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Abstract  

In this paper, we propose a method for synthesizing a sharp FIR digital 
filter with prescribed group delay. In general, the filter length of an FIR 
filter is inversely proportional to the filter's transition width. Hence, for 
a sharp linear phase FIR filter the complexity would be very high and 
the group delay would be very lac e. Based bn a weighted least squares 
(WLS) algorithm, we extend the gequency response masking approach 
introduced in [3] to the complex domain to significantly reduce the 
required complexity and group delay for synthesizing a sharp FIR filter. 
The effectiveness of the proposed method is demonstrated by design 
examples. 

I. Introduction 
Linear phase FIR filters are known to have some very desirable 

features like guaranteed stability, free from limit cycles and phase 
distortion, and low coefficient sensitivity. The drawback of them 
is the large number of arithmetic operations required in the im le 
mentation. T h i s r b l e m  becomes more serious when the filter\aH 
a very tigh speci cation with a very narrow transition-width. An- 
other disadvantage of linear phase FIR filter is its unacceptable 
long si nal delay when used to  synthesize a narrow transition- 
band fifter. These two disadvantages are owing to  the facts that 
the order of an FIR digital filter is inversely proportional to the 
transition-width and the group delay of a linear phase FIR filter 
is e ual to one half of the filter's order. 

tonsiderin the design techniques for reducing the complexity 
of sharp FIR alters, many linear phase computationally efficient 
realizations have been reported in the literature [ 1]-i5]. Interpolat- 
ed FIR (IFIR) filter [I] is a computationally efficient filter struc- 
ture which composes of a cascade of two FIR filters F(z') and 
G(z). The resulting system has bandwidth and transition-width 
both are 1 / M  of those of F ( w ) .  This scheme is very effective in 
synthesizing narrow-band and wide-band filters. Recently, some 
general structures for the design of IFIR filters have been further 
investigated in [2 . However, these approaches are not suitable for 

ing has been alleviated by usin the concept of complementary 
filters in [3], where a generalizef IFIR structure and a frequency 
response masking approach are proposed to design sharp FIR fil- 
ters with arbitrary bandwidth. The success of the above methods 
are owing to the effective exploiting the existing strong correlation 
between the nei hboring impulse response value of filters. Anoth- 
er interesting scteme to reduce the cost of implementation of an 
FIR filter is to design the filter by interconnecting a number of 
identical subfilters with the aid of a few additional adders and 
multipliers. Such approach was first proposed in [4]. Recently, 
[5] gave a thorough treatment to this filter structure and several 
approximation problems were considered. The advantage of this 
structure is that we only need to design a small order subfilter and 
several tap coefficients to synthesize a sharp FIR filter. 

Although the above methods can significantly reduce the com- 
plexity of a sharp FIR filter, the group delay of the filter is still 
very large. It is because that all of the above methods concern 
the linear phase design only and we cannot further to reduce the 
minimum order required to satisfy a given specification. In or- 
der to design filters which have less delay than linear phase filters 
and have approximately constant delay in the filter passband, the 
problem of complex frequency approximation problem must be 
considered [6] .  

designing sharp 1 lters with arbitrary bandwidth. This shortcom- 
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In this paper, based on a recently developed weighted least 
square (WLS) algorithm [7 and a modified discrete optimization 

E31 t o the complex domain to solve the above two design problem- 
s. The filter structure we used is shown in Fig. 1. During the 
design process, we first search the optimal interpolating factor M 
to minimize a complexity measure of the overall system. Then, 
the design specifications of the two masking filters FMA(Z) and 
F ~ c ( z )  are determined such that we can use the WLS algorithm 
for the design. Finally, we again use the WLS algorithm to design 
the shaping filter H,(z') to equalize the overall response. The 
reason why we use the WLS algorithm to design these three sub- 
filters is that the WLS approach is efficient in solving the complex 
frequency approximation problem. It .is shown that by usin the 
proposed method, sharp FIR filters with prescribed group telay 
can be easily designed. 

