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Abstract

We develop a method based on the phase-SCORE algorithm of Agee et al. (Proc. IEEE 78 (April 1990) 753) to achieve
direction "nding for cyclostationary signals. Using the weight obtained from the phase-SCORE algorithm, we construct
a subspace orthogonal to the subspace spanned by the direction vectors of uncorrelated signals of interest (SOIs). Finding
the directions of the uncorrelated SOIs is then performed according to a subspace-"tting concept. For coping with the
coherence between SOIs, we incorporate the proposed method with the well-known spatial smoothing algorithm of Shan
et al. (IEEE Trans. Acoust. Speech Signal Process ASSP-33 (August 1985) 806) to alleviate the performance degradation
due to coherence. Simulation examples for illustration and comparison are also provided. � 2001 Elsevier Science B.V.
All rights reserved.
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1. Introduction

For "nding signal directions using sensor arrays,
many high-resolution methods have been de-
veloped based on eigenspace concepts [5,6,9].
Notable among them is the MUSIC algorithm [9].
Using the orthogonality between the signal sub-
space and the noise subspace, MUSIC can provide
asymptotically unbiased estimates of the directions
of arrival (DOAs) of incoherent and partially corre-
lated sources.
Cyclostationarity [3], which is a statistical prop-

erty possessed by most man-made communication
signals, corresponds to the underlying periodicity
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arising from carrier frequencies and baud rates.
Recently, signal cyclostationarity has been widely
considered for direction "nding, resulting in many
techniques that inherently exhibit a signal-selective
property. Notable among them is cyclic MUSIC
(C-MUSIC) [2,8] which uses a subspace-"tting
concept to accommodate multiple signals having
the same cycle frequency. In [4], it is shown that
the beamforming techniques can also be used to
estimate the DOAs of the SOIs. However, they
always fail to separate the DOAs of spatially close
SOIs.
In this paper, based on the phase-SCORE algo-

rithm of [1] which was originally developed for
performing adaptive blind array beamforming, we
present the phase-SCORE-based method to "nd
the directions of uncorrelated SOIs. Utilizing
the weight of the phase-SCORE algorithm, we
construct projection matrices whose columns are
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orthogonal to the subspace spanned by the direc-
tion vectors of the SOIs. Accordingly, the DOAs of
the SOIs are e!ectively estimated even in the pres-
ence of strong SNOIs. In the situation with coher-
ent signals, the original phase-SCORE algorithm
may pass some linear combination of the coherent
SOI components. This leads to the SOI being ex-
tracted with signi"cant distortion. We use the spa-
tial smoothing (SS) scheme, which does not depend
on time stationarity of signals, to e!ectively allevi-
ate the e!ect of the coherence between SOIs. Simu-
lation results show the e!ectiveness of the proposed
method.

2. Background

2.1. Signal cyclostationarity

The cyclic autocorrelation function of a signal
s(t) is de"ned by the in"nite-time average
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( ' ) dt, the super-
script &&*'' denotes the complex conjugate. s(t) is said
to be cyclostationary if r

��
(�,�) does not equal zero

at some time delay � which can be any real number
[3] and cycle frequency �O0. Many modulated
signals exhibit cyclostationarity with cycle fre-
quency equal to the twice the carrier frequency or
multiples of the baud rate or combinations of these.
When r

��
(�,�)O0 for �O0, we also say that s(t)

possesses the self-coherent property. Next, let x(t)
denote the data vector received by a sensor array.
Then, the corresponding cyclic autocorrelation
matrix is given by

R
��
(�,�)"�x�t#

�
2� x��t!

�
2�e�������

�

, (2)

where the superscript H denotes the conjugate
transpose.

2.2. Conventional cyclic MUSIC method

Consider an M-element uniform linear array
(ULA) excited by d SOIs and J SNOIs impinging

on the array from ��
�
,�

�
,2,�

�
� and ��

�
,

�
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,2,�

�
� o! broadside, respectively. The

received array data can be written in vector
form as
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where s
�
(t) and q

	
(t) denote the waveforms of the

kth SOI and the lth SNOI, a(�
�
) and a(�

	
) the

corresponding direction vectors, respectively, and
n(t) the noise vector. The autocorrelation matrix
R
��
of x(t) is given by R

��
"E�x(t)x�(t)� which is of

full rank with rank equal to (d#J) when the
(d#J) signals are uncorrelated, and the sample
version of R

��
computed by usingN data snapshots

is given by RK
���


"1/N�

���

x(i)x�(i), where x(i) de-
notes the data vector x(t) sampled at the time in-
stant i¹

