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On the Convergence of the Decomposition Method
for Support Vector Machines

Chih-Jen Lin Member, IEEE

Abstract—The decomposition method is currently one of the conquer this difficulty. The basic concept of this method is as
major methods for solving support vector machines (SVMS). follows.

Its convergence properties have not been fully understood. The
general asymptotic convergence was first proposed by Chanet
al. However, their working set selection does not coincide with
existing implementation. A later breakthrough by Keerthi and
Gilbert proved the convergence finite termination for practical
cases while the size of the working set is restricted to two. In this
paper, we prove the asymptotic convergence of the algorithm used
by the software SVM'8"* and other later implementation. The
size of the working set can be any even number. Extensions to
other SVM formulations are also discussed.

Algorithm |.1—Decomposition Method:

1) Given a numbeg < [ as the size of the working set. Find
o' as the initial solution. Set = 1.

2) If & is an optimal solution of (1), stop. Otherwise, find
a working setB C {1, ..., I} whose size ig;. Define
N = {1, ..., }\B andak andcdk; to be subvectors of
o corresponding td3 and N, respectively.

3) Solve the following subproblem with the variakig:

Index Terms—Classification, decomposition methods, support

: 1T kT
. min 5 ap — (e — 7O Ar (8%
vector machines (SVMs). 0pQnRan — (e — Qpyay) an

OS(CYB)Z‘SC, i=1,...,q,
T _ T k
I. INTRODUCTION YBOUB = —YNON 2
HE SUPPORT vector machine (SVM) is a new and  Where[222 &2V]is a permutation of the matrig.
k+1 _

promising technique for classification. Surveys of SVM 4) Seta;" to be the optimal solution of (2) anmlﬁ#l
are given, for example, by Vapnik [27], [28] and Scholkopf ak,. Setk — k + 1 and go to Step 2).
et al. [23]. Given training vectors:; € R™, 7 = 1,...,1,in  The basic idea of the decomposition method is that in each

two classes, and a vectgre R' such thaty; € {1, —1}, the iteration, the indexeg1, ..., [} of the training set are sepa-
support vector technique requires the solution of the followingited to two set$3? and NV, where B is the working set and
optimization problem: N = {1, ..., l}\B. The vectoray is fixed so the objective

value become$1/2)a§QBBaB — (GB — QBNOéN)TOéB +
(1/2)ak Qnnay — ekan. Then a subproblem with the vari-
ableag, i.e., (2), is solved. Note tha is updated in each iter-
ation. To simplify the notation, we simply ugginstead ofB*.

An important issue of the decomposition method is to select
the working setB in each iteration [Step 2) of Algorithm 1.1].
Among existing methods, Osura al. [18], and Saunderst
al. [22] find the working set by choosing elements which vio-
late the Karush—Kuhn—Tucker (KKT) condition. Platt's sequen-
iival minimal optimization (SMO) [19] restricts the size of the

orking set to be two. The advantage is that (2) becomes a small
problem so no optimization software is required in practice. His
working selection includes some heuristics. A systematic way
is proposed by Joachims [11] where he restridis be aneven
umber. In his software SVK"" 1 the following problem with
e variabled is solved:

min %aTQa — o
yla=0

i=1,...,1

1)

where

e vector of all ones;

C  upper bound of all variables;

@  1by! positive semidefinite matrix.
Training vectorse; are mapped into a higher (maybe infinite
dimensional space by the functigrand@;; = y;y; K (i, )
whereK (z;, z;) = ¢(x;)" ¢(x;) is the kernel.

The difficulty of solving (1) is the density @@ because); ; is
in general not zero. In this casg becomes a fully dense matrix
so a prohibitive amount of memory is required to store the m
trix. Thus traditional optimization algorithms such as Newtoﬁ,
quasi-Newton, etc., cannot be directly applied. Several authofs; V(e d
(for example, Joachims [11], Osueéaal. [18], Platt [19], and

T 7 _ _ . 5 —
Saundert al.[22]) have proposed decomposition methods to y d=0, lsd; <1, i=1...,1 (3a)
d; >0, if (a*); =0, d;<0, if(c*);=C (3b)
{dild; # 0} < ¢ (30)
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at o*. Note that|/{d;|d; # 0}| means the number of compo-and improvements were added to the SMO. Then [12] and [33]
nents ofd which are not zero. The constraint (3c) implies thahtended to prove the finite termination of a generalized SMO
a directiond involving only ¢ variables is obtained. Then com-algorithm. Incidently (3a)—(3c) with = 2 is a special case of
ponents ofx* with nonzerod; are included in the working set the working set selection proposed in [13] and [34] (i.e., modi-
B which is used to construct the subproblem (2). Note thatfication 2 of SMO in that paper). Thus their proof has covered
is only used for identifyingB but not as a search direction. Insome existing practical implementation.

Joachims’ original papef{d;|d; # 0}| = g instead of (3c) was  Up to now the only available implementation usiag> 2
used. Thus practically the decomposition method always picksth convergence proofs is discussed in [10] and [32]. Instead
g elements in each iteration. It was first pointed out in [3] that iof using the standard formulation, [10] and [32] solve

theoryq nonzero elements may not be always available so (3c)

was proposed. min % a”(Q+yy" o — '
Joachims [11] used the following procedure to solve 0<a; <C, i=1,..., 1 (5)
(3a)—(3c). .
Algorithm 1.2—SVNE™'s Working Set Selection: This formulation was proposed and studied by, for example,
1) Sorty; V f(a*); in the decreasing order. Friesset al. [9] and Mangasarian and Musicant [16]. Equation

