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Abstract

The current efficiency of a spherical ion-selective membrane is examined theoretically. A perturbation method is adopted to
solve the Nernst—Planck equation governing the spatial variation of the concentration of ions in the membrane phase for the
case where the distribution of fixed charge is a linear function of radial position. The result of numerical simulation reveals
that the qualitative behavior of spherical membranes is similar to that of cylindrical membranes. For example, if the fixed
charge is uniformly distributed, the current efficiency is independent of both the inner radius (or curvature) of a membrane and
the applied current density, and the current efficiency of a membrane can be raised by choosing its parameters appropriately. A
general expression for planar, cylindrical, and spherical membranes is also discussed. © 1999 Elsevier Science B.V. All rights

reserved.
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1. Introduction

The performance of an ion-selective membrane
depends on its properties and the associated operating
conditions. The former includes, for example, the
geometry and the distribution of functional groups,
and the latter includes the flow field of the system
under consideration, the applied current density, and
the arrangement of membranes in a stack. The dis-
tribution of functional groups in a membrane is
directly related to the spatial variation of the fixed
charge, which is found to correlate with its current
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efficiency. Reiss and Bassignana [1], for instance,
showed that the current efficiency of a membrane
with a sandwich-type fixed charge distribution is
higher than that of a membrane with a uniformly
distributed fixed charge distribution. On the other
hand, Manzanares et al. [2] pointed out that raising
the current efficiency of a membrane by nonuniformly
distributing the fixed charge it carries cannot be
guaranteed. The relation between the fixed charge
distribution and the current efficiency was examined
by Manzanares et al. [3], and the analysis extended by
Hsu and Ting [4] in a recent study. An intuitive
parameter was proposed in the latter to measure the
degree of uniformity of a fixed charge distribution, and
its relation with current efficiency summarized.

0376-7388/99/$ — see front matter © 1999 Elsevier Science B.V. All rights reserved.

PII: S0376-7388(99)00034-4



258 J.-P. Hsu, J.-M. Jiang/Journal of Membrane Science 158 (1999) 257-267

The transport of ions is described by the Nernst—
Planck equation. Strictly speaking, it is applicable to a
membrane having a uniform property. Under idealized
conditions, such as the concentration of solution being
low and the fluid velocity in the membrane phase
negligible, it is also applicable to a more general type
of membrane [5]. This is because the cross product
terms in a Nernst—Planck equation can be neglected. In
this case, the transport of an ion specie is related to its
concentration and the applied electric field only. The
simplified Nernst—Planck equation considers two
types of driving force for ion transport: concentration
gradient and electric-potential gradient. To determine
the latter, a Poisson equation, which describes the
spatial variation of the electrical potential, must be
considered. In other words, a set of coupled Nernst—
Planck and Poisson equations needs to be solved
simultaneously. In general, solving these equations
analytically is nontrivial, and choosing a numerical
scheme is inevitable. The problem under considera-
tion, however, can be simplified by assuming local
electroneutrality. In this case, the Poisson equation
becomes a Laplace equation, which can be solved
easily. It was shown that assuming local electroneu-
trality is appropriate if the concentration of fixed
charge in a membrane is sufficiently high [6].

Although reported results concerning the perfor-
mance of an ion-selective membrane are abundant in
the literature, most of them are limited to planar
geometry for a simpler mathematical treatment and
experimental design. Often, it is assumed that there is
no lateral flow, that is, the transport of ions is in a
direction perpendicular to the membrane surface [7]
and the effect of concentration polarization is
neglected. A hollow-fiber type of device was pro-
posed by Hsu and Yang [8] recently. The device
has a circular cross section which is capable of
providing a large (surface area/volume) ratio, and,
therefore, the transport of ion can be conducted
in a more efficient manner than a planar membrane.
The analysis was also extended by Hsu and Liu [9]
to an annular membrane having an elliptic cross
section. In the present study, the behavior of a sphe-
rical membrane is examined. Compared with a cylind-
rical membrane, it is capable of providing an even
larger (surface area/volume) ratio. A perturbation
method is proposed for the resolution of the governing
equation.

