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Abstract. We show how to transform the B-spline curve
and surface fitting problems into suffix computations of con-
tinued fractions. Then a parallel substitution scheme is in-
troduced to compute the suffix values on a newly proposed
mesh-of-unshufle network. The derived parallel algorithm
allows the curve interpolation through n points to be solved
in O(logn) time using ©(n/logn) processors and allows
the surface interpolation through m X n points to be solved
in O(log mlogn) time using © (mn/(log mlog n)) proces-
sors. DBoth interpolation algorithms are cost-optimal for
their respective problems. Besides, the surface fitting prob-
lem can be even faster solved in O(logm + logn) time if
O(mn) processors are used in the network.

1. INTRODUCTION

Curve and surface fittings are important in graphics,
image processing, pattern recognition, and computer-aided
geometric design [1,4,8,13,14]. The task of curve fitting is to
construct a smooth curve that goes through a given set of n
points in the plane. For surface fitting, it is to construct a
smooth surface that fits a given set of m X n points in the
space.

B-spline curve/surface interpolation is a good fitting
tool because a local shape change of the curve/surface only
affects its vicinity. Some sequential methods have been pro-
posed for efficient curve (surface) interpolation in O(n)
(O(mn)) time using B-splines [2,9,14]. Recently, based on
a cyclic reduction technique, Cheng and Goshtasby [5] pre-
sented a parallel algorithm to do B-spline surface fitting in
O(log mn) time using ©(mn) concurrent processors. How-
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ever, their computation model is rather abstract, no config-
uration of processors’ network was specified.

In this paper, we first show that the B-spline curve and
surface fitting problems can be converted into suffix com-
putations of continued fractions which correspond to some
Then, a parallel
substitution scheme is introduced to compute the suffix val-

tridiagonal systems of linear equations.

ues of the continued fractions on a newly proposed mesh-of-
unshuffie network. The mesh-of-unshuffie network is a mesh
in which the processors on each row or column communi-
cate through an unshuffie routing mechanism. The paral-
lel algorithm so derived allows the curve (surface) fitting
problem to be solved in O(logn) (O(logmlogn)) time
with ©(n/logn) (©(mn/(logmlogn)) processors. Both
interpolators achieve cost-optimality in the sense that the
product of execution time and processor number is mini-
mized. Besides, if @(mn) processors are used in the net-
work, the surface fitting problem can be as fast solved in
O(logm + log n) time as in Cheng and Goshtasby’s.

The rest of the paper is organized as follows. In Section
2, the curve and surface fitting problems are converted into
tridiagonal systems of linear equations.
3, the solution of a tridiagonal system is transformed into
suffix computations of some continued fractions. Section 4

Then, in Section

introduces the parallel substitution scheme to compute the
suffix values on the mesh-of-unshuffle network of processors,
In Section 5, we justify the number of processors required in
the network to achieve cost-optimality for both of the curve
and surface fitting problems, We also point out how to use
©(mn) processors to solve the surface fitting problem in
O(logm + logn) time. Concluding remarks are given in
Section 6.

2. PRELIMINARIES

2.1 B-spline Curve Fitting

In B-spline curve fitting , we use a spline, which is a
third-degree (or cubic) polynomial, between every two ad-
jacent points (or knots). That is, the curve is composed of
n — 1 cubic polynomials:



y =fi(z — 2:)° + gi(e — 2:)® + hi(z — @) + ks,

(2.1)

The ith cubic polynomial between (z;, i) and (241, Yi+1)
is obtained once the coefficients f;, g;, hi, and k; are deter-
mined. Because the spline must touch the knots, we have

1=12,..,n—-1.

k,’ = Y5, (2.2)

Fild + gal? + hili + ki = yiga, (2.3)

where I; = 2,41 — 2;.
Let D; and Dj;y1 represent the second derivatives of
(2.1) at ©; and ®;41 respectively, then

D; = 2g;,

D1 =6fili + 2g:.

Therefore we can write

Dy
gi = "a—v (24)
Diyr — D;
{ TS ———— 2.5

Substituting (2.2), (2.4), and (2.5) into (2.3), we get

IiDiy1 + 21, D;
5 .

