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In this paper, the velocities of surface waves propagating in a prestressed anisotropic 
crystal are determined both theoretically and experimentally. The Barnett-Lothe's 
integral formalism, which is fast and efficient in determining the surface wave 
velocities, is extended to solve the surface wave problem of a prestressed anisotropic 
material. The governing equations and boundary conditions of the wave superposed 
on a prestressed elastic body are derived by acousto-elasticity, and the effective 
wave propagating constants of the finite deformed body are determined. As the 
effective constants are determined and utilized to replace the elastic constants in the 
Barnett-Lothe's integral formalism, the surface wave velocities of the prestressed 
anisotropic, body can be determined. In the experiment, the surface wave velocity of 
a magnesium oxide (MgO) single crystal with (001) orientation under compressive 
stress is measured. A uniaxial compression in the [100] direction is applied to the 
crystal, and the corresponding phase velocities of the surface wave propagating on 
the (001) surface are measured by the V(z) curves of a line focused scanning 
acoustic microscope (SAM) with a frequency 1.0 GHz. Copyright © 1996 Elsevier 
Science Ltd. 
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Ultrasonic surface waw,~s have been applied successfully 
in many NDE (non-destructive evaluation) prob- 

[1 3] lems - . One advantage of using surface waves is that 
the surface wave energy is confined within a thin surface 
layer and thus it can propagate a longer distance without 
attenuation. The other advantage is that both the source 
and receiver are on the same surface of  the specimen and 
can be applied in sorne instances where the opposite 
surface of  the specimen is not accessible. The early 
studies of the propagation of elastic surface waves in 
crystals can be found in a review article by Farnell [2]. 
Basically, most of  the studies in the anisotropic surface 
wave problems adopted the formulation utilized by 
Synge[4], and hence :iterations between the secular 
equations of  the equat:ions of motion and the complex 
surface boundary determinants are needed to determine 
the surface wave velocity. The iteration process in the 
aforementioned formulation is complicated and there is 
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no a priori  way to know the existence of surface wave 
type solution. In a series of  papers [5-8], Barnett, Lothe 
and their coworkers have extended the Stroh formalism [9] 
to the 'integral formalism' for solving the surface wave 
problem. In the Stroh formalism, the material properties 
and the elastic symmetries are contained in the so-called 
fundamental elasticity tensor, and the solution of  a 
particular problem can be expressed in terms of  the 
eigenvalues and eigenvectors of  a six-dimensional tensor 
of  rank two. In the Barnet t -Lothe 's  integral formalism, 
the surface wave velocity in an anisotropic material can 
be determined by the vanishing of the determinant of  a 
real symmetric 2 × 2 matrix without solving the 
eigenvalue problem in the Stroh formalism. A review 
of the integral formalism of  surface waves in anisotropic 
materials and its application to recover the elastic 
constants and orientations of anisotropic crystals can 
be found in the papers by Wu and Chai[l°,ll]. 

The linear wave equations and constitutive laws are used 
to express the dynamic motion of an infinitesimal 
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deformation, in general. However, as the material is 
under finite deformation, the relationship of stress and 
strain becomes complicated and no longer linear. For a 
nonpiezoelectric material, the nonlinear constitutive laws 
are derived from the free energy as well as the second law 
of thermodynamics [12]. For an infinitesimal wave super- 
posed on an elastic body under finite deformation, the 
relationship between the incremental stress and the 
incremental strain due to the perturbation can be 
derived by acoustoelasticity [13-15j. In the theory of 
acoustoelasticity, the undeformed reference configura- 
tion is called the natural state, the finite deformed state 
due to the homogeneous prestress is called the initial 
state, and the current configuration when a dynamic 
perturbation is superposed on the initial state is called 
the final state. It is shown that the linearized governing 
equations of the incremental displacements due to the 
wave excited in the initial state have the same form as the 
linear wave equations in the natural state, but the elastic 
constants in the linear wave equations are replaced by the 
effective elastic coefficients in the initial state. The 
effective elastic coefficients are functions of the stress 
and strain in the initial state as well as the second and the 
third order elastic constants of the crystal f16'17]. 

The first study of surface waves excited in a finite 
deformed body is by Hayes and Rivlin [18], where the 
propagation of surface waves in an isotropic half-space 
under homogeneous prestress was studied. Iwashimizu 
and Kobori p9] determined the variation of surface wave 
velocities due to the prestress. Chadwick and Jarvis [2°] 
utilized the Barnett-Lothe's integral formalism to study 
the propagation of surface waves in a prestressed 
Hadamard isotropic material. The surface wave propa- 
gating in a finitely deformed anisotropic material was 
first studied by Mase and Johnson [2q, where the 
acoustoelasticity and the integral formalism were 
combined to determine the surface wave velocities. 

In recent years, the scanning acoustic microscope 
[22 231 (SAM) ' has been developed to observe the surface 

and subsurface microstructure of solid samples. In 
addition to the image scanning, SAM has been applied 
extensively in the analysis of material properties through 
the development of AMS (acoustic material signa- 
ture) [24]. Basically, AMS is caused by the interference 
of the leaky surface wave and the reflected wave from the 
sample surface; the signal intensity thus varies periodi- 
cally with the vertical position of acoustic lens. This 
phenomenon is called AMS, and the plot of transducer 
output voltage versus the lens position is called the V(z) 
curve [25]. From the period of the dips in the V(z) curve, 
the surface wave velocity of a half-space or a layered 
sample can be determined through a simple formula- 
tion[26], and then the elastic properties of the solid sample 
can be determined [27]. 

