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Impact of Nonlinear Phase Noise to DPSK Signals:
A Comparison of Different Models

Keang-Po Ho, Senior Member, IEEE

Abstract—When a differential phase-shift keying signal is con-
taminated by nonlinear phase noise, various models to evaluate the
error probability are compared. The simplest method is based on
the @ factor. The exact method takes into account the dependence
between amplifier noise and nonlinear phase noise. All approxi-
mated models underestimate both the error probability and the
required signal-to-noise ratio.

Index Terms—Differential phase-shift keying (DPSK), error
analysis, nonlinear wave propagation, phase noise.

1. INTRODUCTION

HEN FIBER loss is periodically compensated by op-

tical amplifiers, the interaction of fiber Kerr effect and
amplifier noises induces nonlinear phase noise, often called the
Gordon—Mollenauer effect [1] or, more precisely, self-phase
modulation induced nonlinear phase noise. Added directly to
the signal phase, nonlinear phase noise degrades differential
phase-shift keying (DPSK) signals [1]-[7]. Recently, the DPSK
signal has received renewed interests for long-haul transmission
(41, [8]-[13].

Traditionally, the impact of nonlinear phase noise to DPSK
signals is investigated based on the variance or () factor of the
phase [1], [4], [14]-[17]. As a non-Gaussian random variable
[3], [7], [18], [19], nonlinear phase noise cannot be completely
characterized by either its ) factor or variance. Here, various
methods to evaluate the error probability of DPSK signal are
compared.

The simplest method is based on the @ factor [16], [17].
When the nonlinear phase noise is approximated as Gaussian-
distributed, its statistics is the same as that of laser phase noise
and the Nicholson model [20] can be used to evaluate the error
probability. Two other methods use the exact model of nonlinear
phase noise but with [2], [7], [21] and without [5], [6] taking into
account the dependence between amplifier noises and nonlinear
phase noise.

With nonlinear phase noise, assuming a zero transmitted
phase, the overall received phase is

(®x1)
ps+ 3
where ©,, is the linear phase noise called the phase of ampli-
fier noise, @, is the nonlinear phase noise, (®nr,) is the mean

(Dr = ®'n, - (I)NL = ®'n, - ¢ (1)
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nonlinear phase shift, @ is the normalized nonlinear phase noise
[7], [19], and p; is the signal-to-noise ratio (SNR) defined over
an optical matched filter. In (1), the scaled factor of normal-
ization is the ratio of (®ny) to (®) = ps + (1/2). For the
DPSK signal, the differential received phase A®,. is the differ-
ence of the received phase of (1) in two consecutive symbols,
ie., A®, = ®,.(t) — ®,.(¢t — T) for bit interval of T'.

II. GAUSSIAN APPROXIMATION BASED ON () FACTOR

The variance of the phase of amplifier noise is [1], [22]

1
2

= . 2
O‘@n 2/}5 ( )

The variance of nonlinear phase noise is [7], [19]

D)2 (2 1 2(Pnr)2
<2I>NL = 7< ]\LZ 3 (595 + E) ~ 4< 3]\L> . (3)
(s +3) P

The approximation in (3) was given in [1]. Using both (2) and

(3), for the DPSK signal, the @ factor is [16]
i

Q= 4)
2 Q(Uéﬂ + O'(%NL)

where 7/2 is the phase difference between the constellation
points and the decision threshold, and a further factor of two is
for the differential signal. Based on the () factor, the error prob-
ability is p. = (1/2)erfc(Q/+/2), where erfc(-) is the comple-
mentary error function.

III. GAUSSIAN APPROXIMATION OF NONLINEAR PHASE NOISE
(NICHOLSON MODEL)

The phase of amplifier noise of ©,, is certainly non-Gaussian
distributed [22]. The assumption of Gaussian distribution of the
phase underestimates the error probability by /2 as an SNR
gain for phase-shift keying (PSK) signal. When the nonlinear
phase noise difference between two consecutive symbols is as-
sumed to be Gaussian distributed, the variance of 2U<2bNL is suf-
ficient to characterize the nonlinear phase noise. Similar to that
of DPSK signals with laser phase noise [6], [20], the error prob-
ability is

o \k
S ) a5
x exp [-(2k + 1), | Q)

where I, (-) is the nth-order modified Bessel function of the first
kind.
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In (5), the term of exp [—(2k + 1)?03, | is the characteristic
function of the Gaussian distributed phase noise at “angular fre-
quency” of 2k + 1. When the laser phase noise is modeled as a
Wiener process, the phase noise difference for a time interval of
T is a Gaussian-distributed random variable having a variance
of 2w AvT for a laser linewidth of Av [20].