Y1 — %
l;

hq (2.6)

The first derivatives of the {i—1)th and ith polynomials
at £; must be equal because the two splines surround (i, ¥i)
smoothly without a sharp turn. The first derivative of the
ith polynomial is

i = 3fi(wmi — 2:)? + 20i(ei — =) + g
= h;.

The first derivative of the (2 — 1)th polynomial is

Yoy = 3fica(@i — 2i-1)? + 2gi-1(2i — 2ic1) + hica
=3fi1l? ; +2gic1lic1 + hi—y.

Equating the two values above and substituting f, ¢, A in
terms of D and y, we have

Vit1 — % LiDip1 +2LD; _ 3(174 - Di—l)l?
1 6 - 6l;_, -1
- i — Yi_ li1D; +2;_1D;_
+2(D= l)l.-_1+y' Yi-1  Li-1Di+ 1Di-1
2 li1 6

Upon simplifying this equation, we get

Lio1Dio1 + (241 + 2L)D; + LDy = my,
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where m; = 6(!*_1:.;“_3/; - &i—f‘l;‘) This gives n — 1 equa-
tions for the n+ 1 values D;, 0 < i < n. To uniquely solve
the system, we need two boundary conditions Dy = 0 and
D, = 0, meaning that the two end splines approach linear-
ity at their utmost points. So, we have the following system
of n — 1 linear equations to be solved:

2(lo+ )D1 + 11Dy = my,
liciDicq1 +2(lica + 4)Di + 1iDiyy = my, 2< 1< n—-2,
ln—Z-Dn—Z + 2(ln~2 + In—l)Dn—l = Mp-1- (27)

The system is tridiagonal, only the elements directly on,
directly above, and directly below the diagonal of the coef-
ficient matrix are nonzero.

2.2 B-spline Surface Fitting

The surface fitting problem is to construct a surface
which interpolates a given set of points T3 ;, 1 < ¢ < m,
1 € 7 € n. The uniform bicubic B-spline surface for the
points is a surface consisting of (rn — 1) x (n — 1) patches
T; j(u,v),1<i<m-1,1< j< n—1[2]. Each patch
is a bicubic polynomial defined by

1
T j(u0) = 5[u’, %, 1N O i N0, 42, 0, 1),

in which
-1 3 -3 1
3 -6 3 O
N= -3 0 3 0}
1 4 1 0
and
Wis1j-1 Wiet; Wicgisr Wicij42
O;:= 5.i-1 vi Wik Wijia
! Wit1,j-1 Wina; Wigjer Wigajee )
Wir2,j-1 Wigz; Witz 1 Wigz i

where W; ;,0<2<m+ 1,0 <7 < n+ 1, are the control
points of the surface to be determined. According to [2], the
corner points of the patches can be expressed by a weighted
average of the control points:

1
§§(W;_1,,-_1 + AW, i1+ Wit,j-1 +4Wioyj

+16Wij + 4Wits,j + Wimgj41 + Wi
+ Wi+1’j+1) for 1 _<_ ZS m, 1 S ] S n. (2.8)

L,;=

Equations in (2.8) form a system of mn equations in
(m+ 2)(n+ 2) unknowns. In order to completely solve the
system, (m+2)(n+2)—mn = 2(m+n+2) additional equa-
tions are required, each represents how a boundary point is



interpolated. Usually, the following double-boundary condi-
tions are used:

Wo’j = lej;
Wio= Wi,

Wm+1,j = Wm,jv 1<j<n
W,',n+1 = W.',n, 0<i<m+ 1.(2.9)

Putting (2.8) and (2.9) together in matrix form, we
have

t — t
EmnX mnW1x mn T 36T1an’

where Wiyxmn = [VV,-’J-] Tixmn = [T,-,j]lx"m, and

1xmn'’

5B B 0 . 0

B 4B B 0 0

0 B 4B B 0

Ennxmn = 0 .
. .. 0

0 B 4B B
0 B 5B

According to [Boo78], (2.10) can be rewritten as

BmmeanB'nxn = 36men) (211)
where
51 0 . 0
1 410 0
01 41 0
Bpyn = 0 .
. . 0
01 41
015

In the sequel, we attempt to convert (2.11) into tridi-
agonal systems. The inverse matrix of B, xy exists because
Bpxn is symmetric and positive definite. I we multiply
both sides of (2.11) by B ,., we have

BrixmWmxn = 36TMXﬂB;in'

Let Fruxn = Gme,,B;,lm, we get

Wi Hy;
Wi Hyi .