2) From the top of the sorted list sequentially det= —3;  (5) is a bound-constrained problem so the working set selection
if 0 < af < C or (3b) is satisfied. 1, = —y; violates is by the following problem:
(3b), setd; = 0 and bypass it. From the bottom of the

list sequentially setl; = y; if 0 < af < C or (3b)is min  V/(a®)'d

satisfied. Ifd; = y; violates (3b), sef; = 0 and bypassiit. 0<ar+d; <C, i=1,....1

The assignment ef; = —y; andy; is done symmetrically dild £ 01 < "
until either [{dildi # 0} < ¢ (6)

a) q/2 elements of/ are assigned to bey; from the - where f(a) = 1/2a7(Q + yy”)a — e¥a. The convergence
top andy/2 elements ofl are assigned to e from  follows from the framework in [3]. An important fact is that be-

the bottom;_ or cause of the simpler constraints, (6) can be solved as efficiently
b) we cannot findl; = —y; from the top andl; = y;  as solving (3a)—(3c). To be more precise, the complexity to solve
from the bottom at the same time. (6) is similar to Algorithm 1.2. However, a direct use of (6) did

3) Elements of] not considered yet are assigned to be zerasot perform well so [10] finally used a modified way whose con-

Algorithm 1.2 will be discussed in more detail later. We mentioMergence is also not clear. _
the working set selection here because itis strongly related to th&urthermore, the use of (5) lacks enough theoretical support
main topic of this paper: the convergence of the decompositi8R 9eneralization properties. We may worry that by removing
method. the linear constraint and adding/2(y” «)? to the objective
As the decomposition method finds an optimal solution d#nction, the generalization property is not as good as solving
a subproblem (2), the strict decrease of the objective functigh- In addition, as more available software follow the imple-
holds. However, this does not imply that the sequeindd con- Mmentation of SVME! using (3a)—(3c) (e.g., [6] and [21]),
verges to an optimal solution of (1). In fact the convergence issti¢ need to prove the convergence wjth~ 2 becomes more
is not easy and has not been fully understood yet. emergent. In this paper, we will shc_)w that Algorithm 1.1 using
The first work on the convergence of the decompositiok$@)—(3¢) for the working set selection converges. _
method is by Changt al. [3]. They proved the convergence Next we discuss some possible obstacles while attempting to
of a more generalized algorithm. However, their working s@fove the convergence. In particular, we think the decomposi-
selection is by a different problem: tion method of SVM#! has two major problems.
1) In each iteration, the decomposition method works only
on a subset of variables. Popular optimization methods

: kNT
min  V /()" d such as Newton or gquasi-Newton consider all variables

0<ab+d; <C, i=1,...,1 together in each iteration. In factgfis small, in each it-
yTd=0 eration only few coordinates of the variable are updated.
{d;|ds £ 0}] < ¢ (4) Hence the algorithm is like the “coordinate search” or

“method of alternating variables” in optimization litera-
ture. It has been shown by Powell [20] that such methods
may not always converge. The work in [3] focused on
handling this difficulty and a technique to construct a re-
lationship between (4) and the following problem is uti-
lized:

The main shortcoming is that (4) may not be useful in prac-
tice. Unlike Algorithm 1.2 for (3a)—(3c), we have not known
any comparable method for (4). Note that Algorithm 1.2 takes
at mostO(! 1nl) or O(lg) operations that is acceptable for prac-
tical implementation.

Then an important progress is by Keerthi and Gilbert [12], . T
[33] where they proved the finite termination of a decomposi- min Vf(a®)"d
tion method withg = 2. In [13] and [34] the authors showed 0<af+d; <C,  i=1,...,1
that the original SMO may not converge so some modifications y'd=0. @)
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2) SVM'" yses (3a)—(3c) for the working set selection. First we give a simple assumption.
Problem (3a)—(3c) follows from the method of feasible Assumption I.1-& > 0:
directions by Zoutendijk [30]. The original feasible-di- If C = 0, the only feasible solution of (1) is; = 0, ¢ =
rection method of Zoutendijk is to consider (3a)-(3c), ..., . In addition, the constraints of (8) implies = 0. If
without restricting the number of nonzero elements  Algorithm 1.2 is used without Assumption 1.1, for= o = C
we may end up withl; = y;(—y;) # 0 which is not a feasible
min  Vf(e®)Td solution of (8). The assumption looks trivial but in our mind we
Wd=0, —1<d;<1, i=1,...,1 Iconsideréhe gen%ral si(tjuatidmg Octz glu;ifwhereiihandui are
‘ ek ‘ ek ower and upper bounds, respectivelyl;lf= w;, then we can
di 20, ifap=0, d;i<0, ifaj=0C. (8) remove theth variable from the original problem easily.

- . The following theorem shows how Algorithm 1.2 solves (8).
:{I’he(:j_il,ﬁlcult)t/hags_es btecause Tlhe convetrgegcihof ZOL.J'Theorem [1.2: If the condition 2a) of Algorithm 1.2 is not ac-
rggsgns'snt]r? ab:’)“ IS dnrflagir:irgeyagfizrsaglse O'.n ¢ :f rTFhr\'/ated (orq is selected large enough), the algorithm will finally

: + Y ble pol ( )ﬁtop ati; (from the top) and, (from the bottom) and one of the

so the map of search directions is not closed. An examqﬁlowing will happen

showing that Zoutendijk’s algorithm may not converge is oy o )

by Wolfe [29] and more discussions are in [1]. This ex- 1) ¥ V.J(a");, is next tO?Jibe(gé )i, in the sorted |'Skt-
plains why in [3], (6) instead of (3a)—(3c) is considered 2) There is one eleme@&Vf(c;i )i betweeny;, V f(a”);,
because (6) guarantees the feasibilityaéf+ d. To be andy;, V f(a");, with 0 < aff < C.

