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Abstract

An on-line parameter identification problem is posed and solved for discrete-time systems with general knowledge on
the level of the inherent information noise. The knowledge can be the bound on either the magnitude or the finite-index
¢? norm, pe[l, oo), of the noise. Based on the knowledge, a switching type gradient algorithm (or called gradient
algorithm with dead zone) is proposed to estimate the parameters of the system from the available input—output data. In
spite of the existence of the noise, this on-line algorithm guarantees that the estimation error is monotonically decreasing,
and the parameter estimate is convergent to a steady-state value under a mild condition. Furthermore, the algorithm is
stable in the sense that the estimation error will converge to zero as the bound on the noise gradually diminishes. © 1997
Published by Elsevier Science B.V.
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1. Introduction

On-line parameter identification has several advantages over the off-line counterpart. The primary one is
that it can be used to progressively generate more accurate models, based on which the associated controllers
can be continuously refined to improve the performance of the controlled system. Many theoretical and
application results have been developed in this context. For example, [1, 2, 8] consider the identification
problem with magnitude information, [3] considers the problem with finite-index £ 2 norm information, and
[6] considers the problem with either magnitude information or finite-index £2 norm information on the
level of the inherent information noise. However, all the results obtained so far are not applicable to the
problem with general finite-index /7 norm information on the noise level, for pe[1, c0) and p # 2. This
information, however, is generally available for systems whose nonparametric uncertainties are characterized
by bounded induced £? norms.

! A preliminary version of the present work was presented at the 1995 American Control Conference [5].
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In this paper, an on-line parameter identification problem is posed for systems with general knowledge on
the level of the inherent information noise. The knowledge can be the bound on either the magnitude or the
finite-index #? norm, pe[1, o), of the noise. The goals of this problem are to find on-line a converging
parameter estimate for the system and to reduce monotonically the estimation error. To solve this problem,
a concrete switching type gradient algorithm (or called gradient algorithm with dead zone) is developed to
estimate the parameters by using the available input-output data and bounding information about the
noise.

Besides the fact that this paper considers the general knowledge on the level of the noise, there are several
additional differences between the present and the previous works. For instance, in [1-3, 6], complex
set-membership identification techniques are used to estimate the admissible parameter set, in which any
point can be an admissible estimate of the parameters. When a point estimate is requested, usually the
centroid of the set is chosen as the parameter estimate; however, no guarantee is made that the estimation
error is monotonically decreasing. In contrast, the class of algorithms of the present work belong to switching
type gradient ones. They are simpler than those based on set-membership identification techniques.
Furthermore, in spite of the existence of the noise, each of the algorithms guarantees that, even without the
sufficient richness condition on the regressor, the parameter estimate is convergent to a steady-state value
under a mild condition, and the estimation error is monotonically decreasing. Note that the convergence and
monotonicity properties of the algorithm are useful to the subsequent controller design and essential in
establishing the performance and stability of identification-based adaptive control system. Finally, with the
sufficient richness condition on the regressor, these algorithms are stable in the sense that the estimation
errors will converge to zeros when the bound on the noise gradually diminishes.

In summary, the contribution of this paper are as follows. First, it examines and unifies many identification
problems in a framework. Second, it develops a switching type gradient parameter identification technique to
successfully handle systems with various bounding information on the noise level. Finally, it provides
a thorough analysis of the performance of the algorithms developed here.

The layout of this paper is as follows. In Section 2, notations and a preliminary result are established. In
Section 3, an on-line parameter identification problem is formulated precisely and an example belonging to
this problem are examined. In Section 4, concrete algorithms are presented and analyzed for the problem. At
the end, Section 5 gives the conclusion.

2. Notations and preliminaries

Here, some notations and definitions are introduced for subsequent use. Let I, Rq, R, and R? denote the
set of nonnegative integers, nonnegative real numbers, real numbers, and g dimensional real vectors,
respectively. Let |v|,:= (}.{_, |v;|?)* denote the p-norm in R? space, pe[1, oo). Forany kel,, pe[1, o), and
discrete-time function vector x:I, — R?, two p-exponentially-weighted #? norms on x are defined:

k ] 1/p © ) 1/p
x1le2,k,0 1= ( Y P_”(k"”!x(i”ﬁ) s X, = ( > P”’Ix(i)l5> .
i=0 i=0

Then, an induced norm on a causal system 4 is defined:

14lnpi= sup Ll

1xiyn, 20 I1Xleep
By a causal system we mean a system whose output at index k depends only on the input of the system at

indices smaller than or equal to k. Finally, a preliminary result is established for later use in Section 3.