In this paper, the surface wave excited in a prestressed 
anisotropic crystal is studied. The governing equations of 
the incremental displacements due to the wave perturba- 
tion are derived, and solved by the Barnett-Lothe's 

integral formalism to determine the surface wave 
velocities. The integral formalism and the acoustoelas- 
ticity are introduced briefly, firstly, and then the 
extension of the integral formalism is developed to 
solve the surface wave problem for a prestressed 
anisotropic material. A numerical calculation is fol- 
lowed, and the surface wave velocities of silicon (Si) and 
magnesium oxide (MgO) crystals are determined. 
Finally, an MgO single crystal with (001) orientation is 
studied in the experiment. Uniaxial compression is 
applied on the crystal by a screw loading device, and 
the corresponding phase velocities of the surface wave 
are measured by the V(z) curves of a line focused 
scanning acoustic microscope (SAM) with a frequency of 
1.0 GHz. 

Integral formalism 

The conventional way of solving anisotropic surface 
wave problems was based on the formulation developed 
by Synge 4. Iterations between the equations of motion 
and the complex surface boundary determinants are 
needed to determine the surface wave velocity. Instead of 
using the conventional method, the so-called Barnett- 
Lothe's integral formalism [5-s] can be utilized for the 
rapid calculation of the surface wave velocities of an 
anisotropic material. In the Barnett-Lothe's  integral 
formalism, the surface wave velocity in an anisotropic 
material can be determined by the vanishing of the 
determinant of a real symmetric 2 x 2 matrix. In the 
following, only the equations which are needed in the 
calculation of anisotropic surface waves are given. 

For an anisotropic linear elastic material with no body 
force, the equations of motion are: 

C i j k l U k , l i  = Di~j (1 )  

where uj is the displacement vector, p is the mass density, 
and C~jgt is the anisotropic elastic constant tensor. 
Consider a surface wave propagating along m ° on the 
surface of an anisotropic half-space with inner normal n ° 
(Figure 1), the displacement ui can be expressed as: 

U i = U i exp{ik(m~xl + pn~xl - vt)} (2) 

where/.1,- is the amplitude of the displacement vector ui, k 
is the wave number, v is the phase velocity, and p is a 
complex constant governing the decaying of the 
amplitude along depth. Substituting Eq. (2) into Eq. 
(1), yields: 

c~lu~,. = 0 (3)  

where C,~kt is the dynamic elastic constant tensor, 
satisfying: 

t 2 o o 
C i j k l  ~ -  C i j k l  - -  f ro  m i ml 6jk (4) 

and 6jk is the Kronecker delta. 

Consider the traction vector T applied on the plane 
parallel to the surface of the half-space with normal n °, it 
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Figure 1 Propagating direction of the surface wave and the 
coordinate system 

can be expressed as: 

Tj  = CijklUk,tn ° (5) 

Using Eq. (2), and the c,rthogonal relation m~nj = 0, Eq. 
(5) can be expressed as: 

Tj = -ikVj. exp{ik(m~xl + pn~xt - vt)} (6) 

where Vj is the amplitude of the traction vector Tj, 
satisfying: 

Vj = - [ (n°m °) +p(n°n°)ljkUk (7) 

and the 3 x 3 matrix (ab)jk, formed by two vectors a and 
b, defined as: 

(ab)jk : aiC~klbl (8) 

By the definition of  Eq. (8), motion equations Eq. (3) can 
be written as: 

{p2(n°n°) +p[(m°n °) + (n°m°)] + (m°m°)}j~Uk = 0 

(9) 

Introducing a six-dimensional vector ~: 

, { v  ,10  
and combining Eqs. (7) and (9), the so-called six- 
dimensional eigenvalue problem[91 can be written as: 

N°~ = p~ 

where N ° is a 6 x 6 matrix: 

N ° = 

-- [ ( n ° n ° ) -  1 (ll°ln°) 

[ ( re°n°)(n°n°)  -1 (n°m °) -- (m°m °) 

(11) 

It is noted that the six eigenvalues p~ (a = 1 -,~ 6) of  N ° 
occur in three complex conjugate pairs, and so are the 
corresponding eigenvectors (~. 

Consider the sagittal plane formed by m ° and n ° (Figure 

1), and rotate m ° and n ° through an angle ~b around the 
x2 axis to a new basis m and n in this plane, i.e, 

m = m ° cos ~b + n ° sin ~b 

n --- - m ° sin ~b + n ° cos ~b (13) 

Now, using the vectors m and n to replace the vectors m ° 
and n ° in Eq. (12), the matrix N ° becomes a function of 
the rotation angle ~, and is denoted as N. It can be 
shown [7] that the eigenvalues of  N are dependent on ~b, 
while the eigenvectors of  N are invariant to ~b. Hence, the 
eigenvalue problem of  Eq.(11) becomes: 

N(~b)~ ---- p~ (~b)~ (14) 

where p'~ is the a-th eigenvalue of  N. The dependence of  
the eigenvalues p" can be removed and the following 
form results [71. 

