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Abstract

Hill’s 1948 anisotropic theory of plasticity is extended to include the concept of isotropic-kinematic
hardening. The “anomalous” effect can be accounted for by kinematic hardening. It is shown that the
quadratic yield function can be used for sheet metals irrespective of its plastic strain ratio R. It is further
shown that effects of thickness reduction due to further rolling may be accounted for by kinematic hardening.
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1. Introduction

Hill’s 1948 quadratic yield criterion [ 1] for anisotropic sheet metal is simple and is widely used in
application. It is generally satisfactory for predicting the sheet metal behavior for R > 1, where R is
the plastic strain ratio of the transverse to the thickness strain and it specifies anisotropy. In the
case of R < 1, “anomalous behavior” has been observed. In this case, the yield stress in the
equibiaxial tension test is higher than that for the uniaxial tension, and Hill’s 1948 quadratic yield
criterion does not predict this behavior. The case of R < 1 is important, because it includes such
important metals as aluminum.

Numerous non-quadratic yield functions have been proposed in the literature to account for the
case of R < 1. They are generally quite complex and difficult to apply and they do not describe the
behavior characterized by effectively equal yield points under tension in the rolling and transverse
directions, allied to markedly different strain-ratios [2]. It is not desirable from the viewpoint of
unified approach that a quadratic yield function works for R > 1 and a non-quadratic yield
function works for R < 1. Furthermore, for the ease of application, it is also not desirable to have
yield functions for anisotropic materials drastically different in form (with higher powers) than
those for the same materials in the isotropic state. In the isotropic state, most engineering materials
have a quadratic initial yield function. A rule of evolution from the quadratic function to the non-
quadratic function would have to be furnished so that the theory can account for the case of
initially isotropic materials gradually becoming anisotropic due to deformation.

The objective of this research is to establish Hill’s 1948 quadratic yield criterion as the one that is
applicable to all sheet metals, irrespective of its R ratio. Furthermore, it will be shown that the
proposed theory can be used to describe the plastic behavior for cold-rolled metal sheets subjected
to various degrees of thickness reduction.

In Section 2, a literature survey is given for the subject. An extension of Hill’s 1948 anisotropic
theory of plasticity is given in Section 3. In Section 4, the equations for anisotropic sheet with
thickness reduction by further rolling are derived. Finally, three cases of applications are described
in Section 5. These three cases include all values of R, greater than, equal to, or less than one.

2. State of knowledge in the field
2.1. The yield function

In the case of rolled sheet metal, when principal axes of anisotropy are the axes of reference, the
yield function ¢ proposed by Hill [1] has been widely used. The yield function ¢ is

2¢ = (G + H)o2 — 2Ho,0, + (F + H)o? + 2No2, = 1, 1)
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where x denotes the rolling direction and y the transverse direction; (o, 0,, 0,,) are the in-plane
components of Cauchy stress; and the out-of-plane components are considered to be zero. The
coefficients F, G, H, and N specify the anisotropy of the metal sheet. This quadratic form (and its
variations such as the one for planar isotropy) has been repeatedly used in applications. It is
generally satisfactory for predicting the sheet metal behavior for R > 1.

In the case of R < 1, “anomalous behavior” has been observed by Pearce 3] and Woodthorpe
and Pearce [4] for commercially pure aluminum sheet. In this case, the yield stress in the
equibiaxial tension test is higher than that for the uniaxial tension, and Eq. (1) does not predict this
behavior. To accommodate the “anomalous behavior”, Hill {5, 6] proposed a number of possible
generalizations of the quadratic yield function. These yield functions are generally more complex
and are non-quadratic with additional anisotropic parameters.

Hill (1979):

Flo; — o3|™" + Glos — 0| + H|loy, — 63|™ + L|26y — 6, — 63|™
4+ M|265, — 63 — 0™+ N|263 — 6y — 65| = 1. 2)
Hill (1990):
lo1 + 621" + (o8/T") o1 — 02"
+ )62 + a3|™D 7Y — 2a(6} — 63) + b, — 6,)*cos2a}cos2a = (205)", (3)

where F, G, H, L, M, N and m (with m > 1, integer or non-integer) are material coefficients; o,
o, and a3 are principal stresses and are expressed in the orthotropic symmetry axes x, y and z; gy is
the equibiaxial tensile yield stress and t is the yield stress under pure shear parallel to the
orthotropic axes. In addition,

a=(F—GJF+G) and b=(F+G+4H —2N)/(F + G). 4)

Note that, in Eq. (2), the principal loads must coincide with the axes of orthotropy, whereas in Eq.
(3) they can have any orientation. Furthermore, Eq. (3) is restricted to plane stress.
A yield function was proposed by Hosford [7] in the form of

Flo, — 62" + Glo, — 053|™ + Hloz — 0,|" =1, : (5)

where m is 6 or 8 according to whether the crystal grains are body-centered or face-centered cubic,
and the function does not include the anomaly.
Other non-quadratic forms have been proposed in the literature. Gotoh [8] proposed

54 = Clo'ix + Czﬂ'ixO'yy + C3G)2cxo§y + C4O-xxo-3y + CsO’:’,
+ O-chy(céa,%x =+ C70-xxayy + CSG:;}') + C9o-:y’ (6)
where & is the effective stress; C; are constants. Barlat and Lian [9] used the following criterion:

alKy + Ky|™ + alKy — Ko™ + (2 — a)|2K,|™ = 26™
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with
K, = (0xx + ho,,)/2,
Ky = {[(0xx — h0,,)/27% + [po,, 17107, @

where a, h, p and m are material constants. Non-quadratic yield functions have also been proposed
by Chakrabarty [10] and others, but they will not be listed here.

