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Evaporation at the surface of a liquid is an unsteady process involving heat and
mass transport. The process of evaporation also leads to a local reduction in the
temperature of the bulk liquid near the surface. Marangoni instability may then be
induced by such a surface temperature reduction and the consequent variation in
surface tension. The purpose of this study is to investigate theoretically the onset
and physical mechanisms of Marangoni instability of an evaporating droplet. With
the quasi-steady approximation, which means that the size change of the droplet
is negligible, the surrounding gas motion is asymptotically steady and the temper-
ature distribution of the droplet is temporarily frozen at each specified instant of
interest, a lower limit of the onset condition for Marangoni instability is derived ana-
lytically through linear stability analysis. The following results are obtained from
the analysis. As time proceeds, the temperature reduction and thermal boundary
layer thickness near the free surface become larger and the droplet becomes more
unstable. The critical wavenumber of small disturbances for the onset of Marangoni
instability increases with the droplet initial temperature. The onset condition is a
strong function of the droplet initial temperature with which the critical Marangoni
number increases.

Keywords: Marangoni instability; evaporating droplet;
linear stability anlyasis; quasi-steady approach

1. Introduction

With the availability of space laboratories, space platforms and space stations, more
attention has been paid to the flow motions induced by surface tension gradients,
which are usually overshadowed by the buoyancy force under terrestrial conditions.

The flow motion which is driven by surface tension gradient along the free surface
or interface is called thermocapillary flow. Surface tension, in general, depends on
temperature, concentration and electrical potential. The gradient of any one, or
any combination, of those factors along the interface will lead to a surface tension
gradient and might result in a flow motion immediately. However, in some cases, the
gradients of those factors are perpendicular to the interface. A cellular flow motion
might be generated only when a certain critical Marangoni number is exceeded. Such
a flow phenomenon is called Marangoni instability, which becomes very crucial and
interesting in microgravity researches both from the academic and application points
of view.
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A hexagonal flow pattern driven by the surface tension gradient, which had always
been thought to be induced by the buoyancy effect, was first observed by Benard
and was later justified experimentally and analytically by Block (1956) and Pearson
(1958), respectively. Since then, many studies were directed to the understanding of
the Marangoni instability in liquid layers with different boundary conditions. Stern-
ling & Scriven (1959) have studied a similar situation arising from the mass transfer
process between two immiscible liquid layers of large extent. They later returned
to the work of Pearson (1958) and extended it by considering the effect of surface
viscosity and surface deflexion (Scriven & Sternling 1964). Nield (1964) and Smith
(1966) investigated both surface tension and buoyancy effects in a planar layer. Zeren
& Reynolds (1972) considered the instability of two-liquid layers bounded by hori-
zontal isothermal walls. Wahal & Bose (1988) predicted the instability of a two-layer
problem heating from below through a rigid boundary and with a deformable free
surface and a deformable liquid–liquid interface. Recently, in the planar layer, Ha
(1998) and Ha & Lai (1998) investigated the Marangoni instability of an evaporating
liquid layer. Similarity solutions were obtained prior to the onset of instability. Linear
stability analysis was applied to obtain an analytical result for the onset Marangoni
number.

In the meantime, considerable theoretical studies have been done on the stabilities
of convective, especially unsteady, flows by the energy method (Davis 1969; Homsy
1973; Neitzel 1982; McTaggart 1984; Payne et al . 1988). In general, the variational
principle is applied first for the formulation. Then a criterion for stability against
disturbances of arbitrary amplitude is found. The linear perturbation theory and the
energy method are complementary. Usually, the former gives the conditions above
which the systems are definitely unstable (a lower bound of the unstable regime),
while the latter gives the conditions under which the system are definitely stable (an
upper bound of the stable regime).

Apart from planar flow, there are flow situations in which the curvature effect
cannot be neglected. Hence much research has been devoted to theoretical studies
with a cylindrical or a spherical geometry. The Marangoni instability of a liquid layer
bounded by two coaxial cylinder surfaces has been investigated by Hoefsloot et al .
(1990a). The instability of a droplet was first investigated by Chandrasekhar (1961).
In recent years, Pirotte & Lebon (1988) investigated the Marangoni instability of
a spherical liquid layer with an undeformable free surface. The critical Marangoni
number obtained was higher than that for the planar case, which was considered
mainly due to the existence of surface curvature. With an appropriate scaling analy-
sis, their work was then corrected by Hoefsloot & Hoogstraten (1989). Since then,
research has focused on problems of convection in a spherical shell heating from inner
side (Hoefsloot et al . 1990b, 1992; Cloot & Lebon 1990a, b). Lebon et al . (1992) have
reviewed some works in this problem. Wilson (1994), who extended the earlier work
of Pirotte & Lebon (1988) and that of Hoefsloot & Hoogstraten (1989), and corrected
the errors in the paper by Cloot & Lebon (1990a), investigated a similar problem
with heating from either the inner or outer side. When heated from the outer side,
the neutral curves were marked by the bifurcation when Cr > 1

4r2, where Cr is the
Crispation number and r2 is the dimensionless radius of the undisturbed outer free
surface of the liquid. At such a condition, the system was unstable.

In addition to the above studies, Lozinski & Matalon (1993) performed analytical
studies of spinning droplets with surface tension effects. Aharon & Shaw (1995, 1996)
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Figure 1. Schematic of the physical model and coordinate system.

investigated the Marangoni instability of a binary evaporating droplet with surface
tension effects caused by both temperature and concentration gradients. Niazmand
et al . (1995), Rednikov et al . (1995) and Shih & Megaridis (1996) studied vaporizing
droplets that were moving relative to their environment.

