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Abstract. Ten objective rates, spinning or non-spinning, are critically examined from the viewpoint

of Sturm’s theorems in ordinary differential equations. Upon developing implication relations of
oscillatory, non-oscillatory, and disconjugate behavior, we establish oscillation and non-oscillation
criteria which pick out the objective stress rates that lead to oscillatory and non-oscillatory responses
in simple shear deformation, respectively. Among the hypoelastic equations associated with the spin-
ning objective rates examined, the Jaumann equation is an oscillatory minorant, the homogeneous
Xiao—Bruhns—Meyers equation is a non-oscillatory majorant, and the homogeneous Green—Naghdi
equation is a disconjugate majorant. If (Sturm comparable) non-spinning objective rates are also
taken into consideration, then the Durban—Baruch equation becomes an oscillatory minorant, but the
other two equations remain to play the same roles. The Jaumann equation is a Sturm majorant for all
the other nine homogeneous hypoelastic equations, and the homogenedusBaH#ak? equation is

a Sturm minorant for all the other nine homogeneous hypoelastic equations. Most of the solutions of
the zeroth-grade hypoelastic equations at simple shear have already been published, except for those
of Szald and Balla, to which the closed-form solutions are derived here. Moreover, all solutions are
extended to include the effect of initial stresses.

Key words: objective rates, logarithmic spin, hypoelasticity, non-oscillation criteria, comparison
theorem.

1. Introduction

The study of objective rates is one of the major topics in constitutive modeling.

In the last two decades, the problem of anomalously oscillatory stresses has been
disclosed using finite deformation models; the Jaumann rate of the stress tensor em-
ployed in some constitutive models has been thought to be unsuitable. Dienes [1]
was the first to reveal that the model of hypoelasticity (of grade zero) based on the
Jaumann stress rate may result in an unstable response to simple shearing, that is,
the response may lsbear oscillatory Due to the inappropriateness of the Jaumann
stress rate for the rate-form constitutive model, considerable efforts have since been
made to resolve the problem of choosing an appropriate objective stress rate in rate-
form constitutive equations (e.g., [1, 2]). Several objective stress rates, such as the
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Green—Naghdi rate [3], the Sowerby—Chu rate [4], and the Xiao—Bruhns—Meyers
rate [5, 6], have been suggested and shown to be plausible through the simple shear
response of the constitutive models based on those rates. Although the hypoelastic
equations had been successfully solved in closed-forms for most of the objective
stress rates proposed in the literature, the questions of shear oscillation more than
often could only be answered by using humerical cases with the aid of graphical
displaying of the closed-form solutions. It is still not yet clear what criteria can be
introduced to pick out an appropriate rate. To establish the criteria, it seems desir-
able to explore further the qualitative properties of all the objective rates in general,
in addition to paying attention to the quantitative responses of each individual rate.
In the present paper, we compare general spinning, general non-spinning, and ten
individual hypoelastic equations (of grade zero) under simple shear deformation,
with recourse to certain pertinent notions in qualitative theory of ordinary differ-
ential equations (ODES). It is found that all the spinning hypoelastic equations can
be recast as scalar ODEs of the second order (see (8.1) below), which are non-
homogeneous and with variable or constant coefficients, and, moreover, all the
hypoelastic equations, spinning or non-spinning, can be recast as tensorial ODEs
of the first order (see (6.2) below), which are non-homogeneous (but with constant
tensor forcing terms) and with variable coefficients, and whose components form
2 x 2 matrix ODEs. As such, Sturm’s theorems for homogeneous second order
ODEs can be invoked and further extended to compare the stress rates and to
provide criteria for oscillatory and non-oscillatory responses.

Sections 2 and 3 introduce the rates and equations to be investigated; in partic-
ular, Section 3 outlines two procedures for finding the logarithmic spin. Section 4
limits the scope of study to simple shear deformation, listing the related kinematic
guantities. Sections 5 and 6 present the closed-form solutions of ten hypoelastic
equations with nonzero initial stresses taken into account. Sections 7 and 8 compare
spinning hypoelastic equations, and Sections 9 and 10 extend the comparisons
to non-spinning, in which the former (Sections 7 and 9) prepare mathematical
apparatus whereas the latter (Sections 8 and 10) explore mechanical implications.

2. Objective Stress Rates
The integral representation of the hypoelastic equation

0 =2uD + A(trD)l3 (2.1)

o(t) = ®(t,00(0)@"(7,0)
+/ & (1, 7)[2uD(7) + A(trD(1))I5] @ (¢, 7) dr, (2.2)
0

where the initial stresg (0) is prescribed at the initial time = 0. The Lang
material parameterg and A are the only two property constants needed in the
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isotropic hypoelastic model. It is postulated that<O u < oo and —2u/3 <
A < oo. Throughout this paper, the superscriptienotes the transpose, tr stands
for the trace, and,, is the identity tensor of ordet. A surmounted circle &”
represents the objective rate, which will be discussed below.

The state transitio®(z, ) in (2.2) is related to the fundamental solutidnr)
in the following way

&1, 1) = V(¥ (1), (2.3)
where, by definition¥ () satisfies
%‘I’(t) =AY (1), ¥(0) =13, (2.4)

for a specificA(¢). Through thisA one obtains the objective rate of the Cauchy
stress tensas as follows [7]:

0 =6 — 2(A0)sym, (2.5)

where the subscript “sym” denotes the symmetric part, and a surmounted dot de-
notes the material time derivative. In order to ensure the objectivity of the rate, the
specificA must confirm that

A =QAQ" +QQ", (2.6)

whereA is the observation oA from a frame rotated with respect to the original
frame by an arbitrary orthogonal transformati@nWhenA takes different defin-
itions, correspondingly stands for different objective rates as shown in Table I.
References [3—-12] are referred to for the first appearance of these rates.

The notation is summarized in the following::= FF~1 s the velocity gradient
tensor, wherd- is the two-point tensor of deformation gradieBt;andW are the

Table I. Ten objective stress rates

Objective stress rates A o spinning?

1. Truesdell (T) L — %(tr D)l3 non-spinning

2. Oldroyd (O) L non-spinning

3. Cotter—Rivlin (CR) LT non-spinning

4.  Jaumann (J) W spinning

5. Durban-Baruch (DB) %D +W— %(tr D)l3  non-spinning

6. Green—Naghdi (GN) Q spinning

7. Sowerby—Chu (SC) Qr spinning

8. Szalb—Balla-1 (SB1) Lg non-spinning

9. Szal—Balla-2 (SB2) —L} non-spinning
10. Xiao-Bruhns—Meyers (XBM) £!°9 spinning
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symmetric and skew-symmetric partslof respectively® := RRT is the rate of
rotation, whereR is the rotation, the orthogonal tensor in the polar decomposition
F=RU=VRofF. ; := RER} is known as the Eulerian spin tensor, where
R is the diagonal transformation bf, that is,

V = RgARL, (2.7)

with A = diag A1, A2, A3] the diagonal tensor containing the eigenvalugsi,, A3,
of V; L is defined by

Lp:=Wlqve,v 1

The logarithmic spirR'°9 will be introduced in the next section.

TheA is grossly referred to as the general spilif = —A. Accordingly, the
objective rates can be grouped into two main classgisiningandnon-spinning
An objective stress rate is said to be spinning iAT = —A; otherwise, it is non-
spinning. Table | lists ten objective stress rates and the correspoAdinn the
literature, the spinning rates are usually called the corotational rates.

3. The Logarithmic Spin

The logarithmic spir2'°9 was introduced recently in order that
D=(nV) —Q"°InV + (InV)Q'"9, (3.1)

where(In V)' denotes the material time derivative of the Eulerian logarithmic strain
tensor IV [5, 6, 13, 14]. With the logarithmic spi®'°9, the logarithmic rate of
any Eulerian symmetric tensor, s@y is defined by

G9 .= G — Q°9G + G, (3.2)

which indeed generalizes the concept of the objective stress rates (2.5), but spe-
cializesA to be 2'°9. In particular,o'°9 is referred to later as the stress rate of
Xiao—Bruhns—Meyers, or simply as the Xiao—Bruhns—Meyers rate [5, 6]. Note that

o o

o =a'°9if A = Q%9 Thus it is remarkable that (3.1) can be written as

D = (InV)d (3.3)
and, moreover,

o =2uInV+Ar(tr(nV))ls (3.4)
is found to be the solution of the hypoelastic equation

¢'°9 = 2uD + A(trD)l 5 (3.5)

with the initial conditione (0) = O.
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If In V has three distinct eigenvalues, we obtain the solution of (3.1) based on
the formulae of Guo et al. [15], in particular, on corollary 2.8 and equation (2.16)
therein:

2% = g[InV(D—(InV)) — (D —(nV))InV]
+ B[ (INV)*(D — (InV)') — (D — (InV))(InV)?]
+B3[(INV)?*(D — (InV)) InV —InV(D — (InV))(InV)?],  (3.6)

where

61 I11 — 51211 + I* + 411?

p1 = n , (3.7)

1

Al IT — I3 =9Il

/32 = s (38)

Aq

12 - 311

Bs == , (3.9)

Ay

inwhich I :=tr (InV), IT := [(tr InV))?—tr (InV)?]/2, andIII := det(InV) are

the principal invariants of IV, and Ay := 181 I III + I%11? — 413111 — 4113 —
271112, If In V has only two distinct eigenvalues, we obtain the solution of (3.1) as
follows:

ﬂlog —

12_311[|nV(D (InV)) — (D= (nV))InV]. (3.10)
If the three eigenvalues of M are coincident, i.eA; = A, = Az, we may set
QoY =@ =W.