It was pointed out by Hill [2] that none of the above yield functions accounts for the behavior
that the tensile yield is the same along both the rolling and transverse directions, while the
associated strain ratios are markedly different. Hill then proposed the following non-quadratic
yield function in the same paper to account for this effect:

z +
U%—<2—%)0’102+0%+{(P+Q)“M}0102=05- (8)

B B

This function was proposed with applications to thin sheet in mind and is restricted to the tension
quadrant of the (¢, 6,) plane. An additional restriction of this form is that the tensile yield stress,
denoted by o, is the same in rolling and transverse directions. The non-dimensional parameters
p and g are positive or negative. The application of Eq. (8) is explained in Ref. [11], but that
application was made in connection with the work contours which are not the same as the yield
loci. Eq. (8) accounts for the anomaly. A non-quadratic yield function was also presented in Hill [2]
for the case when tensile yield stresses in rolling and transverse directions are distinct.

The aforementioned yield criteria are phenomenological criteria. A polycrystal model based on
Taylor [12] and Bishop and Hill [13], the TBH model, can also be used to describe the
deformation of sheet metals. Such study has been reported by Barlat and Richmond [14] and Lege
et al. [15]. By use of the TBH model the effects of rolling textures (Brass, Copper, S) and
recrystallization textures (Cube, Goss) can be individually studied. The textures change with
deformation, however, and the description of plastic deformation by the TBH model that accounts
for the evolution of textures has not yet been demonstrated.

2.2. Determination of coefficients of yield function and the R ratio

The coeflicients of the yield function are determined from experiments. Several tests have been
used in the literature for this purpose. They range from tests related to the determination of yield
stresses to those that determine the width-to-thickness plastic strain ratio R. The latter tests have
relatively poor accuracy however, and they involve assumptions and other factors to be further
discussed. If the yield stresses are determined from experiments, tension test, biaxial tension test,
bulge test, or compression test are usually used. Different investigators have used different sets of
tests. After the yield stresses are known, they are substituted into the yield function to determine the
coefficients F, G, H and N of the function by considering different special cases.

Knowing the coefficients, the flow rule may be used to obtain the expressions for plastic strain
rate components. Then, the R ratio may be determined. The ratio R, for a tension specimen cut at
an angle a with respect to the x-direction is defined by

P,
_dep

T der”

)
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where x’ is along the longitudinal direction of the specimen; y' is the transverse direction; and
z' = z. Note that x’ is making an angle « with the x-direction. By use of coordinate transformation,
Eq. (9) is transformed into

R - 9% sin® a + def cos®a — 2deB, sin a cos o (0
' def + de? (10)

where def, de} and def, are components of the plastic strain increment. With these components
determined from the flow rule, Eq. (10) is used to calculate R, for different o angles. Usually, the
theoretical R,-values do not compare favorably with those determined from experiment, but the
agreement can be improved by considering non-quadratic yield functions.

The experimentally determined R ratios have also been used to determine the coefficients of the
yield function. Following [6], the R ratios are related to the coefficients by

o/t —acos2o + {(m + 2)/2m} b cos? 2u

2R, = .
L+2R, I —acos2a + {(m — 2)/2m}bcos® 2u (1)

It may be shown that

(oB/7)" = 1 + 2Rys, (12a)
_ (Ro — Roo)[1 = ((m — 2)/2)Ry5]
~ (Ro+ Rgo) — (m—2)RoReg (125)
_ m[2RoRgo — Rys(Ro + Ryo)] (12¢)

 (Ro+ Rgo) — (m —2)RoRyo

Thus, a and b may be determined if Ry, R45 and Rg are known. These are the R ratios evaluated at
a =0, 45 and 90°, respectively. (og/1)", a and b are the coefficients of the yield function given by
Egs. (3) and (4). Using Eq. (12a), m can be determined if o5 and 7 are also known.

The above expressions suggest a modified method for the determination of the coefficients of the
yield function. In this method, experimental data both for the R ratios and the yield stresses are
used to determine the coefficients a, b and m, and the agreement between the theory and
experiments are generally improved.

The coeflicients a, b and m determined from the previous paragraph are generally not compatible
with coefficients F, G, H and N found from tests to determine the yield stresses. These coefficients
do not satisfy Eq. (4). The reason for the incompatibility is that they have been determined based on
two different sets of experimental data, one set includes the R ratios and the other does not. If both
methods for the determination of the coefficients were correct, then Eq. (4) must be satisfied. This
leads to the question of which method is correct. The determination of the coefficients will be
discussed in a subsequent section.