Bnxm . = : fori=1,2,...,n.
Wm,'i Hm,i

(2.12)
We need determine H,,xn before solving (2.12). If we take
the transpose on both sides of the equation HypxnBrxa =
6T mxn, we have

t —_ t
BnXﬂmen - 6men’
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that is,

H;a Tia
Hi2 T2 )

Buxa . =6 . fori=1,2,..,m.
Hin ﬂ,n

(2.13)
Therefore, solving (2.11) for W, n becomes a two-step pro-
cess, namely, solving the m tridiagonal systems in (2.13) for
H.xn first, and then solving the n tridiagonal systems in
(2.12) for Winxa-

3. TRANSFORMATIONS TO CONTINUED
FRACTIONS

From the discussions above, we see that solving tridi-
agonal systems is the major task for the B-spline curve and
surface fitting problems.

Consider a tridiagonal system of linear equations:

diz1 + e1z3 = by,
Citi—1 + dixi + eiiy1 = b;

CnTn_1 + dpZn = by.

1)
(3.1)

Assuming d; # 0 in (3.1), we can eliminate &1 from the
second eqguation to get the new equation

for1=2,3,...,n—

2Tz + €33 = bh,

where d5 = da — cge1/d1 and by, = by — c2b1/d;. Next,
we use the above equation to eliminate z3 from the third
equation (assuming d; # 0), and get

i —
d3233 + €3T4 = ba,

where dj = dz—caez/d) and b5 = bz—caby/d5. In general,
at stage (k— 1), k = 2,3, ...,n, we eliminate £ x_; from the
kth equation (assuming dj, _; # 0), and get

! '
Lk + exTrer = by,

with

% = dr — crex—1/d_q, (3.2)

and

b = b — cxbl_1/di_y- (3.3)

This procedure is the commonly used Gaussian elimination.
During the back-substitution for obtaining x;, ¢ = n, n—
1,...,1, we first have (assuming dj, # 0)

bl
Ty = E’i
and then "
— erTy
oy = & = + (3.4)
k



fork=n—-1,n-2,...,1.

The solution of the tridiagonal system has now been
transformed into three recurrence equations, namely, (3.2),
(3.3) and (3.4), for d, b, and zx respectively. In the re-
mainder of this section, these recurrences will be further
transformed into suffix computations of continued fractions.

The following form represents a finite continued frac-
tion (CF):

qz
a3

p+
pz +

an

Pn-1+ —

n

Such a representation for CF is typographically cumbersome
and can be replaced by the more compact form:

g2 9
P+ p3t  pn

n

P+

Let us define a second-order linear recurrence:

fo=1 fi=d,

fk = dkfk—l - ckek_lfk_g for k 2 2. (3.5)

It is easily seen that d}, = fx/fx—1 for k > 1. The compu-
tation of d}, breaks down when fi—1 = 0. This may occur
even if the original coefficient matrix is nonsingular and has
nonzero diagonal entries. However, this rarely happens in
practice although there is no theoretical guarantee for it [3].
By (3-5)a d:; = fn/fn—l = (dnfn—l_cnen—lfn-—z)/fn—l

=dn + (—¢nen-1)/(fan-1/fa-2). So, d}, can be expressed
as the following CF:

—C3€éz —C2€;

dy+ di

—Cn€n-1 —Cn_1€6n-2

dn—1+ dn—2+

d;, =dn+

We may assume that n is a power of 2; otherwise, pad dj,
with a special CF, 3%1—3_- ces (T]’ to enlarge n to be a power of
2 without affecting the computation results. The kth suffix
value of d}, is dy, i.e.,

—C3€3 —Cz€1
da+ dy

—Ck€g~1 —Ck~1€k~-2

di.=d
k ket dp_1+  drg—2+

Obviously, d}, can be converted into a rational form in O(k)
time sequentially. Our goal is to speed up the computation
for obtaining the rational form of dj, for all k = 1,2, ..., n.
Let the rational form (r1 + r2d})/(73 + rad}.) be rep-
resented by (71, 72, 73, 74, d},). Here dj, can be thought as a
pseudo variable for substitution. Following the substitution
scheme we used in [6], d§, say, can be decomposed into 8
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sub_CFs:
e
d's =dg+ Cs, I= (—C“Se’h ds, 0, l’d,7))
7
—Cré
dy = d7 + 7, ¢ = (“C’feG) dr, 0,1, d:s)’
6
—C3é€
dg =ds+ dz 2 = (—C3€2a d3 0,1, dl2)’
—C3€
d'2 =dy+ dzi L= (_02619 ds, 0, l’di)’
dy
d’l 1+d6 - (d1,0, 1, l,dg).