In the present study, the instability of an evaporating droplet in a passive gas
medium is investigated. Because of the evaporation, a temperature gradient near and
perpendicular to the free surface is self-sustained. No external agency is needed to
provide the temperature gradient. By the quasi-steady approximation (which means
that the size change of the droplet is negligible and the surrounding gas motion is
asymptotically steady), a lower limit of the onset condition for Marangoni instability
with a temporarily frozen temperature distribution of the droplet is then obtained
through linear stability analysis. The evaporation effect on the onset condition is
also discussed.

2. Problem description

(a) Evaporating process

A motionless droplet of radius r0 surrounded by a passive gas with an initial mass
fraction Y∞ of the liquid vapour and at temperature T0 and pressure p∞ is considered.
The droplet is originally at temperature T0 and pressure p0 and with a constant
evaporating rate at the surface. The schematic of the physical model is shown in
figure 1.

When the droplet evaporates, it may absorb heat from its interior, which results
in a temperature reduction near the surface. Meanwhile, a flow motion in the gas
medium away from the droplet surface is generated. Conservation of mass, momen-
tum and energy must be satisfied at the interface.

As the evaporation proceeds, the temperature reduction and the thermal bound-
ary-layer thickness near the droplet surface become larger. It is this self-sustained and
growing temperature reduction near the free surface and the consequent variation of
surface tension that are the focus of the present study. We see how, as the evaporation
proceeds and brings about the onset of Marangoni instability, a cellular flow motion
may occur if the temperature reduction near the free surface is large enough such
that the corresponding Marangoni number at that moment exceeds a certain critical
value.

To illustrate the phenomena stated above, the temperature distributions for an
octane droplet at different initial temperatures are shown in figure 2. Such tempera-
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Figure 2. The dimensionless temperature distributions of an octane droplet at various instants
for (a) T0 = 293 K, (b) T0 = 353 K.

Table 1. Variation of surface temperature with time for an octane droplet at T0 = 293 K

dimensional time
dimensionless ︷ ︸︸ ︷ surface temperature

time t (s) t (s) temperature drop
τ for r0 = 5 cm for r0 = 10 cm Ts (K) ∆Ts (K)

0.0001 3.0 12.0 292.99 0.01
0.0005 15.0 60.0 292.98 0.02
0.001 30.0 120.0 292.97 0.03
0.0015 45.0 180.0 292.96 0.04

Table 2. Variation of surface temperature with time for an octane droplet at T0 = 353 K

dimensional time
dimensionless ︷ ︸︸ ︷ surface temperature

time t (s) t (s) temperature drop
τ for r0 = 5 cm for r0 = 10 cm Ts (K) ∆Ts (K)

0.0001 3.5 14.0 352.73 0.27
0.0005 17.5 70.0 352.39 0.61
0.001 35.0 140.0 352.13 0.87
0.0015 52.5 210.0 351.93 1.07

ture distributions are obtained by solving the equations to be discussed in the next
section. The temperature, length and time are scaled by m′

0hlgr0/kl, r0 and r20/αl,
respectively, in which m′

0 is the evaporation rate of droplet at the initial temperature
T0, hlg is the heat of evaporation, kl the liquid thermal conductivity and αl the liquid
thermal diffusivity. From figure 2, it is obvious that, as the evaporation proceeds, the
surface temperature decreases and a thermal boundary layer is established near the
free surface across which the temperature gradient is significant. For further illus-
tration, the corresponding surface-temperature variations with time for an octane
droplet are shown in tables 1 and 2. It can be seen that the surface-temperature
decrease, ∆Ts, is a strong function of the initial temperature T0. This is because the
evaporation rate increases as the temperature approaches the boiling point.
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Table 3. Comparison of the various time-scales during evaporation

(Based on data for octane and heptane from Daubert & Danner (1985): ρl/ρg ∼ O(103),
Prl ∼ O(1 ∼ 10), αl/αg ∼ O(10−2), µl/µg ∼ O(102), Prg ∼ 1, Le ∼ 1, Re = A0r0/νg =
radial Reynolds number ∼ O(1), A0 = evaporating velocity at free surface.)

process time-scale time-scale with respect to r2
0/αl

gas phase flow
r0

A0

αl

A0r0
=

1
RePrl

µl

µg

ρg

ρl
∼ (10−2 ∼ 10−1)

transport in gas phase

(a) diffusion of momentum
r2
0

νg

αl

νg
=

αl

αg

1
Prg

∼ 10−2

(b) diffusion of heat
r2
0

αg

αl

αg
∼ 10−2

(c) diffusion of mass
r2
0

Dg

αl

Dg
=

αl

αg
Le ∼ 10−2

transport in liquid phase

(a) diffusion of momentum
r2
0

νl

αl

νl
=

1
Prl

∼ (10−1 ∼ 1)

(b) diffusion of heat
r2
0

αl
1

droplet regression
r0

ṙ0
� r0ρl

A0ρg

αl

A0r0

ρl

ρg
=

1
RePrl

µl

µg
∼ (10 ∼ 102)

(b) Quasi-steady approximation

Strictly speaking, the evaporation of a droplet is never a steady process, since the
radius, the surface temperature, and hence the evaporation rate, keep decreasing
during the evaporation. However, as shown in table 3, the time-scales of the gas
phase are two orders smaller than the time-scale of heat diffusion in the liquid phase.
Therefore, when the interest is mainly on the liquid phase (the droplet), the gas
phase (the surrounding air) can be treated as asymptotically steady. Nevertheless,
the time-scale for the droplet regression is about one order larger than the heat
diffusion time-scale of the droplet. Consequently, the size change of the droplet is
neglected in the present study. This approximation will become more reasonable by
choosing a larger size of droplet with a higher density ratio between the liquid phase
and its vapour.

