(¢/.d)} and sequence r does not use any test-for-
zerp moves}.  As one-counter machines without
est-for- zero moves are computationally equivalent to
t-dimensional VASSs, RY(M, g, ¢') can be character-
ized as the reachability set of a 2-dimensional VASS
in the following way. We construct a 2-dimensional
VASS P = (up, 4,pp. @, 8) with vp = (0,0) to
simulate the compuiation of M in such a way that
(e,d) € RYM,q,q') is witnessed by the following
——
computation of P: (pg, (0,0)) byt (po,{e,6)) —
(g, (c.c)) = (g',(c,d)), where repeating transition
t 2 po — (p,{1,1)) c uimes is to inidalize the
counter value, and in the course of &, P simufates
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Af’s transitions using the second vector position
to keep track of M's counter value while keeping
the first vector position intact. The semilinearity of
FUAL g o) foliows iminedialely frem {7}, which
shows the regchabiliy sets of 2-dumensionsl ¥A55s w
be effectively semilingar.

REM, pq)={{e.d)i(p. ) 5
(g,d) and sequence 7 uses some test-for-zero
maves}. Cansider a computation (p,e) 3 (py, 1) <

[:pi.C';] L‘f (p21c2) i“' (p'Z‘c&] 3 (qsd] such that
z and 2’ are tesi-for-zeroe moves, and scquences r
and r; do not use any test-for-zero moves. (Here
(pi.ev) and (pg,cq) are the first and last. respec-
levely, configurations along the above compulation
al which test-for-zero maves are carried out.  Alse
natice that (f.cp ) may be equal 0 (pa, ) and z @
2.0 We define a binary relabon R on Myp,p, such
that ARG T (5,0) - (4,4} in M. According Lo
Lemma 3.2, using 4 depth-frst search the relation B
can effectively be computed. Now RI(M,p.g) =
{le.d) | 3p.§ € Myae (FRG A ({(pc). (5,0} €
RYUMp.p)) A ({00, (g.d)) € RYM.Ga)t
which is expressible in Presburger Arithmetic.

Lemma 3.4 A one-counter machine M (with initial srale
o} fecs an infirite aon-ss computation I one of the foltew-
g haids:

(1} there exists a configureation {q.v) such thas (g, 1) A

(v} and (g.r} & RO, (g0, 0)).

(2) rthere exist a configuration (¢.v) and d short positive
foop { starting from stare g such thai (g, 1) 4 (g: 7).
7 o> roand¥ g 2 O(gr+jae(r~1)) &
R{M.{qn,0}). (Netice thar iest-for-zera [ransitions
are absenr in .}

Proof:  The if {<=) part is rather obvious; now we show
the vnby 1f {==) patt.

Suppost @t dy = dy = - = d, =+ -+ - 15 2 NOA-88
computation of infinite tength. Then one of the follawing
muslt hold:

(A) there exist indices 4, ) {i < §) suchthatd, = d;, or
{B) the counter grows unboundedly and there exists an ¢

such thas the counler never becomes zero after di(=

L t
{g.r)) and there exisls a short positive loop ! . ¢ = ¢
{in Af's transition diagram) appears infinitely often in
a.
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If {A) is the case, then condition (1) follows immediately.
Consider case (B). Let (g, r) 4 (g,7 +d), for some d > 0.
We claim that (g7} 5 (g, r +d) = (g7 +2d)--- 5
(g.7 + 3d) - - constitutes an infinite non-s3 computation.
Il this is not the case, there must exist an integer § > 0
such that {g, 7 + j » d) € R(M, (g, 0}). Consider Figure 2,
where dy, is the configuration such that [ appears j times in
d; > dp. Clearty, (g.r + 7+ d) ~ "3 dj, is executable
{for the test-for-zero operation is never used after d;), which
contradicts the assumption that dy be on a non-33 compuia-
tioneg. §

T refedl il

g, = ty.rl 9 a, L™ LN oI5 ComPu It
-

O O @ O E O

e .

[ ! 1 1

r

Figure 2. A short positive loop witnessing
non-ss.

Theorem 3.5 The s5 problem for one-counter machines is
decidable.

