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Abstract

We present a problem called (m, 1, k)-resource allocation to model group mutual exclusion
with bounded capacity. Specifically, the problem concerns the scheduling of a resource among
m groups of processes. The resource can be used by at most k processes of the same group
at a time, but no two processes of different groups can use the resource simultaneously. The
problem reduces to group mutual exclusion when k is equal to the group size. We then gener-
alize quorum systems for mutual exclusion to the problem. We show that the study of quorum
systems for (m, 1, k)-resource allocation is closely related to some classical problems in combi-
natorics and in finite projective geometries. By applying the results there, we are able to obtain
some optimal /near-optimal quorum systems. We also exploit the properties of these systems
pertaining to distributed computing.
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1 Introduction

l-exclusion [6] and group mutual exclusion [13, 16, 10] generalize mutual exclusion in two orthogonal
directions. In mutual exclusion, every two processes conflict with each other when both are using
a shared resource at the same time. So the resource must be accessed in an exclusive style. In
l-exclusion, conflicts occur only when more than [ processes are using the resource simultaneously.
So up to [ processes can concurrently use the resource. In group mutual exclusion, processes are
divided into groups, and a conflict occurs only when two processes of different groups are attempting
to use the shared resource. Any number of processes are allowed to use the resource concurrently
so long as they belong to the same group.

Some applications, however, have properties captured by both [-exclusion and group mutual
exclusion. For example, consider a multi-head CD jukebox in which up to [ discs can be loaded for
access simultaneously. When a disc is loaded, users interested in the disc can concurrently access
the disc. By defining the set of users interested in the same disc as a group, we see that up to
[ groups of users can concurrently use the CD jukebox, and for each group, any number of users
can concurrently access the disc they are interested in. Furthermore, to guarantee some quality of
service, some system may impose a limit on the number of processes that can concurrently access a
disc. A similar problem also occurs in wireless communication, where the communication channel
consists of [ sub-channels, each of which can allow up to k users to communicate.

To model the above resource allocation problems, we propose a family of problems called
(m, 1, k)-resource allocation. They concern the scheduling of | copies of a resource among m groups
of processes. Each copy of the resource can be used by at most k processes of the same group at a
time, but no two processes of different groups can use the same copy simultaneously. We replace
k with co when there is no limit on the number of processes that may concurrently access a copy
of the resource. By assigning different values to the parameters, (m, !, k)-resource allocation can
be used to model many existing resource allocation problems, as well as new problems illustrated
above. For example, both (1,1, 1)-resource allocation and (n, 1, 1)-resource allocation can be used
to model n-process mutual exclusion, while both (1,1,7)-resource allocation and (n,[,1)-resource
allocation are able to model [-exclusion among n processes. Moreover, (m, 1, 00)-resource allocation
reduces to group mutual exclusion.

To solve (m, [, k)-resource allocation, the concept of quorum systems comes to our mind, as they
have been successfully applied to mutual exclusion (e.g., [20, 1, 27]) and l-exclusion (e.g., [15, 18, 23])
to reduce system load and to cope with site failures. Informally, a quorum system is a set of sets of
processes with some intersection property. Each set in a quorum system is called a quorum. The
quora provide some guard against conflicts in using a shared resource. To acquire the resource, a
process must obtain permission from every member of a quorum. The quorum is usually chosen
arbitrarily from the system, and a quorum member can give permission to only one process at
a time. So for mutual exclusion, every two quora in a quorum system must intersect; while for
l-exclusion, any collection of [ + 1 quora must contain a pair of intersecting quora. Note that a
quorum usually involves only a subset of the processes in the underlying network of computation. So
system load is reduced because when a process requests the resource, not all processes are involved
in the scheduling. Failure resilience is increased as well because the resource can be accessed so
long as not all quora are hit (a quorum is hit if one of its members has failed).

For a distinguishing purpose, we call quorum systems for mutual exclusion and [-exclusion 1-
coteries and [-coteries, respectively. We can see that 1-coteries are not general enough to solve
(m, 1, k)-resource allocation. A direct use of them would result in a degenerate solution in which
only one copy of the resource can be used at a time and only one process can use the copy. For
[-coteries, it is not clear how they can be applied to (m, 1, k)- or (m,!, k)-resource allocation.

The goal of this research is therefore to lay some groundwork for quorum systems for (m,l, k)-
resource allocation. This paper presents the results for the [ = 1 case. This case corresponds to
group mutual exclusion with and without bounded capacity, i.e., the (m, 1, k)-resource allocation
problem and the (m, 1, oo)-resource allocation problem. We begin by establishing some basic and



general results for quorum systems for (m, 1, k)-resource allocation, based on which quorum systems
for the more general case, (m,l, k)-resource allocation, can be understood and constructed. We
show that the study of quorum systems for (m, 1, k)-resource allocation is related to some classical
problems in combinatorics and in finite projective geometries. By applying the results there, we
are able to obtain some quorum systems that can provide optimal/near-optimal concurrency.

The paper is organized as follows. Section 2 defines quorum systems for (m, 1, k)-resource
allocation, and presents composition methods for the quorum systems. Section 3 presents some
optimal/near-optimal quorum systems for (m, 1, k)-resource allocation. Section 4 discusses failure
resilience. Conclusions and future work are offered in Section 5.

2 Fundamentals

2.1 Basic Definitions

Definition 2.1 Let P be a finite set of elements. An (m,1)-coterie over P, is a tuple € =
(C1,...,Cpn), where each C; C 2F, such that the following conditions are satisfied:

intersection: V1 <i# j<m,VQ € C;,VQ2 € Cj: Q1 NQ2 #0.
minimality: V1 <i <m,VQ1,Q2 € Ci: Q1 ¢ Q2.1
We call each C; a cartel, and each QQ € C; a quorum.

Note that by the intersection condition, no cartel can contain an empty set if m > 1; and by
the minimality condition, no cartel can contain ( unless € = ({#})—the empty (1,1)-coterie.

Definition 2.2 The degree of a cartel C, denoted as deg(C), is the mazimum number of pairwise
disjoint quora in C. The degree of an (m,1)-coterie €, denoted as deg(€), is defined to be the
minimum degree of its cartels. € is of uniform degree k if all its cartels have the same degree k.

We shall use (m, 1, k)-coteries to refer to (m, 1)-coteries of uniform degree k. For example,
({{17 2}7 {37 4}}7 {{17 3}7 {2a 4}}7 {{27 3}7 {17 4}}) is a (3a L, 2)—Coterie over {1a 2,3, 4—}

For comparison, we present the definition of 1-coteries used for standard mutual exclusion.
Formally, a 1-coterie over P is a set C C 2F of quora satisfying the following requirements:

intersection: VQ1,Q2 € C: Q1 N Q2 # 0.
minimality: VQi1,Q2 € C,Q1 Z Q2.