Because the temperature distribution of an evaporating droplet varies continu-
ously, we cannot predict accurately the onset of a Marangoni instability of an evap-
orating droplet by a linear stability analysis without considering the time-evolution
effect (Homsy 1973). There have been several important research papers regarding
the instability of a time-dependent basic state. To describe the growth and evolu-
tion of small disturbances with time-dependent flows, a nonlinear analysis of finite-
amplitude instability is necessary (Davis 1970). To predict the onset condition and
onset time of instability of a time-dependent basic state, the energy method is an
appropriate approach (Davis 1969; Homsy 1973; Neitzel 1982), which gives a suf-
ficient condition for stability against disturbances. To treat the growth of small
disturbances as an initial problem is another approach, in which the time evolu-
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tion of the initial disturbances is monitored by numerically integrating the unsteady
perturbation equations (Mahler et al . 1968; Chen & Kirchner 1971). However, a
major difficulty with this method is the choice of initial conditions. Although it
is inappropriate for marginal instability and usually underestimates the onset time
for instability (Homsy 1973), the quasi-steady approach, in which the stability of
a ‘frozen’ basic state is analysed, is still applied to give a sufficient condition of
instability and obtain certain essential physics (Chen & Kirchner 1971; Kerr 1989).
Conceptually, the quasi-steady approach indicates, in a sense, the ‘driving potential’
of each instantaneous basic state for the onset of instability, if it remains long enough.
If the time-dependent basic state becomes suppressive as time proceeds, the quasi-
steady approach will not be able to provide any useful information. However, if it is
always conducive to the onset of stability over time, according to the present study,
such an approach could be useful in predicting the condition sufficient sufficient for
the onset of Marangoni instability. Therefore, as a first approach to such a difficult
and complicated problem to acquire some basic and essential physics for the onset
of Marangoni instability of an evaporating droplet, a linear stability analysis with
a temporarily ‘frozen’ temperature distribution of the droplet is employed in the
present study. The onset condition for the neutral instability is calculated to provide
a sufficient condition for the onset of Marangoni instability which will be discussed
in detail when the results are presented. Moreover, with such an approximation, the
expression for the onset Marangoni number of instability can be obtained analyti-
cally (equation (4.31)) to provide a clear and direct understanding of the physical
mechanisms for the onset of instability. With such an understanding, any further
study involving the time evolution of small disturbances, along with the unsteady
temperature variation of the droplet, will become more productive.

In summary, the quasi-steady approximation used in the present study is as follows.

(1) The transport phenomena of the surrounding gas phase are treated as steady
state.

(2) The regression of the droplet during evaporation is negligibly small.

(3) The temperature distribution of the droplet is temporarily frozen at certain
specified instants with an application of linear stability analysis.

3. Quasi-steady analysis

Apart from the quasi-steady approximation, the following assumptions are made for
further simplification of the problem.

(1) The free surface is undeformable. As a result, the Gibbs–Thomson effect is not
important in the present study.

(2) The buoyancy effect is neglected under the microgravity condition.

(3) All the physical properties of the fluid (except the surface tension, which is
a monotonically decreasing function of the temperature) are considered to be
constant.

(4) Viscous dissipation and radiative heat transfer are neglected.
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Figure 3. Mass fraction of the liquid vapour at the free surface of an octane and a heptane
droplet for various initial temperatures.

(5) The liquid vapour is saturated at the droplet surface. An independent relation
between the surface temperature Ts and the mass fraction of liquid vapour Yv,
i.e. the Clausius–Clapeyron equation (Gogos & Ayyaswamy 1988), is

Yv(r0) =
exp[(hlg/�)(1/Tb − 1/Ts)]

rw − (rw − 1) exp[(hlg/�)(1/Tb − 1/Ts)]
. (3.1)

In the above expression, Tb is the boiling temperature of liquid, � is the uni-
versal gas constant and rw is the ratio of molecular weights Mamb/Ml. Yv is
a function of the physical properties of the fluid hlg, Tb and rw. In figure 3,
Yv is plotted against the surface temperature Ts for heptane and octane. It
increases with temperature and varies from 0 to 1. The limit zero corresponds
to a non-evaporating situation and Yv = 1 corresponds to the boiling state.
Heptane, which has a lower boiling point, possesses a higher mass fraction at
a given temperature.

With the quasi-steady approximation and the above assumptions, the governing
equations of the system are

∇ · Vg = 0, (3.2)
∇ · Vl = 0, (3.3)

ρgVg · ∇Vg = −∇pg + µg∇2Vg, (3.4)

ρl

(
∂Vl

∂t
+ Vl · ∇Vl

)
= −∇pl + µl∇2Vl, (3.5)

Vg · ∇Tg = αg∇2Tg, (3.6)
∂Tl

∂t
+ Vl · ∇Tl = αl∇2Tl, (3.7)

Vg · ∇Yv = Dg∇2Yv, (3.8)
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where V (ur, uθ, uφ) is the velocity vector, with ur, uθ and uφ being the velocity com-
ponents in the r-, θ- and φ-directions. T is the temperature, p denotes the pressure,
Yv is the mass fraction of liquid vapour, ρ is the density, µ is the viscosity, α denotes
the thermal diffusivity, D is the mass diffusivity and t is time. The subscript ‘g’ refers
to the gas phase and ‘l’ refers to the liquid phase.