2.3. Some remarks

Although several different yield functions have been discussed in Sections 2.1 and 2.2, they are
yield functions of the same anisotropic theory of plasticity. This anisotropic theory proposes a yield
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function, assumes the normality condition for the plastic strain increments, and considers isotropic
hardening in the tension quadrant of the two- or three-dimensional principal stress space. This
anisotropic theory of plasticity is very different from the classical flow theory of plasticity. It is
different in many aspects as follows: First, instead of a quadratic (initial) yield function for all
metallic materials, the anisotropic theory uses a non-quadratic yield function with coefficients
depending on the material being considered. Furthermore, instead of the usual isotropic-kinematic
hardening concept, the anisotropic theory is concerned about the “anomalous behavior”. Another
discrepancy is related to the experimental determination of the coefficients of the yield function.
Traditionally, the yield function has been determined independent of the flow rule. However, in this
anisotropic theory, the flow rule has been used extensively in the determination of the coefficients of
the yield function. The plastic strain ratios R are expressed in terms of the flow rule, Eq. (10), and
there are theoretical works, for example Egs. (12), that express the coefficients of the yield function
in terms of the plastic strain ratios, and, therefore, in terms of the flow rule.

These observations are interesting in the sense that the sheet metal would require a different
theory of plasticity (the anisotropic theory) than the same material in other product forms. Since
the sheet metal is orthotropic, an anisotropic yield function is reasonable. However, the aforemen-
tioned three discrepancies are too much a deviation that one wonders whether the two theories can
be unified so that a simplified theory can be obtained for anisotropic materials.

3. An extension of Hill’s 1948 anisotropic theory

It is proposed that a unified theory be formulated based on Eq. (1). In this case the yield function
for sheet metals can be written as

(G + H)(ox —r)* —2H(o, — r)(o, — 1)) + (H + F)(a, — r,)* + 2N(0,, — r)* = f2, (13)

where r,, r, and r,,, components of the back stress which are dependent on the deformation history,
specify the center of the yield surface and are directly related to the kinematic hardening of the
material; fspecifies the size of the yield surface and is an expression of isotropic hardening. In the
case of a material without isotropic hardening, = 1. While Eq. (13) is valid for sheet metals, it can
be generalized to obtain an expression for the three-dimensional anisotropic solid. It is assumed
that the normality rule is valid so that the increments of plastic strain components are

d8§ = dj.[(G -+ H)(Gx - rx) - H(Gy - ry)]a
de? = di[— H(o, — r) + (H + F)o, — 1,)], (14)
deb, = dAN(05y — Fxy)s

where d4 is a proportional factor which varies with loading.
The coefficients of Eq. (13) may be determined at the condition of initial yielding. Thus,
Fe=7r, =Ty =0and f= 1, and Eq. (13) reduces to

(G + H)o2 —2Ha,0, + (H + F)o} + 2NoZ, = 1. (15)
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Note that x denotes the rolling direction and y the transverse direction. In a tension test along
the x-direction, the stresses are o, # 0, 6, = 0,, = 0, and Eq. (15) reduces to

G+ H=(cY)? (16a)
where ¢ is the yield stress in the x-direction. Similarly, a tension test along the y-direction leads to
H+F=())? (16b)

where o) is the yield stress in the y-direction. Yielding under equibiaxial tension occurs when
6. =g, = ap. In this case, Eq. (15) reduces to

G+ F =(o§)? (16c)

Due to the usual assumption that hydrostatic stress does not affect yielding, this is also the
compressive yield stress perpendicular to the sheet. The through-thickness compression test was
carried out by Naruse et al. [16]. Cylindrical specimens were prepared from discs of each sheet
material glued together with an epoxy adhesive. The specimens were tested in compression using
Teflon sheet and graphite grease for lubrication between the specimen ends and platen of the test
machine. Factors of uncertainty arose from the epoxy adhesive, the Teflon sheet and graphite
grease. Therefore, the equibiaxial tension test is preferred over the aforementioned compression
test.
Egs. (16a—c) can be solved for G, F, and H as

1 1 1

0= (@))? (o)) + (o8)*’ (17a)
1 1 1

k= (@)? (o))’ + (%)?’ (17b)

H =y 1 ; (17¢)

@7 @ @

Finally, the coefficient N may be determined from the tension test of a specimen cut at 45° angle
with the x-direction. The tensile yield stress for this specimen is denoted by 645, and o, = 6, =
0., = 304s. Using this condition, it may be found from Eq. (15) that

Oas) > Yy-2
2N = > —(og)™ " (17d)
Since g, is easily determined experimentally, N is thus determined from Eq. (17d). The shear yield
stress Y, is determined in pure shear with material element parallel to the orthotropic axes. It may
be shown from Eq. (15) that

Y _ 1 (18)

T /2N
In sheet metals, however, pure shear is difficult to realize experimentally. Also, the simple shear test
is sometimes used in the literature to determine N. The stress state of this test is never simple,

g
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however, and the test can at best be used as an approximation. It has thus been shown that the
coefficients of the yield function can be determined by a set of tension tests. Well-controlled tension
tests are simple to perform. The equibiaxial test can be carried out by use of cruciform specimens as
in Refs [17, 18].