So each cartel in an (m, 1,1)-coterie is a 1-coterie. Conversely, a 1-coterie C can be straightfor-
wardly converted to an (m, 1, 1)-coterie as follows:

T (C) = (C,...,0)

To see how (m, 1, k)-coteries connect to the (m,1, k)-resource allocation problem, let P be the
set of processes in the problem, and let € = (C4,...,Cp,) be an (m, 1, k)-coterie over P. Each
group of processes in P is assigned a cartel so that when a process of group j wishes to use the
shared resource, it must acquire an arbitrary quorum @ € Cj; by locking every member of the
quorum. Suppose a quorum member can be locked by one process at a time. Then the intersection
property of € ensures that no processes of different groups can access the resource simultaneously.
The degree of € ensures that k£ processes (and no more) can concurrently access the resource. The
minimality property is used rather to enhance efficiency. As is easy to see, if 1 C )9, then a
process that can lock ()2 can also lock Q.

The above quorum-acquiring concept is essentially from Maekawa’s well-known algorithm [20]
for standard mutual exclusion. The number of messages needed for a process to access a shared

'For notational simplicity, throughout the paper, unless stated otherwise, by “Vai,...,ar € S” we assume that
the k elements a1, ...,ay are distinct. Similarly for “Jay,...,ar € S”.



resource is O(|Q)|), where @ is the quorum the process chooses. The minimum synchronization delay
(i.e., the minimum time, in message transmission delay, for a process to access a shared resource)
is 2. So by using Maekawa’s algorithm, an (m, 1, k)-coterie corresponds directly to a distributed
solution to (m, 1, k)-resource allocation. Also notice that the coterie is usually formed from the
processes in the resource allocation problem.

By definition, an (m, 1, k)-coterie over an n-set guarantees that every cartel contains at least one
unhit quorum even if k — 1 processes have failed. So high degree coteries provide better protection
against faults. However, every quorum in an (m, 1, k)-coterie must have size at least k (unless
m = 1). So the higher the degree, the larger the quorum size. Because every cartel in an (m, 1, k)-
coterie contains k pairwise disjoint quora, and because every quorum has size at least k, the system
must contain at least k2 processes. So k is bounded by /n:

Theorem 2.1 For every (m,1,k)-coterie € over an n-set, k < \/n if m > 1.

The above theoretical limit poses a problem to quorum-based solutions to (m,1, k)-resource
allocation with large value of k, in particular, the (m, 1, 00)-resource allocation (group mutual
exclusion). We shall return to this problem after we have constructed some (m, 1, k)-coteries with
the maximum possible k£ in Section 3.3.

Some (m, 1, k)-coteries have a structure that is not only mathematically beautiful, but has also
an important meaning in distributed computing. Below we define this structure. Section 3 will
present construction of the coteries.

Definition 2.3 Let € = (Cy,...,Cp) be an (m,1,k)-coterie over P. € is balanced if all cartels
have the same size. € is regular if all elements in P are involved in the same number of quora;
i.e., Vp,q € P : |np‘ = ‘nq|, where ny is the multiset {Q |31 <i<m:Q € C; and p € Q}, and
similarly for ng. € is uniform if all quora have the same size.

For example, the (3,1,2)-coterie ({{1,2},{3,4}}, {{1,3},{2,4}}, {{2,3},{1,4}}) is balanced,
uniform, and regular.

When used for (m, 1, k)-resource allocation, a balanced (m, 1, k)-coterie ensures that each group
has an equal chance in competing for the resource. The regular property ensures that each process
shares the same responsibility. The uniform property ensures that the number of messages needed
per access to the resource is independent of the quorum a process chooses. Thus the three properties
are desirable for a truly distributed algorithm for the problem [20].

2.2 Compositions of Coteries

In this section we provide some useful lemmas for constructing “large” (m,1, k)-coteries from
“small” ones. We begin with a composition that takes an (m,1, ki)-coterie over an ni-element
set, and an (m, 1, ko)-coterie over an no-element set, and then constructs an (m,1, k1 - ks)-coterie
over an nj - no-element set. The composition is borrowed from MacNeish’s technique for composing
Latin Squares [19]. The same technique has also been used in the context of standard quorum
systems [24, 21].

The composition needs the following notation. Let € = (C4,...,Cp,) be an (m, 1, k)-coterie
over an n-element set {1,...,n}. Then, €(P) denotes the (m, 1, k)-coterie € obtained by replacing
{1,...,n} with another n-element set P (using some arbitrary bijection between {1,...,n} and P).
Note that €(P) is essentially the same as € subject to renaming of the elements. Similarly, quorum
Q(P) corresponds to the quorum obtained from @ by replacing the elements in @ with that in P.

Lemma 2.2 Let Py,... P, be r pairwise disjoint sets, each of size s. Let € = (C1,...,Cp) be an
(m, 1)-coterie over an r-element set {1,...,r}, and ® = (D1,...,Dp) be an (m,1)-coterie over an
s-element set {1,...,s}. Let €CQ® = (E1,...,Ey), where each cartel E;, 1 < i < m, is defined
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Figure 1: Illustration of the composition in Lemma 2.2.

as follows: Let C; = {Qi""’Q\i(m}: and let D; = {Ri""’R\iDi\}' Then E; = {S;,h\l <g<
|Ci|,1 < h < |Dj|}, where
on=U Bu(P)

jeQi

Then, €R@® is an (m, 1)-coterie over U, ;<, Pj, and deg(E;) = deg(C;) - deg(D;).
Proof. See Appendix. O

Figure 1 illustrates the composition. To see how a quorum Si n€ E; is constructed, consider the
quorum Q! € C; which consists of three nodes u,v, w. Then SZ 1, 1s the union of R:(P,),R:(P,),
and Rﬁl(Pw). To see the intersection property of € ® ®, let Sg,,h, be a quorum in Ej, j # i. By
the intersection property of €, there is a common node between C; and Cj, in this figure, w. Then
SZ,,h, contains all nodes in R},(P,). By the intersection property of ®(P,), there is a common
node between R} (P,) and Rfl,( ) 82y, . So z € S oh 1 s? o

The above composition allows one to build up a large degree (m, 1, k)-coterie from ones with
smaller degree. The next two compositions we will present build up a coterie with larger number
of cartels. The compositions need the following lemma.

Lemma 2.3 Let P,... P, ber pairwise disjoint sets, and let P = U1<j<T Pj. Let ¢ = (Cf, Cg, el Cﬂn)
be an (m,1)-coterie over P;, 1 < j < r. Let u and v be two vectors in {0,1,...,m}". Define
C, C 2F as follows:

1<j<r, u[j];éo
That is, each set in Cy is of the form: Quuj U Qy U ... U Qyp), where each Q) is an arbitrary
quorum taken from CJ[] if u[j] (the jth element of vector u) is not zero, or is O otherwise. Similarly

for Cy. If there is an i such that u[i] # 0,v[i] # 0, and u[i] # v[i] (i.e., u and v have a distinct
nonzero ith element), then C, and C, satzsfy the followmg two condztzons

intersection: VS € C,,VT € C, : SNT # ().
minimality: VS, T € C, : § ¢ T. Similarly for C,.
Moreover, deg(C,,) = mln{deg(CJ )|u[j] #0,1 <j <r}. Similarly for C,.
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Figure 2: Illustration of the composition in Lemma 2.3.