2. Analysis

By referring to Fig. 1, we consider a spherical
membrane of width W. Let r be the position variable,
and r, and r; the outer and inner radii of the membrane,
respectively. The origin of the coordinate is located at
the center of the membrane. Let C; and C, be the bulk
concentrations of ions inside and outside the mem-
brane. J; and J, denote, respectively, the fluxes of
cations and anions, and [ the applied current. For a
simpler mathematical treatment, the effect of the
boundary layers near liquid—-membrane interfaces
on the performance of the membrane is neglected.
The transport of ions in a steady state is governed by
the Nernst—Planck equation [2]. Assuming 1 : 1 elec-
trolyte solution, we have
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Fig. 1. Schematic representation of the system under considera-
tion. W denotes the width of a membrane, r the position variable, r,
and r;, respectively, the outer and inner radii, C; and C, the bulk
concentrations of ions inside and outside the membrane, respec-
tively, J; and J,, respectively, the fluxes of cation and anion, and /
the applied current.
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where D, and C; are, respectively, the diffusivity and
the concentration of ion species j (j = 1 for cations,
j =72 for anions), g the elementary charge, ¢ the
electrical potential, and kg and T the Boltzmann
constant and the absolute temperature, respectively.
Note that the flux density of ion species j, (Jj/rz), is
independent of the position in a membrane at the
steady state. Suppose that D; = D, = D. The electri-
cal potential is governed by the following Poisson
equation [10]
d’¢ 2d 4
o229 M0y c) @
where w denotes the dielectric constant, and C5 the
concentration of fixed charge in the membrane. With-
out loss of generality, we assume that the fixed charge
is negative.

The current I can be expressed as

I=F, =) 3
where F is the Faraday constant. Note that, in the

present case, J; is positive and J, negative. Eqs. (1)—
(3) can be rewritten in the following scaled forms:

dpdy ke
T e @
dn dz/J_g_c
KA ©
> 2dy o,
d—§2+gd_§__L [p—n—p(&)] (6)
i:hc_gc @)

In these expression, v = golkgT, p = C|/C;,

n= G)JC;, p&) =Cs/C, &E=r1IW, h.=hr/W,
g. = gri/W, and
Ji
= 7
DCiri ( a)
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= 7b
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& = bCFw

If the concentration of fixed charge is high, local
electroneutrality can be assumed, then the right-hand

side of Eq. (6) vanishes, that is,
p—n—p§)=0 (8)

Therefore, if p is known, n can be evaluated from this
expression.
The current efficiency, 7, is defined as [3]

Al

_ 9
"=+ el ©)

According to this definition, 0.5 <n < 1. If n=0.5,
half of the current is carried by cations, and the other
half by anions. In this case, the membrane is useless as
far as the ion separation is concerned. On the other
hand, if n = 1, the transport of anion is totally blocked
by the membrane. Thus, the performance of a mem-
brane can be measured by 7; the higher its value, the
better the performance.

For an illustration, we consider a general linear
fixed charge distribution

p§) = a+ B¢ (10)

We define the scaled mean fixed charge concentration,
v, as

1= 4w7(a ogea| /5@ -9)

- [%(53:—5?) rye-¢|/[ze-o] ay

where & = r;/W, and &, = r,/W.
On the basis of Egs. (4), (5), (8) and (10), we have

d¢_ gc_hc_ﬂéz

—r__5¢ ¢ M 12
dE @ —a— 09 12
Egs. (4) and (12) lead to

d_p_p<hc+gc_ﬁ§2)_hc(a+ﬁ§) (13)

¢ &(a+ B¢ —2p)

The boundary conditions associated with this equa-
tion are

p=p, =6 (13a)
p=p° £=& (13b)
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where p' and p° are, respectively, the scaled
concentrations of cations at the inner and outer
boundaries of a membrane. Suppose that Donnan
equilibrium is established at the liquid—-membrane
interface. Then, it can be shown that p' and p° are
related by [1]

P =3(&) + [’ (&) + 117 (142)

P° = 1p(&) + Bp* (&) + 612 (14b)

where § = C,/C;. For simplicity, we assume that § = 1
in the following discussion. Note that Eq. (13) con-
tains two unknowns, /# and g, and we have one more
boundary condition to consider, Eq. (13b). The cur-
rent efficiency can be determined through a trial-and-
error procedure [8]. For a given current density, an 7 is
assumed, and % and g are evaluated by Egs. (7a) and
(7b). The corresponding boundary conditions are
determined. Based on these conditions, a new 7 is
calculated. These steps are repeated until a convergent
result is obtained.