Formulae (3.6) and (3.10) for the logarithmic spin are expressed in terms of
InV, (InV) andD. It seems difficult to calculatdnVV)' in more general cases, as
pointed out in [5, 6, 16], and an alternative formula in term8a@hndD has been
derived in [5, 6, 17] as follows:

Q%9 = W + N'°9, (3.11)
where
0 if by = by = bs,
N'°9 — ! v[BD] if by # by = bs, (3.12)

v1[BD] + v2[B2D] + v3[B?DB] if by # by # by,

in which B := V2 s the left Cauchy—Green tensor ahd= 12,i = 1,2, 3, are its
eigenvalues. The bracket is defined here by

[B’DBS] :=B'DB’ — B°'DB" (3.13)
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forr,s =0, 1, 2. The other parameters in (3.12) are

b — 1 <1+b1/b2+ 2 >’ (3.14)

by — by 1—b1/b2 |nb1/b2
3

1 1+¢ 2
= -2 (=p)FH 2 , k=123, 3.15
Yk A;( ) (1—€[+|n€,‘) ( )
A = (b1 — bo)(by — b3)(b3 — by), (3.16)

b, b3 by
_ b2 _ 2 _ 21 3.17
€= =71 = (3.17)

Notice that the minus sign beforg A in (3.15) was missing in [5, 6] and was
corrected later in [17].

REMARKS. Of the above two procedures for finding the logarithmic §p, the

latter procedure of (3.11)—(3.17) seems more suitable for calculation; however, the
former procedure of (3.6)—(3.10) will be shown essential for the qualitative study
to be performed in Section 8.3.

4. Simple Shear Deformation

In what follows, we shall study the above ten hypoelastic models under simple
shear deformation (Figure 1):

X = (X1+ yXoer+ Xoe + X363, y € [0, 00), 4.1)
Xa, To
A

v/2
1 .....................

6 :

| Xl,zl
Y

Figure 1. The simple shear deformation.
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where(ey, &, e3) is a fixed orthonormal basi¥ = Y2 | X;e andx = Y_° | x;&

are the initial and the current position vectors of a material element, respectively.
The deformation gradient of this deformed element is

1y
F=<O 1). (4.2)

See Figure 1. The related kinematic quantities are listed below:

costd  sind cost siné
RZ( ) U:(_ 1+sirfg |,

—sind cosf sing
1+sito cosy
—— sInd
V=< cosf :
siné cosH
0 vy Yy (0 1 y/(0 1
L = , D==>= s W== )
<O O) <1 O) 2<—1 0/’(4.4)
0 6 y y 3
52: . 5 L = )
<—9 0)_ : y2+4(1 —y
0
Q. — 0 5 R. — 1 /J/1+sind —1—sind
E 0 0 ’ ET2\VI=sing itsind )
2

For saving space, the third column and third row of eagl3 8natrix are not written
out explicitly here and in the sequel, since their components are either 0, 0, 1 or
0,0,0.

5. Responses for Spinning Objective Rates

Let us consider

.( 0 1
a-i( % ) (5.1)

for the spinning rates, which include the rates of Jaumann, Green—Naghdi, So-
werby—Chu and Xiao—Bruhns—Meyers as special cases. iddeeti2e corotational
angle induced by shear deformation. Sinde te 0, from (2.1) and (2.5), we get

; 0{1 01, 4 0 1) (0"11 012)
O']/_Z Oéz -1 0 012 022
. 011 012 0 1 _ O )/
(e (% 8-+ )
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where the prime denotes differentiation with respecy td’he above differential
equations can be rewritten as

Yol — 20015 =0, y0i,4&(011—022) = Uy, PO+ 2001,=0. (5.3)

The combination of the first and third equations leads tp+ o;, = 0; thus,
011+ 022 = 011(0) + 02,(0). It follows that

Yoy = 2a01, Y01, = uy — 26011+ &[011(0) + 022(0) . (5.4)
Let
20 := f(y)y. (5.5)

in which f(y) > 0. Thus, (5.4) changes to

o= fo  oly=u- f(V)[Ull - M] (5.6)
The solutions to the above equations are
o1y = 011(0) 2022(0) n 011(0) ; 022(0) cosH ()
+012(0) SINH (y) — 1w COSH () /OV SinH (s) ds
+uSinH (y) /Oy COSH (s) ds, (5.7)
o(y) = MsinH(ﬂ + 012(0) COSH ()
+uSinH (y) /y sin H (s) ds + w COSH () /y COSH (s) ds,
’ ’ (5.8)
where
o= [ for (5.9

When f(y) is given, the stress responses can be calculated using the above
quadratures. The solutions to the Jaumann, Green—Naghdi, and Sowerby—Chu
equations are thus obtained as listed below.

The Jaumann rate: f3(y) = 1,

0 0 0) — 0
o1 = (1 — cosy) + o11( )-12-022( ) n 011(0) > 022( )c
+012(O) sin Y, (510)
022(0) ;0"11(0) siny

osy

o012 = uSiny + o12(0) cosy +
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The Green—Naghdi rate: fon(y) = 4/(y? + 4),

011(0) + 022(0)

o11=4u[ cos D Incos + O sin D —sif o] + 5

011(0) — 022(0) i
+———— "cosd + 0)sin,
2 120 (5.11)

012 = 2u.cOS D[20 — 2tan D In cosh — tand |

9220 —ou(©

+012(0) cos D + nax.

The Sowerby—Chu rate: fsc(y) = 2/(y2 + 4),

[ 1+sing 0 0
o011 = 2u| sin@In + + cosf — 1] + M
11(0) — 0 ,
+OM)—2022() cosh + 0—12(0) S|n9,
[ 1+ siné . (5.12)
o012 = 21| cosf In + tand — sin@

co
022(0) — 022(0) o

+012(0) cosb + no.

They are plotted in Figure 2 under the initial conditians(0) = 012(0) = 022(0)
= 0.
From (2.7) together witlR z in (4.4), we obtain

1+ sind sinf  cosH
InV = In(w) <COSQ _ Sin@) . (513)

By (4.4),V has three distinct eigenvalues; = sed® + tanf, A, = sed® — tanf,
andisz = 1; consequently, IN also has three distinct eigenvaluegskec) +tano),
In(se® — tan®), and 0. From (5.13), it follows that

1+ sing\?
2 _
(InV)* = <In v ) 3. (5.14)
Noting that/ = 111 = 0 from (3.7)—(3.9), we have
1 3

A= s sing)/ cosd))2’ P2=0. fa= 4(n((1 + sind)/ cosh))*’

which together with (5.14) and (3.6) lead to
sind cos o 0 v
QP — 7). 1
<4(In((1+sin9)/ cosh)) T2 ) <—y 0) (5.15)

Letting the general spiA of (5.1) with (5.5) be®'°9 of (5.15), we have the exact
form of f,
sing cos o

fxem(6) = 2(In((1 + sind)/ cosh)) T2

(5.16)
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o XBM
49(a) 5B GN
- DB
3 sC
> J
=
~
b~
0— CR
-1 —
SB2
-2 — 1 71 1 1 1Y
0 2 4 6 8 10
5 _ sB1,sB2 T, 0, CRg
| (b)
GN
6_
3 4
\m |
b~ ,_
| XBM
0 DB
i J
-2 — T 71 1 1 17
0 2 4 6 8 10

Figure 2. The axial and shear stress responses are compared for: 1. Truesdell, 2. Old-
royd, 3. Cotter—Rivlin, 4. Jaumann, 5. Durban-Baruch, 6. Green—Naghdi, 7. Sowerby—-Chu,
8. Szald—Balla-1, 9. Szak-Balla-2, 10. Xiao—Bruhns—Meyers.

Specializing (3.11)—(3.17) to the simple shear deformation, we findstisan also
be given by

frem(¥) = 14 (v + va)y? + vy ?(y? + 2). (5.17)

The above formula may be converted to formula (5.16), although the conversion
is a rather lengthy, if not impossible, process. It is important to note that formula
(5.16) is crucial to understanding the qualitative properties of the Xiao—Bruhns—
Meyers equation, especially to proving Theorems 7 and 8 below.
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It is easy to check that tnV) = 0, so the relevant components of (3.4) are as
follows.

The Xiao—Bruhns—Meyers rate:fxgm as given in (5.16),

) 1+sinf  011(0) + 022(0)
=2usind In
o =ap cosf 2

+011(0) — 022(0)

CoSsHxgm (0) + 012(0) Sin Hxgm (0),

=21 cosf In 1+ sin ~+ 012(0) cosHygm () 619
012 = 2L 5 0089 012 XBM
+0"22( ) — 011( )SinHXBM(Q),
where
6
Hypm (0) = / 2seCs fxam (5) ds
0
0 sins
=0 - ds. 5.19
+/0 coZ s In((1 + sins)/ coss) g ( )

From (4.3) and thefxgwm in (5.16) above, it is not difficult to prove that (5.18) is the
solution of (5.6). The two stresses are plotted in Figure 2 uagg€0) = 01,(0) =

022(0) = 0 (see also Figure 1in [3]). As Xiao et al. [5, 6] have observed, the shear
stress-strain curve exhibits a yield-like phenomenon, the hypoelastic yield. It is also
seen that there is only one zeroyat= 0 in each of the axial and shear response
curves. However, it is cautioned that two or more zeros may emerge depending on
the initial stresses, as illustrated in Figure 3.

6. Responses for Non-spinning Objective Rates

Let us consider
_ - (aly) b(y)
A=y (c(y) d(y)) .1

for the non-spinning rates, which include the rates of Truesdell, Oldroyd, Cotter—
Rivlin, Durban—Baruch, Sz#@b-Balla-1 and Szak-Balla-2 as special cases. The
hypoelastic equation associated with this typ&aé

(cril 012) _ <a b) (011 012)
01, 05 ¢ d)\ow o2
_ o117 012 a C _ 0 1
<O’12 0'22) (b d) _M(l 0)’ (62)
U]/_l — 200’11 — Zb(flz = O,

01, — co11 — (a + d)o12 — booy = L, (6.3)
02/2 — 2C612 — 2d0'22 =0.

or



212

C.-S. LIU AND H.-K. HONG

T | T ' T | 1 | T | T I T | e

1.50 151 152 153 154 155 156 157

Figure 3. The effect of initial stresses on the Xiao—Bruhns—Meyers hypoelastic equation. The
shear stress exhibits several zeros; (b) is a finer view of (a).

