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Abstract

This paper applies an unconditionally stable semi-discrete (SD) scheme to compute the
two-dimensional electromagnetic field in time domain. Numerical dispersion of this
scheme is derived and compared with the alternate-direction-implicit (ADI) FDTD and
the Crank-Nicolson (CN) FDTD methods. The dispersion curve of the proposed scheme
is found to be the lower and the upper limits of those of the explicit and the implicit
FDTD methods, respectively. As a numerical example, the adaptive Runge-Kutta
method is adopted to solve the semi-discrete Maxwell equations for the fields in a 2D TM
PEC cavity. Numerical results reveal that the SD scheme is much accurate than the ADI
FDTD method. The computation speed, however, still has to be improved.

Introduction

The semi-discrete (SD) scheme has been proven unconditionally stable, and has much
better numerical dispersion properties compared with implicit FDTD methods such as the
alternate-direction-implicit (ADI) FDTD and the Crank-Nicolson (CN) FDTD methods
[1]. It has also been implemented for a one-dimensional problem using matrix
exponential functions [1]. The computation of the matrix exponential solution takes a lot
of time. Thus in this paper, we not only extend the SD scheme to two-dimensional
problems, but also implement the scheme by the faster adaptive Runge-Kutta method.
The numerical dispersion for the 2D infinite frees-space propagation problem is derived
and compared with those of two implicit FDTD methods, the alternate-direction-implicit
(ADI) FDTD [2] and the Crank-Nicolson (CN) FDTD [3] methods. A 2D TM PEC cavity
problem is used as a numerical example to show that the SD scheme is much more
accurate than the ADI approach, though there are still rooms for improving the
computation speed.

2D Semi-discrete Scheme

Assume that the 2D space is subdivided into Yee cells, the Maxwell equations for a TM
problem can be approximated as

dE_(i, ) :l{Hy(H 1/2,))- H,(i-1/2,j) H (i,j+1/2)=H (i,j=1/2)
dt £ Ax Ay

}
(1a)

dH (i, j - 1/2):_l{EZ(i,jH)—EZ(i,j)} (1)

dt Y7, Ay
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dH (i 1/2,)) :l{EZ(z‘H,j)—EZ(i,j)
dt 7 Ax

} (1c)

Similar equations for TE problems can be given through duality.

To analyze the stability, we assume that the field components in (1) are in the form
of E (i,j)=E, (t)ef'/(iﬂ’AXJr'/ﬂ”Ay). The equation (1) then becomes a system of ordinary

differential equations % = [AO ][X 0] with [X 0]= [Ezo H, H, ]T . We can prove

that all eigenvalues of [Ao] are imaginary, thus the solution will be always stable. The

numerical dispersion can be obtained by assuming [X 0 ] = [Xo ]ej”wA’ , and transforming

(1) to a matrix eigenvalue equation. With the help of Mathematica, the eigenvalues are
solved out to find the numerical dispersion relationship as

’ A
(?) =p; sinz('B)‘TAx)+ﬂy2 sinz(%) (2)

Y
which is independent of the time step size Az. In other words, we are free to choose the

time step size. Note that ¢ =1/,/&u in (2).

Discussions on Numerical Dispersions

Since SD and the implicit FDTD methods are all unconditionally stable, the numerical
dispersion does not depend solely on the Courant number any more. The dispersion
varies with the sampling rates in space and time. It is natural to express the numerical
dispersion in terms of spatial and temporal sampling rates. A common measure for

spatial sampling rate is the mesh density N, , number of spatial divisions per wavelength.
The temporal sampling rate thus can be measured by NV, , number of sampling intervals
in a period7 . We can show that the Courant number equals N, /N,. Under the
assumption that Ax=Ay=A , and p, =/pcos¢ , B, =fsing , f=alv ,
N,=A/A, N, =272 /(aAt), equation (2) can be simplified as

2
T . T . /2
—) =sin’ E—cos¢)+sm2 E—sm¢) 3)
N, J v N, J v N, J
where v represents the phase velocity in the SD scheme.

Figure 1 compares the relative phase velocity of the SD scheme with those of the ADI

and the CN methods by varying the angle ¢ of propagation direction for N, = N, =50.

This diagram shows that the numerical anisotropy of the SD scheme is almost the same
with that of the CN method, and is much better than that of the ADI method. The ADI
and CN results in Fig. 1 agree with those in [3].

Figure 2 displays the relative phase velocity with respect to the mesh density for the SD
scheme and the ADI method with different temporal sampling rates. We can observe that

the SD curve behaves as an upper limit of the ADI curves as N, increases. This is
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reasonable, because when the time step size approaches zero, the ADI equations approach
the semi-discrete Maxwell equations (1). This argument is supposed to hold for all
implicit FDTD methods. The same reasoning can also be used to infer that the explicit
FDTD dispersion curves approach the SD dispersion curve, too, except that the SD curve

becomes a lower limit this time. Note also that for a given N, increasing the mesh

T>
density does not help too much in reducing errors. On the contrary, the SD error keeps

decreasing as N ; increases.

Numerical Example

The semi-discrete Maxwell equations (1) can be solved by many numerical methods. A
numerical solution by putting the solution into a matrix exponential form has been tried
in [1], and found unsatisfactory. This study adopts the adaptive Runge-Kutta (ARK)
method to solve (1) plus boundary conditions. Some numerical experiments on one-
dimensional problems show that the ARK implementation is much faster and more stable
than the implementation using the matrix exponential solution.

A 2D square PEC cavity TM problem is chosen as a numerical example. Assume that the
cavity is excited by the initial condition

E.(x,7,0) = (1— 2 Il |22 1 H, (x,5,0) = H,(x,,0)=0 4)
) )

——1
a a
where a is the dimension of the cavity and divided into N cells. The mesh density and

temporal sampling density are defined with respect to the fundamental 7M,, mode.
Thus N, = V2N . Figure 3 shows the relative error defined by

X-X
err =”—e’mw2 (%)

|| exact

where X and X
and the exact sampled £_,nH  ,nH , when ¢ =3.5T , and ||X||2 is the L, norm of X.

2
represent column vectors whose components are all of the computed

exact

Here 7 is the intrinsic impedance of free space. From Fig. 3 we can observe that the SD-

ARK scheme is much accurate than the ADI FDTD method by which NV, has to be very

large to achieve similar accuracy level. However, the AD-ARK scheme is still slow.
Some faster implementations are being investigated.
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Fig. 1. Relative phase velocity vs. propagation angle
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Fig. 2. Relative phase velocity vs. mesh density
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Fig. 3. Relative error norm of the cavity problem vs. mesh density
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