For the convenience and generality of the analysis and discussion, the variables are
non-dimensionalized. The scaling factors for r, t, V , p and Yv are r0, r20/αl, αl/r0,
ρlα

2
l /r

2
0 and Y0, respectively. Y0 is the initial mass fraction of the liquid vapour at

the free surface. By further defining

T ∗
l =

Tl − T0

m′
0hlgr0/kl

, T ∗
g =

Tg − T0

m′
0hlgr0/kl

,

φCp =
Cpl
Cpg

, φk =
kl
kg
, φα =

αl

αg
, φµ =

µl

µg
,

φρ =
ρl
ρg
, Cr =

µlαl

σ0r0
, Le =

αg

Dg
, Prl =

νl
αl
, Prg =

νg
αg
,




(3.9)

the dimensionless governing equations possess the following forms:

∇ · V ∗
g = 0, (3.10)

∇ · V ∗
l = 0, (3.11)

φα

Prg

(
V ∗

g · ∇V ∗
g + φρ∇p∗

g

)
= ∇2V ∗

g , (3.12)

1
Prl

(
∂V ∗

l

∂τ
+ V ∗

l · ∇V ∗
l + ∇p∗

l

)
= ∇2V ∗

l , (3.13)

φαV ∗
g · ∇T ∗

g = ∇2T ∗
g , (3.14)

∂T ∗
l

∂τ
+ V ∗

l · ∇T ∗
l = ∇2T ∗

l , (3.15)

φαLeV
∗
g · ∇Y ∗

v = ∇2Y ∗
v . (3.16)

The relevant initial and boundary conditions are as follows.
The initial conditions at τ = 0 are

V ∗
l = 0, (3.17)
T ∗

l = 0. (3.18)

The boundary conditions as R → ∞ are

V ∗
g = 0, (3.19)

T ∗
g = 0, (3.20)

p∗
g = p∗

∞, (3.21)

Y ∗
v = Y ∗

∞ = 0. (3.22)

The boundary conditions at the centre of the droplet (R = 0) are

V ∗
l = 0, (3.23)
T ∗

l = finite. (3.24)
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At the interface R = 1, the continuity of tangential velocity, mass flux, stresses,
temperature and heat flux and the non-condensible condition of the passive gas must
be satisfied, which gives

u∗
θ,l = u∗

θ,g, (3.25)

u∗
φ,l = u∗

φ,g, (3.26)

φρ(u∗
R,l − Ṙ) = u∗

R,g − Ṙ = Ev, (3.27)

φµ

[
R
∂

∂R

(
u∗

θ,l

R

)
+

1
R

∂u∗
R,l

∂θ

]
−

[
R
∂

∂R

(
u∗

θ,g

R

)
+

1
R

∂u∗
R,g

∂θ

]
= −φµ

Ma

R

∂T ∗
l

∂θ
, (3.28)

φµ

[
1

R sin θ
∂u∗

R,l

∂φ
+R

∂

∂R

(
u∗

φ,l

R

)]

−
[

1
R sin θ

∂u∗
R,g

∂φ
+R

∂

∂R

(
u∗

φ,g

R

)]
= −φµ

Ma

R sin θ
∂T ∗

l

∂φ
, (3.29)

(
−p∗

l + 2Prl
∂u∗

R,l

∂R

)
−

(
−p∗

g +
2Prg
φαφρ

∂u∗
R,g

∂R

)
= −2

Prl
Cr
, (3.30)

T ∗
g = T ∗

l = T ∗
s , (3.31)

−∂T
∗
l

∂R
= − 1

φk

∂T ∗
g

∂R
+
m′

m′
0
, (3.32)

1
φαLe

∂Y ∗
v

∂R
= −

(
1
Y0

− Y ∗
v

)
u∗

R,g, (3.33)

where Ṙ is the regression rate of the droplet to be neglected in the later analysis
under the quasi-steady approximation and Ev = m′/(ρlαl/r0) is the dimensionless
evaporating mass per unit area per unit time at the free surface. The expression for
Ev will be obtained later by using the velocity field of the gas phase. The Marangoni
number is

Ma = − ∂σ
∂T

m′
0hlgr

2
0

µlαlkl
.

The mass fraction at the droplet surface Y ∗
v (1) is calculated by the Clausius–Clapey-

ron equation.
Although the temperature distribution of the droplet changes constantly as the

evaporation proceeds, there would be no fluid motion generated inside the droplet
if the evaporation is uniform over the free surface and no any disturbance exists,
i.e. V ∗

l = 0. The pressure of the droplet is then constant and static in nature and
can be determined by the following normal-force balance condition at the surface:

p∗
l = p∗

g − 2Prg
φαφρ

∂u∗
R,g

∂R
+

2Prl
Cr

. (3.34)

However, the evaporation will result in an outward flow motion away from the droplet
surface in the gas phase. The governing equations for such a radial gas flow are as
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follows:

1
R2

∂

∂R
(R2u∗

R,g) = 0, (3.35)

φα

Prg

(
u∗

R,g
∂u∗

R,g

∂R
+ φρ

∂p∗
g

∂R

)
=

1
R2

∂

∂R

(
R2 ∂u

∗
R,g

∂R

)
− 2u∗

R,g

R2 , (3.36)

φαu
∗
R,g
∂T ∗

g

∂R
=

1
R2

∂

∂R

(
R2 ∂T

∗
g

∂R

)
, (3.37)

φαLeu
∗
R,g
∂Y ∗

v

∂R
=

1
R2

∂

∂R

(
R2 ∂Y

∗
v

∂R

)
. (3.38)

Solved with the corresponding boundary conditions as shown in equations (3.19)–
(3.22), (3.25)–(3.27), (3.31) and (3.33), the radial velocity, pressure, temperature and
liquid vapour distributions of the surrounding gas can then be determined analyti-
cally. They are

u∗
R,g = − ln(1 − Yv(1))

φαLe

1
R2 , (3.39)

p∗
g = − ln2(1 − Yv(1))