We remark in passing that (6.1)—(6.3) apply to the cases of the spinning objective
rates as well and can be reduced to (5.1)—(5.3) by letii)y) = d(y) = O,
andb(y) = —c(y) = f(y)/2. The solutions to the hypoelastic equations (6.3)
of Truesdell, Oldroyd, Cotter—Rivlin, and Durban—Baruch are obtained as listed
below.

The Truesdell and Oldroyd rates:

011 = py? + 011(0) + 2y 512(0) + y%022(0),
o12 = py + 012(0) + y022(0), 022 = 022(0).

(6.4)
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The Cotter—Rivlin rate:

o11 =011(0), o012 = uy + 012(0) — y022(0),

o (6.5)
022 = —puy < + y<011(0) — 2y 012(0) + 022(0).

The Durban—Baruch rate:
011 = ZM[l - COS(?J/)] + +/3012(0) sin (?y)
+011(0) cos (?)/) + 3022(0) sin? (?y),

2 3 3 1 . 3
012 = 7’% sin (% )/) + 012(0) COS(%V) - 2_ﬁ,0“(0) sin (%V?G 0

3 } 3
+§0’22(0) sin (g )/),

O9p = Zu[l - cos(?y)] — %012(0) sin <§y)
—i—}all(O) A <L§y) + 025(0) cog <£y)
3 4 4
The axial stress; and the shear stress, are plotted in Figure 2 under the
initial conditionso11(0) = 012(0) = g22(0) = 0.

Except for the equations of SaaBalla-1 and Szak-Balla-2, the closed-form
solutions of the hypoelastic equations without considering the initial stresses were
given by, for example, Dienes [1], Szabnd Balla [7], Moss [18] and Atluri [19].

Now, we give right below the closed-form solutions of the SedBalla-1 and
Szal®—Balla-2 equations. If the fundamental solution ma¥ig/ ) of

x'=a(y)x+b(y)y, Y =cy)x+dy)y (6.7)

is available, it is easy to solve (6.3) by using formula (2.2). For the rate ofézab
Balla-1, (6.7) is specialized to be

/ Y 3
= x + , 6.8
Y= it aea (6.8)
1 Y
! = X — ) 6.9
Vo= it e (6.9)
Differentiating (6.9) with respect tp and using (6.8) give
2y 1
/" 4 /+ — 0’ 6.10
Yy T o e ©10
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which can be recast as

2 4)y/ / =0 6.11
[*+ 4y T+ oy (6.11)
Similarly, differentiating (6.8) with respect to and using (6.9) give
/ 2]/2 +7
244y - =S—x=0. 6.12
[* 4] =g (6.12)
Expressing (6.10) in terms éfdefined in (4.3),
>y -1
— = — 6.13
we readily find the closed-form solution
.0 0
y(0) = xq smi + yo cosE, (6.14)

wherexy, yo are the initial values. Expressing (6.9) in term®aind using (6.14)
yield

dy
0) = 2— + 2ytand
x(0) w2
= cose + 2tanf sin o + { 2tand cosg sin 0 (6.15)
- 2 2 )"0 2 2)%
From (6.15) and (6.14), the fundamental solution matrix is
0 .0 0 .0
cosé + 2tand sin > 2tand cosz —sin >
Wegy = 0 0 . (6.16)
sin— COS—
2 2

The inverse is

0 .0 6
cosé smE — 2tand cosE
Vo, = P p aE (6.17)
—sin= cos—= 4+ 2tand sin—
2 2 + 2

Substituting (6.16) and (6.17) and carrying out the integrations in (2.2), we obtain
the stress responses as follows.

The Szab-Balla-1 rate:

6 - 0 .0
cosi + 2tand sin 5 2tand cosé —sin >
o = 2u

sin 0 cosg
2 2
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(2 1+ cosb 011(0) sing 012(0)

" cog o 2u co% 4 21
siné 012(0) costd —1  025(0)
cog o 2u cog o 2u
0 ) . 0
(cos— 4+ 2tand sin= sin—
x 2 ; g 3 (6.18)
2tanf cos— — sin— CcoS—
2 2 2
BecauséAsg, = —Asgy,
] .6
cosé —sin >
Wy = Wog, = o |- (6.19)

7] 6 7]
sin— — 2tand cos— cos— + 2tand sin—
2 2 2 +
Substitution of the above into (2.2) gives the solution below.
The Szab—Balla-2 rate:
cose sin 0
o = 2u 2 2

sin 0 2 tano cosg cosg + 2tané sin 0
2 2 2 2
1—cost 011(0)

cog o 21
sin@ I sed + tanéd 012(0)
cog o tan(m/4+ 6/2) 2u
siné sed + tand o012(0)

——— +1In
cog 6o + tan(z/4+ 6/2) 2u
1+ cosH 022(0)
-2
cog o 21

0 . 0 0

COS— Sin— — 2tand cos—
x 20 29 21 (6.20)
—sin= cos—= 4+ 2tand sin—
2 2 + 2

Of the stress components of (6.18) and (6.20), the axial stregsand the shear
stresses, are plotted in Figure 2 undef1(0) = 012(0) = 022(0) = 0.

Although in Figure 2 all the responses were plotted under the initial conditions
011(0) = 012(0) = 022(0) = 0, we have derived the explicit formulae for the
responses including the effect of nonvanishing initial stresses, since it has been
observed, for example in Figure 3, that the numbers of zeros of the hypoelastic
responses depend heavily on the initial conditions.
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7. Comparison Theorems for the Sturm—Liouville Equations

To embark further analysis, we need to point out some facts about ordinary differ-
ential equations. First, let us consider the following two closely related differential
equations:

(P’ () + qOu(t) = 0, (7.1)
(P ®) +qOw) = r@), (7.2)

wherep(t), ¢(¢), andr(¢) are real-valued continuous functionstain the interval
R* = [0, 00), p(t) > 0onR*, andr(z) # 0 on(0, co). The forcing termr(r) # 0
on (0, c0) means that either(r) > 0 for all t € (0,00) or r(t) < 0O for all
t € (0, 00). If the second equation is multiplied lay the first byw, and the results
are subtracted and then integrated from @ tone obtains

[p(uw’_u’w)]ngo r(s)u(s) ds, (7.3)

which may be written as

POW®) = pO[u(©u'© ~ ' ©u©)] + [ reyuts)cs (7.4)
in terms of the Wronskian of andw,

u(t) w()

W(t) = W(u@), w)) = W@ W

. (7.5)

It is easy to verify the following lemma about the Wronskian of two arbiti@ty
functionsx(z) andy(z).

LEMMA 1. If x(¢) andy(z) are continuously differentiable dk* and their Wron-
skianW (x(¢), y(¢)) is not equal to zero for sufficiently largethen the zeros of(r)
and y(¢r) separate each other for sufficiently large

A function defined on the interv&* or a solution of the homogeneous equa-
tion (7.1) onR* is oscillatory (respectively non-oscillatory) if it is real-valued
and nontrivial & 0) and has an infinite (respectively a finite) number of zeros
on R*. Specifically, a non-oscillatory solution of the homogeneous second order
ODE (7.1) is said to be disconjugate if it has at most one zero. Equation (7.1)
is said to beoscillatory on R* if at leastonereal-valued nontrivial solution has
an infinite number of zeros dR™. Conversely, wherveryreal-valued nontrivial
solution has at most a finite number of zerosfoh it is said to benon-oscillatory
on R*. Furthermore, in the latter case, (7.1) is said tadiEeonjugateon R if
everyreal-valued nontrivial solution has at most one zerdRdn

A solution of the non-homogeneous equation (7.2) or the stress response to
simple shearing is oscillatory (respectively non-oscillatory)oh if it is real-
valued and has an infinite (respectively a finite) number of zerog,0n0) for
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(a) Lemma 2

71) e > (7.2
(7.1) Lemma 2 (7.2)
homogeneous non-homogeneous
oscillatory oscillatory
(b) Lemma 7 (¢) Theorem 1
Sturm
(7.6)1 minorant (7.6)1 fe  (7.7h
Lemma 2
Lemma 7 i Lemma 7 i | Theorem 1
Sturm
(7.6)2 majorant (7.6)2 |« o (7.7),
Lemma 2
homogeneous homogeneous non-homogeneous
oscillatory oscillatory oscillatory

Figure 4. Implications of oscillatory behavior and an oscillatory minorant.

every(respectivelysome r; > 0. Equation (7.2) is said to be oscillatory if it has at
leastoneoscillatory solution and non-oscillatoryafl solutions are non-oscillatory.
Be cautious that for a non-homogeneous equation we speak of neither nontriviality
nor disconjugacy due to the fact that the number of zeros of the solution depends
heavily on initial conditions.

To proceed let us refer to the following lemma due to Tefteller [20]:

LEMMA 2 (Tefteller. Suppose thal/p(t), ¢q(¢), and r(z) are absolutely inte-
grable on the intervaR™, or suppose that the nontrivial solution(z) of (7.1) is

bounded oR" andr(r) is absolutely integrable oR*. Then,(7.2) is oscillatory

onR* if and only if (7.1) is oscillatory onR™*. (See Figure 4(a).)

LEMMA 3. If (7.1) is non-oscillatory on the intervak™, then(7.2) is non-oscil-
latory on the intervalR*. (See Figure 5(a).)