Lemma 1. For any number pe[1, ), kely, and pe[1, ov), and discrete-time function vector x:I, — R,
1 Ax 2k, < 1X 2,1, if 4 is a causal system with || 4|, , < 1.
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Proof. Let X(i) = x(i)for all i =0, ..., k, and X(i) = O for all i > k. Because A4 is causal,
A%l ek, 0 = [ AX [l 15,k p-

From definitions, we have
k

. 1/p
1A% 7,0 = p"‘( 2 p”'I(Ai)(iHi) <p HAx o

i=0
koo 1/p

<p RN e = p"‘( > P‘"If(i)|5> =1 Xlerko = 1%ller. -
i=0

This completes the proof. [

3. Problem formulation

Consider a class of single-input single-output systems which can be modeled as follows:
y(k) = ¢T(k)9* + ”(k)’ ¢(k)€Rq9 0* ERqs k6109 (1)

where y is the observed scalar signal, ¢ is the observed regression vector signal, 8* is the unknown parameter
vector, and # is the unknown signal noise. The problem is to on-line identify the parameter 6* of a system by
using the observed signals y and ¢. To proceed further, some additional information concerning the noise
n has to be given.

(IF) Either the bounding information o,(k) or a,.(k) with pe[1, o0) is known such that |n(k)| < a,(k) or

171l ok, p < 222(K) at any time index kel,.

Now we are ready to restate the on-line parameter identification problem precisely as follows.

Given (i) the observed signals { y(i), ¢(i) }f= o, k€I, and (ii) either the bounding information ay(k) or a,.(k)
described in (IF);

Find an on-line algorithm A, | , which maps the given information into a parameter estimate 8(k) such
that é( k) is convergent to a steady-state value and the estimation error e(k):= |9(k) — 0%, satisfies

{e(k +1)—elk) <0 if Ok + 1) — B(k) #0,

Vkel,. 2
e(k + 1) —e(k) =0 otherwise, &l @

Furthermore, the algorithm is stable in the sense that

lim e(k) = 0 if

k— o

{limk_,wa,,(k) =0 when oy(k) is given. 3)

limy ., ,o,:(k) =0 when a,.(k) is given.

In other words, in spite of the existence of the noise, the parameter estimate will be settling down to
a steady-state value and the estimation error is strictly decreasing whenever the parameter estimate updates.
Furthermore, the estimation error converges to zero as the bound on the noise gradually diminishes.
These problems arise in both explicit plant parameter identification and direct adaptive control when the
plant contains a perturbation. Here, for illustration purpose, we show an explicit identification case.

Example (Identification for systems with nonparametric uncertainties). The problem is to on-line identify
a model of a linear plant G. The available input—output data are generated by y = Gu, where u is an applied
input and y is the observed output. Suppose the transfer function of G is characterized by a factor form as
follows:

_ N(2) + Ax(2)Wn(2)

&) = D) + Ao W)’

where

Di)=1+4+afz '+ - +a¥z™" N@E=>bfz !+ - +bkz™m
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both Wy and W, are (specified) known proper stable weighting functions, and 4 = [A4y, 45] forms an
uncertain system with || 4|,, , < 1 for some pe[1, oo) and pe[l, oo). After some manipulation, the system
equation y = Gu can be rewritten into a linear regression form as (1) with

n=Adv, v= [Wyu, —Wpy]",
d=[-z""y, ..., =z, z tu, ...,z7™u]T, 0% =[af,...,a* b}, ...,bE]".

Because {u(i), y(i)}¥= o, k€I, are available and both Wy and W, are known, it is clear that the series of the
signal triplets { y(i), §(i), v(i) }¥o, k€ I,, are available. Furthermore, by Lemma 1,

110 ko S NVl o2k, 1= 2re(K),
where ||v| .« , can be constructed on-line by the following way:
o120 = P72 N0Nn k=1, + [0(R)E,  0]15s,0,, = [0(0)]5.

Thus, the identification problem considered in this example belongs to the family of problems formulated
above with bounding information a,.(k).