more precise’ the key d|ﬁ|cu|ty is the pr0b|em caused t}y addition, when the algorithm St0p$,is an Optlmal solution
o sitting very close to the boundary and having larggf problem (8).

violation. Another way to see this is that the objective ~ Proof: When Algorithm 1.2 stops at, if the next index in
function of (8) is discontinuous at the boundary. This i sorted list of;V f(a*);, i = 1, ..., lis 4, there are three
a rather peculiar situation not associated with traditionBPssible situations:

optimization algorithms. That is why methods such as

Joachims’ decomposition algorithm and SMO by Platt re- 0<o7 <C, or

quire a very different approach to the proof. The proofs aé =0, y;,=-1, or

given here and the one in Keerthi and Gilbert use a non- k" _o 3 9
traditionalcountingargument to prove convergences. &, = YT ©)

In addition, we note that the original Zoutendijk’s method di- _ _—
rectly usesi as the search direction for the optimization algo(—)_therw'_se’ we canbmgve downTby 353'9”"‘?9:_0- Then con-
rithm. That is, a step sizeis decided and* + \d becomes the Sider going up from,, ',Ithe nexti, IS ot orte, It can not sat-
next iteratea®+1. This is different from the role of (3a)—(3c) 'SV 0 <o, <C,0raf =0,y =1, 0107 =C, y;, = —1.
here asd is used only for selecting the working set. FurthefOtherwise, (9) implies that can move down ta, and theni,
more, in each iteration an exact solution of the subproblem @yuld move up. Hencé, must satisfyo? = 0, y; = —1 or
is obtained. This seems to be a nice property which the origirtsg = C, y;, = 1. However, for this situation, could move
Zoutendijk’'s method lacks of. In [3], such a property was ncupb by setting#; = 0. Hence we are sure that there is at most
used as they considered a more general algorithm. For the preaé element between andi,. If there is one such elemeft
in this paper, we will see that it plays an important role. ando® =0, y; = —1,0ra® =C, y; =1, 4, could move up

The above discussion reveals that the working set select@ghin“by assigning; = 0.“Therefore, from (9) the only pos-
problem (3a)—(3c) should be deeply investigated. In Section diple situation is to have an elemenbetweeni, and, with
we analyze (3a)—(3c) and its solution procedure: Algorithm 1.3. « of < C.

Readers who are interested in only the convergence proofs mayhus we have clarified the situation when the algorithm ter-
skip this section. In Section Il we sketch the main conveminates. Next we will show that when the algorithm stops, the

gence proof by some figures. Section IV is the main convefgliowing KKT condition is satisfied sd is an optimal solution:
gence proof. Extensions of the proof to other SVM formula-

tions such as regression and one-class SVM are in Section V. Ve®) =—by+ N\ — &,
We make conclusions and discussions in Section VI. yTd =0

\i(d; +1) =0, fo<af<C

Thoughin[11], Joachims has proposed Algorithm 1.2 to solve Audi =0, oy =0

ughi , i i . Vi . k
(3a)—(3c), up to now there is no rigorous discussion to justify §i(1—di) =0, if0<a; <C
the use of this algorithm. For example, if the case 2b) of Algo- &d; =0, if of =C
rithm 1.2 is encountered first, it is not clear what the practical A >0, & >0, i1=1
situation looks like. In this section, we will discuss the details

of Algorithm I.2 and demonstrate that it really solves (3a)—(3c). If there is ani;, between, ands;, we selecb such that
For readers who are interested in only the convergence proofs,

you can skip this section and directly go to Section Ill. yitVf(ock);t +56=0.

II. MOREANALYSIS ON THE WORKING SET SELECTION

... L (10)
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Otherwise, we pick such that

yiV f(a®); +

Algorithm 1.2 without Step 2a) could be applied to solve (15).
If an optimal solution isd; = —y;, % = 71, ..., 74/2, di =

b > 0 for the elements before (includg) (11) Yii = 51, ..., 552 (4 < 7), andd; = 0 otherwise, then the

yiV f(a®); + b <0 for the elements after (includé). (12) optimal objective value of (15) is
Let us consider the case in (11). d; = —y;, andy; = 1,

by selectingg; = 0 and\; = Vf(a*); + by; > 0, (10) is _ ‘ Ky ‘ Ky
satisfied. The situation is similar far = —1.If d; = 0, there . 21» UV HeR)i+ . ZSA vV f(ah)i
are two possibilitiesy; = 1, of = 0ory; = —1, of = C. Tt Tohm R
For the first case); = Vf( ) +by; > 0, \;d; = 0and .
& = 0 satisfy (10). The argument for the second case is S|m|lé(¥h'Ch is greater or equal to
Furthermore, the same proof can be applied for indexes which
satisfyd; = ;. Thus we have shown that Algorithm 1.2 obtains . .
a KKT point. Since (8) is a linear program, a KKT point is an o Z yiVf(a®)i + . Z ' iV f(a”);
optimal solution. [ PN ta /2 P=IL  Ja /2

After the procedure of Algorithm 1.2 without activating con-

dition 2a) for solving (8), we assume that .. ., 4,,, ,» are in- as we sorty; V f(« *); in a decreasing order. Singe< 7 <

dexes of elements withi; = —v; (in the decreasing order of ¢, d defined in (14) is an optimal solution of (3a)—(3c). The
{y:Vf(e*);}) andjy, ..., ju, 2 are indexes of elements withfollowing theorem concludes the validity of Algorithm 1.2 for
d; = y; [in the increasing order ofy; V f(a*);}]. Then (3a)—(3c).