With the coefficients determined, Egs. (13) and (14) can be applied to solve problems of sheet
metals. The challenge is then to correctly determine r,, r,, r,, and f. The back stress components
ry, ¥y and r,, may be correlated with the evolution of rolling textures in the sheet. In this way, the
rolled sheet at different stages of rolling, i.e. at different percentages of thickness reduction, may be
studied and will be discussed in a later section. In the case of as-received materials, some materials
may show anomalous behavior at initial yielding due to initial anisotropy, then for this as-received
material the initial r,, r,, and r,, are not zero. However, the anomalous behavior for some
as-received materials may not be apparent, then r,, r,, and r,, may be put to zero as an
approximation.

Since the plastic strain ratio R, is an important parameter in sheet metal forming, Egs. (13)
and (14) will now be applied to investigate R,. In order to obtain a theoretical description of
this parameter, the test condition that is used to determine R, must be closely followed. There
are many factors of uncertainty associated with the plastic strain ratio test. Experiments show
that the R-ratio varies with strain. Thus, the R-ratio depends on the strain hardening of
the material. According to Mellor [19] for titanium 115, the R-ratio varies greatly with
the increasing plastic strain if it is defined as the ratio of the width to thickness strain. The
ratio varies the most at the transition zone from the elastic to plastic strain. But if the R-ratio is
defined as the ratio of plastic strain increments, then it almost remains constant over the whole
plastic strain range tested, up to a strain of 13%. The importance of elastic strain in the definition of
the R-ratio is well demonstrated by the experiments. However, the elastic strain is often neglected
in the study of metal sheet. The experimental results are not sufficiently accurate to allow
computation of the ratio of plastic strain increments closer to the initial yielding zone. The curve
for R rises slightly with decreasing strain, but an extrapolation of this curve to zero strain is not
recommended. Experiments were also conducted by Lin and Ding [18] for as received and
cold-rolled aluminum sheets using cruciform plate specimen. A similar conclusion was also
obtained regarding the R-ratio at small plastic strain. The authors stated that R could not be
reasonably determined when the plastic strain is infinitesimal due to the quite severe scattering of
the plastic strain increments. Hill et al. [11] tested thin-walled brass tubes and assessed Ry and
Ry in the post-yield range along proportional strain paths. The values of Ry and Ry at the initial
yielding are ill-defined however. The axial strain and the change of diameter were carefully
measured, but no measurements of the thickness strain were reported. These additional informa-
tion has not been considered in most theoretical work which uses the R-ratio as a parameter to
define other properties of the sheet metal. It is the opinion of the authors that additional
investigation of the R-ratio is warranted both theoretically and experimentally. Particularly, the
R value must be determined at the same axial strain level as the one used to determine the yield
stress.

For a tensile specimen at an angle « to the rolling direction,

o, =scos’a, o,=ssin’a and o, =ssinocosa, (19)

where s is the tensile stress applied to the specimen.
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Substituting Egs. (14) and (19) into Eq. (10), the R-ratio is obtained as
R,= — {[(G + H)(scos’« —r,) — H(ssin* o — r,)] sin’ «
+ [(H + F)(ssin® o — r;) — H(scos® 2 — r,)Jcos? «
— 2N(ssin acosa — ry)sinacosa}/{G(scos®*a ~ r,) + F(ssin®a — r,)}. (20)

Note that the isotropic hardening parameter f does not appear in Eq. (20). From this equation, the
following expressions can be found:

sH — Hr, + (H + F)r,
RO =

sG — Gr, — Fr,
__sH +(G + Hyr, — Hr,
Roo = sF — Gr, — Fr, (D)
Roe — 1 2N(s — 2ry,) 1
47 2| s(G + F) — 2Gr, — 2Fr, '
When r, = r, = r,, = 0, Egs. (21) reduce to
H
RO - —G—’
H
Rop = —
%0 = 7 22)

which is a well-known result.

4. Anisotropic sheet with thickness reduction by further rolling

Egs. (22), although in the same form as those obtained by Hill [6], do not describe the
experimental R-ratios if the coefficients of the quadratic yield function are determined by the yield
stresses as suggested in the previous section. To obtain a correct determination of the R-ratios, the
experimental procedure that is used to determine the R-ratios must be closely followed. During this
procedure, the material has been stretched and, therefore, strain hardened. Thus, it is important to
account for the effect of strain hardening in the theoretical determination of the R-ratios.

The strain hardening can occur in an isotropic or in a kinematic mode. It can also have
a combined isotropic-kinematic hardening, depending on the material under consideration. Strain
hardening occurs in two stages. The first-stage strain hardening is developed during the metal-
forming process. For instance, the annealed metal sheet can be considered as in the state of no
strain hardening. When the thickness of a metal sheet is reduced by further rolling, the strain
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hardening will develop and this strain hardening can play an important role and should be
accounted for in the theoretical work. The second-stage strain hardening develops when tension
specimen is cut from the metal sheet and tested in tension. The effect of strain hardening has not
been sufficiently studied in the literature of sheet metals.

The first-stage strain hardening can be determined by considering the initial yield locus in the
principal stress space. For the annealed metal sheet, Eq. (15) is fitted to the experimental yield locus.
On the other hand, Eq. (13) can be fitted to the yield locus determined from a metal sheet with
a specified thickness reduction. By comparing the two loci, the displacement of the center of the
yield locus and the expansion of the size of the yield locus can be determined. These correspond,
respectively, to the first-stage kinematic hardening (r2, r?, r%,) and isotropic hardening f°. The
superscript 0 denotes the first-stage strain hardening. Generally, the principal directions for the
stress o;; and the back stress r;; do not coincide.