The pseudo variable dj will be replaced by zero after all the
substitutions are completed.
Since substituting d} = (s1 + s2d})/(s3 + s4d}) into
’ i’ :
(r1 + r2d})/(r3 + r4d}) gives ((r183 + 7281) + (1184 +
7282)d;)/((ras3+7451)+ (7384 +7482)d}), the substitution
operation, which uses 8 multiplications and 4 additions, can
be defined as:

(7'1: T2, T3y T4 d:) o (311 82, 83, 34, d_',)

=(r183 + r281, 7184 + 7282, T383 + 1481,

'
17384 + 74382, dj)

Lemma 3.1. The substitution operation o is associa-
tive.

Proof. For any (r1, r3, r3, 74, d}), (81, 82, 83, 84, d;)
and (1,12, 13, te, d},), we have

{(rl, T2, 73, T4, d}) 0 (81, 82, $3, 84, d;)] o (t1, 12, t3, 14, d})
=(r183 + 1281, T184 + 7282, 7383 + T481, Tas4 + 1482, d)
o (t1,13,13, te, dy)
=(r183t3 + r281ta + 71841 + r282ty, P183ts + T281ly
+ r15482 + T28213, 13833 + 143115 + r384ts + Tes2ty,

7383t4 + T4S1t4 + 735412 + 748212, d)
and

(r1, 72,73, 74, d})o
[((51, 332, 83, 84, d}) o (t1, 12, 13, La, dﬂc)]
=(r1, r2, 73, 73, d})0
(s1t3 + s2t1, S1ta + s2t2, 33tz + S4t1, Sata + 84t2, d})
=(r183t3 + r281t3 + r154ts + r282t1, 7153t + 28184
+ 718482 + 725382, 733313 + res1i3 + r3saty
+ r482%1, rasate + Tas1ta + rasats + rasats, di).

Since both computation sequences give the same rational
form, the associativity holds. [
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Figure 3.1. A computation tree of d.

(-cge;,ds,0,1)
(-cre6,4,,0,1)
(-cses5,ds,0,1)
(-cseq,ds, 0,1)
(-c4e3,ds,0,1)
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(-ce1,d5,0,1)
( di, 0,1,1)

——®— d;
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—e— d§

— dy
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ds

d;
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Figure 8.2. A network for computing suffix values of d§.

According to Lemma 3.1, dy = (—cqes,dy,0,1,d}) o
(“CSeZ» dSv 07 1’ dlz) ° (—0281, d21 0’ l)di) o (dlv 0, 11 1’ dé})
can be computed in any order. Fig. 3.1 shows a possible
computation tree of dj. The white nodes in the leftmost
stage 0 are used for transmitting data only. The black nodes
in stages 1 and 2 perform the substitution operation o. The
slash node in stage 3 assigns zero to the pseudo variable dj,
to obtain the desired result.

If we combine the computation trees of d}, 1 < 7 < 8,
we have a network, as shown in Fig. 3.2, for computing
all the suffix values of dj. The pseudo variables are not
real data and hence are omitted there. Initially, the values
—ciei-1, 2 < 1 < 8, are computed parallely. Each of the
white nodes in stage O sends out two copies of its input data.
Note that there are log n+2 stages in this network, meaning
that the computation time is only O(logn). If each node is
implemented by a processor, the processor number is as large
as ©(nlogn), which is to be greatly reduced to ©(n/logn)
in the later sections.
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Now for the computation of b}, in (3.3), the CF for
bl /b5, say, is given by

Xy= 2
3
= ba— (ca/d3)by

b

, b
= (=cs/d3) + '5‘?'-
3

When z is of the form 71 +73/73, we define N(z) to be the
form r173 + r2. The sub.CFs for the above CF are

by
N(Xs)',
b3

N(X3)’