Proof.Sincep(r) > 0 onR* andr(r) > 0 on(0, co) orr(t) < 0 on(0, 0o), the
WronskianW (u(¢), w(t)) of the non-oscillatory nontrivial solution(z) of (7.1)
and the solutionuw(¢) of (7.2) is non-oscillatory by (7.4). Hence, the Wronskian
Wu (), w(t)) is not equal to zero after a sufficiently large time If w(r) is
assumed to be oscillatory on the interjral co), by Lemma 1u(¢) is also oscilla-
tory on the intervalz,, co). This contradicts to the fact thatr) is non-oscillatory
onRR*. Thereforew(z) is non-oscillatory oR*. O
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(a) Lemma 3

7.1 = (7.2)

(.1 Lemma 3 (
homogeneous non-homogeneous
non-oscillatory non-oscillatory

(b) Lemma 7 (c) Theorem 2
Sturm Lemma 3
(7.6)1 minorant | (7.6)1 = (T.7h
A A
Lemma 7 N Lemma 7 Theorem 2
urm
(7.6)2 majorant |} (7.6)2 = (7.7)2
Lemma 3
homogeneous homogeneous non-homogeneous
non-oscillatory non-oscillatory non-oscillatory

Figure 5. Implications of non-oscillatory behavior and a non-oscillatory majorant.

Obviously a stronger condition suffices to lead to the same result, as given by

LEMMA 4. If (7.1) is disconjugate on the interv@®™, then(7.2) is non-oscilla-
tory on the intervalR". (See Figure 6(a).)

Next, let us further consider the following four scalar ODEs of the second order:
(p;W' ®) + q;(Ou(t) =0, j=12 (7.6)
(P OW®) +q,Ow®) =r;@t), j=12 (7.7)

wherep;(t), g;(t), andr;(¢) are real-valued continuous functionstain the inter-
valR*, p;(tr) > 0 onR*, andr;(r) # 0 on (0, oo) for j = 1, 2. If on the entire
interval RT,

pi(t) = pa(1), q1(t) < qa(1), (7.8)

then (7.6) is called aSturm majorantfor (7.6), on R*, and (7.6) is a Sturm
minorantfor (7.6, onR*. The homogeneous equations (7.6ave the celebrated
theorems due to Sturm (see and compare with, for example, [21-23]) as follows:
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(a) Lemma 4

7.1 > (7.2
(-1 Lemma 4 (7.2
homogeneous non-homogeneous
disconjugate non-oscillatory
(b) Lemma 8 (c) Theorem 3
Sturm Lemma 4
(7.6)1 minorant (7.6)1 > (7.7h
I 7y
Lemma 8 N Lemma 8 Theorem 3
urm
(7.6)2 majorant | (7.6)2 = (7.7)2
Lemma 4
homogeneous homogeneous non-homogeneous
disconjugate disconjugate non-oscillatory

Figure 6. Implications of disconjugacy and a disconjugate majorant.

LEMMA 5 (Sturnis comparison theoremSuppose that7.6), is a Sturm mino-
rant for (7.6),. Letu;(r) be a nontrivial solution of7.6) ; such that
uy@) o u2t)
pr(Ous () pa()uy()

at the time instant = 1o(< ;) € R*. If uy(¢) has exactly:(> 1) zeros att = r; <
< --- <t,onRT, thenuy(¢) has at least zeros ong < t < t,,.

(7.9)

LEMMA 6 (Sturnis separation theoremSuppose that7.6), is a Sturm minorant
for (7.6),. Letu;(¢) be a nontrivial solution of7.6) ;. If u1(¢) vanishes at a pair
of pointst = 1, ,(> t1) of R, thenuy(r) has at least one zero aim, ,), except
whenu, = ku,, wherek is a real nonzero constant. In particular, ify = po,
q1 = q2 anduy, u, are two linearly independent solutions @6); = (7.6),, then
the zeros ofi; separate and are separated by those uf

One direct consequence of the above lemma is

LEMMA 7 (Sturmis oscillation theorem Suppose that7.6); is a Sturm mino-
rant for (7.6),. If (7.6), is oscillatory, then(7.6), is oscillatory. If (7.6), is non-
oscillatory, then(7.6), is non-oscillatory. (See Figures 4(b) and 5(b).)



220 C.-S. LIU AND H.-K. HONG

Now, we prove below an extended version of Sturm’s oscillation theorem suit-
able for the non-homogeneous equations (7.7)

THEOREM 1. For j = 1,2, suppose thati) 1/p;(z), g;(t), andr;(¢) are ab-
solutely integrable on the interv@®™, or suppose thatii) the nontrivial solution

uj(t) of (7.6); is bounded oriR* andr;(r) is absolutely integrable oiR*. Let
(7.6); be a Sturm minorant fo€7.6),. If (7 7), is oscillatory onR*, then(7.7), is
oscillatory onR ™. (See Figure 4(c).)

Proof. The proof is sketched diagrammatically in Figure 4(c). By Lemma 2, if
(7.7) is oscillatory, then (7.Q)is oscillatory. Since (7.)is a Sturm minorant for
(7.6), by Lemma 7 we observe that (7,63 also oscillatory. The conclusion then
follows from Lemma 2. O

THEOREM 2. Suppose thaf7.6), is a Sturm majorant fo¢7.6),. If (7.6), is non-
oscillatory on the intervaR*, then(7.7), is non-oscillatory on the intervak*.
(See Figure 5(c).)

Proof. The proof is sketched diagrammatically in Figure 5(c). Since {4)
a Sturm majorant for (7.@)and (7.6) is non-oscillatory, by Lemma 7, (7 6)s
non-oscillatory. Then by Lemma 3, (7,4% non-oscillatory. O

LEMMA 8. Suppose that7.6), is a Sturm majorant fo(7.6),. If (7.6), is dis-
conjugate on the intervak™, then(7.6), is disconjugate on the interv@™. (See
Figure 6(b).)

Proof. Let u,(¢) be any nontrivial solution of (7.6) The following proof is by
contradiction. Assume that there exists a specific nontrivial solution of (7.6)
that has exactly:(> 2) zeros andi; = up andu} = u), att = t,. Since (7.6)
is a Sturm majorant for (7.6) p1(t) > p2(t) > 0 onR™, so condition (7.9) is
fulfilled at r = 9. Then by Lemma 5y, (¢) has at least zeros, and, therefore, is
not disconjugate. Hence, the assumption is false, and, (i8.€)sconjugate. O

THEOREM 3. Suppose that7.6), is a Sturm majorant for7.6),. If (7.6), is
disconjugate on the interv@™, then(7.7), is non-oscillatory on the intervak™.
(See Figure 6(c).)

Proof. The proof is sketched diagrammatically in Figure 6(c). Since {4)
a Sturm majorant for (7.) by Lemma 8, the disconjugacy of (7.@mplies the
disconjugacy of (7.6) Then by Lemma 4, (7.7)s non-oscillatory. O

The implication relations of oscillatory, non-oscillatory, and disconjugate be-
havior are depicted in Figures 4—6, respectively. For heuristic purposes, they may
be roughly summarized as follows:

If the non-homogeneous minorant is oscillatory
then the non-homogeneous majorant is oscillatory
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If the homogeneous majorant is non-oscillatory
then the non-homogeneous minorant is non-oscillatory

If the homogeneous majorant is disconjugate
then the non-homogeneous minorant is non-oscillatory

Inspired by the three sets of implication relations (see Theorems 1-3 and Fig-
ures 4-6), we are led to the following three definitions. Equation {7s7¢alled

an oscillatory minorant(see Figure 4(c)) for (7.%3)if (7.6); is a Sturm minorant

for (7.6), and if both (7.7) and (7.7} are oscillatory. Equation (7.8)s called a
non-oscillatory majoran{see Figure 5(c)) for (7.8)if (7.6), is a Sturm majorant

for (7.6), and if both (7.6) and (7.6) are non-oscillatory. Equation (74} called

a disconjugate majoranfsee Figure 6(c)) for (7.8)if (7.6), is a Sturm majorant

for (7.6), and if both (7.6) and (7.6} are disconjugate. Therefore, it is significant
for us to pick out an oscillatory minorant, a non-oscillatory majorant, or a discon-
jugate majorant from a certain list of hypoelastic equations and their associated
homogeneous equations.

8. Comparison between Spinning Objective Rates

In this section let us compare the spinning objective rates with one another. From
(5.6), we know that the solution properties of the axial stregsrelies on the
solution properties of the shear stregs, and vice versa. In particular, we can
easily prove

THEOREM 4. Suppose the axial stresg; and the shear stress;, are governed
by (5.6) and f(y) > 0 on the intervalR*. Thenoy, is oscillatory (respectively
non-oscillatory) ifo1, is oscillatory (respectively non-oscillatory).

Proof. If 012 is oscillatory on the intervaR™, then its derivatives;, is oscilla-
tory, and by (5.6), 011 is oscillatory. Conversely, by (5.6)ve have

Y
o11(y) = 011(0) + /0 f(s)o1o(s) ds.

Since f(y) > 0, if 01, is non-oscillatory on the intervd™, so is f (s)o12(s) for
all s € R, and then the above integral implies that is non-oscillatory on the
interval R+, O

As a consequence, it suffices to consider only the equatiosyfotet f(y) €
CY(R™"), from (5.6) the shear stress, is governed by

/

[ia’ i|/+f( Yo1p = (i) (8.1)
Fon e o= o) '

over the interval ofy € R*. Hence, for the spinning objective rates, the function
f(y) alone suffices to determine the response behavior, giige = 1/f(y),

q(y) = f(y),andr(y) = n(1/f(y)).
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8.1. THE JAUMANN RATE
THEOREM 5. The Jaumann equation
O'i/2+612= 0 (8.2)

is oscillatory on the intervaR ™, and is an oscillatory minorant for the hypoelastic
equation (8.1) associated with any spinning objective rate vwfith) such that
f(y) > 1onR* and f'(y) is absolutely integrable oR™.