This paper is organized as follows. Section I1 describes the fil- 
ter structure and states the associated design problems. In Section 
111, we present a method for searching the interpolating factor M 
to minimize a complexity measure of the overall s stem. Next, we 
determine the specifications of &A(.) and F M ~  z ) ,  and describe 

designed masking filters, we state a method to design the shaping 
filter H,(zM) in Section V. Several design examples for demon- 
strating the effectiveness of the proposed method are included in 
Section VI. Finally, we conclude this paper in Section VII. 

rocedure, we extend the 1 requency response masking approach 

a design method for these two filters in Section I c . With the two 

11. Problem Formulation 
Let H p ( z )  be a lowpass FIR filter with passband group delay 

G,, peak passband ripple SI, and peak stopband ripple S2. Let 
another filter H,(z )  be defined as 

then it is a highpass FIR filter with passband group delay G,, peak 
passband ripple 62, and peak stopband ripple bl. It is obvious that 
IHp(eJw) + Hc(eJw)l  = 1, therefore H,(z )  and H c ( z )  are comple- 
mentary pair [3]. If we further constrain the group delay value 
G, to be an integer, then H,(z) and H c ( z )  can be implemented 
simultaneously by using the identical tapped delay line with an 
extra subtractor. 

The proposed structure is shown in Fig. 1. This structure has 
the transfer function 

One possible magnitude response operation of Fig. 1 for the case 
M = 4 is shown in Fig. 2. From Fig. 2, we observe that if we 
properly select the two masking filters FMA(W) and F~c(w) then 
the transition-width of H ( w )  would be 1/M of that of Hp(w). 
Besides, if we further design F M A ( w )  and F ~ c ( w )  to have the 
same passband group delay G,, then the overall system is an FIR 
system with constant passband group delay MG, + G,. From 
these two observations, we ensure that the proposed structure can 
synthesize a sharp FIR filter with prescribed passband group delay. 

Hence, the design problem can be stated as follows: Given the 
desired specifications, like the passband edge U,, stopband edge U,, 

passband ripple S,, stopband ripple S,, and passband group delay 



G, the design task is to find the three subfilters Hp(z), FMA(z) ,  
and F ~ c ( z )  to make H ( z )  of (2) meet the desired s ecifications. 

To desi n such s stem, we must first determine tEe interpolat- 
ing factor f4 and a i  the design specifications of Hp(w),  F M A ( ~ ) ,  
and FMC ( U ) .  These specifications include the desired responses, 
bandedges, and allowable band-rip les of the three subfilters. In 
the following sections, we describe !ow to determine these design 
specifications and design these subfilters. 

111. Determination of M 
The value of M direct1 relates to the complexity of the over- 

all s stem. Hence, M is Jetermined to make the complexity of 
H ( z f  achieve to a minimum. Basically, the complexity of H ( z )  
can be defined as the s u m  of the filter lengths of Hp(z), FMA(z) ,  
and FMC(Z). One way to measure the len th of each subfilter is to 
calculate the corresponding transition-witfth. Once the transition- 
widths of these subfilters are obtained, we can easily define a com- 
plexity measure of the overall system. 

For some fixed M, there are two ossible situations. The tran- 
sition band of H ( w )  can be mainly Betermined by either H p ( M w )  
OF H C ( M y ) .  We call these two situations as Case I and Case I- 
I, respectively. Let 8 and 4, WA, and WA., and wcP and wca be 
the passband edge and the stopband edge of & ( U ) ,  FMA(w), and 
FMC(W), res ectively. The relationships of these quantities are 
listed in Tabre I. 

From Table I, we can see that for each case, the transition- 
widths of Hp(w) ,  F M A ( ~ ) ,  and F ~ c ( w )  are @ - 8, -, and 
9, respectively. Thus, we can define a complexity measure as 

Obviously, C ( M )  is the sum of the reciprocals of the three tran- 
sition widths. Although the truly estimate of the complexity of 
H ( z )  is a function which is more complicated than the proposed 
one, from our experience, (3) performs well enough for most of the 
cases. For some M ,  we first determine whether it belongs to Case 
I or Case 11, and then we calculate the 4 and 8 by using the for- 
mulas in Table I. Substituting 4, 8, and M into (3), we can obtain 
the corresponding C(M) .  A good choice of M can be obtained 
by calculating C ( M )  for each M and then selecting the M which 
corresponds to the smallest C M). Using the selected M, we can 

Next, we consider a method for choosing the suitable group de- 
lay value Gp and G,. Let b, be 4-0 and b,,, b e m i n ( 9 ,  w), 
where M is the value which makes (3) achieve a minimum. Ba- 
sically, a filter with smaller transition-width has a larger 
delay. We further determine the group delay value G, and cz; 
solving the following linear equations: 

uniquely determine the bande 6 es of the three subfilters. 