Substituting this expression into Eq. (13), we obtain

d 0 .
()
(SRopE) e + ge — BE[ + (€ — &)1} — he(a + )
1 +e(— &) (a+ -2 pe)
= {[po(h + g — &) — h(a+ BE)]| +elpi (h + g — BE)]
—2poBE&(E — &) + X pa(h + g — B&) — 2p1 BE(E - &)]
— poB&(E—&)"}/{&{(a + B — 2po) + £[2(a + BE — 2po) (6 — &)

—2p] + X [~4p1 (€ — &) — 2p2 + (€ — &) (e + BE — 2po)]}}
a7

The expression [1/(x + ey + szz)] can be expanded in
terms of € as [8]
1 1y ¥y —xz,

—— =-—=¢+ e+ (18)
X+ey+ez x x

¥

Expanding Eq. (17) based on this expression, and
collecting terms of the same order of ¢, we have
for £°

dpo _ po(h+g— B&) — h(a + BE)

Suppose that the width of the membrane is much — (19)
thinner than its inner radius, that is, (&, — &) < &. In d¢ &i(a+ BE — 2po)
for &'
dpi _ pi(h+g—B&) —2poBGi(§ — &)  [=2p1 +2(§ — &) (o + BE — 2po)llpo(h + & — &) — h(a + B5E)]
d &(a -+ BE — 2po) &(a+ B — 2po)’
(20)
for 2

dps _ [pa(h+g = B&) —pi1B&(E€ = &)  [(a+ 66 —2p0)(§* = &) = 2pi]lp1(h + g — BE) — poB&i(€ — &)

d¢ & (a+ B¢ — 2po)

& (a+ BE — 2po)’

G 2p0)(€ — &) — 2p1]” + &+ BE — 2po)[2p1(E — &) + 2pa][po(h + g — BE) — h(a + BE)]
& a+ B - 2po)’

this case, we define a perturbation parameter ¢ as
€ = 1/&;. Let us consider the transformation

E=&[1 +e(€ - &) (15)

Following the same procedure as that adopted by Hsu
and Yang [8], we assume that p can be expanded in
terms of € as

p=>_ne (16)
=0

21

The associated boundary conditions can be obtained
by substituting Eq. (16) into Egs. (14a) and (14b). We
obtain

po=p, {=6 (22a)
po=p°, £=& (22b)
pS:O,fzfi,s:l,Z,..., (22¢)

ps=0, =8, s=12,..., (22d)
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If 5 # 0, Eq. (19) can be transformed on the basis of
the relation z = & + o/, and the resultant equation
solved subject to Egs. (22a) and (22b). We obtain

-1 |VM+Xx VM-)

——1In

VM VM - X VM + )

S/ e
where
2
o (hte) +4ﬂ§(h—g+ﬁ&) 230
_ 4Bpy  h+g
Tat+pel s 2 23

M is the value of A at py = p' and & = &,
If 3=0, it can be shown that the solution to
Eq. (19) subject to Eqgs. (22a) and (22b) is

a(g —h) In ’(g + h)py — ha

(g+h)?*  |(g+h)p —ha
3 2 .
:555 ) (24)

For a highly charged membrane, the effect of coion
exclusion implies that p, can be approximated by
(a + B€). In this case, Eq. (20) reduces to

dp, h—g+,6’§ip] _28(6-&)
dg — &i(o+ B¢) &

Solving this equation yields

=0 25)

3. Results and discussion

Fig. 2 shows the variation of current efficiency, 7, as
a function of the normalized difference between the
scaled concentration of fixed charge at the outer
liquid—-membrane interface and that at the inner mem-
brane-liquid interface, (py — p;) = (Cz, — C3p)/C;, Cy;
and C3, being, respectively, the concentrations of fixed
charge at the outer liquid—membrane interface and that
at the inner membrane-liquid interface for the case 3
in Eq. (13) is positive. Note that, for the present case,
(po — p;) = 0 which is a measure for the degree of
nonuniformity of fixed charge distribution; the smaller
its value, the more uniform the distribution of fixed
charges. If (p, — p;) vanishes, the fixed charges are
uniformly distributed. Fig. 2 reveals that if (o, — p;)
vanishes, 7 is independent of ;. For a fixed (p, — p;),
increases with &. This implies that the smaller the
curvature of a membrane, the greater the current
efficiency. Note that, if & is sufficiently large, n
increases with (p, — p;); the reverse is true if it is
small. In other words, the current efficiency of a
membrane with a nonuniform fixed charge distribution
may not be higher than that with a uniform fixed
charge distribution. The corresponding results for the
case where (3 is negative are shown in Fig. 3. As can be
seen from this figure, the trends illustrated in Fig. 2
can be reversed by changing the sign of 3. Therefore,
the current efficiency of a membrane can be raised
by choosing its parameters appropriately. Note that,
since the problem under consideration is of nonlinear

(*G + BCG)E* + (aCG — 2G& 3 — BCGE)E — (a*G + aCGE + 2a8GE)

(C+B)(C+28)
(o + BE) /P (2L + 3BLC + LC?)