Proof. It is easy to verify that the nontrivial solution(y) = o12(0) cosy +
01,(0) siny of (8.2) has an infinite number of zeros, so the Jaumann equation (8.2)
is oscillatory. First, we verify that (8.2) is a Sturm minorant for the homogeneous
equation corresponding to (8.1) wiif(y) > 1. Second, from (5.8) we know that
the homogeneous solution of (8.1) has the following form:Eog) or SinH (y)
or a linear combination of both, which are all boundedRon Third, the forcing
term in (8.1) satisfies the finiteness condition of the integjgélm(l/f(y))ﬂ dy,
because, wherf(y) > 1 and f’(y) is absolutely integrable, the integral equals
wfo (f1/)dy < wfy1f|dy < oo. Therefore, by Theorem 1 the equation
(8.1) with f(y) > 1 is oscillatory. Then the definition of oscillatory minorant
completes the proof. a

8.2. THE GREEN-NAGHDI RATE

THEOREM 6. The Green—Naghdi equation,
2 /
ye+4 4 ny

|: 4 012:| + y2+4012 = 7’ (83)
is non-oscillatory on the intervak™, and the homogeneous Green—Naghdi equa-
tion is disconjugate ofR*. The hypoelastic equation (8.1) associated with any
spinning objective rate withf(y) < 4/(y? + 4) is non-oscillatory onR*. In
addition, the hypoelastic equations with sp®g := (1 — £)Q + éW, whereQ
is the Green—Naghdi spin all the Jaumann spin, are oscillatory on the interval
R* for any& € (0, 1].

Proof. The homogeneous solution of (8.3) is

012(0)(4 — y?) 4 401,(0)y
y?+4
of which the only zero occurs at
20/,(0) (01’2(0))2
=—=42/| =) +1
012(0) 012(0)

Hence, by definition, the homogeneous Green—Naghdi equation is disconjugate.
By Lemma 4 the Green—Naghdi equation is non-oscillatory. We verify that the

o12(y) =

’
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homogeneous Green—Naghdi equation is a Sturm majorant for any homogeneous
hypoelastic equation witlf (y) < 4/(y? + 4). Consequently, by Theorem 3 the
hypoelastic equation (8.1) witli(y) < 4/(y? + 4) is non-oscillatory. By defini-
tion the homogeneous Green—Naghdi equation is a disconjugate majorant for the
homogeneous equation corresponding to (8.1) With) < 4/(y? + 4).

Next, we consider the spin:

Q=1-86R+EW, 0<&<1 (8.4)

The caseg§ = 1 andé = 0 correspond to the Jaumann spin and the Green—Naghdi
spin, respectively. Then,

Ey>+4
y2+4
The hypoelastic equation (8.1) wilfy above has one homogeneous solution&pes

+ 2(1 — £)0), wheref = arctar(y/2), which has an infinite number of zeros if
0 <& < 1,since

fo(y) = (8.5)

y) — M e7", (8.6)

£y +2(1-¢§) arctar(a > ,

oscillatory minorant

1.0
J
N |
|
0.8 — 1, {
N |
fXBM:
0.6 — y |
—~ |\ N\ L _
>~ 4
e’
L
0.4 -
0.2 — non-oscillatory™ "
o Jon majorant
I Jse
R e e N
0 2 4 6 8 10

Figure 7. Comparison of the fourf’s of Jaumann, Green—-Naghdi, Sowerby—Chu and
Xiao—Bruhns—Meyers. Among the homogeneous hypoelastic equations associated with spin-
ning objective rates, the homogeneous Xiao—Bruhns—Meyers equation is a non-oscillatory
majorant, and the Jaumann equation is an oscillatory minorant.
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has an infinite number of solutions. Thus, according to Lemma 6 the other homo-
geneous solution also has an infinite number of zeros. Because the homogeneous
solution is bounded and the forcing term in (8.1) satisfies the finiteness condition:

G o = [ mr e =l s 7o)
0 fo(y) o fEW) fo(eo)  fp(0)

< 00, 0<é&<1, (8.7)

where fi(y) < 0 onR" is taken into account, by Lemma 2 the hypoelastic
equations with spin®p, 0 < & < 1, are oscillatory. O

We have shown in Theorem 6 that the hypoelastic equations associated with
spins p are oscillatory, no matter how smdll > 0 is, although the Green—
Naghdi equation is non-oscillatory. Henceforth we shall refer to this fact by saying
figuratively that the non-oscillatory Green—Naghdi equation is the “infimum” for
the oscillatory hypoelastic equations with spfas (0 < £ < 1).

As an application of Theorem 6, the Sowerby—Chu rate is one of the spinning
objective rate withf (y) < 4/(y? + 4); indeed fsc < fen, Which implies that
the homogeneous Sowerby—Chu equation is disconjugate and the Sowerby—Chu
equation is non-oscillatory. Figure 7 compares the thfiseof Jaumann, Green—
Naghdi and Sowerby—Chu.

8.3. THE XIAO—BRUHNS-MEYERS RATE

By referring to (5.18), one nontrivial solution of the homogeneous Xiao—Bruhns—
Meyers equation is given by

COSHyxgm (6),

the zeros of which are determined by
2n+r

Hxgm (0) = —5 - nE AN
In view of (5.19) it is equivalent to solving the following equation:
o sin 2n +1
/ S. ds:( +)n—9, ne7Zr.
o Co0ZsIn((1+ sins)/ coss) 2

The left-hand side is an increasing functiordand the right-hand side is a straight
line segment with slope-1. Figure 8(a) displays the above curves, the intersection
points of which give the roots of the above equation. Utilizing the Gaussian quadra-
ture we have calculated the above integral in the rdfige/2), giving the value
around 16892. Thus we have

/2 sins
- ds < 0.
/0 co s In((1 + sins)/ coss)
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16 — (a) (2n+1)7/2-0

cosH,,,(0)

-1 T l T ] le
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Figure 8. (a) The zeros and (b) the non-oscillatory behavior of the nontrivial solution of the
homogeneous Xiao—Bruhns—Meyers equation.

Therefore, there are a finite number of zeros of Bgsw (6) (see Figure 8(b)), and

by definition the homogeneous Xiao—Bruhns—Meyers equation is non-oscillatory.
According to (5.16), the variation ofxgym With respect toy is plotted in Fig-

ure 7. It can be seen thakn < fxem, that is, the homogeneous Green—Naghdi

equation is a Sturm minorant for the homogeneous Xiao—Bruhns—Meyers equation.

In Theorem 6 we have shown that the Green—Naghdi equation is the “infimum” for

the class of hypoelastic equations associated with ®ps= (1 — £)Q + W,

0 < & < 1. Now we consider the parallel problem for a class of hypoelastic

equations associated with spfts = (1—£)RQ'°9+£W, 0 < £ < 1, and prove that

the Xiao—Bruhns—Meyers equation is the “infimum” for the class of hypoelastic

equations associated with spifas. Really, we can prove

THEOREM 7. The Xiao—Bruhns—Meyers equation is non-oscillatory on the in-
terval R*. The homogeneous Xiao—Bruhns—Meyers equation is non-oscillatory on
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the intervalR ", and is a non-oscillatory majorant for the homogeneous hypoelastic
equation (8.1) associated with any spinning objective rate With) < fxem (¥)
on the intervalR ", and hence for the homogeneous Green—Naghdi equation on the
interval R*. The hypoelastic equations with spifts := (1 — £)Q'°9 + £W are
oscillatory on the intervaR™* for any¢ € (0, 1].

Proof. Since the homogeneous Xiao—Bruhns—Meyers equation is non-oscillato-
ry, by Lemma 3 the Xiao—Bruhns—Meyers equation is non-oscillatory(#) <
fxem (¥), then the homogeneous equation corresponding to (8.1) is a Sturm mino-
rant for the homogeneous Xiao—Bruhns—Meyers equation, which is non-oscillatory
on the intervalR*. By definition the homogeneous Xiao—Bruhns—Meyers equation
is a non-oscillatory majorant for the homogeneous hypoelastic equation (8.1) as-
sociated with any spinning objective rate witlty) < fxem (y). In terms off the
homogeneous Green—Naghdi equation can be written as

Jfon= cos 6.
Let us investigate the differencgeym — fon até € [0, 7/2),

cos o sing . 1+ sin6
2In((1 + sind)/ cosh) \ cog 6 cos® /)

fXBM - fGN =

Because

d / siné 1+ sind 2sirf 6

— ] — —1n = 2

do \ cog 0o cosd cos o

for0 € [0, 7/2), we havefxgm = fon forall 0 € [0, 7/2) and hencefxgm > fon
forall y € R, that is, the homogeneous Xiao—Bruhns—Meyers equation is a Sturm

majorant for the homogeneous Green—Naghdi equation. Now, let us consider the
class of spins:

Q =1-6Q%9+eW, 0<&<1, (8.8)

in which 2'°9 is the logarithmic spin anw is the Jaumann spin. The cages: 1
andé = 0 correspond to the Jaumann spin and the logarithmic spin, respectively.
We have

fi—=fo=@A-8(fxam — fon),

where fi denotes thef corresponding t€®, = (1—&)R'°9+&W and fp is defined
in (8.5). Sincefxam = fon, We obtain

fL = fo,

no matter how small > 0is. Therefore, the homogeneous equation corresponding
to (8.1) with fp is a Sturm minorant for the homogeneous equation corresponding
to (8.1) with .. Next, from (5.8) we know that the homogeneous solution of (8.1)
with the abovef, is bounded orfiR*. Moreover, note thafxgm (0) = fen(0) = 1,
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hencef, (0) = fp(0) = 1, and thus from the above inequality and the inequality
in (8.7) it follows that the forcing term in (8.1) satisfies the finiteness condition,

© 1 ! 1 1
dv = _
“A KﬁWJ Y ‘{ﬂw» ﬂ@]

1 1
< u — <00, O0<é&<1,
[fD(OO) fD(O)]
wheref/ (y) < 0onR™ has been taken into account. By Theorem 1 the hypoelastic

equations with spin®_, 0 < & < 1, are oscillatory. From this, we conclude that
the Xiao—Bruhns—Meyers equation is the infimum for the oscillatory hypoelastic
equations with spin®, . a