. o . Theorem 11.3: If ¢ is an even positive integer, Algorithm 1.2
uVf(a®)i+b=p; >0, E=41, o 2 returns an optimal solution of (3a)—(3c) and
yZVf(Oék)Z—FbITLZSO, i:jlv "'7jrn;\,/2~ .

We have —(optimal objective value of (3a)—(3c)
q
< optimal objective value of (8 16
P2 Pi 2Py 2020y, L 2 2y, (13) = optimal ob) ® 19
Sinced; = —yi,i = d1,...,%m,,,2 @dd; = y;, i = We then show the relation between the working set selection
J ooy Tmy 2 problem (3a)—(3c) and the original optimization problem (1).
4 o ) Theorem I1.4: The optimal objective value of (3a)—(3c) is
VF(a®)id; = (b - pi), t=0 e by /2 zero if and only ife is an optimal solution of (1).
Vi(a®)id; = (=b+ ny), =41, s Jmp/2 Proof: A basic property of Zoutendijk’'s method is that the

Therefore, the optimal objective value of (8) is

2 2

=01, - =I5 Imy, /2

—pi+ M-

2 tmy /2

optimal objective value of (8) is zero if and onlydfis an op-
timal solution of (1) (see, for example, [1]). Since (3a)—(3c) has
a smaller feasible region than (8), if the optimal objective value
of (3a)—(3c) is zero, the optimal solution of (8) is also zero.
Thereforew is an optimal solution of (1).

Now we are ready to work on problem (3a)—(3c). We will show On the other hand, i is an optimum of (1), with Lemma

that by selecting
—Yi, t=11, ..., imin(q,rnk)/Q
di = Ye 1= jl IR jmin(q,rnk)/Q
0, otherwise

Yis (14)

an optimal solution of (3a)—(3c) is obtained. When> my,

the solution we just obtained for (8) is a feasible solution of
(3a)—(3c). As (3a)—(3c) has a smaller feasible region than (8)

its objective value is not smaller. Thdsdefined by (14) is an
optimal solution of (3a)—(3c). On the other hand; & m;,, wi
consider the following problem:

min  Vf(a®)T

yl'd=0, -1<d; <1, =1,...,1
d; >0, ifaf=0, digo, if of =C
d;i=0, ifi¢B (15)

whereB is any subset of1, ..., [} containingg elements with

7 < ¢. Now B is fixed so (15) is reduced to a form of (8)
whose number of variables is Hence the same procedure of

[1.3, the optimal objective value of (3a)—(3c) is zero. [ |

There are different methods for the analysis in this section.
For example, in [5] and [31], the authors modified (3a)—(3c) to
-SVM problems [25] where they used a recursive approach to
show the validity of Algorithm 1.2.

The convergence of Algorithm 1.1 using problem (3a)—(3c) is
the main result of this paper. As the proof involves with several
complicated lemmas and theorems, in this section we give an
outline of the proof. Using some informal terms and figures, we
explain some key ideas behind the proof.

First we discuss some observations which help to prove the
convergence. I& is an optimal solution of (1), it satisfies the
following KKT condition: there is a numbérsuch that

OUTLINE OF THE CONVERGENCEPROOF

Vf(&)z +by; >0 if &; =0,
Vf(&)z + by, <0 if &, =C
V(&) +by; =0 fo<a; <C. an

Authorized licensed use limited to: National Taiwan University. Downloaded on March 18, 2009 at 02:51 from IEEE Xplore. Restrictions apply.
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oF aFte a oF aFtl a
11 (top) i1(top) i1 (top) i1 € B {i1(top) i1
-3 -3
i2(bottom) i2(bottom) i2(bottom) i3 € B {iz(bottom) i2
(@) (b)
Fig. 1. y;Vf(«); in the order of the sorted list of. V f(@);, i = 1, ..., L.
For any scalaty;, we can consider two situations equal. We will focus on analyzing this group of variables. In-

deed we will show that for any limit point of a convergent sub-
0<ai < Cor(a; =Candy; = 1) or (a; = 0andy; = —1) sequ.ence,.only indexes from this particular group are still under
consideration.
(18) Next we outline the proof. We consider any convergent
0<a; <Cor(e; =Candy; = —1)or(e; =0andy; = 1). subsequencéa®}, k € K anda = limy oo, rexc @*. We
(19) prove that for any given positive integey; the sequence
{a**} k € K converges tav. Therefore, ifa; is a “top”
Then the KKT condition (17) can be rewritten as Ex? 702?-':]1 7) '?é’ng?itearte;”aittil:),, E(“bﬁtéfn’l,?rizn%?é):tgezt
These results will be proved in Lemmas V.3 and 1V.4a). An
V&), +0>0 if &; satisfies (19) illustration is in Fig. 1(a), where the vertical line on the right
UiV (&) +b <0 if &; satisfies (18) (20) represents the sorted lighVf(@);, ¢ = 1,...,1 (in the
decreasing order) and lines on the left are corresponding values
of 1V f(aF)i toy; V f(akt);.

Note that (18) [(19)] is the condition in Algorithm I.2 wherg We then prove that a situation like Fig. 1(b) cannot happen.

can be a candidate for selection from the top (bottom) of thﬁ,lat is if
sorted list ofy; Vf(a*);, i« = 1, ..., l. In the following, we '
shall refer a variabley; as a v V@), > v, V(@)

“top” candidate: if it satisfies (18);
“top only” candidate: if it satisfiese; = C andy; = 1) or  then aftek € K is large enough, forany € {k, k+1, ..., k+

(a; = 0 andy; = —1); s—1}, if 4, andi, are both in the working set of thigth iteration,

“bottom” candidate: if it satisfies (19); it is impossible to have ! anda*! are “top” and “bottom”

“bottom only” candidate: if it satisfiesof = C andy; = candidates at the same time.