G b = G m b m  { i v ~ ,  + Gm = G (4) 

The obtained G, is not a integer in general. However, for the sake 
of easy implementation, we must fix the G, at an integer value. 
Hence, we can determine the final value of Gp and G, as 

GL = [G,] , and G, = G - MGL,  

respectively, The remaining undetermined specifications for these 
subfilters are the allowable band-ripples of each subfilter. How- 
ever, there is a very subtle relationship between the given 6,, &, 
and the allowable band-rip les of each subfilter. This subtle rela- 
tionship can not be explkjtr demonstrated without LB gnalysis of 
the approximation error 6{wT of H(w) .  In the following section, we 
giue a simple analysis for 6(w), and show how to use the analysis 
result to design the two masking filters. 

( 5 )  

IV. Design of FMA(Z) and FM&) 
Let the desired response of H p ( M u )  be D p ( u )  = e-JwMGp 

in the passband of H p ( M w )  and D,(w) = 0 in the stopband 6f 
H,(Mw), and the approximation error of H p ( M w )  be 6x,(w). 
Let DMA(W) and 6 ~ ~ ( w ) ,  and Dwc(w) and 6 ~ c ( w )  be the de- 

sired response and approximation error of F M A ( ~ )  and FMC(W), 
respectively. In the passbands of FMA(W) and F ~ c ( w ) ,  both 
DMA(W) and DMC(W) are e-JwGm. In the stopbands of F M A ( ~ )  
and F ~ c ( w ) ,  both DMA(W) and D ~ c ( w )  are 0. Moreover, let 
D ( w )  and b(w) be the desired response and approximation er- 
ror of H(w) .  In the passband and stopband of H ( w ) ,  D(w) is 
e -Jw(MGp+Gm)  and 0, respectively. Using (2), we have 

D ( w )  + 6(w) = + 6MA(w)I[D~(w) + 61f~(w)1 + 
[ D M C ( U )  + 6 M c ( w ) l [ e - J w M G P  - D,(w) - 6HP(w)I. 

For the situation of Case I as shown in Fig. 2. The situation 
of Case I1 can be analyzed in the similar way. Considering the 
approximatibn error a(w) of ~ ( z )  in the frequency rtinge [0, -1. 
In this region, both DMA(W) and D ~ c ( w )  are e-jwGm, and D(w)  
is e-Jw(MGp+Gm). Substituting these quantities into (6),  we have 

~ ( w )  = 6,vc(u)e-JwMGp + D , ( W ) [ ~ M A ( W )  - 6 w c ( w ) l  + 

( 6 )  

6Hp(w) [ J M A  (U) - 6MC (U )I (7) 

(8) 

6(w) N 6 M A ( w ) e - J w M G p .  (9) 

~ ( w )  1: 6 M C ( w ) e - J W M G P .  (10) 

Ignoring the second order term, we have 

6(w) N 6,vc(w)e-JWMGP + D , ( W ) [ ~ M A ( ~ )  - ~MC(U)]. 

When D p ( w )  = e-JWMGp,  we have 

When Dp(w) = 0, we have 

For Dp(w) in the transition band, we can express Dp(w) as the 
value u e - J w M G p ,  where U is a real positive number and 0 < a < 1. 
Replacing Dp(w)  by ae-jwMGp in (8) ,  we have 

6(w) N (1 - u ) 6 M C ( w ) e - J w M G P  + a e - J w M G p 6 M A ( w ) ,  (11) 

(12) 

and hence 

16(w)l 5 (1 - a)l6MC('")l + a l S M A ( w ) l .  