φ2
αφρLe2

1
2R4 + p∗

∞, (3.40)

T ∗
g = T ∗

s
(1 − Yv(1))1/(Le·R) − 1
(1 − Yv(1))1/Le − 1

, (3.41)

Y ∗
v =

1
Y0

[
1 − (1 − Yv(1))1/R

]
, (3.42)

where

Yv(1) =
exp[(hfg/�)(1/Tb − 1/Ts)]

rw − (rw − 1) exp[(hfg/�)(1/Tb − 1/Ts)]
. (3.43)

p∗
l can now be determined from equations (3.39) and (3.40):

p∗
l =

2Prl
Cr

− 4Prg
φ2

αφρLe
ln(1 − Yv(1)) − 1

2φρφ2
αLe

2 ln2(1 − Yv(1)) + p∗
∞. (3.44)

The temperature field of the droplet, T ∗
l (R, τ), cannot be solved easily in an ana-

lytic form and has to be determined from the following energy equation and condi-
tions:

∂T ∗
l

∂τ
=

1
R2

∂

∂R

(
R2 ∂T

∗
l

∂R

)
, (3.45)

T ∗
l = 0 for τ = 0, (3.46)

T ∗
l = finite for R = 0, (3.47)

−∂T
∗
l

∂R
= T ∗

s Bi+Rm for R = 1. (3.48)

In (3.48), the first term of the right-hand side represents the heat transfer to the
ambient by convection and the second term denotes the heat flux due to evaporation
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at the free surface, with the parameters defined as

Bi =
1

φkLe
ln(1 − Yv(1))

(1 − Yv(1))1/Le

(1 − Yv(1))1/Le − 1
, (3.49)

Rm =
m′

m′
0
=

ln(1 − Yv(1))
ln(1 − Y0(1))

. (3.50)

The transient temperature distributions of the droplet are solved numerically by
using Crank–Nicolson method and are calculated for several specified instants, as
shown in figure 2. All the physical variables of the gas phase which are expressed in
terms of the surface temperature T ∗

s can then be determined.

4. Stability analysis

(a) Perturbed equations

Suppose the surface temperature is perturbed due to either a non-uniform evapo-
ration or other reasons, and a local thermocapillary convection due to Marangoni
effect is generated through boundary conditions (3.28) and (3.29). The concern is
whether such disturbances will be amplified or damped. As discussed in § 2, a lin-
ear stability analysis with a frozen temperature distribution of the droplet for each
specified instant of interest is employed in the present study to investigate the onset
of Marangoni instability. With the quasi-steady approximation, the effect on the
Marangoni convection in the droplet due to the surrounding atmosphere is directly
through the thermal and mass boundary conditions on the interface.

To determine the onset of instability, situations with infinitesimal disturbances on
the basic flow in the liquid phase are considered in this section. In the following
analysis, a prime will be used to denote the perturbed quantities and, for simplifica-
tion, the subscript ‘l’, previously used for the liquid phase, is to be neglected. The
linearized dimensionless equations for the perturbed quantities then become

∇ · V ′ = 0, (4.1)(
∇2 − 1

Pr

∂

∂τ

)
V ′ =

1
Pr

∇p′, (4.2)(
∇2 − ∂

∂τ

)
T ′ = u′

R

∂T ∗

∂R
. (4.3)

The corresponding boundary conditions are, for R = 0,

V ′ = 0, (4.4)

T ′ = finite, (4.5)

and, for R = 1,

φρu
′
R =

dEv
dT ∗ T

′, (4.6)

R
∂

∂R

(
u′

θ

R

)
+

1
R

∂u′
R

∂θ
= −Ma

R

∂T ′

∂θ
, (4.7)
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1
R sin θ

∂u′
R

∂φ
+R

∂

∂R

(
u′

φ

R

)
= − Ma

R sin θ
∂T ′

∂φ
, (4.8)

−∂T
′

∂R
=

(
Bi+

dBi
dT ∗T

∗ +
dRm
dT ∗

)
T ′, (4.9)

where

Ev = − 1
φαLe

φρ

φρ − 1
ln(1 − Yv(1)). (4.10)

To eliminate p′, we take the curl of (4.2) twice and the radial component satisfies
the following equation:

∇2
[
∇2 − 1

Pr

∂

∂τ

]
(Ru′

R) = 0. (4.11)

With the continuity equation, we can combine the two tangential-stress boundary
conditions into a single one, i.e.

∂2

∂R2 (Ru
′
R) − (2 + L2)(Ru′

R)
R2 =

Ma

R
L2T ′, (4.12)

where

L2 =
1

sin θ
∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

= R2∇2 − ∂

∂R

(
R2 ∂

∂R

)
. (4.13)

Motivated by the operator L2, the perturbed quantities are expressed in terms of
spherical harmonics. Accordingly, we write

Ru′
R = U(R)Y m

l (θ, φ)eωτ ,

T ′ = �(R)Y m
l (θ, φ)eωτ ,

}
(4.14)

with ω being a complex quantity, i.e.