Proof:  The proof is carried out through the use of the
unified strategy stated in Theorem 3.1, First consider Con-
dizan (1) of Theorem 3.1. For a one-counter machine
Af, Lemma 3.3 establishes the effective semilinearity of
REACH{M,q,q). ¥ q.q" € Mytare. SUCC(M g.9") 15
trivially semilinear, for the finileness of M-, ¥g € Mapage.
anr € N is in DEAD{M,q) iff the following hold: {i}
(9" € Myare) (¥ = O)lg, g, n) € M), (i) (r = 0)
implies (¥g' € Myate H{g, ¢', = 0} & M.,), and (iii) (r =
0} impties {¥¢' € Myar ¥R, 7 > 0 2 O){(g.q',—m) €
M) hence, DEAD(M, g} is clearly effectively semilin-
ear. Candition (2) of Theorem 3.1 is established in Lemma
3.4, In view of the above, 1he 55 problem is decidable. 1

3.2 Conflici-free Petri nets

A Pewri Ner (PN, far shon} is a 3-tuple (P Ts), where
P is a finite set of places, T is a finite set of transitions,
and i is a flow function p 1 (F x TYU(T x P) = {&, 1}
A marking {or configuration) is a mapping 2 P - N. A
marked PN is a 2-tuple (P, pg) where P (=(P.T,¢)) is a PN
and py is a marking (ug © P — N) called the initial marking.
A transition ¢ € T is enabled at a marking p iff for every p
€ P, wip,t) < je(p). A transition t may fire al a marking g if
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tis enabled at gr. We then write ¢ <+ ui!, where £{py=uip)
~4p(p.t) + @(t,p) for all p € P. A sequence of transitions o =
..l is @ firing sequence from u iff p L i Ho. 4 I
for some sequence of markings ... tn.

For easc of expression, the following notations will be
used throughout the rest of this paper. Let o, ¢’ be transition
sequences, and ¢ be a transition,

¢ #, (1) represents the number of occurrences of ¢ in g,

e Tr(o) = {1t € T, #.(t) > 0}, denoting the sct of
transitions used in .

* 7= o' is defined inductively as follows, Supposc o' =
t..tn. Let o be oo If t; is in oimy, let o be oy
with the lefimost occurrence of t; deleted; otherwise,
let ¢; = ¢, Finally, let 5 < ¢’ = o,. For example,
ile = t1igiatyls and o= tqtaty, thenog o' = tats.

For firing sequences ¢ and o', &' is said to be a rearrange-
mentof o if #,(t) = # (1), Ve e T.

To simplify our notations, REACH(P,q,4').
REACH*{P,q,q"), Rreach(P,q,4').
SUCC(P,q,¢'} and DEAD{P,q) are abbreviated as
REACH({P), REACH*(P), Reach(P), SUCC(P),
and DEAD(P), respectively, since configurations (i.e.,
markings) of Petri nets belong io the set N,

s Conflict-free Petri nets:
A PN P =(P, T, ) is saud 10 be conflict-free iff for
every place p, either

1 lp*l< Lor

2. Vi € p*, t and p are on a self-loop (i.e. t € (p* N
*ph

where p* = {t | w(p. 1} > 0} (resp., *p={t | wi{t,p) >
0} ) represents the set of output (resp., input) transitions
of place p. In words, a PN is conflict-free if every place
which is an input of more than one transition is also an
output of each such transition [9]. In a conflict-free
PN, once a transition becomes enabled, the only way
to disable the transition is to fire the transition itself.
(Thatis, Y&, € T, £ ¢, u 5 ¢ and ;¢ 5 implics
w5

To show the sa problem for conflict-free PINs to be de-

cidable, we require the following lemmas.