Xy=—cqfdy+
X3 = —C3/d’2 -+

Xo = o / —
2= —c2/dy + X



(-cse;,ds,0,1)
(-c,e5,d,,0,1)
(-cses, ds, 0,1)
(-cseq,ds, 0,1)
(-c483,d4,0,1)
(-c3e,d3,0,1)
(-cye;,d;,0,1)

( dl, 011,1)

Figure 4.1. A multi-stage unshuffle network.

by

Xy = ———
! 1+N(X0)’

where N (X,) = 0, N(X1) = by, and b} = —(ci/dic1)bi_y+
b; = N(X;) for all i. The substitution operation is defined
as:

(7'1, T2, T3, T4 N(Xi)) e (81’ 82193, 34y N(XJ))
=(ry + r281, 1282, 73 + 1481, 7452, N (Xj)).

This operation uses 4 multiplications and 2 additions and
is associative also. The problem of solving the recurrence
equation in (3.3) becomes the suffix computations of X,
and the network in Fig. 3.2 can be used again.

Similarly, from (3.4), the sub_CF's for , say, Zn_3/Tn-2
is given by

B! /dl
Y, 3= —e,_3/d =3/ "n=3
n—3 €n 3/ n-—3 N(Yn—2) 4
Y /dl
Yo 0 = —en_a/d o2 a2
n—2 €n 2/ n-2+ -N(Yn,—l)
bl _,/dl_
Ypo1=—6€n-1/dh_1+ %,
n
¥ /dl
Y, = —non 3.6
S TN (3.6)

where N(Yn41) = 0, and z; = N(Y;) for all &. So the
problem of solving the recurrence equation in (3.4) becomes
the suffix computations of Y;.

4. THE MESH-OF-UNSHUFFLE NETWORK

Recently, Lip and Chung [11] presented a three-phase
parallel algorithm on the unshuffle network to solve tridi-
agonal systems in O(logn) time. The algorithm reduces
the ©(n) processors used in [15] and [10] to ©(n/logn).
In this section, we shall propose a more general mesh-of-
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unshuffle network to solve single and multiple tridiagonal
systems. The network consists of a mesh of processors in
which each row or column of processors form one unshuffle
network.

For saving space, we only discuss the suffix computa-
tions of df,. By adapting appropriate operations in the pro-
cessors, the suffix computations of X, and Y; can also be
performed on the same network with the same time com-
plexity.

In Fig. 3.2, there is one white node in the first stage,
two in the second stage and four in the third stage. The
multi-stage unshuffle network which can simulate that net-
work is depicted in Fig. 4.1, where S;; and P; ;,0 < ¢ <
7,1 < j < 3, are simple devices and processors respectively.
Let goq1. .- Qt—l(t = log n) be the binary representation of
i. The output line of P; ; is connected t0 Sq,_, goq1...ge—3,5+1
to provide the unshuffle (or inverse shuffle) data routing.
The simple device S; ; is capable of producing two copies
of its input and sends them to P;; and Py ; except that
the bottom Si1..1,; has only one receiver. For tracing the
messages passed in the network, each simple device is la-
belled by a number inside the parentheses to indicate where
its data originate.

Due to the unshuffle connections from the processors to
the simple devices, the function of the white nodes in Fig.
3.2 can be controlled by a proper masking mechanism in each
stage of the multi-stage unshuffle network. For examples,
Py 1 in stage 1 is masked by a cross mark to merely transmit
the input to the next stage; Po2 and Py2 in stage 2 are
masked also. Similarly, in stage 3, Po,3-P2,3, Pa,3, Pe,3 are
masked.

Since all the interconnection patterns between the con-
secutive stages of the multi-stage unshuffie network are iden-
tical, we can compress all the stages together to obtain a



Figure 4.2. A single-stage unshuffle network.

P(0,0) P(,1) P(0,2) P(0,3)
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Figure 4.8, The mesh-of-unshuffle network for A = k = 4.

single-stage unshuffle network, as shown in Fig., 4.2, which
has only n processors. After each iteration of execution, the
processors feed the intermediate results back to the simpie
devices. The masking of the processors in different itera-
tions is exactly what we have described for the correspond-
ing stages in the multi-stage network,

A mesh-of-unshufile network is proposed next to reduce
the number of processors further. The mesh-of-unshuffle net-
work, as illustrated in Fig. 4.3, is a A X k mesh of processors
P(i,7),1<i< hand 1<j<k, where h and k are pow-
ers of 2 and hk < n. The processors in each row or column
communicate by the unshuffle routing mechanism. Fig. 4.4
is a simplified version of the network to solve the curve fit-
ting problem. The complete mesh-of-unshuffle network (Fig.
4.3) will be fully utilized later for solving the surface fitting
problem.