ω = ωr + iωi. (4.15)

The real part ωr determines the degree of amplification or damping whereas the
imaginary part ωi is the circular frequency of disturbances. The spherical harmonics
Y m

l satisfies the following equation:[
1

sin θ
∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

]
Y m

l (θ, φ) = −l(l + 1)Y m
l (θ, φ), (4.16)

where
Y m

l (θ, φ) = Pm
l (cos θ)eimφ, (4.17)

with Pm
l (cos θ) being the associated Legendre polynomials.
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Substitution of the solutions given in (4.14) into (4.1), (4.3) and (4.11) and bound-
ary conditions (4.4)–(4.6), (4.9) and (4.12) gives[

d2

dR2 +
2
R

d
dR

− l(l + 1)
R2

][
d2

dR2 +
2
R

d
dR

− l(l + 1)
R2 − ω

Pr

]
U = 0, (4.18)[

d2

dR2 +
2
R

d
dR

− l(l + 1)
R2 − ω

]
� − U

R

∂T ∗

∂R
= 0, (4.19)

U = 0 for R = 0, (4.20)
� = finite for R = 0, (4.21)

φρ
U

R
=

dEv
dT ∗ � for R = 1, (4.22)

d2U

dR2 − 2 − l(l + 1)
R2 U = −Mal(l + 1)

R
�, (4.23)

−d�
dR

=
(
Bi+

dBi
dT ∗T

∗ +
dRm
dT ∗

)
� = χ�, (4.24)

where

χ =
(
Bi+

dBi
dT ∗T

∗ +
dRm
dT ∗

)
,

a parameter indicating the heat transfer to the surrounding gas phase during the
evaporation process.

Hence the instability problem is reduced to an eigenvalue problem of (4.18), (4.19)
with boundary conditions (4.20)–(4.24).

Since the temperature distribution of the droplet is temporarily frozen in the
above formulation, the analysis is valid for small disturbances with finite growth
rate, ωr > O(1). However, the criterion of marginal or neutral instability (ωr = 0) is
derived in the next section purposely to provide a sufficient condition for the onset
of Marangoni instability. Moreover, the expression for the onset Marangoni number
of neutral instability can be derived analytically, which provides a clear and direct
understanding of the physical mechanism for the onset of instability.

(b) Criterion of neutral instability

It will be assumed here that the principle of exchange of stabilities holds, that is, if
ωr = 0, then ωi = 0 automatically. The instability then appears as stationary, rather
than oscillatory. For certain convective motion, induced solely by surface tension,
such a principle was proved by Vidal & Acrivos (1966). Therefore, in this section, ω
is put equal to zero. The onset Marangoni number for the frozen temperature distri-
bution at a specified instant τ is then determined as a function of the wavenumber
l with parameters Bi, Rm and Ev prescribed.

By setting ω = 0, the eigenvalue problem is simplified to[
d2

dR2 +
2
R

d
dR

− l(l + 1)
R2

]2

U = 0, (4.25)[
d2

dR2 +
2
R

d
dR

− l(l + 1)
R2

]
� − U

R

∂T ∗

∂R
= 0, (4.26)
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together with boundary conditions (4.20)–(4.24). The solution of (4.25), with bound-
ary condition (4.20), is

U(R) = A(Rl − aRl+2). (4.27)

Although the constant A, whose value depends on the amplitude of initial distur-
bances, is arbitrary, it drops out in the determination of the onset Marangoni num-
ber of instability (Dijkstra & van de Vooren 1985). The constant a is determined
from (4.22), the continuity of mass flux at the free surface.

With the above velocity distribution, the solution of (4.26) subject to condi-
tions (4.21) and (4.24) is

�(R) = BRl −AR
−(l+1)

2l + 1

∫ R

0
(s2l+1 − as2l+3)

∂T ∗

∂s
ds

+A
Rl

2l + 1

∫ R

0
(1 − as2)∂T

∗

∂s
ds, (4.28)

where

B = −A
∫ 1

0
(R2l+1 − aR2l+3)

∂T ∗

∂R
dR · l + 1 − χ

(2l + 1)(l + χ)

−A
∫ 1

0
(1 − aR2)

∂T ∗

∂R
dR · 1

2l + 1
. (4.29)

From condition (4.22), the constant a is then determined as

a =
[
(l+ χ) +

dEv
dT ∗

∫ 1

0
R2l+1 ∂T

∗

∂R
dR

]/[
(l+ χ) +

dEv
dT ∗

∫ 1

0
R2l+3 ∂T

∗

∂R
dR

]
. (4.30)

With the perturbed velocity and temperature fields as determined by (4.27), (4.28),
the onset Marangoni number for the stationary instability can now be solved, i.e.

Ma = −2(l + χ)[a(l2 + 2l) − l2 + 1]
l(l + 1)T̄

, (4.31)

with

T̄ =
∫ 1

0
(R2l+1 − aR2l+3)

∂T ∗

∂R
dR, (4.32)

an expression implying, in a sense, the temperature reduction near the free surface
due to evaporation. From (4.31), it is obvious thatMa increases with χ and decreases
with |T̄ |.

5. Results and discussion

Results for an octane droplet will be presented and discussed in this section. Similar
results were obtained for a heptane droplet. The values of the physical properties of
octane and heptane are given by Daubert & Danner (1985).

Although there is no principle of exchange of stabilities for ωr 
= 0 as for the case
of marginal or neutral instability, the numerical calculations indicate that, without
surface deformation, only the stationary instability, i.e. ωi = 0, is possible for an
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Figure 4. Onset Marangoni number versus disturbance wavenumber with different growth rates
for a non-deformable octane droplet at T0 = 293 K and two time instants.

evaporating droplet with different disturbance growth rates. Therefore, the stationary
mode is implied wherever the onset of Marangoni instability is discussed in the
following.