—1) or (o; = 0 andy; = 1). The final part of the proof comes from Fig. 2 (Theorem IV.5).
From Assumption I.1{" > 0 so the following two statements Assumei; (i3) is the first “top” (“bottom”) candidate of the
are equivalent: sorted list ofy; Vf(a);, ¢ = 1, ..., landI1(Iz) is the set not

lower (higher) thari; (i»). If

«; is a“top only’ candidate= «; is not a“bottoni’ candidate.
Yi, V@), > 4i, V (@), (21)

Therefore, once? is a “top only” candidate, next time when it _
is selected, in Algorithm 1.2, it must be picked from the top otve prove that aftek € K is large enough, there istac {£, k4
the sorted list. 1, ..., k+2I} suchthaty} (o )hasonly “bottom only” (“top

It can be clearly seen that the KKT condition (20) impliesnly”) elements. Therefore, at thigh iteration, bothi; andis,
that all “top” candidates have the same or smallgv f(&); must be selected as they are the first “top” and “bottom” ele-
than “bottom” candidates. Therefore, when applying Algorithments, respectively [from Fig. 1(a)]. However, at fie+ 1)st
.2 to problem (3a)—(3c) of an optimal solution, except thosteration, from Fig. 1(a), we know that andi, are “top” and
elements with;; V (&) + b = 0, we cannot do any selection. “bottom” elements again. This violates the results in Fig. 1(b).

For free variables, theiy;V f(&); are equal. On the other Therefore, the assumption (21) is wrong s@aelements se-
hand, if&; are at bounds, theiy; V f(&); are usually different. lected by (3a)—(3c) have the samgév f(@);. With this result
This leads us to suspect that in final iterations, for all boundeee can show that the working set selection problern ditas
«;S, their associateg; V f («); are already in correct places ofzero optimal objective value. Then from Theorem I&is an
the sorted list o, Vf(&);, i =1, ..., L optimal solution of (1).

Of course itis possible that f(&); + by; = 0 evenifé; is at Thus the main effort of Theorem IV.5 is on a counting process
a bound. This is the so called “degenerate” case in optimizatitmshow that in at mos2! iterations, all elements iy, and I,
terminology. For degenerate or free variablg&/ f(&); are all become “bottom only” and “top only,” respectively.
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ok al‘c oFt! o+t a
I I, (bottom only) It
i1(top) i1(top)€ B 11 (top) i1 (top)
e e -3
i2(bottom) iz(bottom)€ B §iz(bottom) i2(bottom)
I Iz(top only) Iz
Fig. 2. A counting process oh and!. (Theorem IV.5).
IV. CONVERGENCEPROOFS which is a different representation of (2). The KKT condition of
istk+1
In this section we prove the convergence of Algorithm 1.§24) shows that there Ist* such that
using problem (3a)—(3c) for the working set selection (i.e., the (Q(a* +5)); — 1+ "1y, =0
algorithm used by SVME™). If Algorithm 1.1 stops in finite if0<af+si<C,icB (25)

number of iterations, from Step 2)* is already an optimum.

k o k+1,,
Hence here we consider the case where Algorithm 1.1 takes in- Q" +5))i = 1+b"y; 2 0

finite iterations. First we make an assumption. if af +5i=0,i€B (26)
Assumption 1V.1:The matrix() satisfies Q¥ +5)); — 14+ 01y, <0
if ¥+, =0, i¢B. (27)
min(min(eig(Qr1))) > 0 DefineF" = {i|0 < a¥+s; < C, i € B}andA = {i|af+s; =
OorC, i € B}. We haveB = F'U A and from (27)
where { S (Qa*)p = —(Qs)F +ep — B+ yp
I any subsetof1, ..., [} with |I| < ¢; Rl
7. 7 el = — — k. / — b . 28
Qrr square submatrix af; @rrsy = Qrasa+er yr- (28)
min(eig(-)) smallest eigenvalue of a matrix. With (28), the last two terms of (23) become

If @ is positive definite, then Assumption IV.1 is true. Forr k T
example, if the RBF kernek (z;, =) = ¢ll*i=iI” is used and SB(QGT)B _kCBSB . . N _
all z; # x;, from [17], Q is positive definite. Since practically = SF(Qa")r — cpsp + s4((Q(a” +5))a + 0" ya —ea)
q is selected as a small numbet1(00), if data are mapped into — 55(Qs) 4 — b* Tyl s,
higher ?Tensiongl SR?clzeﬁ?,tlznds to be positive definite soin = sT(Qa*)p — eLsp + 57 (Q(a* + 8))a 4+ VT ys —e4)

eneral Assumption 1V.1 holds. T k+1 T
° The foIIowingpIemma shows the sufficient decreasd @f). —sal@arse + Qaasa) = b : Yasa
b —|—lyT

Lemma IV.2: = —spQrrsp — SEQFaSs — BSB
+ s5((Qe* + 8))a + 0 ya —ea)
F@*Y) < fla) - %Ha’“’l —o¥|? (22) — s4(Qarsr + Qaasa). (29)

If ocf +s; = 0, thens; < 0 and if ocf +s; = C, thens; > 0.

wheres = min;(min(eig(Qrr))). Hence from (26) and (27)
Proof: AssumeB is the working set at théth iteration sHUQ(a® + 8))a + by —ey) <0 (30)
andN = {1, ..., 1}\B. If we defines = o**! — o, then
oy = 0 and With (29), (30)
%SEQBBSB = %SEQFFSF + 5pQrasa+ %STAQAASA
@y — f(a®) andy%sp = 0, (23) becomes