Proof. See Appendix. O

To illustrate the lemma, consider Figure 2. Assume that u = [2,1,2,0]. Then C,, consists of the
following 12 sets: x; Uy; Uz, ¢ = 1,2,3, j = 1,2, and k = 1,2. To see the intersection property,
let v =[2,0,3,0]. Then, the third elements of v and v are both nonzero and distinct. We see that
every set in C,, must contain all the nodes in 21, or all the nodes in z9; and every set in C, must
contain all the nodes in wy, we, or w3. z;’s and w;’s are quora from different cartels of the same
coterie €*. By the intersection property of ¢, every z; intersects every w;. So every set in C,
intersects every set in C,,.

Let us say that two vectors u and v of size r ‘hit’ if they have a distinct nonzero ith element
for some ¢ < r. Lemma 2.3 then implies that given a collection of ¢ pairwise hit vectors, we can
construct a (g, 1)-coteries over P. In particular, if the vectors are from {1,...,m}", then any two
different vectors must hit. So we immediately have the following lemma:

Lemma 2.4 Let {P1,... P} be a partition of P, i.e., P = U1<j<1-Pj' Let T = (C{,C’%,...,Cfﬁ)
be an (m,1,k)-coterie over Pj, 1 < j <r. Let u;, 1 <1i <gq, be q different vectors in {1,...,m}",
and Cy; be defined as in Equation (1). Then € = (Cy,,Cuy,---,Cy,) is a (g,1,k)-coterie over P.

Another way to construct a collection of ¢ pairwise hit vectors is that if two vectors v and v
from {0,1,...,m}" both have |r/2] 4+ 1 nonzero elements, then they must have a nonzero element
in the same field. By requiring their elements in the field to be distinct, we can obtain such a
collection. The following lemma, follows from this observation:

Lemma 2.5 Let {Py,... P} be a partition of P. Let € = (C{,Cg, .. .,C’f}b) be an (m, 1, k)-coterie
over Pj, 1 <j<r. Let u;, 1 <1i < q be q different vectors in {0,1,...,m}" such that ‘{g | ui(g) #

0}‘ = |r/2] + 1, and for any two different vectors u; and u;, there is an h such that u;(h) # 0,

u;j(h) # 0, and u;(h) # u;(h). Let Cy; be defined as in Equation (1). Then € = (Cy,,Cy,,...,Cy,)
is a (q,1,k)-coterie over P.

The difference between the compositions in the above two lemmas is that in Lemma 2.4, every

quorum S in €y, is formed by r sub-quora, one from C;[l}’ one from Cg o5 - - -» and one from C;[T].

Thus, if each sub-quorum has size s, then S has size r - s. In Lemma, 2.5, the size of a quorum in



C,, is reduced approximately by half by letting S be composed by only |r/2] + 1 sub-quora. Note,
however, that the maximum number of cartels one can obtain in the first composition is m”, while
in the second composition the number is reduced to O(m"/?).

3 Constructions of (m, 1, k)-coteries

Recall Theorem 2.1 that the degree of (m, 1)-coteries over an n-set is bounded by 4/n. In this section
we show that the bound is tight by constructing an (m, 1,+/n)-coterie over an n-set. We also show
that the coterie is balanced, uniform, and regular. Based on this coterie and the composition
methods presented in the previous section, we show how other coteries with near-optimal degree
can be constructed. Note that the existence of an (m, 1, k)-coterie implies the existence of (m, 1, k')-
coteries for all ¥’ < k (and the existence of (m/, 1, k)-coteries for all m’ < m as well). This is because
for every cartel C in an (m, 1, k)-coterie, removing any subset of quora from C' does not affect the
intersection and minimality properties. So we start the construction of (m, 1, k)-coteries with some
optimal degree.

3.1 (m,1)-coteries of Maximal Degree

The study of (m, 1,+/n)-coteries over an n-set is related to the study of finite projective geometries
(see, e.g., [25]). The following definition and theorem can be found in the literature:

Definition 3.1 An affine plane is an ordered pair (P, L), where P is a nonempty set of elements
called points, and L is a nonempty collection of subsets of P called lines satisfying the following
properties:

e Ewvery two points lie on ezactly one line. (A point i lies on a line L iffi € L).

e Given a line L and a point i not on L, there is ezactly one line L' such that i is on L', and
L and L' are parallel (i.e., LNL =0).

o Fach line has at least two points, and there are at least two lines.
If each line of an affine plane contains exactly n points, the plane is said to have order n.
Theorem 3.1 An affine plane (P, L) of order n has the following properties:

e P has n? points.

L has n? + n lines.

FEach point is on n + 1 lines.

L can be partitioned into n+1 classes such that each class contains n parallel lines, and every
two lines of different classes intersect.

For example, let the nine points 1,...,9 be arranged as follows:
1 2 3
4 5 6
789
Then we can construct an affine plane of order 3 consisting of 4 classes C1,...,C4, as follows:

Cr = {{1,4,7}, {2,5,8}, {3,6,9}}
Cy = {{1,2,3}, {4,5,6}, {7,8,9}}
Cs = {{3,5,7}, {1,6,8}, {2,4,9}}
04 = {{1’579}7 {314’ 8}’ {2’6’7}}



To picture this, C; corresponds to the three vertical lines, Cy corresponds to the three horizontal
lines, and C'3 and Cj correspond to the three “rounded” lines with slope 1 and —1, respectively.

It is known that an affine plane of order n exists if n is a power of a prime. So Theorem 3.1
immediately implies the following.

Theorem 3.2 Let n = p°*, where p is a prime, and k is a positive integer. Then there is an
(m,1,4/n)-coterie € over an n-set for every m < /n+ 1. In particular, € is balanced, uniform,
and regular, and each quorum has size \/n.

By Theorem 2.1, the above construction obtains (m, 1)-coteries with optimal degree. Moreover,

by Theorem 2.2, given n = p?cl .. .p?cl, and m < min{p{*,...,p;'} + 1, where pi,...,p; are primes
and ci,...,¢ are positive integers, a degree-optimal (m, 1)-coterie over an n-element set can also

be constructed as well. The construction of finite affine planes (and thus the construction of (m, 1)-
coteries with optimal degree) can be found in finite projective geometries.

Note that in the above construction m is limited to 4/n + 1. By a combinatorial analysis, we
can prove that the bound is also tight.

Theorem 3.3 Let € = (C1,...,Cy) be an (m,1,k)-coterie over an n-set. If k = \/n, then m <
k+1.