Lemma 3.6 Given a conflice-free PN P=(P, T, ), we can
construct in nondeterministic polynomial time o system of
linear inequalities L{P,up, pi) in such a way that p €
R(P, 10} #f C{P, pa. pt) has an integer solution. Further-
more, L(P, o, ) remains linear even if ug and p are re-
placed by variebles. {The reader is referred 1o Lemma 4.3
in {8] for a detailed description of the system of linear in-
equalities associated with L(P, pg, p).)
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Prool:  (Sketch) The semilinsarity of the reachabiliy sel
for conflict-free PNs was originally 1llusirated in [9]. Sub-
sequently, it has been shown in [8] that, given a conflict-
free PN P = (BT, ). reachability can be characten zed
as a system of linear inequalitics [ L P{P) over variables
‘?.f'(_....,U|P|,1J';,...,U;PI,I'[, <. i) . among others, such that

(1) the size of ILFP(P) is beunded by a pelynomial in the
size of P,

(2) given lwo markings p and ;' u 3 g, for some se-
quence o, if and anty if ILP{P) has an mieger so-
lution while assigning u (0 (1,...,2p)) and 4’ to
(2, ""TJEJPI)' and

{3) for cach transition £ € T, the solutivon of variable r,
in TLP{P) exacily equals the numnber of times transi-
tiont fires in .

As aresull, REACH{P) is clearly effectively semifin-
ear.

Lemma 3.7 Givena PN P=(T, ). the ser DE AT
is effecrively semilinear. {Here T can he a general Peiri nel
tant necessarily conflict-free) for which the range of 515
N

Proof: Let T = {t1,22. -, tm}. Wo delinc H=
[{pi.p2soapn) € P | Wl €4 € m31 2§ <
hoo(p; ti) > 0} (Foreach H € Hoand ¢, € T. . has
al least one input place in H.Y H 1s clearly a finile set. Wo
alsolet gy = {p € N* | wt, € T, Ip; € H, pip,.0,) >
plp,) and ¥p' & H,p(p') = 0}. fora given £ € H. Na-
tice that jzx is finite, which contains dead markings only.
If ' is a marking such that {p'{p;) = pip,).¥1 < J <
kY, and {p'(p") 2 u{p').¥p" € H). then u' is a dead
marking as well. Hence the set of dead markings cquals
Usen Unep, (7 10 2 3 A ' (0} = piplp € 13
which is semilinear since H and py range vver finite scis

Lemma 3.8 (From [12}} For an arbitrary path y 5 7

in a conflict-free PN P=(P,T.p}, & can be rearrunged
I I fa

Mt gy -0, T 0z 0404, fur Some sequences

a1, 00, 0,0 and integers [ 1.1y, 1 < d < T, such

that

(F) V1< i<dVNEETI(#,, 1) < 1) and

(21 Wl<i<d= 1piTrime. 2 Tria i
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The above lemma allows us 1o rearrange an arbitrary fir-
ing sequence in a conflicl-frec PN inlo a ‘canonical form'
satisfying vonditions (1) and (2}, in which {1} ensures
that fur each a;, no transiton will appear more than
vnee thence, |o| < [T for all i), and (2} says thal
TrioJTrios) - Tr(eg) forms a "shrinking’ sequence of
sels n the sense that if a teansition, 5ay ¢, occurs in o;, for
some ¢, then ¢ is guaranteed o appear in 75, V1 < 7 <4,
Symmetrically, if ¢ does not appear in @;, then it will never
be foundine,. v < j < d,

Lemma 39 {f an infinite non-s3 compulation exists in g
vonflict-free PN P=(P. T, ) {with initial marking 1), then
there exisi murkings u, 1 and a ‘short’ sequence 7 (ie.,
Foll S Lt e Tysuchtharp 5 p' 1 > p and i T
isaninfinite non-ss computarion.

Prool:  Consider an arhitrary infinite non-ss computa-
tun 4 from py . Suppase we consider the suffix compu-
tation & aling which all the wansilions appear infinitely
many mmes. By applying Dickson's Lemma [2] to &, 4
can be writlen as ;083 such that g, LEY w3 3 with
#" 2 g, and all the transitions in o ocour infiniely of-
1 2] Ia
tenind. Lel G, - orag- oy -Ga- oy be the canoni-
cal rearrangement of & guaranteed by Lemma 3.8, Clearly
@y must be that if w3 ) then pf > 4 otherwise,
Ip. et < pip) due 1o Conditon (2) of Lemma 3.8, (To
se¢ this, Lhe conflict-freedem property and (2) of Lemma
3 #, fogether with the fact that¥p € Pt e T,0(p t) < 1,
imply that au trassitions will deposit tokens 1o a place p in
alty of the segmenis o), ... og i 1'(p) < w{p)) Finally,
since all the Leansilions i g oceur infiniely often in the
wnlinile nan-ss computation, we claim that ¢ 5" con-
slitules an infinile non-ss compusation. Suppose. in con-

Lo
trast, that for some n, w57 gy and w, € RP, po).