_ 1.7 Tk _ T
=28 @sFs Qo —c's —3517Qrrsp — $54Q4454 — SFQFasa

= 35h@ppsp +55(Qa")p —chsp.  (23) + SR((QUa* + 8))a + Py — )

< —l[sT sT] Qrr Qra SF

That is,_inthdfth iteration, we solve the following problem with = 2U7F AL Qur Qaa ] | sa
the variablesg: < _%HSBHQ _ _%HSHQ' (31)
: 1.7 T k _ T | ]

win 5 spQrpsp +sp(Qa7)s — cpsn From now on we consider any convergent subsequence
b . y g q
0<(a"+s);<C, 1€B {a*}, k € K andlimy oo, rex of = @ We then have the

yhsp =0, (24) following lemma.
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Lemma IV.3: For any given positive integey, the sequence Thus (33) and (34) imply
{a**2}, k € K converges tav. In addition, {y; V f(a*%);}
converges ta;V f(a@);, fori =1, ..., L.

k+1 k41
Proof: First we know that{f(a*)} is a decreasing se- Y VIO )i S 5 VT )i,
qguence. Sinceé < o; < C, 1 =1, ..., [, the feasible region of
(1) is a compact set. Thus we know tHa(o* )} converges to Which contradicts to (32) whehis large enough. =
a finite number. Finally, the main theorem is as follows.
Then for the subsequen¢e®*'}, k € K, from Lemma IV.2 Theorem IV.5: Any limit point of {o*} is a global minimum
we have of (1).
Proof: Assumex is the limit point of any convergent sub-
lim [|o* ! — | sequencda*}, k € K. If @ is not an optimal solution of (1),
k—oo from Theorem I1.4, the following problem has a nonzero solu-
< lim ([la®* = o] + [lo” — @) tion:
2 ;-
st W ~(f(@) = (@) + [l a||> wmin Vf(@"
—0 —1<di <1, yTd=0
d; >0, ifa =0, d; <0, ifa,=C
Thus {dild; # 0} < q. (35)
lim ot =a. )
k—oo, keK If we can prove that only elements with the sam¥® f(@); can
From {a*+'} we can provelimy_... scx @*+2 = @ too, have nonzerd;, by assuming3 contains such indexes, then
Therefore limy oo, kek oft® = & for any givens.
The results on{1; V f(a**2);} follows from the continuity a)ld= ZyQVf Yidi = (u:Vf(@))ygdp = 0.
of Vf(Oé) | i€B
We then need a technical lemma.
Lemma IV.4: Let & be as in Lemma IV.3. This contradicts to the assumption that (35) has a nonzero solu-
a) If @, satisfies (18) [(19)], then for any given positive intion. Hencex is an optimal solution.
tegers, afterk € Kislarge enoughy?, Hl o a§+s Therefore, in the rest of this proof we will show that when

all satisfy (18) [(19)]. In other words, ifi; is a “top”  solving (35), only elements with the samgv f(e); can have
(“bottom”) candidate, then aftér € K is large enough, nonzerad;. Assumei; (i2) is the first element selected from the

ak ot ol areall“top” (“bottom”) candidates. top (bottom) of the sorted list of; V f(a);, ¢t = 1, ..., 1. We
b) In addition, if claim that
vi, V(@i > v, VF(@)i, (32) Ui Vf(@)i, = 4, V(@) -
then afterk € K is large enough, for ang € {k, k + Ifthe result is wrong, then
, k + s — 1}, if i1 ands, are both in the working
set of thekth iteration, it is impossible to have!™ and Ui V(@i > 13, V(@) (36)

+1 satisfy (18) and (19), respectively. In other words,
"*1 anda®* cannot be top and bottom candidates Apefine
the same time.

Proof: The first resultimmediately follows from Assump- L =iy V@i 2 9 V(@i }

tion 1.1, Lemma IV.3, and the definition of (18) and (19).
For the second result of this lemma, we assume that it is pos-

sible that botha} " andaf ' satisfy (18) and (19), respec- L = {ily:Vf(@)i <y, V(@) }-
tively. Sln06ak+1 is an optimal solution of (2), from the KKT
condition of the subproblem (2) and a similar form of (20), iFrom (36),/; N 1> = .

k+1 satisfies (18), there isi&+! such that Sincei, (i2) is the first element selected from the top (bottom)
of the sorted listey;, (a@;,) satisfies (18) [(19)]. Aftek € K is
large enough, from Lemma V.4 | ot ... of** are all
. E+1 To+1 ’ ’
Y V@i, + =0. (33) “top” candidates, wheréis the Iength of each vector[| e., the
number of variables of (1)]. In addition} , o, ..., af‘;”

e k1 . e
On the other hand, i satisfies (19), then are all “bottom” candidates. Then in eaklof kth (k + 1)st,

N B , (k+ 2l — 1)stiterations; andi, can not both be selected
vi, V(@) + o5 > 0. (34) because of (36) and Lemma IV.4.
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We then claim that if; is not selected at thith iteration, V. EXTENSIONS

then all “top” candidates selected are frdm Sincek is large Consider a general problem with the following form:
enough, for any¥, i ¢ I, which is a “top” candidate

Q

u V@) <y, V(@) y'

%

7

min % af' Qo+ pFa
l

In b

wi,  d=1,...,1 (37)