For m > \/n + 1, we propose deterministic and randomized constructions. The deterministic
constructions make use of the composition methods presented in Section 2.2. For example, by
Lemma 2.4 and Theorem 3.2 we immediately have the following:

Theorem 3.4 Given |P| = r - k%, where k is a power of a prime and r an integer, there is an
(m, 1, k)-coterie € over P for every m < (k+ 1)".

So, taking r to be a constant, we can construct an (m, 1)-coterie that is near optimal in degree
by only a constant factor of /r for any m up to =~ r~inz. In particular, in the (m,1,00)-
resource allocation problem, when groups are disjoint, m cannot be greater than the total number
of processes n, and m < n/2 if each group consists of more than one process. In this case, we can
let 7 = 2 and obtain an (m, 1, /n/2)-coterie. Each quorum in the coterie has size only v/2n.

When groups are not disjoint, m can be larger than n in the (m,1, oco)-resource allocation

problem. In this case, the above construction gives an (m, 1)-coterie of degree O(4/ Tf;g%‘). Notice

that the above construction requires s to be a power of a prime. However, by the distribution
of primes in number theory (see, e.g., [11]), for any given € > 0, there is a prime p such that
z <p < (14€)x for all z > xo, where xg is some constant depending on €. So the construction can
be generalized to arbitrary n when n is sufficiently large.

Similarly, Lemma 2.5 and Theorem 3.2 can be used to obtain some near-optimal constructions.

The above constructions require some knowledge about primes and projective geometries. In
contrast, the following randomized construction is much simpler and requires less restriction on n
and m.

Theorem 3.5 Given any n,m, and k such that n/k is an integer, the following construction guar-

n

antees to generate, with probability one, an (m,1,k)-coterie over P ={1,...,n} if k < STog(am)*

1. repeat

2.  randomly choose m sets Cy,...,Cn, each of which is a random partition of P
of k equal-size parts;

3. until € = {C1,...,Cp} is an (m,1)-coterie over P;

4. output C;



Proof. See Appendix. O

Theorem 3.4 constructs an (m, 1)-coterie of a fixed degree determined by n. In contrast, the
degree of the (m,1)-coterie constructed in Theorem 3.5 is part of the input parameters. Thus,
although an (m, 1, k’)-coterie can be obtained from an (m, 1, k)-coterie for any given k¥’ < k (by
removing additional quora), the construction in Theorem 3.5 provides a more direct way in con-
structing an (m, 1)-coterie of a given degree.

3.2 Related Work in Combinatorics

As can be seen from the previous section, there is a close connection between (m, 1, k)-coteries and
combinatorial designs. In fact, the structure of (m, 1, k)-coteries can be simplified by additionally
requiring quora within a cartel to be pairwise disjoint. Each cartel then is simply a partition
of P—the set of all processes. The intersection property then requires that any two blocks of
different partitions intersect. In combinatorics, two partitions with such an intersection property
are said to be qualitatively independent.? So by restricting an (m, 1, k)-coterie to be a collection
of pairwise qualitatively independent partitions, many interesting results in combinatorial designs
can be applied to (m, 1, k)-coteries, and vice versa.

For example, Rényi raised the following problem [31]: given n and k, what is the maximal size
N (n, k) of a collection of pairwise qualitatively independent k-partitions of an n-element set?® The
exact value of N(n,2) has been determined [31]

N(n,2) = (L%nnj—_l 1)

For k£ > 2, however, the problem becomes very complex, and only bounds have been established.
Specifically, Poljak and Rodl [29] established the following lower bound

N(n,k) > (k + 1)#*

for k£ that is a power of a prime. As commented in the previous section on the distribution of
primes, the lower bound for general k is not much different from the above. The upper bound
established by Poljak and Tuza [30] uses Bollobas’ inequality [3], and has the following value

nky < L(VE)Y Zowt/va
Ve < 5(157) = out v

As can be seen, there is a gap between the two bounds. Although later results have improved these
two bounds [28, 17, 9], the difference is not much.

The bounds on N(n, k) certainly highlight the relationship between the degree of an (m,1)-
coterie over P, the given m, and the size of P. Specifically, from the above bounds we see that given

nlogn
logm

. The construction presented in

arbitrary n and m, an (m, 1)-coterie over an n-element set of degree O( ) can be constructed,

but no construction is possible for degree higher than O(m)
Theorem 3.4 achieves the lower bound. In fact, our construction and the construction presented by
Poljak and R6dl in establishing the lower bound of N(n, k) are both based on MacNeish’s method
for composition of Latin Squares [19]. Any improvement on the construction will also improve the

lower bound on N(n, k), and vice versa.

2This definition has an intuitive meaning in probability theory: two partitions can be generated by two independent
random variables if and only if they are qualitatively independent [31].

3This is a typical problem in the research of eztremal sets. The research is stimulated by Sperner’s theorem [32]
on the maximum possible size of a family of pairwise unrelated (with respect to inclusion) subsets of a finite subset.
See [7] for a survey.



| | FPP 4+ Maekawa_M | AP 4+ Maekawa | AP + Maekawa_M |

kE<y/n O(vn - k) O(v/n) -
k> /n O(vn - k) - O(k)

Table 1: Comparison of 1-coteries vs. (m, 1)-coteries for (m, 1, k)-resource allocation. ‘AP’ denotes
the affine plane coterie.

Note that although requiring quora within a cartel to be pairwise disjoint helps connect the prob-
lem to combinatorial designs, the restriction also limits the availability of quora. For example, the
(2,1,2)-coterie ({{1,2},{3,4}},{{1,3},{2,4}}) can be ‘expanded’ to ({{1,2},{3,4},{1,4},{2,3}},
{{1,3},{2,4}}). The latter provides more quora, and so provides a better protection against faults.
Failure resilience is an important metric in quorum systems. So in the definition of (m, 1, k)-coteries
we generally do not require quora within a cartel to be pairwise disjoint. Section 4 will address the
failure resilience issue.

3.3 (m,1,k)-coteries versus 1-coteries

As noted in Section 2, by using Maekawa’s algorithm, an (m, 1, k)-coterie corresponds directly to
a distributed solution to the (m, 1, k)-resource allocation problem, and the coterie is formed from
the processes in the problem. Assume that there are n processes in the problem. Theorem 2.1,
however, says that we cannot construct an (m, 1, k)-coterie out of the n processes for any k > 1/n
(unless m = 1). This means that a different approach needs to be used to solve the problem when
k > y/n. We discuss two of them.

The first approach introduces auxiliary processes to act as quorum nodes. Since k cannot be
greater than n, in the worst case (when k& = n) we can add n? — n auxiliary processes to construct
an (m, 1, n)-coterie over these n? actual and auxiliary processes, and then use Maekawa’s algorithm
to solve the problem. The message complexity is O(n), and the space overhead (for the auxiliary
processes) is O(n?). Note that we can let the n actual processes act also as auxiliary processes, so
that no extra physical process is added to the system.