+ (C + B)(C +2B3)(23°K + 3BKC + KC?)

where C=(h— g+ BEE, G = 2g/&;,
K= (a+ Be)" ", and L = °Ge” + 2a8Ge + o*G.
Substituting p; into Eq. (16) gives the perturbation
solution of Eq. (13). If ¢ vanishes (or &; approaches
infinity), the curvature of the spherical membrane
vanishes, and it can be treated as a planar membrane.
In other words, the zeroth-order solution of Eq. (13),
Do, is the exact solution for the case of a planar
membrane.

(26)

nature, as suggested by Eq.(13), we have
[1(po — pi) — n(0)] # [7(0) — n(p; — po)l.  Figs. 2
and 3 suggest that, if fixed charge is uniformly dis-
tributed, the current efficiency is independent of the
inner radius and the current density.

The variation of current efficiency, 7, as a function
of (p, — p;) for various scaled current density i is
shown in Fig. 4 for the case where the slope (§ in
Eq. (10) is positive. This figure suggests that, if the
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Fig. 2. Variation of current efficiency 7 as a function of (p, — p;) at various scaled inner radius of a membrane &; for the case of positive 3,
i=1,and y=1.
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Fig. 3. Variation of current efficiency 7 as a function of (p, — p;) at various scaled inner radius of a membrane &; for the case of negative (3,
i=1,and y=1.
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Fig. 4. Variation of current efficiency 7 as a function of (p, — p;) at various scaled current density i for the case of positive 3, & = 10, and
v=1
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Fig. 5. Variation of current efficiency 7 as a function of (p, — p;) at various scaled current density i for the case of negative 3, & = 10, and
y=1.
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Fig. 6. Variation of current efficiency 7 as a function of (p, — p;) at various scaled mean fixed charge concentration ~y for the case of positive

B,&=10,and i = 1.

fixed charge in the membrane phase is uniformly
distributed, i.e. (p, — p;) = 0, n is independent of i.
For a fixed (p, — pi), n increases with i. If i is
sufficiently high, n increases with (p, — p;), and the
reverse is true, if it is low. The corresponding results
for the case where 3 is negative are presented in Fig. 5.
Again, this figure illustrates that 7 can be raised by
varying the sign of /3, that is increasing the degree of
nonuniformity of fixed charge distribution.

Fig. 6 shows the variation of current efficiency
n as a function of (p, — p;) for various mean fixed
charge concentration y for the case where the slope
[ in Eq. (10) is positive. The corresponding results
for the case where 3 is negative are shown in Fig. 7.
Fig. 6 reveals that, for a fixed (p, — p;), 17 increases
with . If v is small, n increases with (p, — p;), and the
reverse is true if «y is large. Figs. 6 and 7 reveal that,
regardless of the sign of 3, 1 increases with . Also
if ~y is close to unity, 7 is insensitive to the variation in
(Po — p1)-

The qualitative behavior of a spherical membrane
illustrated in Figs. 2—7 is similar to that of a cylind-
rical membrane [8]. Also, as pointed out by Sokirko et
al. [11] and Hsu et al. [12], the effect of the inhomo-

geneity of fixed charge distribution on the current
efficiency is less significant than that of the boundary
layers near the liquid—-membrane interfaces. The for-
mer is on the order of 5%, and the latter can exceed
10%.

As in the case of a cylindrical membrane [8], when
the effect of curvature on current efficiency is exam-
ined, the width of a membrane and its volume cannot
be fixed simultaneously. Similarly, the average fixed
charge concentration and the total amount of fixed
charges cannot be fixed at the same time. In the
numerical simulation, the width of a membrane and
the average fixed charge concentration are assumed to
be constant.

It is found that the assumption of coion ex-
clusion is satisfied, in general, if a membrane is
highly charged. Table 1 illustrates the deviation aris-
ing from the assumption of coion exclusion. This
table reveals that, if the concentration of fixed
charge is of the same order as that of bulk liquid
concentration, the deviation in current efficiency can
be appreciable. On the other hand, if the concentra-
tion of fixed charge is high, the deviation becomes
negligible.
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Fig. 7. Variation of current efficiency 7 as a function of (p, — p;) at various scaled mean fixed charge concentration +y for the case of negative

B, & =10,and i = 1.