N ~  = + i ~  (15) 

where: 

1 [2,~ 
N = 2-~J0 N(~b)d~b (16) 

The choice of  + is dependent on whether p~ has a 
positive or negative imaginary part. The components of 
N are denoted as: 

and: 

1 -1 
S = - 2---~ nn) (am)de 

Q = nn)-ld~b 

B - 27r [(mn)(nn)-l(nnl) - (nun)]d¢ (18) 

The limiting velocity VL is defined as the smallest velocity 
for which (ira) -1 becomes singular for some orientation 
of n in the sagittal plane (with angle ~L), thus in the 
subsonic range (0 < v < rE), (an) -1 and therefore, N and 
N always exist. From the definition of (an), one can show 
that UL = Cl(~)L)see(eL), where el(eL ) is the smallest 
bulk wave velocity propagating along the ~b L direction. 

The boundary condition on the surface of the half-space 
is traction free, i.e.: 

Tj  -= CijklUk,ln ° = 0 on X 3 = 0 (19) 

It has been shown [7] that matrix B is real symmetric and 
its rank becomes one when the traction free boundary 
condition, Eq. (19), is satisfied. Thus, the determinants of 
all the 2 x 2 submatrix of  B are zero, for example: 

IBI1B22 - BI2B211 = 0 (20) 

It follows that the finding of the surface wave velocity of  
an anisotropic solid can be achieved simply by finding of  
velocity which causes the determinant of a 2 x 2 real 
matrix vanishing. 
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Once the surface wave velocity along a particular 
propagation direction m ° is known, the distributions of 
the displacement and traction along the depth of an 
anisotropic half-space are determined straightforwardly 
by solving the eigenvalue problem as shown in Eq. (11). 
For a surface wave propagating in a half-space with 
n~xj >_ O, by Eq. (2), only those eigenvalues Pa 
(a -- 1 ,,~ 3) with positive imaginary parts are retained 
in the construction of the surface wave. Hence, the 
displacement and traction can be expressed as: 

3 

Ui = Z CaUia exp{ik(m~xl + pan~xl - vt) } 
a= l  

3 

Ti = - ik Z Ca Via exp{ik(m~xt + pan~xt - vt) } (21) 
a= l  

where U/a and Via are the a-th (a = 1 ,-~ 3) complex 
eigenvectors associated with the eigenvalues p~, and Ca 
are constants to be determined from the traction free 
boundary conditions, written as: 

3 

Z C a V i ~ = O  (22) 
a = l  

Aeoustoelasticity 

In order to study the propagation of surface waves in a 
prestressed anisotropic crystal, the governing equations 
and boundary conditions for the surface wave are 
required. Compared with the predeformation, the 
surface wave can be recognized as a perturbation, 
therefore the acoustoelasticity is applied to derive the 
governing equations for the small-field variables of the 
surface wave which is superposed on the prestressed 
elastic body. In fact, the governing equations derived in 
this section are generally applied for all small dynamic 
fields superposed on a predeformed anisotropic material, 
and the surface wave perturbation is one of the 
important special cases. 

To distinguish the deformation clearly, three deforma- 
tion states are defined as follows. The undeformed 
reference configuration is called the natural state, and the 
finite deformation due to the homogeneous prestress will 
transform the configuration to the initial state, and the 
homogeneous initial state is in a static equilibrium. At 
the current time, a dynamic perturbation is superposed 
on the initial state, and then the configuration is changed 
from the initial state to the final state. As shown in 
Figure 2, a common Cartesian coordinate system is used 
and the position vectors of the material point in the 
natural, initial and final states are denoted as ~, X, and x, 
respectively. The components of physical quantities 
which refer to the natural state are denoted by Greek 
subscripts, and those which refer to the initial and 
final states by capital and lower case Roman sub- 
scripts, respectively. For example, (~, XK and xk 
(a, K, k = 1,2, 3) are the components of position vectors 

Initial state 
Natural state Final state 

XL 

Figure 2 Natural state, initial state, and final state 

in the respective configurations. The superscripts i and f 
of physical quantities denote that the functions are 
evaluated in the initial state and the final state, 
respectively. 

The deformation of the body can be described as a one- 
to-one mapping: 

X L = X L ( ~ a  ) 

xi = xi(XL, t) (23) 

and then the infinitesimal displacement from the initial 
state to the final state is written as: 

uI(XL, t) = 6ilXi(Xe, t) - X I (24) 

The initial state is in a static equilibrium, the equations of 
motion are: 

= 0 (25 )  ,I 

and the final state is in a dynamic equilibrium, the 
equations of motion are: 

Tf,i = pf i~lj (26) 

where r}s and r f are the Cauchy stress tensors in the 
initial state and final state, respectively, and pf is the mass 
density in the final state. 