The second approach is to adopt a different quorum-acquiring algorithm. Two algorithms,
Maekawa_M and Maekawa_S, have been proposed in [14]. Both algorithms are a modification
of Maekawa’s algorithm, but they remove the restriction that a quorum node can be locked by
only one process at a time. So, multiple processes (of the same group) may all acquire a quorum
simultaneously, regardless of whether their quora intersect or not. Maekawa_M imposes no order on
the locking sequence within a quorum, while a global ordering is used in Maekawa_S. As a result,
the two algorithms trade off between message complexity and synchronization delay. Maekawa_M
has message complexity O(c - k/d) and minimum synchronization delay 2, while Maekawa_S has
message complexity and minimum synchronization delay both of O(c), where ¢ is the quorum size
and d is the degree of the (m,1)-coteries. When the affine plane (m,1,+/n)-coterie constructed
in Theorem 3.2 is used, Maekawa_M has message complexity O(n), while Maekawa_S has message
complexity and minimum synchronization delay both of O(y/n).

At this point one may have observed that 1l-coteries can also be used in Maekawa M and
Maekawa_S to solve (m,1, k)-resource allocation. A natural question then is whether (m,1,k)-
coteries are beneficial over 1-coteries. The answer depends on applications. If applications need
fast response time, then Maekawa_M should be chosen. If 1-coteries are used in the algorithm,
then as commented above, the message complexity is O(c - k), because 1-coteries have degree one
when converted to (m,1)-coteries. For example, the FPP 1-coterie in [20] (which also supports a
truly distributed solution) has O(y/n - k) complexity. On the other hand, when (m, 1, k)-coteries
are used, then Maekawa’s original algorithm can be used for ¥ up to y/n. In this case, the affine
plane coterie yields O(y/n) message complexity. For k > y/n, Maekawa_M together with the affine
plane coterie yields O(n) message complexity. Table 3.3 summarizes the comparison.



If applications can tolerate long synchronization delay, then Maekawa_S can be used. In this
case, there is not much difference in choosing between (m, 1, k)-coteries and 1-coteries. However,
1-coteries have been extensively studied in the literature, and they have been optimized in many
possible ways; while (m, 1, k)-coteries are new concept and many of their properties remain to be
exploited. We hope that our studies in the paper can initiate further research on a more general
type of quorum systems.

4 Failure Resistance vs. Full Distributedness

Since there are many (m, 1, k)-coteries over a given set, some criteria are needed to evaluate them.
In this section we compare (m, 1, k)-coteries based on their failure resilience. The notion we shall be
using is dominance, which determines if an (m, 1, k)-coterie can be extended to tolerate more fail-
ures. We then present some methods to determine dominance, and to convert dominated (m, 1, k)-
coteries to nondominated ones. Finally, we show that (m,1,k)-coteries constructed from affine
planes, although are very suitable for a fully distributed implementation of the resource alloca-
tion problem, are unfortunately dominated. We then propose a remedy to cope with the conflict
between full distributedness and failure resilience.

4.1 Dominance

The notion of dominance was first proposed by Garcia-Molina and Barbara [8] to compare the
failure resilience of 1-coteries. Intuitively, a 1-coterie C' dominates another 1-coterie D if whenever
a quorum in D can survive some failures, then some quorum in C can certainly survive as well.
Thus in this sense C' is said to be superior to D because C' provides more protection against failures.
Formally, a 1-coterie D is nondominated if there is no other 1-coterie C such that VQ € D,3R €
C : R C Q. Similarly, domination of (m, 1, k)-coteries can be defined as follows:

Definition 4.1 An (m,1,k)-coterie € = (Cy,...,Cy,) over P dominates an (m,1,k')-coterie ®
over P if

1. CT#D,

2.V1<i<m,VQeD;,ARe€ C; : RC Q.
® is (strongly) nondominated if there is no (m,1,k)-coterie that dominates ®. ® is weakly
nondominated if it is not dominated by any (m, 1,k")-coterie of the same degree.

To illustrate dominance, the (2, 1,2)-coterie ® = ({{1,2},{3,4}},{{1,3},{2,4}}) is dominated
by the (2,1, 2)-coterie € = ({{1,2},{3,4},{1,4},{2,3}}, {{1,3},{2,4}}). By a simple enumeration,
it can be proved that € is nondominated.

If€ = (Cy,...,Cp) dominates ® = (D1,...,Dy,), then deg(C;) > deg(D;) for all 1 < i < m.
For example, the (2,1,1)-coterie ® = ({{1,2,3},{2,3,4}}, {{1,2,3},{2,3,4}}) is dominated by
the (2,1,2)-coterie € = ({{1,2},{3,4},{1,4},{2,3}}, {{1,3},{2,4}}). So nondominated (m,1)-
coteries not only are more failure-resilient, but have degree no less than the ones they dominate.
On the other hand, weak nondominance can be used to evaluate (m, 1)-coteries of a fixed degree.

It is often useful to discuss dominance with respect to a cartel, as defined below.

Definition 4.2 Let ® = (D1,...,Dy) be an (m,1)-coterie over P. ® is dominated w.r.t. D;
if there exists some € = (Cy,...,Cy,) such that € dominates ® and C; # D;; otherwise ® is
nondominated w.r.t. D;.

It follows that if ® is nondominated w.r.t. every D;, then ® must be nondominated as well.
Similar to the theorem proposed by Garcia-Molina and Barbara for checking dominance of 1-
coteries [8], the following can be used to check dominance of (m, 1)-coteries.

Lemma 4.1 An (m,1)-coterie ® = (D1,...,Dy) over P is dominated w.r.t. D; if, and only if,
there exists a set H C P such that

10



1.YQeD;,Q ¢ H.
2.VQeDj,j#£i:QNH#D.

Proof. See Appendix. |

The following corollary follows immediately from Lemma, 4.1.

Corollary 4.2 An (m,1)-coterie ® = (D1,...,D,,) over P is dominated if, and only if, there
exists a set H C P and some 1 <1 <m such that

1.YQeD;,Q ¢ H.
2.VQeDj,j#£i:QNH#D.

By Corollary 4.2, it is easy to see that when m = 1, there is only one nondominated (1, 1)-coterie
over P: ({{i}|i € P}). When m > 1, any (m,1)-coterie of the form ({{i}},...,{{i}}) for some
i € P is nondominated.

Corollary 4.3 Let C be a nondominated 1-coterie over P. Then, the (m,1,1)-coterie T, (C) =
(C,...,C) transformed from C is nondominated if m > 1, and is dominated if m = 1 (unless
[Pl =1).