(12) shows that 16(w)l is a convex combination of 16~c(w) l  and 
1 6 ~ a ( w ) ) .  Therefore, we have 

16(w)l 5 max(I~nnc(w)l, 16Mia(w)l). (13)  

in the transition band of H,(Mw). 
Next, we consider the b(w) in the frequency range [2(mG)r)*-9, T ] .  

In this region, all D(w) ,  DMA(W),  and D ~ c ( w )  are 0. Substituting 
these quantities into (6) and ignoring the second order term, we 
have 

(14) 

which is exactly the same as (8). Hence the behaviors of the ap- 
proximation error 6(w) in [w, i f ]  in the passband, stopband, 
and transition band of H,(Mw) are also described by (9),(10), and 
(13), respectively. 

From the above analysis, we can conclude that 6(w) of H ( w )  in 
the frequency ranges [0, -1 and [v, 7r] is mainly con- 
trolled by the approximation error of FMA(W) and FMC(W), the 
complementary property between the Hp(zM) and H c ( z M )  makes 
the approximation error of Hp(w)  has nearly no contribution on 
6(w). In other words, for designing H ( w )  to meet the specification 
in the frequency ranges [0, -1 and [v, if], all we have to 
do is properly design the two masking filters F M A ( ~ )  and FMC(W). 

Consider the problems of desi ning these two masking filter- 
s. Basically, both are design problems in the complex fre uency 
domain. Here, we describe how to use a recent1 develo e l  WLS 
algorithm [7] to solve the design roblems. In {he passgand and 
stopband of these two masking !#ten, we allow the existence of 
some "don't care fre ueney bands" which are weighted less than 
the other frequency$ands [3]. The magnitude of S M A ( ~ )  and 
6 ~ ~ ( w )  should be 10% - 15% smaller then the maximum allow- 

b(w) N 6Mc(w)e-JwMGp + ~ . ( w ) [ ~ M A ( w )  - b ~ c ( w ) l ,  
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able magnitude of 6(w)  in order to neglect the second order error 

With the bandedges of FMA(U) and F ~ c ( w ) ,  desired pass- 
band group delay G,, and suitable minimax weighting function 
W,,(w), the design problem can be formulated as 

131. 

”-1 

Minimize llWmz(w)( fm(n) exp(-jnw) - D ~ ( w ) ) l l  (15) 

where 1 1 .  1 )  denotes the Chebyshev norm. DM(w) is the desired 
frequency response of the masking filter, in the passband DM(w) = 
e-JwG= and in the stopband DM w )  = 0. Since using the least 

a suitable least square error wei hting function can be found, we 
express the design problem as t i e  minimization of the following 
weighted frequency respose error 

n=O 

square criterion will result in a C 6 ebyshev norm minimization if 

N,-1 

J = x W 3 ( w ~ ) I  fm(n)exp(-jnuk) - Dw(wk)lZ (16) 
k n = O  

where wk denotes the kth point on a dense grid of frequency 
in evaluating the wei hted least s uares error J .  Substituting 
D M ( w k )  = P(wk)  + j&wk) into ( 1 4 ,  then taking the derivatives 
of 16) with respect to filter coefficients fm(n), n = 0, .. . , N ,  - 1, 
an 6 setting these derivatives to zero, we obtain the optimal solu- 
tion which minimizes (16) given by 

where Rb is an N,,, x N, square matrix with its ( i , j ) t h  element 
given by 

Rb(i,j) = wls(wk) cos((i - jb~r),  (18) 
Ir 

and z’ is an N ,  x 1 column vector with its element given by 

d ( i )  = W,s(wk)(P(wk) COS iwk - Q ( W k )  sin Z W k ) ) ,  (19) 
k 

The structure of Rb(Z,j) given in (18) reveals that Rb is a Toeplitz 
and symmetric matrix. Hence, we can solve (17) very efficiently by 
using a variation of the well-known Levinson algorithm. The suit- 
able least square weighting function W,,(w) required for achieving 
the minimax design can be found by utilizing the weight adjusting 
algorithm presented in [ 7 ] .  