In the general case, the deformation from the natural 
state to the initial state has been determined, and 
therefore the position vector and material boundary in 
the initial state are well defined. It is noted that Eq. (26) is 
referred to the final configuration, however the deforma- 
tion and position vector in the final state are still 
unknown before the boundary value problem is 
determined. In order to specify the boundary condition 
and solve the problem more easily, it is convenient to 
derive the equations of motion referred to the initial 
configuration. The Cauchy stress tensor in the final state 
can be transformed to refer to the initial configuration 
and become the second kind of Piola-Kirchhoff stress 
tensor, denoted as sfs. The relationship between ~ and 
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sf j  is: 

f 1 f 
= ~Xi,IXj,JSIJ (27) 

and therefore, the equations of  motion in the final state 
(Eq. (26)) can be derived to refer to the initial 
configuration; it reads: 

0 (S~j" Our ~f "~, 
O ~  I x "T--~-~LOIL j , = p'i~j (28) 

where pi is the mass density in the initial state, satisfying: 

pi = j p f  (29) 

and J is the Jacobian, defined as the determinant of  the 
deformation gradient xij.  

Define the increment of stress tensor SIj as: 

Sflj = 7ilj '~ Si j  (30) 

then, by Eqs. (25) and (30), Eq. (28) becomes 

0 ( OUj i '~  " 
OX 1 , S ' j  W - ~ L  "rlL J = p'ii J (31) 

where the product of small variables SILuj,L has been 
neglected. 

Furthermore, the constitutive equations between the 
incremental stress tensor S u  and the displacement ui are 
derived. To satisfy the axiom of the objective, all the 
physical quantities are referred to the undeformed 
natural configuration. The Cauchy stress tensors in the 
initial and final states, 7-~j and r f., are both transformed to 
refer to the natural configuration as the second kind of 
Piola-Kirchoff  stress tensors, denoted as Si~ and Sf~, 
respectively. The constitutive equations can be derived 
from the stored energy function as[121: 

sij3 i 1 ~ i i 

• 1 , . ,  ~ f  ~ f  = + (32) 

where C ~ 6  and C ~ 6 ~  are the second and third order 
elastic constants, respectively, and E~6 and Ere are the 
Lagrange finite strain tensors in the initial and final 
states, respectively. 

Therefore, the interest incremental Piola-Kirchoff stress 
tensor Su  can be obtained by: 

SIJ = ]-~ ~¥l,~Xj,flSotfl (33) j -  

where Sa~ is the increment of the stress from the initial 
state to the final state, i.e.: 

Sa/~ = sf/~ - si/~ (34) 

and j i  is the Jacobian from the natural state to the initial 
state. The inverse o f J  i can be approximated to the linear 
terms as: 

1 
= 1 - ( 3 5 )  j l  

Substituting Eqs. (34), (35) and (32) into Eq. (33), and 
using the chain rule and neglecting the higher order 
terms, we obtain: 

Si j  = CIJKLUK, L (36) 

with: 

-'C IJKL ---- C IJKL (1 -- b~N,N ) "~- C1JKM UiL,M 

~- CIJMLUiK,M -~ CIMKLdj, M 

+ CMsKLUil M + CIJKLMN~M,N (37) 

and: 

C IJKL .~- 614~Jj36K76I_.~Coo3,,/6 

C IJKLMN = 614~J¢6K76L66M¢6NoCa~&rI (38) 

Combining the equations of  motion (Eq. (31)) and the 
constitutive equations (Eq. 36)), we have: 

_ _  . . 

OXI { (CuKL + ~-}LSSK)UK,L} = p'/ij (39) 

Since the initial state is homogeneous, the initial stress 
~L and the initial displacement gradient uiz,M are 
constant and independent of  the spatial coordinate, Eq. 
(39) yields: 

AIJKLUK,LI = p'iJj (40) 
where AUKL is recognized as the effective material 
constants in the prestressed initial state, expressed as: 

A IJKL = CIJKL q- TIIL ~JK ( 41 ) 

The surface of  the half-space is traction free both in the 
initial state and the final state. The surface traction in the 
initial state is 

r j  : viizNi on X3 = 0 (42) 

and in the final state is: 

r f  r = "rqni on the wave surface (43) 

where Nj and n i are the unit normal of  the half-space 
surface in the initial and final states, respectively. 
Furthermore, the surface traction in the final state can 
be expressed referred to the initial configuration as[15]: 

V S = S~jN, on )(3 -= 0 (44) 

Since the boundary conditions in both the initial state 
and the final state are traction free, we have: 

"rluNl = 0  
on X 3 = 0 (45) 

N ,  = O 

By Eqs. (30), (36), (45), the boundary condition for the 
incremental field due to the wave perturbation can be 
written as: 

(-CIJKL -t- 7-~L6JK)UK,LNI = 0 on X3 = 0 (46) 

and from Eq.(41), Eq. (46) becomes 

AUKLUK,LN I = 0 on )(3 = 0 (47) 
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Consider the special case of no predeformation, the 
initial state is identical with the natural state, and then 
the stress tensor and initial displacement gradient in the 
initial state are vanishing. Thus, from Eqs. (37) and (41), 
we obtain: 

AIJKL = CIJKL (48) 

The mass density pi in the initial state is the same as in the 
natural state, denoted as pO. Therefore, the differential 
equations for small displacement u, are reduced to the 
linear wave equations, and reads: 

CIJKLUK,LI = p°ii ,  (49) 

and it is identical with the linear wave equation. 