Proof. The case m = 1 follows directly from the fact that ({{i}|¢ € P}) dominates all other
(1,1)-coteries over P. For m > 1, by Corollary 4.2, if T,,(C) is dominated, then there exists some
H C Psuchthat VQ € C,Q € H AN QN H # (. Then by Theorem 2.1 in [8], C must also be
dominated, contradiction. O

In contrast to the above corollary, we note here that if € = (Ci,...,Cy,) is a nondom-
inated (m, 1)-coterie, then an (m/,1)-coterie € = (Cj,,...,C; ,) constructed from € by tak-

ing m' cartels Cj,...,C; ., in € as the cartels of €' may not preserve €’s nondominance prop-
erty. For example, the (3,1,2) coterie ({{1,2},{3,4}},{{1,3}, {2 4}},{{1,4},{2,3}}) is nondomi-
nated, but the (2,1, 2)-coterie ({{1,2},{3,4}},{{1,3},{2,4}}) is dominated by the (2,1, 2)-coterie

({12}, {3,4}, {1, 4}, {2,3}}, {{L. 3}, {2.4}}).

Definition 4.3 Let € = (C4,...,Cp,) be an (m,1)-coterie over P, m > 1. A Cj-transversal of
€ is a set T C P such that for every Cj, i # j, TNQ # 0 for all Q € C;. T is minimal if no

proper subset of it is a Cj-transversal of C.

Soif € = (Cy,...,Cp,) is an (m, 1)-coterie, then every Q € C; is a C;-transversal of €. Minimal
transversals play an important role in nondominated (m, 1)-coteries. First, € is nondominated
w.r.t. C; if, and only if, C; is the set of minimal Cj-transversals of €.

Lemma 4.4 Let € = (Ci,...,Cp) be an (m,1)-coterie over P such that m > 1. Then € is
nondominated w.r.t. C; if, and only if, C; consists of all minimal C;-transversals of €.

Proof. See Appendix. m|

The lemma implies that given € = (Cy, ..., Cy,), we can obtain another € = (Cy,...,C;_1,Cl,
Cit1,--.,Cp) that is nondominated w.r.t. to C! by replacing C; with the set of minimal C;-
transversals of €. As we shall see shortly, we can apply the same procedure to other cartels of
€, one after another, to obtain a nondominated (m,1)-coterie. For this property, we need the
following lemma.
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Lemma 4.5 Let € = (C4,...,Cy) be an (m,1)-coterie over P, m > 1. Suppose R € C; is a
minimal Ci-transversal of € for some 1 < i < m. Let T be a minimal C;-transversal of € for some
j#i. Let € = (Cy,..., Cj-1,C}, Cjt1,...,Cn), where C} = {Q|Q € C;,T £ QyU{T}. Then T

is an (m,1)-coterie over P, and R is also a minimal C;-transversal of €'.

Proof. It is easy to verify that € satisfies the intersection and minimality properties of Defini-
tion 2.1. So €'is an (m, 1)-coterie. (Note that the minimality property requires the fact that 7' is
minimal.) To see that R is also a minimal C;-transversal of €', observe that R intersects T (because
T intersects every quorum in C; and R € C;). So R is a Cj-transversal of €. So if R is not minimal,
then some proper subset S of R is a minimal Cj-transversal of €. So S intersects every quorum in
Ci, k # i, and every quorum in C;-. Let Q € Cj — C;-. Since T' C @@ and S intersects T, S intersects

Q. So S intersects every quorum in Cj. So S is also a Cj;-transversal of €, contradicting the fact
that R is minimal. |

Corollary 4.6 Let € = (C,...,Cy,) be an (m,1)-coterie over P such that m > 1 and € is non-
dominated w.r.t. C;. Let T be a minimal Cj-transversal of € for some j # i. Let € = (C4,...,
Cj-1,C},Cj1,---,Cm), where C} = {Q|Q € C;,T € QY U{T}. Then the (m,1)-coterie € is also
nondominated w.r.t. C;.

Proof. Since € is nondominated w.r.t. C;, by Lemmas 4.4 and 4.5, every R € C; is a minimal
Cj-transversal of €. So if € is dominated w.r.t. C;, then by Lemma 4.4, some S C P is a minimal
C;-transversal of € and S ¢ C;. By definition, S intersects every quorum in Cj, k # 4, and every
quorum in CJ’-. Let Q € C; — C]'-. Since T' C @ and S intersects T, S intersects ). So S intersects
every quorum in Cj. So S is also a Cj-transversal of €. But since € is nondominated w.r.t. C;, by
Lemma 4.4 every minimal Cj-transversal of € is in C;. Since S € C;, some U € C;, U C S, is a
minimal Cj-transversal of €. Then by Lemma 4.5, U is also a minimal C;-transversal of €. This
then contradicts the fact that S is a minimal Cj-transversal of €'. O

Based on the above lemmas and corollary, we can use the two simple algorithms presented in
Figure 3 to convert dominated (m, 1)-coteries to nondominated. The first algorithm adds the set of
minimal D;-transversals of ® to D; all at once. The second algorithm adds minimal transversals to
the cartels in a round robin fashion, and each time only one transversal is added. The correctness of
the first algorithm follows directly from Corollary 4.6, while the correctness of the second algorithm
follows from Lemmas 4.4 and 4.5.

To illustrate the difference, let ® = ({{1,2},{3,4}},{{1,3},{2,4}}). Then the first algorithm
yields ({{1,2},{3,4}, {1,4},{2,3}, }, {{1,3},{2,4}}), while the second algorithm yields ({{1, 2}, {3,4},
{1,4}}, {{1,3}, {2,4}, {1,4}}). It can be seen that the second algorithm results in a more balanced
(m, 1)-coterie.

Both of the above algorithms require a step to compute minimal transversals. Minimal transver-
sals can be computed using the simple algorithm described in [2]. The algorithm may run in time
exponential in the input and output size, however [5]. As also pointed out in [5], computing
minimal transversals is important in several other areas in computer science, including database
theory, switching theory, logic, and artificial intelligence. Unfortunately, it remains open whether
the problem can be solved in time polynomial in the input and output size. Note that quora used
in Maekawa’s algorithm and in Maekawa_M and Maekawa_S are not constructed on the fly. So the
time complexity of the algorithms does not depend on the procedure used to construct the quora,
but on their finished construction.

4.2 Distributed Cores

Recall from Theorems 3.1, 3.2, and 3.3 that an affine plane AP = (P, L) of order n can be used
to construct an (m, 1,n)-coterie over P, for any m < n + 1, by taking m classes of parallel lines
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Input. An (m,1)-coterie ® = (D1,...,Dp), m > 1.
Output. A nondominated (m, 1)-coterie.

Algorithm 1.

1. for i «— 1 to m do {

2. let T be the set of minimal D;-transversals of D.
3. D,«+T}
4. output ®

Algorithm 2.