V. Design of the equalizer H,( z M )  

When FMA(W) and F ~ c ( w )  have been properly designed, the 
remaining undetermined regions of H ( w )  are those corresponding 
to (-,up] and [us, 2(mfb)m-9), which are the regions near the 
transition band of H ( w ) .  In these regions, S(w) is given by (6). 
DMA(W)  + S M A ( W )  = F M A ( ~  and D M C ( W )  + SMC(W) = FMC(W) 
are two known functions. 2 ence, we can use the coefficients of 
H p ( z )  to make H ( w )  also satisfy the desired specifications in these 
regions. Thus, the design problem is to find the coefficients of 
H,,(z) to minimize the weighted Chebyshev norm of & ( U ) ,  i.e., 

Minimize 11 W m z ( w )  [ H , ( M ~ ) ( F M A ( U )  - FIMC(W))+ 
F M C ( W ) ~ ? - ’ ~ ~ ~ ’  - D(  w ) ]  11.  (20) 

Let F M A ( ~ )  - F ~ c ( w )  be denoted as F M ( w )  and D ( w )  - e-3wMGp 
be denoted as Dt(w) ,  (20) becomes 

Minimize IIWmz(w) [ H p ( M w ) F ~ ( w )  - Dt(w)] 1 ) .  (21) 

Note that the role of H p ( M w )  is to equalize the frequency response 
FM(w) to make the overall response Hp(  A 4 w ) F ~ ( w )  approximate 
&(U) in the minimax sense. Based on the use of the WLS algo- 
rithm to design the equalizer Hp(zM), the design problem of (21) 
can be expressed as the minimization of the following weighted 

frequency response error 

N-1 

J‘ = W d w k ) I F ~ ( w k )  hp(n )  exp(-jMwm) - Dt(wk) lz  
k n=O 

(22) 
where wk denotes the kth point on a dense grid of frequency in 
(-,up] and [U,, z(m+$T-Q) for evaluating the weighted least 
squares error J’. Substituting D t ( w k )  = P(wk)  + jQ (wk)  and 
F M ( w ~ )  = R(wk) + j Z ( w k )  into (20), then taking the derivatives of 
(22) with respect to filter coefficients h p ( n ) ,  n = O ; . .  , N -  1, and 
setting these derivatives to zero, we obtain the optimal solution 
which minimizes (22) given by 

where Ro is an N x N square matrix with its ( i , j ) t h  element given 

Again, the structure of Ro(Z,j) given in (24) reveals that Ro is also 
a Toeplitz and symmetric matrix. Hence, we can also solve (23) 
very efficiently by using a variation of the well-known Levinson 
algorithm. The suitable least square weighting function Wls(w) 
required for achieving the minimax design can also be found by 
utilizing the weight adjusting algorithm presented in [7]. 

VI. Computer Simulation Examples 
In this section, we present several design examples to illus- 

trate our design method. All of the designs are performed on a 
MICRO-VAX MV 3600 minicomputer. 

Example 1 
In this example, we design a continuous coefficient lowpass filter 
with passband edge up = 0.6a, stopband edge U ,  = 0.61a, and 
the Chebyshev approximation error IlS(w)ll is less than or equal 
to 0.01. The desired passband roup delay is 120 (if we design a 
linear phase system to meet suct specification, the group delay is 
about 200). By using the design procedure we state in Section 111, 
Section IV, and Section V, we have design three subfilters F M A ( ~ ) ,  
F ~ c ( z ) ,  and t p ( z ) ,  and their length are 46, 35, and 51, respective- 
ly. The magnitude response and the unwrapped passband phase 
response are shown in Fig. 3. 

VII. Conclusion 
In this paper, we have considered the design problem for syn- 

thesizing a sharp FIR filter with prescribed group delay. Based 
on a WLS algorithm, we extend the frequency response masking 
technique to the complex frequency domain to solve the problem. 
In the proposed method, we first search the suitable interpolating 
factor to minimize the complexity of the overall system. Then, 
we determine the design specifications of the required masking 
filters and design them. The specifications include the desired fre- 
quency response, suitable minimax error weighting function, and 
allowable peak ripple value. After designing the masking filters, 
we also use the WLS algorithm for designing the shaping filter 
to equalize the overall response. It has been shown by computer 
simulation examples that a sharp FIR filter with prescribed group 
delay can be easily designed by using the proposed method. 
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