Sur face  w a v e  in a prestressed 
an isot rop ic  mater ia l  

Extension of Barnett-Lothe's integral 
formalism 

In this section, the Barnett-Lothe's integral formalism is 
extended to solve the surface wave problem for a 
prestressed anisotropic crystal. The governing equations 
and the boundary conditions for surface waves super- 
posed on a prestressed anisotropic material have been 
given in Eqs. (40) and (47). Compared with Eqs. (1) and 
(19), it is observed that the boundary value problem for 
surface waves excited in the undeformed natural state 
and in the prestressed initial state have the same form. 
The only difference is that the elastic constants Co.kl in the 
natural state are replaced by the effective material 
constants A~JKC in the initial state. It is suggested that, 
if the position vector XK is selected to be the spatial 
coordinates, the integral formalism can be applied to 
determine the surface wave velocities of the prestressed 
anisotropic crystal. 

The existence and uniqueness of the velocity of surface 
waves excited in the undeformed elastic body can be 
proved mathematically in the Barnett-Lothe's integral 
formalism [7'8]. Even for piezoelectric crystals, the surface 
wave problem can be solved by the integral formalism [28], 
and a systematic algorithm has been developed to show 
some properties of the integral matrices, which is used to 
prove the existence and uniqueness of the surface wave 
velocities for non-stressed piezoelectric crystals [28]. As 
the material constants (e.g. elastic, piezoelectric and 
dielectric constants) in the natural state are replaced by 
the effective material constants in the prestressed initial 
state, the properties of the integral matrices have been 
proved [29] to be the same as those for the non-stressed 
crystals, and then, the existence and uniqueness of 
surface waves shown by the integral formalism for 
non-stressed piezoelectric crystals are still applied to the 
prestressed ones. Therefore, the integral formalism can 
be applied to solve the surface wave problem for a 
prestressed piezoelectric crystal [29]. 

When reduced to non-piezoelectric elastic materials, 
considered in this paper, the procedures to prove the 
identity of the properties of integral matrices in the non- 
stressed and prestressed states are similar to those 
derived for piezoelectric materials, except that the 
physical quantities about the electric field are dropped 
in the procedures. In other words, the surface wave 
problem for a prestressed anisotropic crystal can be 
solved without any doubt by the integral formalism. 

Since the effective material constants Algxz are functions 
of the initial stress r)g, and the initial displacement 
gradient i ul, s as shown in Eqs. (37) and (41), the initial 
displacement gradient must be determined from the 
specified initial stress firstly. It can be done by using the 
constitutive equations (32) as well as the relationship: 

= (50) 

and the result form follows: 

-~- C M, KL UlI,M Jr- 1 CIJML UlK,M 

i (51) _{_ 1 CIJKLMNdM, N ilK, L 

If one retains up to linear terms only, Eq. (51) reduces to: 

rig = CtJKLUk,L (52) 

As the initial displacement gradient is determined from 
Eq. (51) or (52), the constants C1gr~ and then the 
effective material constants A,jKL can be determined 
straightforwardly by Eqs. (37) and (41), respectively. 

The relationship between the mass densities pi and pO is: 

pi 1 pO ( 1 " o = = - U~M,M)p (53) 

therefore, the initial mass density can be determined as 
the initial displacement gradient is determined. 

By the associated effective material constants A1jxz and 
the initial mass density pi for  an anisotropic crystal under 
specified prestress, the corresponding integral matrix B 
in the Barnett-Lothe's integral formalism can be 
calculated, and then the surface wave velocity is 
determined by Eq. (20). As mentioned before, the 
calculated velocity is the unique solution for this 
problem. The procedures to determine the surface 
wave velocities of a prestressed crystal are shown in 
Figure 3. 

Numerical implementation 

In this section, the surface wave velocities of single 
crystals Si and MgO with the (001) orientation are 
calculated. From the symmetry of cubic crystals, the 
numbers of the independent second and third order 
elastic constants are three and six, respectively. Most 
of the components of the elastic constant tensor are 
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D e t e r m i n a t i o n  o f  s u r f a c e  w a v e  v e l o c i t i e s  

I 
Read 

Mass density pO 
Elastic constants (',u~ and Cura.~ 

Specify I 
Initial stress x~u I 

| 

Determine 

Initial displacement gradient uiK,L 

by Eq. (51) or (52) 

Determine 

Mass density in initial state pi 

by Eq. (53) 

Determine 

Effective material constants AuK L 

by Eqs. (37) & (41) 

I 
Substituted into 

Barnett-Lethe's integral formalism 

I 
Determine 

Integral matrix B 

by Eqs. (8),(13) and (18) 

Determine 

Surface wave velocity vR 

by Eq. (20) 

Figure 3 The calculating procedures of the extended Barnett- 
Lethe's integral formalism 

zero, and the nonzero components are written in the 
Voigt form as: 

Cll  = C22 = C33 

C12 = C13 = C23 

C44 = C55 = C66 (54) 

and: 

Clll 

C144 

Cl12 

C155 

C123 

C456 

= C222 = C333 

= C255 = C366 

= C223 = C133 = Cl l  3 = C122 ~-- C233 

= C244 = C344 = C166 = C266 = C355 

(55) 

The values of  the density and these elastic constants for 
Si and MgO are shown in the appendix. 