3.1. Planar and cylindrical membranes

Eq. (1) can be generalized to include planar, cylind-
rical, and spherical membranes as

Jj dG; i1 g do

J__pl—= (1 s
I +( ) kBTdV

m d j ,j:1,2 (27)

where m is a shape index, m = 0, 1, and 2 for planar,

Table 1

Deviation in the current efficiency estimated on the basis of the
coion-exclusion assumption from the corresponding exact value
based on Eq. (13) for the case of a spherical membrane with
i=05,&=5,and (p, — p) =0.5

~v? Exact n Approximate 7 Deviation (%)
1 0.664 0.609 8.352
2 0.798 0.758 4912
3 0.859 0.834 2.867
4 0.893 0.876 1.931
5 0.912 0.899 1.368

?~ is the mean fixed charge concentration. v =1 corresponds to
the case that the mean fixed charge concentration is the same as the
bulk concentration of ions.

cylindrical, and spherical membranes, respectively.
Here, r, and r; are the outer and inner radii of a
cylindrical membrane, respectively. The origin of
the coordinate is located at the left liquid—-membrane
interface for a planar membrane, and at the axis of a
cylindrical membrane. C; and C, are the bulk con-
centrations of ions inside and outside a cylindrical
membrane, and those on the left and right sides of a
planar membrane, respectively.
The Poisson equation needs to be modified as

¢ mdo An
_ q

—F———=——((C -G, -C 28
dr?  rdr w (C 2= G) (28)
Also, Egs. (7a), (7b) and (7d) become, respectively,
Jq
h=———— 2
DCir,Wn—2 (292)
J
. — 29b
&~ DCrwn=2 (290)
and
[ =he — ge = __r (29¢)
LT e T8 T poFwn

For a planar membrane, the scaled mean fixed
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charge concentration is defined as

1
1= [(a+s9ae=a+] (0)
0

Also, Eq. (13) reduces to

d_p — p(hc + 8 — ﬁ) — hc(a + ﬁg)
d¢ (a+ B¢ —2p)

This is consistent with the result derived by Hsu and
Ting [4] and Hsu et al. [12].

For a cylindrical membrane, the scaled mean fixed
charge concentration is defined as

€2y

&
/m+&wm/Wﬁ—éﬂ

&i

se-a+ie-o|/[;e-9| @

v= |27

Eq. (13) becomes

d£ :p(hc + 8 — ﬁf) B hc(a + /35)
dg §(a+ BE —2p)

This is consistent with the result of Hsu and Yang [8].

(33)

4. Conclusion

A general expression for the transport of ions in a
planar, cylindrical, and spherical ion-selective mem-
brane is discussed. A perturbation method is adopted
to solve the governing equation for the case of linear
fixed charge distribution in the membrane phase. We
show that if the fixed charge is uniformly distributed,
the current efficiency is independent of both, the
curvature (or inner radius) and current density. For
a fixed total amount of fixed charges, the current
efficiency increases with the degree of nonuniformity
of fixed charge distribution.

5. List of symbols

C; bulk concentration of ions inside membrane
(mol/m3)

C, bulk concentration of ions outside membrane
(mol/m?)

G

> I M2 RO N a

RIS N A

concentration of cations (mol/m3 )
concentration of anions (mol/m3)
concentration of fixed charge (mol/m?®)
value of C; at r; (mol/m?®)

value of C; at r, (mol/m>)
diffusivity of ion (m?/s)
diffusivity of cation (m?/s)
diffusivity of anion (m?/s)
Faraday constant (Coulomb/mol)
scaled rate of transfer of cation
=gri/W

scaled rate of transfer of anion
=hr, i/W

scaled current

current (Coulomb/s)

flux of cation (mol/mzls)

flux of anion (mol/mz/s)
Boltzmann constant (J/K)

shape index

parameter defined in Eq. (23a)
scaled concentration of anion
scaled concentration of cation
perturbation function defined in Eq. (16)
value of p at £ =&

value of p at £ =&,

elementary charge (Coulomb)
radial distance (m)

inner radius of membrane (m)
outer radius of membrane (m)
temperature (K)

width of membrane (m)

Greek letters

=+ alf

parameter defined in Eq. (10)
parameter defined in Eq. (10)
scaled mean fixed charge concentration
perturbation parameter

current efficiency

=C,/C;

parameter defined in Eq. (23b)
scaled radial distance

scaled inner radius

scaled outer radius

scaled concentration of fixed charge
=G5 /G
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=G5, /G

electrical potential (V)

scaled electrical potential
dielectric constant (Coulomb?/J/m)
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