Let’s change the unidirectional connections from the
simple devices to the processors to be bidirectional. To
each processor P(r,t) in row.r, attach a serial memory [12],
which consists of a linearly connected array of n/ ( hk) mem-

ory cells Cr(%,7), 0 < j < n/(hk) — 1, as depicted in Fig.
4,5 for n = 32 and h = k = 4. In each execution cycle, the
attached memory shifts all its data one position, P(r,1) ex-
ecutes on the data shifted from C; (%, 0) and writes its result
to Cr(%, n/(hk) — 1).

According to the value of mask register M (r, 7) resided
in P(7,t), which is set by the masking mechanism, P(r,1)
takes one of the following actions:

(1) M(r,1) = 0: P(r,1) transmits the content of its work-
ing register Q(r, 1) to S(r, 7).

(2) M(r,i) = 1: P(r,1) receives data from S(r,1) and
transmits it to S(, §¢-19041 . . . gs—2), where t = logk
and 7 = ¢pqy...¢z—1 in binary.

(3) M(r,7) =2 : P(r,i) performs the substitution opera-
tion on its two input data and transmits the result to
S(7 ge-19091 - - - Ge—2).

(4) M(r,i) = 3: Except P(r, 0) which receives input data
from S(r, 0), P(r, t) receive input data from S(r, i — 1).
The routing mechanism is forced to stop and the net-
work goes to another phase of computation.
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Figure 4.5. The unshuffle network in one row.

The n input data (quadruples) are evenly divided into
hk pipes to be stored in the mesh in row-major order. Each
serial memory stores a pipe of data. Algorithms 4.1 ex-
presses how the network in each row.r, 0 < r» < h — 1,
works. (The algorithm is also applicable to each column of
the mesh.)

Algorithm 4.1
Phase 1. (Local computations)

Each P(r, 1) sequentially computes n/(hk) suffix val-
ues from its corresponding pipe of data and stores them in
its serial memory. The register Q(r, i) has the final rational
form computed from the pipe of data and transmits it to the
register R(r,3) in S(r, ).

Phase 2. (Macro suffix computations)

All the processors work together using the unshuffle
routing mechanism for suffix computations. Afterlogk steps,
the working register R(7, 1) holds the rational form of
d£i+1)n/(hk)’ 0<i<k-—-1.

Phase 3. (Adaptation)

Each P(7,4) except P(r,0) receives the rational form
from S(r, i — 1), sequentially modifies the suffix values cal-
culated in phase 1 by substituting them into the received
rational form.
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Both phase 1 and phase 3 need n/(hk) steps. Phase 2
needs log k steps. So the three-phase unshuffle network in
row.r takes O(n/(hk) + log k) time to finish computing all

the suffix values of d21'+1)n/h‘
Cs2€

We use dfy, (= dazz + o e e :f—iiiﬂ-) as an eéxample
to illustrate the algorithm. Let n = 32 and h = k& =
4. Initially, the 32 input data (quadruples) for dj, are
evenly divided into 16 pipes, each containing 2 data. The
cells Co(0,0) and Cp(C,1) have the data (d;,0,1,1) and
(—cze1,d2,0, 1) respectively. The other cells Co(3,7), 1 <
1< 3,0 < j <1, have the data (—-C24+j+1eg,'+j, daitjt1,
0,1). The job of the three-phase unshuffle network in row.0
is to compute all the suffix values of dj. We denote the ratio-

nal form of d; + ;Jcﬁﬁ_-‘— co. 3% by Fi and d; + —C..'C::_x
= 0 i—

—ciei v s
...j:’l—l'by Fijfori>j32>2.
Phase 1.

Each individual P(0, 7) computes the two forms
Faiy1,0i41 and Faiy3 ;41 and shifts them back to the se-
rial memory sequentially. That is, P(0,0) computes all the
suffix values of F3 1; P(0,1) computes all the suffix values
of F4 3, and so on.