For sheet metals, experimental yield locus can only be determined in the first quadrant. Since
it is not practical to apply compressive load to the sheet, a complete two-dimensional yield locus
is not available. The incomplete yield locus is subjected to different interpretations. One
popular interpretation is to consider the “anomalous behavior”, but it leads to the un-
desirable high-order yield function. It is undesirable in that it is difficult to apply; the convexity of
the yield function needs to be investigated; and, from a unified viewpoint, the non-quadratic
yield function will have to reduce to the quadratic function when the material is initially iso-
tropic and gradually becomes anisotropic due to deformation. A different viewpoint is taken
by the present authors that the yield locus has undergone isotropic as well as kinematic hardening.
When the kinematic hardening is considered, the experimental points can be fitted by the quadratic
yield function, Eq. (13). Therefore, the “anomalous behavior” is but a matter of choice of
interpretation.

The second-stage strain hardening develops when tensile specimens, which were cut from the
metal sheet at various angles, are pulled in uniaxial tension. During the tension test, additional
strain hardening occurs and they are denoted by (7, F,, 7, # 0) for kinematic hardening and f for
isotropic hardening. Thus, the components of the back stress are

0 —_

ry =15 + Ty, (23)
0 —_

Tay = Fxy + Fxye

Introduce now the principal direction of the back stress denoted by (6°, 8), measured counter-
clockwise from the x-axis, and the principal components denoted by (r3., rmin) and (Fmaxs Fmin)- The
pressions are

1, 2r
6° = Etan ! 7 —yrg’ (24a)
O = r9cos? 0° + r%sin? 6° + 2r2, sinf° cos 6°, (24b)

Qi = r2sin260° + 0 cos? 6° — 2rY, sin 6° cos 6°, (24c)
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- 27,
f=-tan™ ' —=

ha—— (25a)
Fmax = Fx €082 @ + 7,8in? @ + 27, sin @ cos D, (25b)
Fmin = Fx8in? @ + 7, cos® § — 2, sin A cos . (25¢)

If the coefficients F, G, H and N are known and (6°, r2.., r&:,) and (0, ay, Fmin) are specified, which
will be further discussed in the next section, then Eqgs. (23)25) may be used to determine r,, r, and
. Thus, Eq. (20) may be used to find the plastic strain ratio R, at any angle a.

When the initial back stress is not zero, which corresponds to the metal sheet with a given
amount of thickness reduction due to rolling, the tensile yield stress of a specimen cut at angle
o with respect to the rolling direction is determined by use of the yield function (13). If ¢, denotes
the tensile yield stress for the tension specimen, then o, is related to the stress components by

6y = 0,c08°%, 0, =0,sin’x and o,, = a,sinacosa. (26)
Upon the substitution of Eq. (26), Eq. (13) becomes
(6)*[(G + H)cos*a — 2H cos* asin® o + (F + H)sin*« + 2N sin? a cos? «]
+ 6,[ — 2(G + H)r,cos*a + 2H(r, sin* o + r,cos? ®)
—2(H + F)r,sina — 4Nr, sinacosa] + F = f2. 27)

This is an algebraic quadratic equation in o, where all coefficients of the equation are known. 7 in
the above equation is given by

2 .\ 2

R L) )
o o,

Thus, for a given «, the tensile yield stress o, at the on-set of second stage yielding may be

determined from Eq. (27) by setting 7, = F, = F,, = 0. Therefore, from Eq. (23), r, =712, r, =19,

rey =ro, f=1°, and from Eq. (27), the following special cases are obtained:

63(G + H) + ao[— 2(G + H)r + 2Hr0] + 7° = (f°)%, (29a)

030(H + F) + 0o [2Hr — 2(H + F)r%] + #° = (f°), (29b)
2

(%‘-5> (G + F + 2N) — 04s[Grd + Frd + 2Nr9,] + 7 = (%) (29¢)

In Eq. (29), 7° denotes the value of 7 when r, =12, r, = r2, and r,, = r,. Eq. (27) may also be
plotted to obtain the variation of ¢, with respect to x. When the sheet is at the as-received
condition, in many cases, it may be set Y = r) = r2, = 0 and f° = 1. Then, using Egs. (16) and (17),
Egs. (29) reduce to

2
VX + 1ok
Note that Egs. (30) are the same as those of Hill [6].

(30)

Y Y _
0o =0y, Ogo =0y, and ous=
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5. Applications