IV. INDEPENDENCE APPROXIMATION OF NON-GAUSSIAN
NONLINEAR PHASE NOISE

The characteristic function of the normalized nonlinear phase
noise is [7], [19]

(6)

where v is the “angular frequency” in Fourier transform to get
the characteristic function.

Replacing the Gaussian characteristic function in (5) by the
characteristic function of (6), we get

Vg (v) = secy/jvexp [ps jv tan _]l/i|

X

Ts [M] ’2, ™

ps+ 35

While exact models are used for both nonlinear phase noise
and the phase of amplifier noise separately, the error probability
of (7) assumes that nonlinear phase noise is independent of the
phase of amplifier noise ©,,. Similar to (5) or [20], the error
probability of (7) is similar to the cases [23]-[25] when the ad-
ditive phase noise is independent of the amplifier noise.

V. EXACT MODEL

The phase of amplifier noise ©,, is uncorrelated with the non-
linear phase noise, i.e., E{©,Px,} = 0. As non-Gaussian
random variables, they weakly depend on each other. When the
dependence between the phase of amplifier noise and nonlinear
phase noise is taken into account, the error probability is [7],

[21]
k |)\ke_)“ | AL Ak
2k + 1 ‘ ( )+Ik+1<2>

I 1 (
625‘52

(2k + 1)(®
« oy [ +1 1\L>” ®)
ps+ %
where
2 [J(2k+1><_;1>NL>]1/ ?
A = pets E>0 (9

Ps, >
sin {2 [J(ijlJ)r(q»N, >]1/2}

are equivalent to the ‘“angular frequency” depending SNR
parameters. Error probability similar to (8) was derived by
Mecozzi [2] but for the PSK signal. The exact model of (8)
makes no approximation to either the nonlinear phase noise or
the phase of amplifier noise of (1), even taking into account
their dependence.
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Fig. 1. Probability density of differential phase A®,..
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Fig. 2. Required SNR of DPSK signal as a function of mean nonlinear phase
shift (@ n1.).

Because the magnitude of |\x| < ps, i.e., smaller equivalent
SNR, the error probability of (8) is larger than the independence
assumption of (7).

VI. NUMERICAL RESULTS

Fig. 1 shows the probability density function (pdf) of the
differential phase for the DPSK signal according to different
models. In Fig. 1, the transmitted phases in two consecutive
timing intervals are assumed to be the same. Because the pdf
is symmetrical with respect to zero, only the pdf from [0, 7] is
shown in Fig. 1. From Fig. 1, all approximated models underes-
timate the spreading of the differential phase. Decreasing fast,
the Gaussian approximation gives a very small probability den-
sity at the tail, especially for small mean nonlinear phase shift
(Pnr). With smaller pdf spreading than the exact model, all ap-
proximated models underestimate the error probability of DPSK
signals with nonlinear phase noise.

Fig. 2 shows the required SNR for an error probability of
10~? as a function of mean nonlinear phase shift (®r,). From
Fig. 2, all approximated models underestimate the required
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TABLE 1
DIFFERENT MODELS FOR DPSK SIGNAL WITH NONLINEAR PHASE NOISE
Model O, DL Dependence 1dB Optimal
Penalty Point
Gaussian [1], [14], [16], [17] | Gaussian Gaussian Ind. 0.45 rad | 0.86 rad
Nicholson [20] non-Gaussian | Gaussian Ind. 0.64 rad | 0.95 rad
Independent [5], [6] non-Gaussian | non-Gaussian Ind. 0.63 rad | 0.92 rad
Exact [2], [7], [21] non-Gi non-G i Dep. 0.56 rad | 0.97 rad

SNR. Table I summarizes the key parameters from various
models. The optimal operating point is such that the increase of
mean nonlinear phase shift, proportional to SNR, is larger than
the increase of required SNR. The Nicholson and independence
approximation give larger (about 13%) mean nonlinear phase
shift for 1-dB power penalty but smaller (within 6%) optimal
operating point than the exact model.

While the error probability based on ) factor is not able to
predict the system performance except for the system with large
nonlinear phase noise, the Nicholson [20] and independence [5],
[6] approximation of nonlinear phase noise underestimate the
required SNR of up to 0.27 and 0.23 dB, respectively, and may
not conform to the principle of conservative system design. If a
prior correction of about 0.3 dB is added to both the Nicholson
and independence approximation, both models can provide a
conservative system design.

VII. CONCLUSION

Various models to evaluate the error probability of DPSK sig-
nals with nonlinear phase noise have been compared with each
other. All approximated models underestimate both the error
probability and required SNR. Although both the Nicholson and
independence models give an error probability close to the exact
model, both models do not conform to the principle of conser-
vative system design.
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