The cell Co(%, j) saves Fyiqji41,2i41. After 2 steps in
this phase, we have



00(0,0) == F1’1, Co(O, 1) = F2,1,
Co(1,0) = F33, Co(1,1) = Fy3,
00(2,0) = Fs,s, Co(2, 1) = F5,5,
00(3,0) = F7,7, 00(3, 1) = Fg;],
and

Q(0,0) = Fy,,

Q(0,1) = F4p3,

Q(0,2) = Fe 5,

Q(O, 3) = F8’7.

Then, for all 4, M (0, %) becomes 0 and the content of Q(0, 1)
is transmitted to R(0, 7).
Phase 2.

The following macro suffix computations are controlled
by the unshuffle routing mechanism. During the first iter-
ation, M(0,0) = 1 and M (0,i) = 2 for i = 1,2, 3. Once
the P(0, t)’s complete their substitution operations, the con-
tents of R(0,%)’s become

R(0,0) = F2,,

R(0,1) = Fe5 0 F43 = Fe3,
R(0,2) = Fy30 Fy1 = Fy,
R(0,3) = Fg70 Fg5 = Fgs.

During the second iteration, M(0,3) = 2 for all ¢ ex-
cept ¢ = 0 mod 2 for which M(0,z) = 1. Once the P;’s
complete their substitution operations again, the contents
of R(0, 7)’s become

R(0,0) = Fy 4,
R(0,1) = Fyy,
R(O, 2) = F6,3 o F2’1 = F511,
R(0,3) = Fgy5 0 Fyy = Fa;.

Let k be 29. In general, during the jth iteration, 1 <
7 < g, M(0,7) = 2 for all 7, except ¢+ = 0 mod 29+1-J
for which M(0,¢) = 1. After this phase of computation,
R(0, i) saves F3(i41),1, @ macro suffix value.
Phase 3.

During the first step of this phase, M(0,%) = 3, each
P(0, 1) except P(0,0) receives input data from S(0,1 — 1).
The contents of Q(0,1)’s become

Q(Oa 0) = FZ,I’

Q(O’ 1) = F2,1’
Q(O’ 2) = F4,1)
Q(0,3) = Fg 3.

The unshuffle routing mechanism is forced to stop and each
P(0,%) sequentially modifies the contents of Co(3, ), j =

0, 1, by performing the substitution operation Q(0, 2)oCo(3, 7).
The final results are

Co(0,0) = Fl,l,

C’O(O, 1) = F1,

Co(l,O) = F3,3 (o] F2,1 = F3,1,
Co(1,1) = Fy30Fy; = Fyuq,
Co(2,0) = Fs 50 Fyy = Fy 1,
Co(2,1) = Fes 0 F41 = Fg 1,
Cy(3,0) = Fr70 Fey = Fy,
Co(s, 1) = F8,7 o] Fsy]_ = FS,I-

Like row.0, the unshuffle network in row.r, 1 < r < 3,
computes all the suffix values of Fs(,.+1),8,+1. These suf-
fix values can be viewed as the results of some local com-
putations. Further macro suffix computations and adapta-
tions are needed. The macro suffix computations can be
performed in the right-most column of the mesh. After
that, each P(r,3) except P(0, 3) receives the rational form
from S(r — 1, 3), distributes the rational form to P(r, j),
0 < 7 < 2, to sequentially adapt all the values of the corre-
sponding pipes of data. It takes O(log h + n/(hk)) time to
finish these two parts of computation.

5. COST-OPTIMALITY

The performance of a parallel algorithm can be mea-
sured by

Cost = Processor Number X Execution Time.

Given a problem, if the cost of a parallel algorithm matches
the sequential time lower bound within a constant factor,
the parallel algorithm is said to be cost-optimal. In the case
of solving a tridiagonal system, since there are n values to be
computed, the sequential time lower bound is clearly Q(n).
Likewise, the sequential time lower bounds for B-spline curve
and surface fitting problems are £2(n) and Q(mn) respec-
tively.

As discussed in Section 4, all the suffix values of d,
can be computed in O(n/(hk) + logh + logk) time us-
ing hk processors. For the subsequent parts of the compu-
tation, namely computing the suffix values of X, and Y3,
the algorithm works equally well if we properly adjust the
substitution operations in the processors. Preparing the in-
put data from one part of the computation to another takes
O(n/(hk)) time, where n/(hk) is the size of cach data pipe.