Equations derived in Section 4 are now applied to describe the plastic behavior of metal sheets.
Theoretical results are compared with experimental results. The first experimental results con-
sidered herein are those obtained by Lin and Ding [18] for as-received and cold-rolled aluminum
sheets of 25 and 50% thickness reductions, respectively. Note that this is a case of R < 1. Fig. 1(a)
shows the yield loci determined from the quadratic yield function (13) compared with experimental
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Fig. 1. (a)Yield loci for 1100-F aluminum sheet. (b) Plastic strain ratio, R,, for 1100-F aluminum sheet. (c) Yield stress for
tension specimen, g,, for 1100-F aluminum sheet.
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data. The yield locus for the as-received condition are determined using r? = r? = r2, = 0 MPa,
f°=1, o¥ = oY = g3 = 50 MPa; for the sheet with 25% thickness reduction, using r%(25%) =
r2(25%) = 4.7 MPa, f°(25%) = 1.185; and, for the sheet with 50% thickness reduction, using
r2(50%) = r2(50%) = 10.1 MPa, f°(50%) = 1.509. Note that the first-stage back stress and the
isotropic hardening function are functions of the strain. Since the Lin-Ding data are given only in
the first quadrant of the principal stress space, it opens up various possibilities for describing the
data. One could consider the behavior of anomaly as most researchers do; or one could consider
the kinematic hardening behavior as proposed in this investigation. It is shown here that
the experimental data can be reasonably described by use of the quadratic yield criterion, given by
Eq. (13), without the consideration of the “anomalous behavior”. The aforementioned values for 12,
r? and f° were determined by an optimization procedure. No uniqueness for these values is
claimed.

The plastic strain ratio R, for a tension specimen cut at an angle « is determined from Egs. (20)
and (21). The parameters of the model and results for all cases are listed in Table 1. The results are
also plotted in Fig. 1(b) together with the experimental data of Lin and Ding [18]. The knowledge
of principal direction and values (6°, r3., r%x) is equivalent to the knowledge of (2, r?, r%,). In the
kinematic hardening of the yield locus, only rQ and r? can be determined as in Fig. 1(a). Since the
principal directions of stress tensor and back stress do not usually coincide, the component r, # 0.
But, the value of this component has not been determined experimentally. Thus, the values of 6°,
rd.. and r2;. are not determined by the available data. In addition, during the tension test on
specimen cut at an angle «, necessary measurements have not been taken that would benefit
a careful theoretical study of the plastic behavior of the tension test. Therefore, information about
(Fx> Fys Txy), OF equivalently (0, Fax 7mia)s 1S DOt available.

Due to the lack of experimental data, it is shown here that, by use of equations of Section 4,
a heuristic choice of the kinematic hardening values does lead to a reasonable description of
experimental data for the yield locus, the strain ratio R,, and the yield stress g,. The criteria for the
determination of the kinematic hardening values (G, Frnax, Fmin) are: (a) the calculated R, values for
all o should fit the experimental data; (b) the motion of the center of yield locus should be smooth
as o varies; and (c) the kinematic hardening values used in the calculation should be able to
capture the essential features of the tension test. A commercially available optimization computer
program is used to cope with criterion (a). Criterion (b) is translated into the requirement that the 8,
Fmax and Fr;, versus a curves be smooth. Criterion (c) is further explained and (7,, 7,, ,,) is used to
aid the discussion. Note that the knowledge of (7, 7,, 7+, ) is equivalent to the knowledge of (4, Fnay
Fmin) @S previously mentioned. Prager’s linear kinematic hardening rule [20] is used as an
approximation. According to this rule, the motion of center of yield locus is proportional to the
plastic strain rate vector, which is normal to the yield locus. Thus, for the two-dimensional
principal stress space under consideration, the case of « = 0 corresponds to 7, >0, 7, <0 and
fy # 0; the case of a = 45° leads to 7, = 7, > 0 and ,, # 0, if the yield locus is an ellipse, and
7 # F, > 0 and 7, # 0, if the yield locus is not an ellipse; and the case of a = 90° corresponds to
Fr < 0,7, >0and ry, #0.

The aforementioned criteria are used in the determination of kinematic hardening values of
Table 1. Note that these are generally functions of the strain. But, numerical values are given in the
table which correspond to the state of kinematic hardening when yield stress is being determined in
the tension tests. The same criteria and method are used for Tables 2 and 3 which are related to
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Table 1

Plastic strain ratios R, and yield stress ¢, (Lin & Ding)

Han-Chin Wu et al. | International Journal of Mechanical Sciences 41 (1999) 703-724

F=G=H=2x10"*(MPa)2

2N = 14904 x 10”4 (MPa)~?

Condition 2 0° 8 ax rin a Frnax Fmin R, O,
As-received 0.0 0.0 0.0 0.0 26.84 9.30 — 11.80 0.571 50.0
As-received 45.0 0.0 0.0 0.0 40.00 12.13 - 5.13 0.930 46.0
As-received 90.0 0.0 0.0 0.0 109.50 19.00 —8.01 0.615 50.0
C-W 25% 0.0 450 7.29 2.12 24.41 9.54 —17.04 0.514 61.3
C-W 25% 450 450 7.29 2.12 40.73 13.61 — 6.61 0.877 60.5
C-W 25% 90.0 45.0 7.29 2.12 101.20 4548 — 698 0.571 61.3
C-W 50% 0.0 450 11.11 9.09 26.60 12.61 — 25.36 0461 80.0
C-W 50% 45.0 450 11.11 9.09 42.18 18.77 — 1177 0.936 74.9
C-W 50% 90.0 45.0 11.11 9.09 121.12 50.44 — 3544 0.514 80.0
Table 2

Plastic strain ratios R, and yield stress g, for annealed aluminum sheet

F =1.535%x 1073 (MPa)

G = 1.029 x 10 (MPa)