1. repeat

2 for i «+— 1 to m do

3 if there is a minimal D;-transversal T of ® such that T ¢ D;, then
4. Di+— D; —{Q|Q € D;,T CQ}U{T}

5. until no more new transversal 7' can be found in step 3 for all ¢

6. output ®

Figure 3: Two algorithms for converting dominated (m, 1)-coteries to nondominated.

from L as the m cartels of the coterie. All (m,1,n)-coteries constructed in this way are identical
subject to isomorphisms. As we do not need to distinguish isomorphic (m, 1, n)-coteries, we shall
use AP(n,m) to denote an (m, 1,n)-coterie of this form.

As also noted in Theorem 3.2, AP(n,m) is balanced, uniform, and regular. The three properties
are important to realize a truly distributed implementation of the (m,1,k)-resource allocation
problem. Unfortunately, AP(n,m) is, in general, dominated.

Theorem 4.7 AP(n,m) is dominated for all n > 2 and m > 1.
Proof. See Appendix.

Because AP(n, m) has optimal degree for all m > 1, any (m, 1)-coterie that dominates AP (n,m)
must be of the same degree. So AP(n,m) cannot be weakly nondominated, either. Theorem 4.7
excludes the case n = 2. For this case, AP(2,3) is nondominated. To see this, let P = {1,2,3,4}.
Then AP(2,3) = ({{1,2},{3,4}}, {{1,3},{2,4}},{{1,4},{2,3}}) (subject to isomorphisms). It is
easy to verify that AP(2,3) is nondominated.

In [14] we presented another (im,1)-coterie that is also balanced, uniform, and regular. The
coterie minimizes processes’ loads by letting each process be included in at most two quora. It has

degree ,/%, and is also dominated. Except for some special cases, it remains open whether

or not there exists a nondominated (m, 1, k)-coterie that is also balanced, uniform, and regular for
any given k.

To cope with the apparently conflicting nature in between full distributedness and failure re-
silience, we observe that in real systems failures do not occur often. So distributedness and failure
resilience need not be considered at the same time. Rather, we can focus on distributedness when
failures do not occur, and turn into fault tolerance when failures do occur. In this case, we can
design a quorum system such that some quora are used to facilitate a truly distributed implemen-
tation of the resource scheduling, while other quora are used to “back up” the system when failures
occur. The following definition is used to realize this concept.

Definition 4.4 Let € = (C1,...,Cp) be an (m,1)-coterie over P. A distributed core of € is an

(m,1)-coterie ® = (D1,...,Dy) such that D; C C;, 1 < i < m, and ® is balanced, uniform, and
regular.
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Thus, rather than designing a balanced, uniform, regular, and nondominated (m, 1, k)-coterie
(if it exists!), we can instead construct a nondominated quorum system with a distributed core. We
know already how to construct a balanced, uniform, and regular (m, 1, k)-coterie. The following
lemma shows how such a coterie can be extended to meet our goal.

Lemma 4.8 Let ® = (Dy,...,Dy) be a balanced, uniform, and regular (m, 1, k)-coterie over P.
If for every D;, 1 < i < m, every quorum @ € D; is a minimal D;-transversal of ®, then ® can be
extended to an (m, 1,k)-coterie € of which ® is a distributed core.

Proof. We can use the algorithms presented in Figure 3 to convert ® to nondominated. By
Lemma 4.5, every quorum in ® remains in the converted coterie. O

By Lemma 4.8 and the property of AP(n,m), we see that a nondominated (m, 1, k)-coterie with
AP(n,m) as a distributed core can be easily constructed.

To summarize, the concept of distributed cores separates failure resilience from fully distribut-
edness. So when designing quorum systems, we can first design a balanced, uniform, and regular
(m, 1, k)-coterie ® such that every quorum in a cartel is minimal. The by applying Lemma 4.8, the
constructed (m, 1, k)-coterie ® can be easily enlarged to a nondominated (m, 1, k)-coterie € that
‘contains’ ® as a distributed core. The same concept can also be applied to the design of standard
quorum systems for mutual exclusion and [-exclusion.

5 Conclusions and Future Work

We have presented the (m, [, k)-resource allocation problem that concerns the scheduling of [ copies
of a resource among m groups of processes. Each copy of the resource can be used by at most k
processes of the same group at a time, but no two processes of different groups can use the copy
simultaneously. The problem can be used to model many existing resource allocation problems, as
well as new problems that cope with group resource allocation.

We then studied quorum systems for the [ = 1 case. This case corresponds to group mutual
exclusion with and without bounded capacity, i.e., the (m, 1, k)-resource allocation problem and the
(m, 1, co)-resource allocation problem. To lay the groundwork, we have presented some fundamental
results for (m,1)-coteries, including basic definitions and composition methods. Based on these
results we have then presented some (m, 1)-coteries that are optimal/near-optimal in degree, and
(m, 1)-coteries that can support a fully distributed implementation of the problem An important
characteristic we have observed is that all “fully-distributed” (m,1)-coteries we can construct so
far are, in general, not optimal in failure resilience. It remains an interesting open problem to see
if such an (m, 1)-coterie exists. Nevertheless, we have proposed the concept of “distributed cores”
to cope with the conflict between full distributedness and failure resilience.

The main benefit of our studies is that they reduced the design of distributed solutions for group
resource allocation to combinatorial problems. Many interesting results in combinatorics can then
be applied. For example, by using Maekawa’s algorithm, the design of an (m, 1, k)-coterie provides
an immediate solution to (m,1,k)-resource allocation. To our knowledge, no solution for the
problem has been proposed before. As we have also proved, no (m, 1, k)-coterie can be constructed
out of an n-set if k& > /n. For the corresponding (m, 1, k)-resource allocation problem involving
n processes, the (m,1,+/n)-coterie AP(m,+/n) constructed from an affine plane of order /n in
combination with a modification of Maekawa’s algorithm, the Maekawa_ M algorithm presented
in [14], can be used. In this case, the algorithm has message complexity O(n) and synchronization
delay 2 message transmission time. For comparison, the message-passing solutions in [12, 33, 4] for
group mutual exclusion all have message complexity O(n), and synchronization delay 2 or O(n)
(if they use a ring architecture). Moreover, unlike quorum-based algorithms, none of them can
tolerate a single process failure.
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In light of the rich literature for quorum systems for mutual exclusion, /-exclusion, and repli-
cated databases, there are many possible directions for future work, including constructions of other
possible (m, 1)-coteries, availability analysis (cf., [26, 22]), and case studies/performance measure-
ment.
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Appendix: Proofs

Proof of Lemma 2.2:

We first show that € ® ® satisfies the intersection condition of Definition 2.1. Let SZ » be a quorum
in F;, and Sg, 4 be a quorum in Ej;, where 7 # j. By the intersection property of €, there is a
w such that w € Q) and w € Qz. So S;,b contains a subset Ri(P,), and Sg’ 4 contains a subset
RI(P, 4(Pw). By the intersection property of ®(Fy), Ri(P,) and Rgl(Pw) contain a common element.
So S¢ s s? ed 7 0.