So we have the following lemma.

Lemma 5.1. A tridiagonal system can be solved in
O(n/(hk) + logh + logk) time on the mesh-of-shuffle
network of h X k processors.

Under the criterion of cost, sometimes it is better not
to partition the input data too thoroughly. In Lemma 5.1,
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if we select h = k = ©(y/n/logn), we have the following

theorem.

Theorem 5.2. For solving a tridiagonal system in the
mesh-of-unshufle network, at most ©(n/logn) proces-
sors are needed to achieve the cost-optimality, and the
computing time is O(logn).

Let’s return to the curve fitting problem.

Theorem 5.8. Using the mesh-of-unshuffle network
with ©(n/logn) processors, the curve fitting problem
can be cost-optimally solved in O(logn) time .

Proof. For curve fitting, preparing the ©(n) data L(=
i1 = 2:) and (= 6(B — Fpde)) T < i<
takes O(logn) time using ®(n/ logn) processors. Once the
values of D are obtained, the coefficients f;, g5, hi, and k;,
1< i< n~-1,in(2.1) can be calculated according to (2.5),

(2.4), (2.6), and (2.2) in O(logn) time by Theorem 5.2. i

Now consider the surface fitting problem. We have
shown in Section 2 that solving the problem can be trans-
formed into a two-step process, namely, solving the m tridi-
agonal systems in (2.13) for H,xyn first, and then solving
the n tridiagonal systems in (2.12) for the control points
Wnxn.

We begin with an unshuffle network with ©(n/logn)
By taking h = 1 and k = O(n/logn) in
Lemma 5.1, one can see that a tridiagonal system in (2.13)
can be solved in O(logn) time on such a row of proces-
sors. Since there are m tridiagonal systems, we need use
m such unshuffie networks as m rows of processors. If
we compact ©(log ™) rows into one row, each processor in
these ©(m/logm) unshuffle networks has a local memory
of size O(lognlogm). The time to solve (2.13) becomes
O(logmlogn). We then use the ©(n/logn) columns of
the mesh to solve the n tridiagonal systems in (2.12) in
O(log nlog m) time.

Theorem 5.4. Using the mesh-of-unshuffle network
with © (mn/(logmlog n)) processors, the surface fitting
problem can be cost-optimally solved in O(logmlogn)
time.

processors.

Suppose we increase the number of processors from
O (mn/(logmlogn)) to ©(mn) and decrease the size of
each local memory from ©(logmlogn) to ©(1). By sim-
ilar arguments, (2.13) can be solved in O(logn) time and
(2.12) can be solved in O(logm) time.

Theorem 5.5. Using the mesh-of~unshuffle network
with ©(mn) processors, the surface fitting problem can
be solved in O(logm + logn) time.

6. CONCLUDING REMARKS

The parallel substitution scheme used in this paper was
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ariginally proposed in [7] for the parallel computation of gen-
eral CFs. It allows all the first n prefix values of any CF to
be computed in O(log n) time using ©(n/ log n) processors.
We also embed a self-substitution concept into the substitu-
tion scheme to derive a sequential O(log n) algorithm to fast
compute periodic CFs [6].
proximation of quadratic surd numbers and solving second-

Its applications include the ap-

order linear recurrence with constant coefficients.

In this paper, we first transform the B-spline curve and
surface fitting problems into tridiagonal systems of linear
equations. Each tridiagonal system is then transformed into
three recurrence equations. The recursive-doubling method
[15]is an alternative approach to solve these equations throu-
gh a rather tricky divide-and-conquer reformulation of the
recurrences into ones which use two indices. Our approach
is simply doing the recurrences’ CF expansion and apply-
ing the straightforward substitution concept. The associa-
tivity of the substitution not only naturally brings out the
parallelism for the computation, but also supplies the idea
of three-phase computation to reduce the processor number
used in [10,15]. It follows that the related suffix compu-
tations are cost-optimally performed on a newly proposed
mesh-of-unshuffle network. Due to the associative property
used in the suffix computations of CF, our two-dimensional
mesh-of-shuffle network can be generalized to higher dimen-
sional networks to fit practical I/O port limitations.

Finally, we conjecture that the surface fitting problem
can be solved in O(log m+log n) time using @ (nm/(log m+
log n)) processors.
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