Let @ = @)---o1. Let &3 be a prefix of aéy such that
#o(0 < #4,08), 91 € T {i.c., all the transidons of T oe-
6 - . -
vurin ds) Assume that y -3 i, for some i § R(P, pa) .
- 8
Due i the conflict-freedom property of P, i 5, u =3, and
Lo U0) < #a,08),W0 & Thunply the existence of a &, such
. . .'r 5

that =dy s a permutation of 4y, and u = u,, 75 2 (see [}
vuntiadicnng the assumption that i & R(P, i) By ledting
T = oy, our result tellows. [

¥We are now i a pasition 1o show the ss problem w be
decidable.

Theorem 3.10 The 55 problem for conflict-free PNs is de-
cidable.
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Proof:  Again, the proof is done through the use of
Theorem 3.1, The semilinearity of REACH(P) and
DEAD(P) follows from Lemmas 3.6 and 1.7, fespec-
tively. T being finite clearly implies the semilinearity of
SUCC(P). As a consequence, Condition {1) of Theorem
3.1 holds. Finally, Condition (2) of Theorem 3.1 follows
immediately from Lemma 3.9. This completes the proof of
the theorem. |1

4  Fair self-stabilization

Given a PN P with initial marking g, an infinite com-
pulation g, % M2 4 RS LN Hiv1 - 15 said 1o be fair
it for every transition ¢, if ¢ is enabled at infinitely many
fa, (I > 1), then there exist infinitely many 7 (I > 1)such
that t;, = f. {In words, il a transition is enabled infinitely
many times, then (he transition must cceur infinitely ofien
as well } A computation ¢ from marking p; is said to be
Jair non-self-swabilizing iF one of the following halds:

(1) oy = py = -+ = py,, for some m) is finite such
thal pt is a “dead’ marking (i.e., pr, has no immediate
successor in PYand g, & R(P, pa), o1

(2) o (py — g = -+ = [y = --) is infinkie and fair
suchthat Wi > 1 u; & R(P, up).

We let FSS(P, o) = {u | none of the computations em-
anating from g is fair non-self-stabilizing}. The fair self
stabilization problem is that of deviding whether starting
frem an arbitrary marking g, none of its camputations is
Sair non-self-stabilizing Le., FSS(P, uy) = N

Given a set of markings S, the successor (resp., prede-
vessor) of 5, written as succ(S) (resp., pred(S)), is the
set {u | It e T\u' e Sy 4 u} (resp., {u | 3 €
Tu' € 5.ps #'1). Let pred* (resp., succ®) be the re-
flexive and transitive closure of pred (resp., suce). (That
is, suec*(5) = {p | I’ € S, S p}, and pred*(§) =
Ll eSud #'}.) The sets suce™(5) and pred=( 5}
will be referred o as the forward reachability set and the
backward reachabilizy set of S, respectively. Notice that
B{P, ) = suce” ({un}). A set of markings S is said o be
Jorward-closed it Ve € 8,9t € T, 5 o' implies o' € 8.

Given a PN P =(P. T, ), a potenrial function [ is a
mapping N* -+ N U {sc}, i.e., f maps each marking g
to a pumber in &V U {co}. (The value of f(u) is called the
parential of marking p.) A potential function f is said 1o
be monolene if for every marking g, if Y p#' (for some
marking ¢« and transition €), ther f{u) > f(p").