Shown in figure 4 are the variations of the onset Marangoni number as a func-
tion of the disturbance wavenumber for an octane droplet at an initial temperature
T0 = 293 K and four specified growth rates. Results obtained for the droplet temper-
ature distributions at two different instants, i.e. τ = 0.0001 and 0.001, are presented
for comparison. Curves with ωr = 0 denote the neutral or marginal instability, while
the ones with ωr = 1 and 5 are instability curves when the time-scale of the distur-
bance growth and that of the droplet temperature variation are of the same order
of magnitude. Curves with ωr = 10 represent, as an example, a situation when the
linear stability analysis with a temporarily frozen temperature distribution of the
droplet is a good approximation. When ωr = 0, 1 and 5, the time evolution of the
droplet temperature distribution is essential to the disturbance growth. However, as
discussed in § 2, since the temperature reduction near the droplet surface becomes
larger and larger, which is more and more conducive to the onset of Marangoni
instability as time proceeds and evaporation continues, the linear stability analysis
with a temporarily frozen temperature distribution provides, therefore, a sufficient
condition for the onset of instability.

It can be found from figure 4 that, at each specific instant, the onset Marangoni
number increases with the disturbance growth rate. As a result, the critical
Marangoni number, Mac, which is defined as the smallest value of each instability
curve, and the corresponding critical wavenumber, lc, also increase with the dis-
turbance growth rate. Variations of Mac as a function of ωr for τ = 0.0001 and
0.001, with the corresponding lc, are shown in figure 5. Although the correspond-
ing critical wavenumbers are different, the critical Marangoni number for different
disturbance growth rates are about the same order of magnitude. Moreover, such
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Figure 5. Critical Marangoni number as a function of disturbance growth rate for an octane
droplet with a non-deformable free surface at T0 = 293 K (♦, τ = 0.0001; �, τ = 0.001).

Table 4. Variations of Mac and lc with time, τ , and the initial temperature, T0,
of an octane and a heptane droplet

octane heptane︷ ︸︸ ︷ ︷ ︸︸ ︷
T0 τ Mac lc Mac lc

293 0.0001 19 418.05 1 20 574.69 1
293 0.0005 4 083.96 1 4 329.72 1
293 0.001 2 120.53 1 2 249.14 1
293 0.0015 1 455.58 1 1 544.39 1
313 0.0001 21 058.98 2 22 570.42 2
313 0.0005 4 458.47 1 4 933.07 2
313 0.001 2 316.71 1 2 607.65 1
313 0.0015 1 591.08 1 1 791.91 1
333 0.0001 23 124.78 2 25 413.25 4
333 0.0005 5 056.46 2 5 785.68 2
333 0.001 2 701.93 2 3 095.47 2
333 0.0015 1 865.84 1 2 173.66 2
353 0.0001 25 835.06 4 30 540.23 6
353 0.0005 5 915.52 3 7 411.96 4
353 0.001 3 183.19 2 4 124.19 3
353 0.0015 2235.92 2 2 951.98 3

differences become smaller and smaller as time proceeds. Therefore, the quasi-steady
approximation employed in this study will give better and better prediction as time
proceeds.

The variations of the critical Marangoni number, Mac, versus the initial tempera-
ture, T0, of an octane droplet with three specified disturbance growth rates (ωr = 0,
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Figure 6. Critical Marangoni number Mac versus initial temperature T0 for an octane droplet
with three specified disturbance growth rates; τ = 0.0001.

5 and 10) are shown in figure 6. The corresponding critical wavenumbers, lc, are also
indicated in the figure. It can be seen that, although the values of Mac and lc are
different for each disturbance growth rate, they all increase with the droplet initial
temperature T0.

Although the linear stability analysis with a temporarily frozen temperature distri-
bution of the droplet is appropriate for large disturbance growth rates (e.g. ωr � 10),
the results shown in figures 4, 5 and 6 indicate clearly that the variations ofMac and
lc versus time or the droplet initial temperature are all qualitatively similar for small
disturbances with different growth rates. Therefore, certain essential physics about
the onset of Marangoni instability of an evaporating droplet could be explored by
studying the marginal or neutral instability wherein the expression of Mac in terms
of the droplet initial temperature and the evaporating effect are derived analytically,
i.e. equation (4.31). Consequently, a detailed investigation about the marginal or
neutral instability will give a direct understanding of the physical mechanism for the
onset of Marangoni instability of an evaporating droplet. The following statements,
based on equation (4.31), thus serve this purpose.

The onset Marangoni number of neutral instability versus the wavenumbers of
small disturbances for four specified initial temperatures of an octane droplet are
plotted in figure 7. In each figure, the instability curves for a ‘frozen’ temperature
distribution of the droplet at four specified instants are shown for comparison. The
following results can be obtained from these figures.

(1) As time proceeds and evaporation continues, the temperature reduction near
the free surface increases, which, together with the consequent variation in
surface tension due to disturbances, makes the droplet unstable. As a result,
the critical Marangoni number decreases and, hence, the droplet becomes more
unstable as time proceeds. As an example, the critical Marangoni number, as
a function of dimensionless time for an octane droplet at two different initial
temperatures, i.e. T0 = 293 and 353 K, are shown in figure 8. It also can be
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Figure 7. Onset Marangoni number of neutral instability as a function of wavenumber for
a non-deformable octane droplet at various instants: (a) T0 = 293 K; (b) T0 = 313 K;
(c) T0 = 333 K; (d) T0 = 353 K.
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Figure 8. Critical Marangoni number of stationary instability as a function of time for an
octane droplet with a non-deformable free surface at two different initial temperatures.

learned from figure 8 that the critical Marangoni number decreases rapidly
before τ ≈ 0.002, due to great surface temperature reduction within that time-
interval. After τ ≈ 0.002, Mac varies slightly as time proceeds. Similar results
were also observed in the planar layer (Ha 1998; Ha & Lai 1998).
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(2) When the initial temperature of the droplet, T0, is less than 293 K, the onset of
instability is mostly incurred by the disturbances with a wavenumber of unity.
If T0 is greater than 293 K, the most unstable mode of disturbances might
occurs at a higher wavenumber, called the critical wavenumber and denoted
by lc. However, as time proceeds and, meanwhile, the thermal boundary layer
thickness grows, the most unstable mode of disturbances tends to shift back to
that with a lower wavenumber. The numerically calculated values of Mac and
lc for an octane droplet at different initial temperatures and specified instants
are given in table 4.