Single crystal Si with (00 I) orientation 

5100- ~ , , t ' , i ' ' 

L_ - Non-stressed 1 5050 
"-" ~ - 200 MPa in [100] axis 

5000  

4,,o  /"-,2 
4 9 0 0 '  I I - 

4650 ' ' t , , I , , 
0 30 60 90 

Phase angle from [100] axis 

Figure 4 Surface wave velocity of single crystal Si under uniaxial 
tension in the [100] axis 

8 

S i n g l e  c rys ta l  M g O  w i t h  ( 0 0 1 )  orientation 

5 7 0 0  ~ i 

5650 N o n - s t r e s s e d  

200 MPa in [100] axis 
5600 

5550 

5500 

5450 

5400 

5350 

5300 

525(3 , , J , , l , , 
0 30 60 90 

Phase angle from [100] axis 

Figure 5 Surface wave velocity of single crystal MgO under 
uniaxial tension in the [100] axis 

Considering the case of  the nonstressed natural state 
firstly, the density p and the second order elastic 
constants C/jkl are used directly to determine the integral 
matrix B in the Barnet t -Lethe 's  integral formalism, and 
the surface wave velocities are determined by Eq. (20). 
The calculated results for Si and MgO with no prestress 
are shown as the thinner line in Figures 4 and 5, 
respectively. In Figures 4 and 5, the horizontal axis is the 
phase angle of  the surface wave, ranged from the [100] 
direction through the [110] to the [010] direction. 

In the following, the case of a uniaxial tension stress with 
magnitude of 200.0 MPa along the [100] direction is 
considered. Following the flow chart shown in Figure 3, 
the corresponding effective material constants AUKL, 
initial mass density pi a n d  the surface wave velocities are 
determined by the extended Barnet t -Lethe 's  integral 
formalism under the specified prestress. 

The calculated results for Si and MgO with uniaxial 
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stress 200.0 MPa applied in the [100] direction are shown 
as the thicker line in Figures 4 and 5, respectively. It is 
seen from Figure 4 that the velocities for Si are increased 
as the surface waves propagating near the [100] axis, 
parallel to the tension direction, and decreased near the 
[010] axis, perpendicular to the tension direction. 
However, the trend of velocity variation due to the 
same prestress is opposite to the case of MgO crystal, i.e., 
the velocity is decreased near the [100] axis and is 
increased near the [010] axis. 

M e a s u r e m e n t  of surface w a v e  
velocit ies 

V(z) curve and surface w a v e  veloci ty  

In this paper, the surface wave velocities of a single 
crystal are measured by a line focused scanning acoustic 
microscope (SAM). Because of the interference of the 
leaky surface wave and the directly reflected wave from 
the surface of a solid sample, the intensity of received 
signals varies periodically as the lens moves toward the 
specimen. The plot of the output voltage of the 
transducer versus the vertical position of the acoustic 
lens is called the V(z) curve, which is one of the material 
characteristics (called the acoustic material signature), 
and the surface wave velocity of the solid sample can be 
determined from the period of the dips in the V(z) curve. 

Shown in Figure 6 is a simple model for the periodic 
oscillations in the V(z) curve. As the acoustic field is 
refracted through the lens/couplant boundary and 
focused onto the solid sample, a surface wave is excited 
on the sample surface if the following conditions are 
satisfied simultaneously: (1) the critical angle OR is less 
than the opening angle 0max, and (2) the distance between 
the lens and the sample surface is less than the focal 
length of the lens. According to ray theory, two major 
rays are reflected back into the lens and detected by the 
piezoelectric transducer. One ray, denoted as #0 in 
Figure 6, is due to the wave incident near the z axis and 
reflected directly from the sample surface, the other ray, 

ZnO transducer 

#0 
OR 

solid sample _~ Rayleigh wa~e 

al plane 

Figure 6 Surface wave and the V(z) curves of scanning acoustic 
microscope 

denoted as #1 in Figure 6, is associated with the leaky 
surface wave generated by the wave incident at the 
critical angle. These two rays interfere at the transducer 
and result in the periodic oscillation in the V(z) curve. 
The period Az of the dips in the V(z) curve is expressed as[26]: 

Az = vc (56) 
2f(1 - cos 0R) 

where vc is the acoustic wave velocity of couplant, a n d f  
is the frequency of the acoustic lens. Since the critical 
angle is defined as: 

O R = sin-' (v~-~) (57) 

wave velocity VR of the solid sample is the Rayleigh 
obtained as: 

: { i1 VR vo - 2-7 ) (58) 

In general, the period of the V(z) curve is determined 
through the utilization of FFT analysis, the centre 
frequency of the peak in the spectrum is just equal to 
the inverse of period Az. However, the resolution in the 
frequency domain is limited by the total length of the 
V(z) curve, and the frequency of a periodic oscillation 
determined by FFT method is shifted if the number of 
cycles within the input data is not an integer. In the 
present study, the total length of the available V(z) curve 
is limited by the working distance to be less than 60 #m, 
and it is difficult to gate integral cycles exactly from the 
measured V(z) curve, therefore, the Az determined by 
FFT method is not accurate enough. 

Instead of using the conventional FFT analysis, the 
frequency function formatted by autoregressive model 
(AR model) is used to obtain the spectrum of the 
measured V(z) curve, and it is solved by the programs in 
the System Identification Toolbox of MATLAB soft- 
ware[30]. In this method, the resolution in the spatial 
frequency domain is controllable by users, independent 
of the total length of the V(z) curve. Furthermore, the 
frequency of a period variation determined by AR model 
is still accurate even if nonintegral cycles are used. 