H=1711x10"*(MPa)~

2N = 11408 x 1073 (MPa

6, =191 MPa

o, = 197.5 MPa

Condition o4 0“ rr?xax rglin 6 fmux Fmin Ra O-17/0-1
Annealed 0.0 0.0 0.0 0.0 6.44 73.43 - 2722 0.735 1.034
Annealed 15.0 0.0 0.0 0.0 5.40 95.66 — 28.53 0.704 1.063
Annealed 22.5 0.0 0.0 0.0 6.51 101.78 — 2685 1.002 1.093
Annealed 300 0.0 0.0 0.0 8.63 104.82 —23.88 1.358 1.124
Annealed 450 0.0 0.0 0.0 16.83 104.39 - 16.78 1.735 1.167
Annealed 60.0 0.0 0.0 0.0 31.55 105.34 — 18.18 1.373 1.167
Annealed 67.5 0.0 0.0 0.0 39.87 111.71 — 2745 1.032 1.155
Annealed 75.0 0.0 0.0 0.0 47.06 123.62 — 44.05 0.724 1.141
Annealed 90.0 0.0 0.0 0.0 56.68 162.25 —97.40 0.712 1.125

other examples to be subsequently discussed. For the current example, it is seen from Fig. 1(b) that
R, varies with o« and no definite trend of variation for R, as a function of reduction of sheet
thickness is found from the experimental data. Apparently further experimental investigation need
be conducted. Only results for « = 0, 45 and 90° are shown in the figure, since R, for other o’s have
not been experimentally determined. Egs. (27) and (29) are used to determine the yield stresses for
the tension specimens. The results are shown in Fig. 1(c) and also listed in Table 1. It is seen from
Fig. 1(c) that o, increases with the amount of reduction of sheet thickness.
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Table 3
Plastic strain ratios R, and yield stress o, for SPCE steel sheet

F =1529x10"%(MPa)™?
G =1416x107%(MPa)~*
H = 1909 x 10”°(MPa) 2
2N = 10610 x 107 ¢ (MPa) 2

o, = 583 MPa

5, = 691 MPa

Condition a 0° 2 oin 0 Frnax Fmin R, b/ 05
Deep-draw 0.0 450 104.5 85.5 24 87 99.84 — 153.59 1.348 [.182
Deep-draw 15.0 43.0 104.5 85.5 30.31 142.11 — 128.64 1.264 1.167
Deep-draw 22.5 45.0 104.5 85.5 32.72 158.05 —119.51 1.200 1.162
Deep-draw 30.0 450 104.5 85.5 35.02 170.37 — 11246 1.146 1.159
Deep-draw 45.0 450 104.5 83.5 39.51 184.01 — 10442 1.140 1.159
Deep-draw 60.0 450 104.5 85.5 4421 183.23 — 104.75 1.295 1.166
Deep-draw 67.5 450 104.5 85.5 46.76 177.71 - 108.32 1.405 1.172
Deep-draw 75.0 45.0 104.5 85.5 49.51 169.03 —114.44 1.512 1.180
Deep-draw 90.0 450 104.5 85.5 55.74 143.38 — 13544 1.659 1.197

It should be remarked that no predictions of the model are claimed. Predictions can be done only
when experimental data for the back stress are available, or, in a theoretical work, a model for the
evolution of the back stress is used. In this paper, it is merely shown that reasonable agreement with
the experimental data can be achieved by use of the equations of Section 4 with heuristic choices of
parameters.

The next application refers to experimental results of Naruse et al. [16]. Experimental data for
yield locus, R,, and ¢,/0, are presented in the paper for annealed commercially pure aluminum
sheets (A1100P) and deep-drawing-quality steel sheets (SPCE), where o, = o3 is the equibiaxial
yield stress used by Naruse et al. [16] to report their experimental data. Equation (15) is used to
calculate the yield locus for annealed aluminum, i.e., rQ =10 = rl, = 0 and /° = 1. From Table 1 of
Naruse ef al. [16], it is found that ¢¥-191 MPa, ¢)_176 MPa and 6,5 = 165 MPa. Fig. 2(a) shows
the yield locus together with the experimental data, in which the stress is normalized by its value at
x = 0°. It is then determined that af = 197.5 MPa (adjusted to account for kinematic hardening).
The following coefficients are then determined: F = 1.535x107% (MPa)~ %, G =1.029x 1073
(MPa)™? H = [.711 x 1073 (MPa) ™2, and 2N = 11.408 x 10~ ° (MPa) 2. The parameters used to
determine R, and o, are listed in Table 2 for o = 0, 15, 22.5, 30, 45, 60, 67.5, 75 and 90°. The results
for R, and ¢, /0, are also listed in the table and plotted in Fig. 2(b) and (c). Note that this is a case
where R can be less than, equal to, or greater than one depending on the angle a. Fig. 3(a) shows the
principal angle § as a function of « and Fig. 3(b) shows the principal back stresses fiy,, and Fm;, as
a function of . The criteria for the determination of these values are the same as those given for the
Lin-Ding data.