IN

v

implies that: can not be chosen earlier thén Similarly, if i, ) )
is not selected at thith iteration, then all “bottom” candidatesWhere—co < li < w; < o0, = 1,..., 1, Q is any sym-
selected are fron,. metric positive semidefinite matrix satisfying Assumption V.1,
Now for thekth iteration, we consider three situations. gndyi - i_l’ e =1, ST L. The convergence proof de_scrlbed
o o . in the previous section is still valid if Algorithm I.1 with the
Casel) Neitheri, nor 7, is selected. Then all *top” fo|lowing generalized working set selection is used for solving
(“bottom”) candidates selected are i (I2). For (37)
any: € I; andj € I, selected in theith iteration,

from Lemma IV.4b), at the next iteration, eith@Frl min Vf(ak)T d
becomes a “bottom only” element af“ becomes a JAd=0 -1<d <1 i1 I
“top only” element. Therefore, there are two cases to - ’ - = LR

consider.
{di|d; # 0} < q. (38)

Case 1-1) All elements selected frof become

“bottom only.” Then the number of “bottom ]

one. On the other hand, sinde N I, = ¢ Algorithm 1.2 is not valid for solving (38) if this condition does

and from the assumption of case 1, all varilot hold. In addition, in the convergence proof we specifically

ables selected fro, are “bottom” elements. Utilize many properties of Algorithm 1.2 [e.g., we consider

Hence the number of “top only” variables inthe sorted list of;V f(@);] so the conditiory; = +1 is also

I, is at least the same. used. In [12] and [33], the authors handled a more generalized
Case 1-2) All elements selected frofa become Problem where the only restriction @pis y; # 0.

“top only.” Similarly, the number of “top Problem (37) covers most SVM formulations. For example,

only” variables inls is increased by at leastdiven a set of data point§(xy, z1), ..., (x1, z)} such that

one, while the number of “bottom only” i € K" isaninputand; € R! is a target output, the usual

variables in/; is at least the same. form of support vector regression is as follows:

Case 2) Only, is selected: As; is not selected, all “bottom” .

elements selected are . Sincei; is selected and v Ll — AT ot ) *

a;“l*l is a “top” candidate, all “bottom” elements se- ming(a— e’y Qla— o)+ 6;(% *el)

lected inl; become “top only.” Therefore, the number ! l

of “top only” variables inl; increases by at least one. + Z zila; — af) Z(O‘i —af)=0

On the other hand, the number of “bottom only” vari- i=1 i=1

ables in/; is at least the same. 0< e, af <C, i=1,...,1 (39)

Case 3) Onlys is selected: Similar to case 2), the number of
“bottom only” variables i/, increases at least one andyhere,; = ¢(z;)" ¢(x;).
the number of “top only” variables if;, is at leastthe  \ve can rewrite (39) as

same.
Therefore, in at most iterations, either all elements ih ) Q —-Q @
“ ” . ” min l[ T (Oé*)T]
become “bottom only” or all elements &2 become “top only. 21 -Q Qll|a*

If I; reaches “bottom only” first, from Assumption 1.1, for later o o
iterations, elements i, are not “top” candidates sq must + [feT + 27 et — zT] [a*} yr [a*} =0
be selected. Therefore, we only have case 2) left. Then after at

most anothef iterations, alll; are “top only.” Therefore, we 0<ay, 0f <C, i=1...,1

must have & € {k, k+1, ..., k+2} such that botk, andi, (40)

are selected. This contradicts to Lemma IV.4. Hence the proof

is complete. m wherey is a2l by 1 vector withy; = 1,¢ = 1, ..., [ and
Under some conditions (for examplg,is positive definite), 1, = —1,4 = [+ 1, ..., 2[. Equation (40) is in the form of

(1) has a unique solution. Henée*} is a globally convergent (37) so Algorithms 1.1 and 1.2 can be applied.

sequence whose limit point is this unique solution. In Burges However, using Algorithms 1.1 and 1.2 for (40) is a little
and Crisp [2], there are discussions on conditions under whidlferent from existing decomposition methods for regression.
the SVM solution is unique. Note that though (39) is a problem with variables, it has very
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special structures. For example, the KKT condition implies that 3) Only: but noti+ is selected in the working set andl >
atan optimal solution of (39« = 0. Early work on SVM re- 0: Thenaf(a*)¥ = 0 implies («*)¥ = 0. Therefore,
gression (e.g., [8], [14], [15], [26], and [35]) all tried to take ad- (@)F*t = 0 andaft (a")F! = 0.

vantage of these structures and focused on problem (39). Exceptvhen onlyi + [ but noti is selected, the situation is sim-

[15] they mainly consider selecting two elements as the workiriigr. Thus we have finished the proof thaf (a*)¥ = 0,4 =
set in each iteration. Some characteristics of their methods are. ., [, for all k.
the following. Next we switch to the second goal of this theorem. Now the
1) In each iteration, two indexes andi, are selected from Hessian of the objective function of (40)ds= [_8 —31- We
{1,...,1}. remember that Assumption IV.1 is needed near (31) in the proof
2) To keepn®(a*)k = 0 they solve a subproblem with fourof Lemma IV.2. If we can prove
variablesw;, , ay,, o , andaj, R . )
That is, it is like that they use = 4in Algorithm 1.1 with a —558@spsE < 555l (41)

different working set selection from Algorithm 1.2. . . . —
9 g wheres is related only ta?, then a condition o) instead ot}

If Algorithms I.1 and I.2 withy = 2 are directly used for (40), . . 4 :
two indexes are selected frof, ..., 2/} and a subproblem (2) (g;;?z?;r: I;)Jethe convergence. Thus the main task s to prove

with two variables is solved. The advantage of working on (4 We define the foll di tind ¢

is that a generalized implementation can be directly used for e define the following disjoint index sets
both classification and regression. However, a possible short- By ={ijl<i<l,ie Bandi+1 ¢ B}
coming is that special structures of (39) are not considered so

there may have computational overheads. Surprisingly we will N {f + Z|L'€ Bl} )

show thain(a*)¥ = 0 still holds if Algorithms 1.1 and 1.2 are By={il<i<l ic Bandi+1¢ B}
directly applied to solve (40). Another issue is on the Hessian B;={i+l|1<i<l,i¢ Bandi+! € B}
Q = [_3 7] of the objective function of (40). Now is Bs ={ili +1 € B}.

only positive sem|def|n|te so it is unlikely that Assumption V.1
can be true. In the following theorem we will show that if onlyr hen
(@ instead of() satisfies Assumption IV.1, the convergence for
solving (40) follows.