Given a conflict-free PN P=(P, T, ) and a set of mark-
ings 8, the following potential function f will be used
throughout the rest of this paper: f{u} is defined to be the
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length of the shortest path from i to a marking in S; if
cannot reach 5, f{u) is co. Motice that Ve € 8, f(u} = 0
(i.e., § defines the set of markings of zero potential). What
foliows is another way to view such a potential function.
We partition N* into a sequence of disjoint sets of mark-
ings Uy, L7, ..., Uoe such that

le=9
Up = (pred(Vo)) - Uo

Ui = (pred(Usm 1) = [W=p....ic1 U))ii 2
Voo = NE - (UJEDUJ]
Liis not hard 10 see that f(u) = § iff 2 € Uj.

Lemma 4.1 Given a conflici-free PN P and a forward-
closed set 5, let f be the potential function based upon the
shortest path criterion defined above. The following hold:

{f) fis always mornotone,

(2) For an arbitrary p and a path p 4 i S
(' € 5)is one of the shartest paths reaching § and
Tr(8}NTr{a) £ B then f1) < flp)

Proof:  We first consider (1). It suffices to show that g 4
ti1 implies f(g) > fp). Consider the following cases:

(@) (f{u} = o0:) In this case, f{y;) = oo: otherwise,
T fr —+ ¢, 4" € 8, violating the assumption that
Flp) = oo,

(b) {0 < flu) < oot} Letpp = p'(p’ € §) be one of the
shottest paths reaching 5. Consider two cases:

(it t & Tr(g). Since the PN is conflict-free, ¢ is
enabled at z2'. Suppose g/ 4+ u". for some p €
5 (since § is forward-closed). Clearly, j5; = p".
yielding f{iy} < flu}.

(ii) £ € Tria). Suppose pp 2 pa = py 3 ' (for
some pg, pz), where ¢ = oto; and ¢ is not in
oi. Again due to the conflict-freedom property
of the PN, 1y = pia 3 1’ hence, f(p) <

flu) - L.

Figure 3 illustrates the monotone property of the patential
function for paths in a conflict-free PN.

Now consider {2}, Let o = o;toq, where t is the first
oceurrence of a transition that is also in 8. Suppose § =
§itdp (t & 1) and p Ea Ha 4 it i’) f41- {Notice that
the selection of & ensures that Tr(8: ) N Tr{o) = @.) T
is not hard (o see that o) is enabled at yy, since Trim ) N
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Figure 3. Paths and the associated potentials.

Tr(dit) = B and PN P is conflict-free. We immediately
have gz "5 uy, for some pg € S (since o' 5y and S is
forward-closed). Hence, f{us} < lojog] = fie) = 1 Sce
Figures 3 and 4. Using the resull of (1), (2} follows

S forward closed

Figure 4. Proof of Lemma 4.1.

Theorem 4.2 Given o conflict-free PN P=!P T o5 and
an wdriel marking pp op £ FSSUP ) it op =
pred"{R{P. i)}

Proof:  Let § be R(P, up). which is clearly farward-
closed. We let Lhe potentials of those markings in S be zero.
If i & pred*(S). none of the (finite or mfinne) computa-
tions can reach R(.S); hence ;¢ & FSS(5).

Suppose 4 € pred*(S). 1T g has a fair (infinile) path
which never reaches 5, then there must exist a marking 1,
and sequences o7 and a4 such that pp =%, 3, fip) >
Flu) > Oand gy 73 is fur along which the potential never
draps. Let gy V'35 (' £ §) be one of the shartest
paths reaching some marking in 5. The fairness assumiplion



!
i
i
,
j
i

easures that f) € 7T'r{os); otherwise, ¢; would have been
enabied :nfimiely olten without being fired. By Lemma4.1,
the putential alung o eventually drops - a contradiction, As
a consegquense, from g all infintee compuiatians avoiding §
are unfair. Using a simuar argumenl, we can show that if
4 = p'and ¢ is a dead marking, then ' € §. |

According to Lemma 1.6, checking reachability for
conflict-free PNs can be equated with solving the integer
linear programming problem, which is known to be in NP
It is important to point out that, as ug and g in Lemma 3.6
can be regarded as variables, the backward reachability sct
pred*{ P, 110} is readily expressible in terms of integer
linear programming. Hence. the following is obvious.