Eq. (13) is used to calculate the yield locus for the SPCE steel sheet. It has been determined that
the sheet has the initial back stress of r = r? = 950 MPa and f® = 1. The following values are
used: 6} = 583 MPa, 6} = 561 MPa, gy = 691 MPa (adjusted to account for kinematic hardening)
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Fig. 2. (a) Yield locus for annealed A1100P aluminum sheet. (b) Plastic strain ratio, R,, for annealed 1100-H24 aluminum
sheet. {c) Yield stress for tension specimen, o,, for Annealed A1100P aluminum sheet.

and 645 = 595 MPa. Based on these yield stresses, the following coefficients have been determined:
F=1529%10"° (MPa) 2, G = 1416 x107° (MPa) %, H = 1909 x107° (MPa)~? and 2N =
10.609 x 10~ (MPa)~ 2. The yield locus thus determined is plotted in Fig. 4(a) together with
experimental data. The parameters used to determine R, and o, are listed in Table 3 for o =0, 15,
22.5, 30, 45, 60, 67.5, 75 and 90°. The results for R, and 6},/0, are also listed in the table and plotted
in Fig. 4(b) and (c). For this material, R > 1 and, from Fig. 4(b) and (c), it is seen that the
yield stresses are almost the same for « = 0% and 90°, while the strain ratios are markedly different.
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Fig. 5(a) shows the principal angle & with respect to o; and Fig. 5(b) shows the principal back
SLTESSES 7uax AN Fmin as a function of «. Fig. 6 shows the first and second-stage back stresses plotted
in stress sub-spaces for various « values. Fig. 6(a) is for the annealed aluminum and Fig. 6(b) for
SPCE steel.

A remark is in order. The experiments to determine the R, ratios have not been carefully
conducted. Using specimens cut at different angles «, tension tests are performed on the specimens.
It is known that due to the thinness of the specimen, the thickness strain cannot be determined with
the same degree of accuracy as the longitudinal or width strain. An alternate method is related to
the measurement of axial and width strains during the test. Then, the thickness strain is determined

by the assumption of volume constancy. Thus,
de,
dey
where g(&,) is measured as a function of the axial strain ¢, and the width strain is denoted by ¢, In

this consideration, the elastic strain has been neglected, which has a significant effect when R, is
determined at initial yielding. The volume constancy gives

(1)

= g(‘gx')’

dex + dey + dey = 0, (32)

where ¢, is the thickness strain with z' = z. Using Egs. (31) and (32), it may be shown that

R =% g (33)

" de. 1+g
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Fig. 4. (a) Yield locus for SPCE steel sheet. (b) Plastic strain ratio, R,, for SPCE steel sheet. (c) Yield stress for tension

specimen, g,, for SPCE steel sheet.

The current knowledge of the R, ratios indicates that this ratio varies with the increasing plastic
strain. But, no conclusive trend for this variation has been experimentally established. Further
experiments are therefore warranted. It is difficult to determine the R, ratio at the elastic—plastic
transition zone of the stress—strain curve. However, the R, ratios at larger plastic—strain can be
systematically determined. It is important since many applications of the sheet metals are in the

large plastic strain range.
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If the R, ratios are determined at a predetermined plastic strain, then the strain hardening of the
tension specimens due to the tension tests should be properly accounted for in the theoretical
expressions for the R, ratios. To account for the strain hardening behavior, a hardening rule should
be used.

6. Concluding remarks

Hill’s 1948 anisotropic theory has been discussed and extended in this paper. The expanded
theory has been shown to adequately describe the R-ratios for sheet metals, provided that
information related to experiments to determine the R-ratio is properly incorporated into the
equations. This theory has the following characteristics:

(1) A unified theory of anisotropic plasticity. The extended form of Hill’s 1948 anisotropic theory
is applicable to all product forms of a given metal, including sheet metal. In the case of
initially isotropic material, the unified theory would reduce to the classical theory of
plasticity.

(2) Quadratic yield function and normality condition for the flow rule. This theory uses Eq. (13)
and its generalized form within the framework of flow theory of plasticity, where the plastic
strain rate is assumed to be normal to the yield locus. The quadratic yield function given by
Eq. (13) is valid for materials with all R values and the more complex non-quadratic form is
not needed.

(3) The coefficients of yield function are determined based on the yield stresses and not on the
plastic strain ratios. Although the yield stress has several definitions, i.c. the propor-
tional limit, proof strain, or backward extrapolation, as long as the definition is chosen,
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(4)

(3)

a rather well-defined yield stress can be determined from the experiments, and the result is
rather repeatable although subjected to some degree of expected experimental scatter. On the
other hand, the method of determining the coefficients of yield function by use of the R-ratios
does not conform to the traditional method of plasticity. Traditionally, the yield function is
determined from the yield stresses and not from the flow rule. Since R is determined by the
flow rule, the coefficients of the yield function expressed in terms of R would have the same
effect as expressed in terms of the flow rule.

The concept of isotropic and kinematic hardening is incorporated into the theory. The current
theory for sheet metals does not use this concept. Using this concept, the “anomalous
behavior” is just a consequence of kinematic hardening.

The kinematic hardening can be used to characterize the state of rolling textures. The
kinematic hardening plays an important role in the analysis of sheet metals. Since both the
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rolling textures of the sheet and the back stress evolve with the thickness reduction of the
metal sheet, a correlation between the textures and the back stress can be established. This
information can then be incorporated into Egs. (13) and (14) for the prediction of subsequent
plastic deformation.
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