Theorem V.1:If Algorithms 1.1 and 1.2 are used for solving Thus

B =B, UBUB,UDB;.

(40) and the initial solution is zero, therf (« =0,7 = .
1, ..., [ for all k. In addition, if  satisfies Assumptlon V.1, spQppsp =sp, — SBr, SByy 5B
[( f k] converges to an optimal solution of (39). [ Qp, 5, Qr B, —QBn B,
Proof We prove the first result by the mathematical in- . QB. B, QB,B, —QB,B,
duction. It is true that if the initial solution is zero, for the first | —QB,B, —QB,B, Q5. B,
iteration,o} (o*)} = 0,4 =1, ..., l. Assume the result is true [ 85, — g
for the kth iteration and we wil provev"“( Nk —0,4 = <m | (42)
1,..., 0 :
We consider three situations in théh iteration. ) °5
1) In Algorithm 1.2, both: and¢ + [ are selected in the Since
working set: Then from the KKT condition of the sub- QB, B, Qp,B, —QB.B,
problem (2).af ™ (a")f* = 0. @B,B, UB.,B. —QB.B,
2) Only ¢ but not: + [ is selected in the working set and —Qp.B, —QB.B, QB B,

a¥ = 0: For this cased; = 1 after solving (3a)—(3c). .
Sincey;d; = 1, we realize that in Algorithm 1.2, the as the same eigenvalues as
index i is selected from the bottom of the sorted list of QB,B, QB,B, QB,B;

wuVfa®, (a@*)*);,i = 1,...,2l. However, we also Qp,B, Qn.,B, QByB,
have QBS By QB3B2 QBSBS

which is a square submatrix ¢f, and|B; U B U B3| < ¢, we

wV f(ok, (01)) = (Q(oF = (@) )i + e+ 2 e
>(Q(a = (")) — e+ 2 2
. " 2
=4tV f(0*, (@) )ige. 1 o |8 — 5B - o
T s$Bx
_§SBQBB3B < -3 $B, -5 SBl
In other words, index+1 is closer thari to the bottom of SB 5 :
the sorted list. Therefore, it is not selected, indext-{ o ) Bs
is not a “bottom” candidate s@*)* does not satisfy (19). =73 sl
Asyi = —1,(a*)¥ = 0. Sincei+1 is not selected in the ] o )
kth iteration,(a*)¥! = (a*)F = 0 soal+ (a*)k+! = wherec = miny(min(eig(Qrr))), and I is any subset of
0. : {1, ..., [} with |7] < g. Note that|sp, — sp[|* 2 |2
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k1 _

T

is because of the following reasons: Simcéfs*l(a*) The convergence proof also suggests a possible way to im-
we consider two situations: prove the implementation. In final iterations, as the order of
1) ot = 0: Thenifaf = 0, s; = 0505544 < 0.0n sortingy; V f(a*);, ¢ = 1, ..., Lis about fixed, it might be pos-

the other hand, i&* > 0, (a*)¥ = 0. Hences; < 0 and sible to consider fewer elements on the working set selection.

Siq1 > 0imply s;5,4; < 0.
2) (o)1 = 0: Similarly, s;s;1; < 0.
Therefore, we havesglsB; > 0so

2 _ 5By
SBI
(1]
|

Recentimplementation using Algorithms 1.1 and 1.2 wjtk: (2]
2 for (40) areLIBSVM [4] andSVMTorch [6]. 3

Note that it may be possible to extend convergence results in
this section for algorithms used in [14], [15], [26], and [35], but

2 2

lsB, —sB;

T SB

— . > L
28B18B1 - H |:SB¢:|

1

here we will not get into details. 14
We then briefly discuss two other SVM formulations: one-
class SVM and/-SVM. For one-class SVM [24], the formula- 5]
tion is already in the form of (37). Far-SVM [25], it has two (6]

linear constraints so is not covered by the algorithm and proof
here.

The last formulation which we will consider is the support 7
vector classification with quadratic penalty functions [7]. The

required optimization problem is as follows: (8]
min £ a’(Q+1/C)a—c'a [°]
0<ai, di=1,...,1
yra=0 43) [10]
[11]

where! is the identity matrix.

As the upper bound ak is cc so the feasible region of (43)
seems to be unbounded. This is a difficulty since we need thgz]
bounded property in order to have convergent subsequences.

For any feasible point of (43), since® is positive semidef-

13
inite 3]

%aToc —fa< —1aTQa <0 [14]
[15]
Therefore
. [16]
1 l c
— Y (; -CO)? < —.-C?=—
2C ;( s 2 2 [17]
implies that

[18]
a; — C < VIC. (19]
Thus all feasiblex are in fact in a compact set. Then the con-
vergence proof follows. 20]

VI. CONCLUSION AND DISCUSSION [21]

In this section we give some notes about the convergence
proof. The property that (2) is exactly solved is used both in22]
Lemmas V.2 and IV.4. This confirms the conjectures in Sec-
tion | where we think that an optimal solution of (2) makes a[23]
difference from the original Zoutendijk’s method.

Itis unfortunate that we need Assumption IV.1 for the proof.,4
We hope that this gap can be filled sometime in the future.
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