(3) The critical Marangoni number increases with the droplet initial temperature.
That is, with a higher initial temperature, the droplet seems to possess intrin-
sically a certain potential to damp the disturbances. The mechanism for this
phenomenon is not obvious. There are two competing mechanisms determin-
ing the onset of instability. As stated previously, the temperature reduction
near the free surface is the driving potential for the Marangoni instability.
Therefore, with a higher initial temperature, which results in a larger tempera-
ture reduction near the free surface, the droplet should become more unstable.
However, the heat transfer to the surrounding gas due to evaporation, which
increases with initial temperature, tends to smooth the surface temperature
disturbances. Therefore, the droplet becomes more stable with a higher ini-
tial temperature. The competition between these two mechanisms will finally
determine the effect of the initial temperature on the droplet instability. Such
an explanation can be realized from (4.31), wherein the onset Marangoni num-
ber is expressed explicitly in terms of parameters χ and T̄ . As stated in the
last section, the parameter χ indicates the heat transfer to the surrounding gas
phase during the evaporation process and T̄ implies, in a sense, the temperature
reduction near the free surface due to evaporation. Since the onset Marangoni
number increases with χ and decreases with |T̄ | as indicated by (4.31), the
two competing mechanisms explained above become plainly understandable.
However, such a competing mechanism does not exist in the flow situation of
a planar layer. As a result, the onset Marangoni number for the stationary
instability decreases with the initial temperature of the liquid layer (Ha 1998;
Ha & Lai 1998).

For further illustration, figures 9 and 10 show the variations of the onset Marangoni
number Ma, χ, T̄ and a with respect to the initial temperature T0 of an octane
droplet at two specified instants, τ = 0.0001 and 0.0015. Figure 9 is for wavenumber
equal to 1 and figure 10 is for wavenumber equal to 5. As shown in figure 9(i),
τ = 0.0001, T̄ and a are nearly constant for various initial temperatures. However,
χ increases with T0 and so does Ma according to (4.31). This result indicates that,
at a fixed instant, the higher initial temperature makes Ma larger through heat
transfer effect to the surrounding gas phase. At τ = 0.0015, figure 9 (ii) shows that
the variations of χ and a are almost the same as those at τ = 0.0001. However, |T̄ |
becomes much larger, which implies a larger temperature reduction near the free
surface. The onset Marangoni number Ma therefore possesses a lower value than
that at τ = 0.0001, according to (4.31). This is exactly the phenomenon illustrated
in (1) above, i.e. the droplet becomes more unstable as time proceeds. Similar results
can also be obtained for l = 5 from figure 10, except that the variation of Ma with
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Figure 9. (i) (a) Onset Marangoni number, (b) dimensionless parameter χ, (c) integration T̄
and (d) constant a versus initial temperatures T0 for wavenumber l = 1 at τ = 0.0001 for a
non-deformable octane droplet.

respect to T0 is much milder than that for l = 1. In summary, the variation of the
onset Marangoni number with respect to the droplet initial temperature is mainly a
function of χ for each specified instant, while, as time proceeds, it becomes mainly
affected by T̄ .

6. Conclusions

The onset of Marangoni instability of a motionless evaporating droplet surrounded by
a passive gas is studied theoretically. Under the quasi-steady approximation (which
means that the size change of the droplet is negligible), the surrounding gas motion is
asymptotically steady, and the temperature distribution of the droplet is temporarily
frozen at each specified instant of interest. The linear stability analysis is then applied
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Figure 9. (ii) (a) Onset Marangoni number, (b) dimensionless parameter χ, (c) integration T̄
and (d) constant a versus initial temperatures T0 for wavenumber l = 1 at τ = 0.0015 for a
non-deformable octane droplet.

to obtain a lower limit for Marangoni instability. The following conclusions are drawn
from the present study.

(1) The variations of the critical Marangoni number and the critical wavenumber
with regard to time or initial temperature are qualitatively similar for small
disturbances with different growth rates.

(2) The critical Marangoni numbers for the onset of instability due to small dis-
turbances with different growth rates are of the same order of magnitude.

(3) As time proceeds, the temperature reduction and thermal boundary larger
thickness near the free surface become larger and the droplet becomes more
unstable.
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Figure 10. (i) (a) Onset Marangoni number, (b) dimensionless parameter χ, (c) integration T̄
and (d) constant a versus initial temperatures T0 for wavenumber l = 5 at τ = 0.0001 for a
non-deformable octane droplet.

(4) The critical wavenumber of small disturbances for the onset of Marangoni insta-
bility increases with the droplet initial temperature.

(5) The onset condition is a strong function of the droplet initial temperature with
which the critical Marangoni number increases.

However, only an undeformable free surface with stationary instabilities is con-
sidered in the present study. In reality, the free surface is deformable and is usually
coupled with the fluid motion. As a result, oscillatory instabilities are expect to occur.
Moreover, the time evolution of small disturbances, along with the unsteady temper-
ature variation of the droplet, is also very important and interesting. All of these will
be the future work of interest. The present study, which gives a direct understanding
of the physical mechanism for the onset of Marangoni instability of an evaporating
droplet, shall thus provide a solid foundation for such a further investigation.
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Figure 10. (ii) (a) Onset Marangoni number, (b) dimensionless parameter χ, (c) integration T̄
and (d) constant a versus initial temperatures T0 for wavenumber l = 5 at τ = 0.0015 for a
non-deformable octane droplet.
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