�
with sampling interval ¹

�
. Assume that

the d SOIs have a cycle frequency equal to �, while
the J SNOIs and noise do not possess the cyclo-
stationarity at � and are uncorrelated with the
SOIs. Moreover, let the d SOIs be far-"eld (in the
Fraunhofer zone) and narrowband (total frequency
extent is much smaller than the center frequency),
the direction vector associated with the kth SOI is
given by

a(�
�
)"[1,e��� ,e���

� ,2,e�����	��]
, (4)

where �
�
"2�d

�
sin(�

�
)/	

�
denotes the relative

phase shift between two adjacent array sensors due
to the kth SOI, d

�
the interelement spacing, and

	
�
the corresponding signal wavelength.
Let RK

���

(�,�( ) represent the sample version of

R
��
(�,�) computed by using N data snapshots,

where �( is used instead of � for denoting the corre-
sponding time delay in a sampled system. Then,
the C-MUSIC method is implemented as follows:
[3, pp. 214}215]. First, compute RK
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singular value decomposition (SVD) on RK
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where [SK



GK


] and [VK
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] are two unitary

matrices with the dimensions of SK


and VK


�

given

byM�d, and the dimensions of GK


and VK

��

given

byM�(M!d). The diagonal elements of the diag-
onal matrices �K


�

and �K

��

are nonnegative and

appear in the descending order. Finally, it is well
known that "nding the angles of the d SOIs is
equivalent to "nding the d minima of 

GK �



a(�)

� or

the d maxima of 

SK �



a(�)

�, whichever is easier [7],
where a(�) is the direction vector corresponding to
an impinging angle � and 

 ) 

 denotes the vector
norm operator. The obtained d values of � are then
taken as the DOA estimates of the d SOIs.

2.3. The spatial smoothing scheme

Let anM-element ULA be divided into overlap-
ping subarrays of size M

�
, with sensor elements

�k,2, k#M
�
!1� forming the kth subarray. Let

x
�
(t) be the data vector received by the kth subarray

and R
��
(k) be the autocorrelation matrix of x

�
(t).

When the SS scheme of [10] is performed on RK
���

,

we obtain the spatial smoothed matrix by taking
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and RK
���

(k) denotes the sample version of R
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computed by using N data snapshots. In order to
successfully decorrelate K coherent SOIs, the con-
ditions ¸*K andM

�
*(d#J#1) must be held.

Then, RM
���


is used instead of RK
���


for performing
direction "nding.

3. The proposed method

According to the phase-SCORE algorithm [1],
the weight required for retrieving one SOI is given
by the dominant eigenvector of
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, (6)

where RK
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x(i)u�(i) represents the
sample cross-correlation matrix of x(i) and
u(i)"x(i!�( )e������� . Accordingly, in the case of
retrieving d SOIs, the required weights are given by
the d dominant eigenvectors of (6). Under the as-
sumption of ergodicity, we have from (1) to (3) that
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where r
�� ��
(�,�) is the cyclic correlation function of

s
�
(t) and s

�
(t). The terms including the SNOIs and

noise disappear as NPR from (7) since they are
not cyclostationary at � and are uncorrelated with
the SOIs. From (6) and (7), we obtain
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when N approaches in"nity, where R
��

,
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��

RK
���

. It is obvious from (8) that R��

��
R
��
is

a matrix with rank d since R
��
is of full rank

because the signals are uncorrelated. Moreover, the
corresponding d dominant eigenvectors form
a basis of the SOI signal subspace spanned by
�R��

��
a(�
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), k"1,2,2, d�. Let e(
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represent the kth

dominant eigenvector of RK ��
���


RK
���

. We then con-

struct a projection matrix which projects a vector
onto the subspace spanned by the SNOIs and the
noise as follows:
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] and I is the

identity matrix with appropriate size. Using the
subspace-"tting concept of [9], the d estimates of
directions of the SOIs are then obtained by taking
the d maxima of

F"

1

a�(�)PK



a(�)
(10)

with respect to �, where a(�) represents the direc-
tion vector of angle � o! array broadside.
Next, consider the situation where the SOIs are

coherent. The coherence between SOIs leads to the
direction vectors of coherent SOIs, even from dif-
ferent impinging angles, being linearly combined
and, hence, results in ambiguity for direction "nd-
ing. To alleviate the performance degradation due
to coherence, we resort to the SS scheme described
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in Section 2.3. The proposed method is further
combined with the SS scheme. First, we perform the
SS scheme on RK

���

and RK

���

to obtain RM

���

and

RM
���

, respectively. Then, RM ��

���

RM
���


instead of
RK ��
���


RK
���


is used by the proposed method for
carrying out direction "nding.