In the proof of Theorem 7 we have compared ifig in terms of9. However,
we have not yet derived the hypoelastic equation in ternds lof the following we
recast (8.1) in terms df. In view of the homeomorphism betwegnandé (see
(4.3), and Figure 1), we set

f)y = F©0)6. (8.9)
Thus
2
From (5.4) and (4.3) it follows that
d 1 dopo . d /sedd
@[mw} + F(0)o1 = 2“@(_}7(9)) (8.11)

ato e [0, /2). Introduceu = o1,/+/F(0), which transforms (8.11) into

d?u d [secd
where

S0) = d?F@)/d0?>  3(dF(6)/dh)?
©):= 2F©®)  AF2(9)

+ F2(0). (8.13)

For the rates of Jaumann, Green—Naghdi, and Sowerby—Chu, the vala@s of
are 2 cog 6, 2, and 1, respectively, and thus the values @f) are 1+ 4/ cos'o,
4, and 1, respectively. Obviously,1 4/ cos'é > 4 > 1. For the rate of Xiao—
Bruhns—Meyers the explicit form af (0) andS(9) are

sin@

Fram @) = 1+ o I (L + sind), cosd)
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and

sinP 0 + 2sind (1 + 2 cog 0) In((1 + sind)/ cosh)
402 6 In?((1 + sind)/ cosd) (coS 6 In((1 + sind)/ cosh) + sinb)?
cog 0 (7 + 5sirf0) In? ((1+ sind)/ cosh)
" 4co20 In?((1 + sind)/ cost) (coS 6 In((1 + sin@)/ cosh) + sinb)?
N 2 sinf cog (5 + sin? #) In® ((1 + sind) / cosh)
4026 In? (1 + sind)/ cosd)(co2 6 In ((1 + sinb)/ cosd) + sind)2

Sxem =

1+ sing 2
co24In((1+sind)/cosh) ) ’
respectively.
According to Theorem 2, a sufficient condition for (8.12) to be non-oscillatory is
that the homogeneous equation corresponding to (8.12) possesses a nhon-oscillatory
majorant. We give below another non-oscillation criteria for the hypoelastic equa-

tions, the applicability of which is broader than that of the criteria given in Theo-
rem 6.

THEOREM 8. If F(0) is twice continuously differentiable on the intery@) = /2)
of 6 and S(0) is given in (8.13), then the hypoelastic equation (8.12) with)
satisfyingS(0) < Sxgm is hon-oscillatory on the intervdD, r/2) of 6.

oscillatory minorant

non-oscillatory majorant

XBM

S,

0.0 0.2 0.4 0.6 0.8 1.0
Figure 9. Comparison of the fourS’s of Jaumann, Green—-Naghdi, Sowerby—Chu and
Xiao—Bruhns—Meyers. Among the homogeneous hypoelastic equations associated with spin-
ning objective rates, the homogeneous Xiao—Bruhns—Meyers equation is a non-oscillatory
majorant, and the Jaumann equation is an oscillatory minorant.
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Proof.If S(0) < Sxsm, then the homogeneous equation corresponding to (8.12)
is a Sturm minorant for the homogeneous Xiao—Bruhns—Meyers equation. Since
the homogeneous Xiao—Bruhns—Meyers equation is non-oscillatory as proved in
Theorem 7, by Theorem 2, the hypoelastic equation (8.12) with satisfying
S(0) < Sxam is non-oscillatory on the intervéD, 7 /2) of 6. O

Figure 9 compares the foufs of Jaumann, Green—Naghdi, Sowerby—Chu and
Xiao—Bruhns—Meyers, showing th&&c < Sgn < Sxam, from which we conclude
that the Sowerby—Chu and Green—Naghdi equations are non-oscillatory because
the Xiao—Bruhns—Meyers equation is non-oscillatory.

9. Comparison Theorems for the Hypoelastic Equations

In this section and the next, let us go on to compare the objective rates, no matter
spinning or non-spinning, that is, let us compare various hypoelastic equations of
the form (6.2). We observe that the tracefoft simple shear is zero for all the
objective rates tabulated in Table I, and so we set the restrictontia +d = 0

in the present section and the next one. In order to obtain the stress responses of
(6.2) we need to know the fundamental solutibty ) of (6.2), which satisfies

da (‘1111()/) ‘1112()/)) _ (a(y) b(J/)) (‘1’11(1/) ‘1112()/)> 9.1)
dy \ Vau(y) Waa(y) cly) d(y) )\ Waly) VYa(y) '

andW¥(0) = l3. Since¥(0) = I3, under the condition # = 0 it always follows
that detW¥(y) = 1. If the aboveW¥(y) is obtained, in view of (2.2) the stress
responses are given by

(011(J/) 012()/))

o12(y) 022(y)

:(‘1’11()/) ‘1’12()/))<0"11(0) 0"12(0))
Woi(y) Waa(y) ) \ 012(0) 022(0)

X<‘I’11(V) ‘le(?))+ <‘I’11(V) ‘1’12()/))
Wia(y) Waay) Woi(y) Waay)

y y
—2/ Woo(s)Wao(s)ds  y + 2/ Wio(s)Waa(s) ds
0 0

X

Y Y
v+ 2/ W1o(s)Wai(s) ds —2/ W11(s)Wai(s) ds
0 0

Via(y) Wai(y)
) (‘1’12(7) ‘1’22(J/)> ' (9.2)

We call a fundamental solutiow satisfying (9.1) disconjugate (respectively
non-oscillatory, oscillatory) on the interv&l" if every (respectively every, at least
one) component o¥ is disconjugate (respectively non-oscillatory, oscillatory) on
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the intervalR™*. Similarly, we call the stressé non-oscillatory (respectively oscil-
latory) on the intervaR* if every (respectively at least one) componentsois
non-oscillatory (respectively oscillatory) on the interi&t. The following results

are the extensions of Lemmas 2—4; Lemmas 9-11 are for the tensorial ODEs (9.1)
and (6.2) just as Lemmas 2—4 are for the scalar ODEs (7.1) and (7.2).

LEMMA 9. Suppose that the coefficientsy), b(y), c(y), andd(y) of (6.2) are

bounded on the intervak™ and the fundamental solutiowr of (6.2) is bounded

and absolutely integrable dR*. Then the fundamental solutidinis oscillatory on

the intervalR™" if and only if the stress of (6.2) is oscillatory on the intervak*.
Proof. Let us consider the Wronskian &;; ando;;,

[ ij Oij
/ /
v i 0ij

Denote the integrals in (9.2) Iy, i.e.,

V4 Y
2 /0 Wia(s)Waa(s) ds  y +2 /0 Was(5) War(s) ds

Wi = ‘ = Yo, — VY 0;, i,j =12 i, jnotsummed (9.3)

Ci=u (9.4)

pe2 [ veeuaed -2 [ e d
Substituting (9.2) intoo(9.3), we obtain ’
Wij = Vi [V 0mn QW) + Wi 0 Q) W),
+V, Con Vi + YinCr Vi + Win Coun V', |
-, [‘I’imo"mn O\, + Wy, Cmn‘I’jn]- (9.5)
Substituting (9.1) and (9.4) into (9.5) yields
Wi = {\IjiinZ\pZmO_mn(o)\pjn + ViV 0mn (0) A Wy,
+\IjiinZ\pZm€:mn\I”jn
W3, Cl W + W W, Cr A Ve
—Aj Vi Vin0m, (O, — AjWy; ‘I’ianm‘I’jn}
+{‘I’iinz‘I’em Coun W, + W ‘I’imamnAje‘I’zn
—Aj Wi Wiy, Coun Wi, }, (9.6)
where
C - dc _ M< —2W(y)Waa(y) 1+ 2‘P12(V)‘I’21(V))
dy 1+ 2W(y)¥or(y)  —2¥n(y)¥a(y) /)°

Y Y
3 2 / Wials)Wp(s) ds 2 / Wia(s) W (s) s
C: 0 0

% : (9.7)

% y
2/ Wio(s)Wor(s) ds —2/ Wii(s)Woi(s) ds
0 0

(9 5)

C:
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Because the fundamental solutignis bounded and absolutely integrabledn,

C’ andC are bounded, which together with the boundednegsrehder the bound-
edness of the first braced term on the right-hand side of (9.6). Moreover, because
c includesy, wheny is sufficiently large the Wronskial;; is not equal to zero.
Hence, by Lemma 1 the zeros ¥; ando;; separate each other for sufficiently
largey . Thus, the fundamental solutioh is oscillatory on the intervakR ™ if and

only if the stressr is oscillatory on the intervadR™. This completes the proof.0

LEMMA 10. If the fundamental solutionr of (6.2) is non-oscillatory on the
interval R*, then the stress responseof the hypoelastic equation (6.2) is non-
oscillatory on the intervaR™*.

Proof. If the fundamental solutiow is non-oscillatory, by definition the com-
ponents¥yq, W15, andW,, are non-oscillatory. Thus, the four integral terms in (9.2)
are also non-oscillatory, rendering non-oscillatory the sisesshich is composed
by adding and multiplying non-oscillatory terms as indicated in (9.2). O

Obviously a stronger condition suffices to lead to the same result, as given by

LEMMA 11. If the fundamental solutiow of (6.2) is disconjugate on the interval
R*, then the stress of the hypoelastic equation (6.2) is non-oscillatory on the
interval R,

Let us consider the following four tensorial ODEs of the first order:
Wiy lI'12) _ (aj()/) bj()/)) (‘1’11 ‘1’12> 19 9.8
(‘I’él Wy, ) \ecj(y) di(y)) \War Va2 )’ I=se (9-8)
(Uil U{z) _ <aj()/) bj()/)) <0"11 012)
0lp 022 cj(y) dj(y) ) \o12 o022
(g m) (90 Y (2 8) a2 s
<c712 (722) (cj(y) di(y) H 1 0)° J T (9.9)
These tensorial ODEs extend the scalar ODEs (a6l (7.7).