Corollary 83 The fair seif-uubilization  problem  for
canflict-free Pelri ners is decidable.

5 Conclusions and future research

We have studied, from the decidability viewpwoint, the
problem of determining whether a given system is sclf-
stabilizing or not {or inAnite-state systems including onre-
counter machines and conflict-free Petri nets. The key be-
hind aur strategy is that for cach of the three classes of
systems, the reachability set from an arbitrary configuration
s elfectively semitingar. and it sutfices o consider infinite
nup-self-slabilizing computalions wilh penudic behaviors.
1tis ineresling o see whether our sirategy van be applied o
a wider ¢lass of infintte-slate sysiems, of a similar strategy
fwithout relying on the reachability set being semilinear)
can be extended to sysiems not enjoying the semitinearily
preperty. An equally imporiant direction of future research
is e find out the exact complexity of the self-stabilization
problem for the above classes of syslems. We have also
studied the fair version of self-siabilization, and a decid-
abilny resull was shown for the class of conflict-free Petri
nels.

Another issue that deserves further investigation is to
consider the prablem with respect to the notian of ‘self-
stabilization with probahitity onc.”  In spite of having
sume non-self-stabilizing compuiations, in practice a sys-
tem might be considered 'Taull-tolerant’ if the probability of
seif-stabilization equals one. Finally, sefi-stabilization for
real-time svslems descrves further investigation, as many
real-world systems are of real-lime nature. For the model
af timed awiomata, the reglen graph technique can easily be
applied ta showing the decidabilily (in fact, in PSPACE) of
self-stabilization (in the sense defined in this paper}, How-
ever, 1o cope wilh the pature of real-time systems, one might
have te tailor the notion of self-stabilization to belter cap-
lure Lhe intuitive concept ol “self-siabilizing in a certain
amounl of time,” as opposed 10 ‘reaching a legitimate con-
liguratian eventually' a3 detined in the conventional sense.

248

References

[1} Cherkasova, L., Howell, R, and Rosier, L. Bounded
self-stabilizing Petri nets, Acte Informar., 32:189-207,
1995,

f2} Dickson, L., Finiteness of the odd perfect and prim-
itive abundant numbers with n distinct prime factors,
Amer. J. Marh., 35:413-422, 1913.

{3] Dijkstra, E. Self-stabilizing systems in spite of dis-
tributed control, C. ACM, 17, pp. 643-644, 1974,

[4] Ginsburg, 5., The mathematical theory of context-free
languages, McGraw-Hill, 1966.

[5) Gouda, M., Howcll, R. and Reosier, L. The inslability
of sclf-stabilization, Acta fnformar., 27, pp. 697724,
1990

[6] Herman, T. A  comprchensive  bibliogra-
rhy on  selfstabilization, Chicage  Jour-
nal af  Theoretical Computer Science,
(http:/fwww.cs.uiowa,edu/fip/selfstab/bibliography),
1998,

17

—

Hoperoft, §. and Pansiot, J., On the reachability prob-
iem for 5-dimensional vector addition systems, Theo-
ref. Compuat. Sci., 8(2):135-159, 1979,

[8] Howell, R. and Rosier, L. aad H. Yen, Normal and
sinkless Petri nets, Journal of Computer and Systeinr
Sciences, 46:1-26, 1993,

@

—

Landweber, L. and Robertson, E., Properties of
conllict-free and persisient Perri nets, J. Assoc. Cone-
put. Mach., 25:352-364, |978.

[10} Presburger, M., Uber die vollstandigkeit eines gewis-
sen systems der arithmetik ..., Comptes rendues du
premicr Congres des Math. des Fays Slaves, Warsaw,
92-101, 395, 1929

{11} Rosier, L. and Yen, H., Logspace hierarchies, poly-
nemial time and the complexity of fairness prob-
lems concerning w-machincs. SIAM S Compuring,
16{51:779-807, 1987.

[12] Yen, H., Wang, B. and Yang, M., Deciding a ¢lass of
path fermulas for conflict-free Petri nets, Theory of
Comiputing Systems, 30{5);475-494, 1997,