4. Discussion on the proposed method

Consider the performance of the proposed
method. For simplicity, we assume that only one
SOI and one SNOI exist, i.e., d"1 and J"1 for
(3). Thus, the x(t) of (3) becomes

x(t)"s(t)a(�)#q(t)a(�)#n(t). (11)

Then, we have the sample cyclic autocorrelation
matrix as
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where CK
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contains all the cross-terms. Substitu-

ting (12) into (6) yields
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tive phase shifts between two adjacent array sen-
sors due to the SOI and SNOI, respectively. We
note that the dominant eigenvectors of (12) and (13)

are proportional to a(�) and R��
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a(�), respectively,
when N approaches in"nity. From (12) and (13),
we have
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respectively. We note that (14) and (15) are the
equations for showing the dominance of the SOI
by using the C-MUSIC and the proposed
method, respectively. Due to the fact that

a�(�)RK ��
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a(�)/a�(�)RK ��
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a(�)
�
a�(�)a(�)/a�(�)a(�)


 when the number of array sensors is large enough
as shown in the appendix, we would expect from
(14) and (15) that the proposed method reduces the
e!ect of the SNOI much more than C-MUSIC. Eq.
(A.6) in the appendix also reveals that the proposed
method outperforms C-MUSIC, especially in the
presence of strong SNOI when only "nite data
samples are available.

5. Simulation examples

In this section, several simulation examples are
presented for illustration and comparison. Con-
sider an 8-element ULA with interelement spacing
equal to the half wavelength of the SOIs. �"0 is
used for simplicity. The noise is white Gaussian
with zero mean and unit variance. Each example it
contains the simulations using R

��
and R

��
, and the

simulations obtained by averaging 50 independent
runs using RK

���

and RK

���

.
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Fig. 1. Bearing spectra versus the impinging angle for Example
1. (a) Using ensemble correlation matrices, (b) using 3000 data
samples. (**) the proposed method; (} } }) C-MUSIC.

Fig. 2. Bearing spectra versus the impinging angle for Example
2. (a) Using ensemble correlation matrices, (b) using 3000 data
samples. (**) the proposed method; (} } }) SS C-MUSIC;
(!�!) C-MUSIC.

Example 1. The sampling rate is set to 1. Two
uncorrelated SOIs impinging on the array from 53
and 253 o! broadside are BPSK signals having
raised cosine spectrum with roll-o! factor "1,
baud rate "0.2, and signal-to-noise ratio (SNR)
" 0 dB. A SNOI impinging on the array from
!203 o! broadside is also a BPSK signal having
raised cosine spectrum with roll-o! factor "1,
baud rate " 0.25, and SNR " 9 dB. The cycle
frequency is set to the baud rate of SOIs, that is,
�"0.2. Moreover, 3000 data samples are used to
obtain the required sample correlation matrices.
Fig. 1 plots the resulting bearing spectra using the

proposed method. The results of using C-MUSIC
are also provided for comparison.We observe from
Fig. 1 that the proposed method and C-MUSIC
can provide accurate DOA estimation for the SOIs
when ensemble correlationmatrices are used. How-
ever, the former outperforms the latter in the pres-
ence of strong SNOI when only "nite data samples
are available.

Example 2. Here, we consider the same simulation
scenario as that of Example 1 except that the two
SOIs are coherent. The 8-element array are
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grouped into three subarrays of size 6 with sensor
elements �i, i#1,2, i#5� forming the ith subar-
ray. Fig. 2 depicts the resulting bearing spectra
using the proposed method in conjunction with the
SS scheme. The results of using C-MUSIC and
C-MUSIC in conjunction with the SS scheme (SS
C-MUSIC) are also given for comparison. From
Fig. 2(a), we note that both of the proposed
methods with the SS scheme and the SS C-MUSIC
can successfully "nd the bearings of the coherent
SOIs when ensemble correlation matrices are used.
Nevertheless, as shown in Fig. 2(b), the former
outperforms the latter when only "nite data sam-
ples are available. The ambiguity of C-MUSIC in
the presence of coherent SOIs can also be observed
from Fig. 2.

Appendix

Using (11) and assuming N large enough, we
have
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spectively. Taking the inverse of (A.1) and using the
matrix inversion lemma yields
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Multiplying both sides of (A.2) by a(�) and perform-
ing some algebraic manipulations yields
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Similarly, we can obtain
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It follows from (A.3) and (A.5) that
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Since the term 1/1#M��
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in (A.6) is much less than one when the number
M of array sensors is large enough or ��
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strong SNOI. As a result, we have that
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