If b; # 0, combining the two equations of (6.7) with coefficieaisy ), b;(y),
cj(y),andd;(y) yields

1 1 ' 1 , a.,-bﬁ .
(b—/X) — b_j|:aj - —bj] + bjCj +aj2-]x = 0, if bj > O, (910)
J not summed
1 / / 1 , Lljb/. -
(_—bjx) " b_j[a-" — 5, thic +“A12}x =0, ifb; <0, (9.12)

J not summed

Let

1 a.—a;b./b;, +b.c; + a?
p; =7 and gj = —-2 ”/;' 2 forb; >0,
J J
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or let
1 a.—a;b,/b; +bic; +a>
pj=—— and ¢, =L i/bi 4 bic; 4 forb; < 0.
J J
Similarly, if ¢; # 0, we may let
1 —d’; +ajcj/cj+bjc; +a?
pj=— and ¢, = ——~ €/t bics 4 forc; > 0,
iIT . ¢ .
or let
1 —a, +a;c;/c; +bjc; +a?
pi=-— and ¢q; = —~ A C‘] A forc; < 0.
j j

If on the entire intervaR ™,

pi(t) = pa(2), q1(t) < ga2(2), (9.12)

then (9.8) is called aSturm majorantfor (9.8), on R*, and (9.8) is a Sturm
minorantfor (9.8), onR*. Now we are in a position to further extend the Sturm the-
orems, namely to extend Theorems 1-3, so as to be able to compare the hypoelastic
equations (9.9)with (9.9),.

THEOREMO. For j = 1,2, suppose that the coefficients(y), b;(y), ¢;(y),
andd;(y) of (9.9); are bounded on the interv&™ and the fundamental solution
¥, of (9.8); is bounded and absolutely integrable Bt. Let (9.8) be a Sturm
minorant for (9.8). If (9.9), is oscillatory onR*, then (9.8) is oscillatory onR™.
Proof.By Lemma 9, if (9.9) is oscillatory, then (9.8)is oscillatory. Since (9.8)
is a Sturm minorant for (9.8) we observe from Lemma 7 that (983 oscillatory,
which by Lemma 9 implies that (9.9)s oscillatory. This completes the proof

THEOREM 10. Suppose that (9.8)s a Sturm majorant for (9.8) If (9.8), is non-
oscillatory on the intervaR ™, then (9.9) is non-oscillatory on the intervak™*.
Proof. Since (9.8) is a Sturm majorant for (9.8) by Lemma 7, if (9.8) is
non-oscillatory, then (9.8)is non-oscillatory. Then by Lemma 10, (993 non-
oscillatory. a

THEOREM 11. Suppose that (9.8)is a Sturm majorant for (9.8) If (9.8), is
disconjugate on the interv&™, then (9.9) is non-oscillatory on the intervak ™.
Proof.Since (9.8) is a Sturm majorant for (9.8)by Lemma 8, the disconjugacy
of (9.8), implies the disconjugacy of (9.8) Then by Lemma 11, (9.9)is non-
oscillatory. a

The above three theorems are the counterparts of Theorems 1-3, which have
been so modified as to apply to the hypoelastic equations associated with the non-
spinning objective rates. The definitions of oscillatory minorant, non-oscillatory
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majorant, and disconjugate majorant originally designed for coining the qualitative
relations between the four scalar ODEs (7.&)hd (7.7) can be carried over and
tailored to the needs of coining the qualitative relations between the four tensorial
ODEs (9.8) and (9.9). Figures similar to Figures 4—6 can readily be drawn by re-
taining all the structures, boxes, lines, and arrows in Figures 4—6, while modifying
the contents of Figures 4—6 as follows: replacing Lemmas 2—4 by Lemmas 9-11,
Theorems 1-3 by Theorems 9-11, (7.1)Wy(7.2) bya, (7.6) in (b) by (9.10)

or (9.11), (7.6) in (b) by (9.10) or (9.11), (7.6} in (c) by (9.8), (7.6) in (c) by
(9.8), (7.7) by (9.9), (7.7)% by (9.9), respectively, and deleting homogeneous
and non-homogeneous, but Lemmas 7 and 8 remain unchanged.

10. Comparison between Objective Rates

The stress responses of the hypoelastic equations obSBaba-1 and Szab-

Balla-2 were already obtained in (6.18) and (6.20), respectively. These two formu-
lae are rather lengthy, and so it is hard to judge whether their behavior is oscillatory
or not, unless they are explicitly calculated with the aid of graphical display to
the extent that all possible ranges of parameters have been exhausted. Hence, it
seems desirable to prove the following theorem, which asserts that the hypoelastic
equations of Szak-Balla-1 and Szai-Balla-2 are non-oscillatory.

THEOREM 12. The homogeneous Green—Naghdi equation is a Sturm majorant
for the homogeneous equations of SedBalla-1 and Szai-Balla-2. The funda-
mental solutions of these three equations are disconjugate on the infetyaind
the stress responses are non-oscillatory on the intéRval

Proof. In view of (6.11) we sepsg1 = y? + 4 andgsg: = 1/(y? + 4). Since
y2+4 > 2+ 4H/4and Y(y*+4) < 4/(y*+4), i.e, pse1 > pon and
gse1 < gon, the homogeneous Green—Naghdi equation is a strict Sturm majorant
for the homogeneous SzakBalla-1 equation. Since the nontrivial solution of (8.3)
is disconjugate as proved in Theorem 6, the fundamental solution of (6.11) is also
disconjugate by Lemma 8. Similarly, sing& + 4 > (y2 + 4)/4 and—(2y? +
7/ (y?+4) < 4/(y? + 4), the homogeneous Green—Naghdi equation is a strict
Sturm majorant for (6.12). By the same token, the fundamental solution of (6.12)
is also disconjugate. Hence, the fundamental solution m#trigomposed of the
fundamental solutions of (6.8) and (6.9), is also disconjugate. Thus, by Lemma 11,
the solution of (6.3) is non-oscillatory. In view of (6.19), namyg, = \Ilggl, the
disconjugacy of Szab-Balla-1 implies the disconjugacy of SzeiBalla-2, and
vice versa. O

Note that (6.1)—(6.3) apply to the cases of the spinning objective rates as well
and can be reduced to (5.1)—(5.3) by lettin¢y) = d(y) = 0, andb(y) =
—c(y) = f(y)/2. So the following oscillation and non-oscillation criteria, which
are applicable to the hypoelastic equation (6.3) associated with any non-spinning



234 C.-S. LIU AND H.-K. HONG

objective rate, are also applicable to the hypoelastic equations (5.3) associated with
any spinning objective rate.

THEOREM 13(Oscillation criteria. Suppose that the coefficients/), b(y), c(y),
andd(y) of (6.2) are continuously differentiable and bounded on the intéRval
b? 4+ c? #0,a + d = 0, and the fundamental solutiol of (6.2) is bounded and
absolutely integrable o ". If

1 4 —(a’ — ab' /b + bc + a?) N 1

b 07 _g =5 = = =
#* ] Pos = 3 ] qoe =

on the intervalR ™, or if

1 —(ac'/c +bc +a? —a’)
c#0, ol < Pos, B Z qoe

on the intervalR*, then the stress responses of (6.2) are oscillatory on the inter-
valR*.

Proof.If b # 0, combining the two equations of (6.7) yields

1)\ 1 b

(Ex’) - E[a/ - % + bc +a2]x =0, if b> 0, (10.1)
1 "1 b’ .

(—bx/> + E[a’ - a? + bc + a2i|x =0, ifb<D0. (10.2)

Let p = 1/bandq = —[a’ — ab'/b + bc +a?]/bforb > 0, orletp = —1/b

andg = [a’ — ab'/b + bc + a?]/b for b < 0. If the conditions 1|»| < ppg and

—(a’ —ab'/b + bc + a®)/|b| > gpe(y) are satisfied, i.epp < ppg andg > gpg,

the comparison made between the above two equations and the Sturm-Liouville
equation withppg andgpg reveals that the latter is a Sturm minorant for the above
two equations. Because the responses of the Durban—Baruch equation as indicated
in (6.6) are oscillatory, by Theorem 9 the stress responses of (6.2) are osciltatory.

THEOREM 14(Non-oscillation criteria. Suppose that the coefficients/), b(y),
c(y),andd(y) of (6.2) are continuously differentiable on the interial, 52 +c? #
0, anda +d = 0. If

—(@' —ab' /b + bc + a®)

< fxem
D]

b#0, |b|< fxam,

on the intervalR ™, or if

—(ac'/c +bc+a?>—d)
c#0, Jc| < fxam, B < fxam
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on the intervalR*, then the fundamental solutions of (6.2) are non-oscillatory
on the intervalR™, and the stress responses of (6.2) are non-oscillatory on the

interval R+,
Proof. If b # 0, according to (10.1) and (10.2) we get= 1/b andg = —[a’ —

ab' /b+bc+a?]/bforb > 0, orsetp = —1/b andq = [a' —ab' /b+bc+a?]/b for

b < 0.1f |b] < fxew and—(a'—ab'/b+bc+a?) /bl < fxem (), i.€..p = 1/ fxem

andg < fxawm, the comparison made between the above two equations and the
homogeneous equation corresponding to (8.1) vith, reveals that the latter is

a Sturm majorant for the above two equations. Because the homogeneous Xiao—
Bruhns—Meyers equation is non-oscillatory, by Lemmar 3s non-oscillatory.
From (6.7) we havey = (x’ — ax)/b, hencey is also non-oscillatory. I £ 0,

a similar procedure leads to the results thandx are non-oscillatory under the
conditions|c| < fxem and—(ac’/c + bc +a? —a')/|c| < fxam. Accordingly, the
fundamental solutions of (6.2) are non-oscillatory. Therefore, by Lemma 10 the
stress responses of (6.2) are non-oscillatory. O

Further discussion of Figure 2. The responses of the ten hypoelastic models at
simple shear are compared in Figure 2. The axial stressf Cotter—Rivlin is zero

(see also Table Il) and both the axial and shear responses of Jaumann and Durban—
Baruch are oscillatory (see also Table Il). Both the axial and shear stress responses
of Sowerby—Chu and SzébBalla-1 are monotonically increasing. However, for
Szalh—Balla-2, the shear stress, is monotonically increasing, while the axial
stressos; is monotonically decreasing and compressive (see also Table II). It is
interesting to observe the shear stress response of Xiao—Bruhns—Meyers exhibits
the hypoelastic yield-like behavior. It can be seen that the response curves of the
axial stresses of Truesdell, Oldroyd and SeaBalla-1 and those of the shear stress

of Szald—Balla (the two rates of SB1 and SB2 lead to the same shear stress) are all
very steep.