For the minimality condition, let Sé,b and Sé’d be two quora in E;. If a # ¢, then by the
minimality property of €, there is some w € Q% — Q%, and some w' € Q% — Q!. So S » contains
R!(P,) and S’d N R (P ) = (. Similarly, Szd contains RY(P,s) and S’ N RY(Py) = 0. So
Sab ¢ S ¢,q and Scd ¢ S b I a = c, then clearly Sab c s ¢,q implies RZ C R.. By the minimality
property of ®, we have Sa7b 7 Sc,d’ and similarly Sc, 7 Sa,b

For the degree of € ® ®, observe that if Qi N Qi = (), then Sz p N St ed = = for all 1 < ¢, d < |Djl.
Moreover, if R} NRY, = 0, then SZ NS ea="0 for alll <a,c< \C | So deg( i) > deg(C;) -deg(D;).

On the other hand, if RiNRY, # Q) then St pNSeq 70 if QLNQL # 0. So deg(E;) = deg(C;)-deg(D;).
a
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Proof of Lemma 2.3:

Proof. For the intersection condition, let i be such that u[i] # 0,v[i] # 0, and w[i] # v[i]. Let
S € Cyand T € Cy. Since ufi] # 0, by the definition of Cy, S contains a subset Q[ € qu[i]'
Similarly 7' contains a subset Q) € Cf}[i]. Since u[i] # vli], by the intersection property of €,
Qu[i] N Qv[i] #0. So SNT # (.

For the minimality condition, suppose otherwise 5,7 € Cy, and S C T'. Since |Cy| > 2, there is a
j such that u[j] # 0 and Ci[j] contains ()1 and @2 such that @1 C S and Q2 C T. Since {P,... P}
is a partition of P, no €' can involve an element in Q1 and Q2 if 7 # j. So § C T implies that
@1 C @2, contradicting the fact that quora in Cﬂ ] also satisfy the minimality condition. The case
for C, is similar. .

Finally, let k£ = min{deg(C’Z[j]) |ulj] # 0,1 < j < r}, and let h be such that u[h] # 0 and
deg(Cg[h]) = k. By the definition of C,, every S € C, contains some subset @ € Cg[h]' So
deg(Cy) < k. On the other hand, it is easy to see that C, contains k pairwise disjoint sets,
as each C? i) u[j] # 0, contains at least k pairwise disjoint sets. So deg(C,) = k. Similarly,

deg(C,) = min{deg(CY) |olj] # 0,1 < j <7}, 0

Proof of Theorem 3.5:

Proof. It suffices to show that the probability that step 2 of the construction does not generate
an (m, 1)-coterie over P is strictly less than one. For each 1 <7 <m, let C; = {Q7, 1 < j < k} be
the random partition of P chosen in step 2. Then the probability that step 2 does not generate an
(m, 1)-coterie is equal to

Pr[3i,j,a,b,i # j, such that Q¢ N Q% = 0]
< ) Pri@in@i=0]

i,j’a7b
1<i#j<m
1<a,b<k
("2F) n n_q n_(n_q
- k2 m 3 _ k2 m (n_E)(n_E_ ) (n_E_(E_ ))
2) (%) 2 n n—1 n— (-1
k
-n 1 gni
< 2(MV( k2 _— p2(™ 1_ 2k
< (G ") (@)
< kQ(T;)eknz < teog(km)fkl2 < teog(km)72log(nm) <1

Proof of Lemma 4.1:

For the if-direction, there are two cases to consider. If there exists some R € D; such that H C R,
then let D! be D,—{S € D; | H C S}U{H}. It is easy to see that ®' = (D1,...,D;_1, D}, Diy1,...,Dy,)
is an (m, 1)-coterie and it dominates ®. If there is no R € D; such that H C R, then let D} be
D; U{H}. Again, it is easy to see that ®' = (D1,...,D;_1,D},D;i41,...,Dy,) is an (m, 1)-coterie
and it dominates ®.

For the only-if direction, assume that € = (C1,...,C,) dominates ® and C; # D;. There are
two cases to consider. If D; C Cj, then let H be one of the elements in C; — D;. Then set H must
satisfy conditions 1 and 2, or otherwise € would not be an (m, 1)-coterie. If D; — C; # (), then let
Q € D; — C;. Since € dominates ®, there exists some H € C; such that H C ). We claim that H
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satisfies both conditions 1 and 2. For condition 1, if the condition does not hold, then Q' C H for
some @' € D;. But then we have Q' C H C @, contradicting the fact that ® satisfies the minimality
property. For condition 2, suppose otherwise that Q' N H = () for some Q' € D;, j # i. Then since
€ dominates ®, there exists some R € C; such that R C Q'. So RN H = (. Since R € C; and
H € Cj, we have a contradiction that € does not satisfy the interaction property of (m, 1)-coteries. O

Proof of Lemma 4.4:

For the only-if direction, observe that every @ € Cj is a Cj-transversal of €. If @) is not minimal,
then there exists some T' C ) such that 7" is a Cj-transversal of € and T is not a superset of any
quorum in Cj;. Then by Lemma 4.1 € is dominated w.r.t. C;; contradiction. Moreover, if some
minimal Cj-transversal T' is not in Cj;, then again T cannot be a superset of any quorum in C;.
So by Lemma 4.1 € is dominated w.r.t. C;; contradiction again. So C; consists of all minimal
C;-transversals of €.

For the if-direction, if € is dominated w.r.t. C;, then by Lemma 4.1 there exists a minimal
Cj-transversal H of € not belonging to C;. This contradicts the fact that C; consists of all minimal
C;-transversals of €. O

Proof of Theorem 4.7:

Let AP(n,m) = (D1,...,Dp), and let P be the underlying n?-element set. Without loss of gener-
ality, we show that AP(n,m) is dominated w.r.t. D;. By Lemma 4.1, it suffices to find a set H C P
such that

1.VvQeD,,QZ H.
2.VQ€ED;,j#1:QNH#0.
Let D; = {Q},...,Q"}, 1 <i < m. Note that D; is a partition of P, and each block has size n.

Let a; be an element in Q1. By the incidence properties of affine planes, Q1 — {a;} intersects all
but one quorum in D; for every 1 < 7 < m. Without loss of generality, let le- be the quorum in D;

that does not intersect @1 — {a;}. Again, by the incidence properties, le- NQY# 0 for all h < n.
Let ai be an element in Qf N QF, 1 < k < min(m,n). Let H = Qf — {a1} U {ay, ... » Gmin(m,n) } -
Then, set H intersects Q3,.. .,ernin(m n) (and all other @] for 1 < i <m and 1 < j < n). Since

n>2, Q¢ H for all i < n. So if m < n, then H satisfies the above two conditions and we are
done.

If m = n+1, then let apy1 be an element in Q) ; N QF. Let H = Q} — {a1} U{az,...,an+1}-
(Note that in this case H contains n — 1 elements from Q{, at most two elements from @Q%, and
one element from each of Q3,. .., Q?H.) Then the set H again satisfies the above two conditions. O
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