It is noted that the surface wave generated by a line 
focused acoustic lens is propagating along a specified 
direction, and then the velocity determined by Eq. (58) is 
the phase velocity along the specified direction. There- 
fore, this method is applied to measure the velocities of 
surface waves propagating along different directions in 
an anisotropic crystal. 

Experimental  set-up 

A Leitz 'ELSAM' reflection type scanning acoustic 
microscope was utilized in this study. A line focused 
acoustic lens with operating frequency 1.0 GHz was used 
to measure the period Az in V(z) curves. In the V(z) 
curve measurement, the specimen is fixed on a horizontal 
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stage, and the lens is moved toward the sample vertically 
from a proper initial position. The working distance is 
fixed as 60#m and equally separated by 512 steps. In 
order to create the surface waves on the solid sample, the 
useful V(z) curve is limited in the so called 'negative 
defocus' range, where the distance between sample 
surface and lens is less than the focal length of the 
acoustic lens. The horizontal stage can be rotated about 
30 ° around the lens by a mechanical system, therefore, 
the propagating direction of the surface wave excited by 
the line focused acoustic lens is well defined. In the 
ELSAM acoustic microscope, the temperature of the 
couplant can be heated and maintained at 35°C or 60°C 
by a small coil-heater around the lens. The heating device 
was originally designed to increase the couplant's 
temperature and hence to improve the signal to noise 
ratio at high operating frequencies. 

The single crystal MgO (cubic crystal) is used as the 
specimen in the experiment. The crystal is a rectangular 
parallelepiped and the unit normal of the six boundaries 
are parallel to the [100], [010], and [001] axes. The length, 
width and thickness of the crystal are 20 mm, l0 mm, and 
10mm, respectively. Since the frequency of the surface 
wave generated by the acoustic lens is up to 1.0 GHz, the 
wavelength (about 5.5#m) is much less than the 
thickness (10mm) in the [001] axis, the crystal can be 
recognized as a half-sir)ace with (001) orientation. The 
detailed geometry and size of the MgO crystal are shown 
in Figure 7. 

The MgO crystal is loaded by a uniaxial compression 
device in order to mea:sure the associated surface wave 
velocities at the prestressed state. The loading system is 
shown in Figure 8, where the uniaxial compression is 
created by an M10 hexagon-head cap screw made by low 
carbon steel and an ~duminium substrate with screw 
thread. The aluminium block with an electrical resistance 
strain gauge mounted on the surface is used to measure 
the uniaxial stress applied on the MgO crystal, and the 
geometry of the aluminium block is also a rectangular 
parallelepiped of size 10 × 10 × 30 mm 3. The alignment 
of the aluminium block with the MgO crystal is shown in 
Figure 8. We note that with this arrangement, the stresses 
in the aluminium and MgO specimens are the same. The 
uniaxial stress of the MgO crystal under the screw 

[100] 
Figure 7 

)l] 

=/ ~ Polished surface 

Geometry and size of the MgO crystal in the experiment 

loading system can then be determined from the product 
of the Young's modulus EAl of the aluminium block 
multiplied by the uniaxial strain Ell measured by the 
strain gauge as: 

~_ j j={EAixe l i  f o r I = a = l  (59) 
0.0 otherwise 

The aluminium block is a polycrystal isotropic material, 
its Young's modulus can be measured by the ultrasonic 
method. The longitudinal and shear wave velocities of 
the aluminium block are measured and the Young's 
modulus of the aluminium block was determined as 
EA~ = 71.81 GPa. 

Experimental results 

In order to measure the surface wave velocities of the 
MgO crystal in the natural state, the undeformed MgO 
crystal is fixed on the horizontal stage of the scanning 
acoustic microscope. The couplant between the lens and 
the sample surface is water with the temperature of 60°C, 
and then the acoustic wave velocity of the couplant in 
Eq. (58) is vc = 1551.0m/s. The MgO crystal together 
with the horizontal stage is rotated by the mechanical 
system to specify the wave propagating direction. The 
angle between the propagating direction and the [100] 
axis is defined as the phase angle. In the experiment, the 
phase angles are 80 °, 90 °, and ranged from 0 ° to 30 ° with 
intervals of 5 °. The V(z) curve is measured for every 
specified phase angle, and the AR model is utilized to 
determine the period of the dips in the V(z) curve. On 
knowing the period Az, operating frequency f ,  and the 
couplant velocity vc, Eq. (58) can be used to determine 
the phase velocities of surface waves propagating along 
the specified directions. 

The experimental results as well as the calculated values 
are shown in the 'Natural state' columns of Table 1. 
Figure 9 is the distribution of surface wave velocities 
of MgO half-space with (001) orientation, where the 
experimental data are plotted as solid circles, while the 
thicker and thinner lines are the calculated surface wave 
velocity and the limiting velocity, respectively. 