Discussion of Table Il. In Table Il thep’s andg’s for the ten hypoelastic equations

are listed, and the oscillatory properties are also indicated. It can be seen that among
the teng’s, only theqg of Szalb—Balla-2 is negative. This is why the axial stress

o011 of Szalw—Balla-2 is compressive, as shown in Figure 2(a) and Table Il. The
p's andg’s of the first five rates in Table Il are very simple; it seems that they
are too simple to give good responses. In Figure 10, we plot the'teandg'’s.

It is seen thalpsgz = pss1 > psc > poN = pPxeum andgsez < gse1 < gsc <

gaN < gxam, Which mean that the homogeneous Xiao—Bruhns—Meyers equation is
a Sturm majorant for the homogeneous equations of Green—Naghdi, Sowerby—Chu
and Szab-Balla. Since the homogeneous Xiao—Bruhns—Meyers equation is non-
oscillatory, the hypoelastic equations of Green—Naghdi, Sowerby—Chu ané-Szab
Balla are non-oscillatory, and so the responses pertaining to the models using these
rates are non-oscillatory.

Discussion of Table Ill. The Sturm majorant-minorant relations of the ten objec-
tive rates at simple shear are summarized in Table Ill. It provides a clear picture of
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Table Il. Characteristic properties of the hypoelastic equations at simple shear. See Theorem 1 for (ii), (8.4) for (D) and (8.8) for (L)

Equations p q Homogeneous egs. r satisfies (ii)? Hypoelastic egs. 011 tensile? o412 yield?
1(T) 1 0 disconjugate no non-oscillatory tensile no
2(0) 1 0 disconjugate no non-oscillatory tensile no
3(CR) 1 0 disconjugate no non-oscillatory vanishing no
4(J) 1 1= f3 oscillatory yes oscillatory tensile no

5 (DB) 4/3 1/4 oscillatory no oscillatory tensile no

6 (GN) (y2+4)/4 42+ 4 = fon disconjugate no non-oscillatory  tensile no
7(SC) (y2 +4)/2 2/()/2 +4) = fsc disconjugate no non-oscillatory tensile no
8 (SB1) y2+4 1/(y2+4) disconjugate no non-oscillatory tensile no
9 (SB2) y2 +4 —(2)/2 + 7)/()/2 +4) disconjugate no non-oscillatory compressive  no
10 (XBM)  1/fxBm fxBwm; see (5.16) non-oscillatory no non-oscillatory tensile yes
11 (D) G2+ H/EV2+4)  (Ey2+4)/%+4  oscillatory yes oscillatory

12 (L) 1/(A—-&fxgm +&) A—8&) fxpm +& oscillatory yes oscillatory

ONOH "M-"H ANV NI1'S-"0



Table 1ll. Sturm majorant—minorant relations of the homogeneous hypoelastic equations at simple shear. M: Sturm majorant,
m: Sturm minorant. Example: (T) is a Sturm majorant for (SB2)

Homogeneousegs. 1(T) 2(0O) 3(CR) 4(QJ) 5(OB) 6(GN) 7(SC) 8(SBl) 9(SB2) 10 (XBM)

1(T) M&m M&m M&m m X X X X M X
2(0) M&m M&m M&m m X X X X M X

3 (CR) M&m M&m M&m m X X X X M X
4J) M M M M&m M M M M M M

5 (DB) X X X m Mé&m X X M M X

6 (GN) X X X m X M&m M M M m

7 (SC) X X X m X m M&m M M m

8 (SB1) X X X m m m m M&m M m
9(SB2) m m m m m m m m M&m m
10 (XBM) X X X m X M M M M M&m

YI43114D NOILVT1IOSO-NON

LEC
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Figure 10. Comparison of thep’s and g’s of the ten hypoelastic equations. It is seen that

PSB2 = PSB1 > PSC > PGN = PxBM andgsp2 < ¢sB1 < ¢SC < 9GN < gXBM-
Py = pT = po = prandqy > gt = g0 = 4CR- PSB2 > PT = PO = PCR and
4sSB2 < 4T = 90 = 4CR-

the Sturm majorant-minorant order, as also shown in the left side of Figure 11. In
this table the Sturm non-comparable stress rates in the sense of (7.8) are marked
by the symbolx, and M and m stand for the Sturm majorant and Sturm mi-
norant relations, respectively, and M&m is the identity relation. The hypoelastic
equations of Truesdell, Oldroyd and Cotter—Rivlin are coincident at simple sheatr,
and are not Sturm comparable with the other equations except for those of Jau-
mann and Szab-Balla-2. Remarkably, the Jaumann equation is a Sturm majo-
rant for all the other nine homogeneous equations, and the homogeneoids- Szab
Balla-2 equation is a Sturm minorant for all the other nine homogeneous equations.
It is hardly surprising that both the extreme hypoelastic equations show anomalous
behavior.

11. Concluding Remarks

Most of the closed-form solutions of the hypoelastic equations at simple shear have
been obtained in the literature, although without considering the initial stresses.
Here, we have derived the closed-form solutions with any specified initial stresses
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Figure 11. According to Theorems 5-14, general and individual hypoelastic equations are
compared on the right side and classified as oscillatory or non-oscillatory. The correspond-
ing homogeneous (abbreviated to h) equations are arranged on the left side in the Sturm
minorant—-majorant order when connected with vertical lines and classified as oscillatory,
non-oscillatory, or disconjugate. The arrows between boxes have the same meaning as those
in Figures 4—6 or in the similar figures described only in writing in Section 9.

for the ten hypoelastic equations at simple shear. One can not overemphasize the
effect of the initial conditions on the oscillatory properties of the responses.

Sturm'’s theorems in ordinary differential equations have been extended as in
Theorems 1-3 and further extended as in Theorems 9-11 to investigate the quali-
tative behavior of the hypoelastic models of grade zero under simple shear defor-
mation.
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For the ten individual hypoelastic equations examined, the following may be
concluded: The Szdb-Balla-2 equation is non-oscillatory, but its axial stress re-
sponse is anomalously compressive. The homogeneou$-Falta-2 equation is
disconjugate and is a Sturm minorant for all the other nine homogeneous hypoelas-
tic equations. The Sowerby—Chu equation is non-oscillatory, and the homogeneous
Sowerby—Chu equation is a disconjugate majorant fottlodhomogeneous equa-
tions of Szabh—Balla-1 and Szak-Balla-2. The Green—Naghdi equation is non-
oscillatory, and is the “infimum” for the oscillatory behavior of the hypoelastic
equations associated with the class of sfis defined in (8.4). The homoge-
neous Green—Naghdi equation is a disconjugate majorant fahtee homoge-
neous equations of Sowerby—Chu, S¥aBalla-1, and Szak-Balla-2. The Xiao—
Bruhns—Meyers equation is non-oscillatory with the shear stress response exhibit-
ing hypoelastic yield-like phenomenon, and is the “infimum” for the oscillatory
behavior of the hypoelastic equations associated with the class of@pitafined
in (8.8). The homogeneous Xiao—Bruhns—Meyers equation is a non-oscillatory
majorant for thefour homogeneous equations of Green—Naghdi, Sowerby—Chu,
Szal—Balla-1, and Szab-Balla-2. The Durban—Baruch equation is oscillatory,
and is an oscillatory minorant for the Jaumann equation. The Jaumann equation is
oscillatory; moreover, it is a Sturm majorant for all the other nine homogeneous
hypoelastic equations. Fortunately, the Jaumann equation is not a Sturm mino-
rant for all the other nine homogeneous hypoelastic equations; otherwise, all the
other nine hypoelastic equations would be oscillatory. The Truesdell, Oldroyd,
and Cotter—Rivlin equations are Sturm comparable with the &Alla-2 and
Jaumann equations, but are not Sturm comparable with the other five equations.

Besides the ten individual hypoelastic equations examined, general hypoelastic
equations have also be investigated. The main results (for both general and individ-
ual equations) are summarized in Figure 11. Theorem 5 provides a set of sufficient
conditions (i.e.,f > 1, etc.) for the hypoelastic equation (and hence for the stress
response to simple shearing) associated with any spinning objective rate to be os-
cillatory. Theorem 6 (respectively Theorems 7 and 8) asserts that the hypoelastic
equation (and hence, the stress response to simple shearing) associated with any
spinning objective rate withf < fgn (respectivelyf < fxam andsS < Sxgm) is
non-oscillatory. Theorem 13 provides a set of sufficient conditions ababitc,
andd (and hence, aboyt andg) for the hypoelastic equation (and hence, for the
stress response to simple shearing) associated with any (spinning or non-spinning)
objective rate to be oscillatory. Theorem 14 provides a set of sufficient conditions
abouta, b, ¢, andd (and hence, aboyt andg) for the hypoelastic equation (and
hence, for the stress response to simple shearing) associated with any (spinning or
non-spinning) objective rate to be non-oscillatory.
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