Mgo ~t~l/1 

/ 

{'7 u.,no 
Figure 8 Loading system to create uniaxial compression in the 
MgO crystal 
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T a b l e  1 

Surface wave velocity Va (m/s) 

Experimental data Calculated values 
Phase angle 
(deg.)  Natural state Initial state Natural state Initial state 

0.0 551 8 .54  5 5 2 2 . 6 8  5 5 2 2 . 0 5  5 5 2 3 . 0 3  
5.0 5 5 2 2 . 5 0  - -  5 5 2 6 . 3 3  - -  

10.0  5 5 3 7 . 2 0  5 5 3 9 . 3 0  5538 .67  5 5 3 9 . 5 9  
15.0 5563.55 - -  5558 .13  - -  
20.0 5586.10 5588.91 5582.41 5583.19 
25.0 5606.47 - -  5606.16 - -  
30.0 5620.13 - -  5574.19 - -  
80.0 5539.91 5538.56 5538.67 5537.76 
90.0 5520.90 5519.12 5522.05 5521.1 3 
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5300 

' I ' I I ' I ' I /P I ' I ' 
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/ 
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0 I0 20 30 40 50 60 70 80 90 

Phase angle from [lO0]-axis 

Figure 9 Surface v e l o c i t y  o f  M g O  c r y s t a l  w i t h  ( 0 0 1  o r i e n t a t i o n  

We note, the measured velocity at the phase angle of  30 ° 
is much larger than the calculated surface wave velocity, 
because that for particles on the (001) surface of  a cubic 
half-space, the polarization due to surface waves is 
dominant by the shear horizontal (SH) component as the 
phase angles are within the range of  about 30 ° to 60 ° 
relative to the [100] axis. Therefore, no leaky signal due 
to the surface waves with the SH component can be 
received by the lens. In fact, the velocity determined from 
the measured V(z) curve at 30 ° is the velocity of  the 
pseudo surface wave [31]. Because the dominant compo- 
nents of the corresponding surface polarization are 
parallel to the propagating direction and perpendicular 
to the (001) surface, the leaky signal duc to the pseudo 
surface wave can easily propagate through the water and 
be detected by the lens. 

Fastening the screw loading device, a uniaxial com- 
pressive strain is read from the strain indicator 
as £11 = - 3 9 2  × 10 -6, and the corresponding initial 
stress 7-): can be determined from Eq. (59). The V(z) 
curves of  the MgO crystal under this prestressed 
condition are measured to determine the associated 
surface wave velocities. The phase angles adopted in this 
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Figure 1 0  C o m p a r i s o n  of surface wave velocities of M g O  c r y s t a l  
in  t h e  u n d e f o r m e d  n a t u r a l  s t a t e  a n d  the prestressed initial state 
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experiment are 0.0 °, 10 °, 20 ° , 80 ° , and 90 ° . The 
experimental results are listed in the 'Initial state' column 
of Table 1, located under the 'Experimental data' item. 
The associated phase velocities are also determined by the 
extended Bamett-Lothe 's  integral formalism with the 
procedures shown in Figure 3, and the results are listed in 
the 'Initial state' column of Table l, located under the 
'Calculated values' item. It is seen from Table 1 that the 
velocities are increased as. the surface waves propagating in 
phase angles near the [100] axis, parallel to the compres- 
sion direction; and decreased near the [010] axis, 
perpendicular to the compression direction. The experi- 
mental data and the calculated values for both the 
nonstressed natural state and the prestressed initial state 
are plotted in Figure 10. It is seen that the trend of the 
variation of the surface wave velocities due to the uniaxial 
compression measured is in agreement with that deter- 
mined by the numerical ,calculation. 

C o n c l u s i o n  

In this paper, the surface wave velocities of a prestressed 
anisotropic crystal are studied. The governing equations 
and the boundary conditions of the small field superposed 
on the prestressed crystals are derived by acoustoelasticity 
and are solved by the extended Barnett Lothe's integral 
formalism. The surface wave velocities of  the prestressed 
crystal are dependent on the properties of the crystal, the 
half-space orientation, the propagating direction as well as 
the stress and strain in the initial state. From the numerical 
implementation, the velocities for Si are increased as the 
surface waves propagating near the [100] axis, parallel to 
the tension direction, and decreased near the [010] axis, 
perpendicular to the tension direction. However, the trend 
of velocity variation due to the same prestress is opposite 
to the case of MgO cry,;tal, i.e., the velocity is decreased 
near the [100] axis and increased near the [010] axis. In the 
experiment, a uniaxial compression created by the screw 
loading system is applied on the MgO crystal along the 
[100] axis, and the velocities of surface waves propagating 
on the (001) surface of the prestressed MgO crystal are 
determined by the period of dips in the V(z) curves of the 
line focused scanning acoustic microscope. The variation 
trend of the surface wave velocity due to the initial stress 
measured in the experiment is in agreement with that 
determined numerically. 
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A p p e n d i x  

Mater ia l  constants of cubic crystals 

(I) Density and the second order elastic constants 

Elastic constants (GPa) 
Density p 

Crystal (km--~) Cl1 C12 C44 

Si [32] 2332.0 165.7 63.9 79.56 
Mg0 [33] 3598.0 301.02 99.19 157,65 

(II) The third order elastic constants 

Elastic constants (G Pa) 

Crystal C111 C112 C123 C144 C166 C456 

Si [32] - 8 2 5 0  -451.0 -64.0 12.0 -310.0 -64.0 
MgO [33] -4895.0 -95.0 -69.0 113.0 -659.0 147.0 
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