4. Main results

Note that the signal noise n(k) in (1) is estimated by

fik):= y(k) — ¢"(k)B(k) = n(k) — ¢T(k)B(K), 4)

where (k):= 8(k) — 6*(k). Recall the problems formulated in Section 3. The following concrete on-line
parameter identification algorithms are suggested to treat those corresponding problems. Let 7(-) denote an
arbitrarily chosen positive function and let sign(-) be defined by

if x =0,

, 1
sign(x):= { —1 ifx<0

Algorithm (Parameter identification with information a,, AL|<-0o)

2(* (k) — |71(K)| (k)
lga(k)|3 + r(k)

L if (k)| > (k)
0 otherwise.

Ok + 1) = B(k) + Ag(k)E(R)qalk),  Eak) =

40 = 1SR, Aalk) = {

Algorithm (Parameter identification with information o,., AL} |- o)

207115k, — 1712yt () — Boo(k))
|g.-(k)13 + r(k) ’

Ui 705k, > 171120k p0e(k) + oK),
0 otherwise,

Ok + 1) = b(k) + 4pr(k)ero(R)g oK), Enn(K) =

gok) =3, p~P PRI sign @) PG),  Ao(k) = {

i=0

k
Bok)y =Y p~P*=D(i)|P~ sign(i(i)) ¢ (D) B(k) — 0(3)).
i=0
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Remark. The algorithms proposed above are indeed on-line algorithms since g,-(k), |7 % ,» and B,»(k) can
be implemented by the following ways:

qe(k) = p~Pqpk — 1) + [7(K)P~ " sign(@i(k) $(k), q,+(0) = [7(0)I7~* sign(7(0)) $(0),
1307 kp = PPN 2 k= 1.0 + [RODNP, 171175,0,, = 17(O)I2,

Brotk) = pPBoslk — 1) + p~PAs(k — D&p(k — Dlgpolk — 1)I3,  B+(0) =0.

Remark. The parameter adjgstment direction, qu(k), for algorithm A%, is apparently the gradient
of —#?(k) with respect to (k). Likewise, the direction q,.(k) for algorithm AfE|i~, is conceptually
the gradient of — |||, with respect to 6. Thus, the underlying identification technique is, in

fact, a switching type gradient one. If 4,(k) = 1 or 4,»(k) = 1, it can be shown that the estimation error 0~(k)
must be nonzero. As is shown in the following theorem, the parameter estimate 6(k) is updated to reduce the
estimation error.

Theorem 1. When the algorithms Aj|-, or Af%|i-o are applied to system (1), pe[1, ), the following
properties hold. R

(a) The error e(k) = |0(k) — 0*|, satisfies (2) and lim,_, ., e(k) exists.

(b) If liminf, ., or(k) > 0 and

r and q, are bounded, for algorithm A%,
r and q,» are bounded, for algorithm A(L| o,

then, given ¢ > 0, there exist integers Ty > O or T,» > 0 such that

|7(k)| < og(k) +&, Vk=T,, for algorithm A%,

151r ko < 11 F i pr(k) + BoslK) + & Yk > Ty, for algorithm ALE[o.
(c) Let the consistent parameter set @5 be defined as:

e [{O:1yk) — ¢T(K)6| < ag(k), Vkely}  for algorithm Af|i%,,
{0:1y — @ 0N ,n 1, < op(k), Vkelo} for algorithm ALY,

€=
then, for any 0 65, the error eg(k) = |0(k) — 6|, satisfies

eo(k + 1) — ep(k) <0 if Bk + 1) — (k) # 0, Vkel
eg(k + 1) — eg(k) =0 otherwise 0
and limkA_.weg(k) exists.
(d) limy, . 0(k) exists if the conditions in (b) are satisfied and there exist a positive integer j and some
0, ...,07€ ©4 such that \]_,{v:|v — 0'|, = ¢;} consists of at most isolated points for any c;eR,.

Remark. The conditions about @; in (d) of Theorem 1 are almost always satisfied. For example, consider
0eR3, if there exist 91, 02, and 0> € @ such that 0%, 6%, and 6° are not on a line, then >_ Hoilo =0, =}
consists of at most two isolated points for any c;eRy.

Proof of Theorem 1. (a) For all 1( ely, let VA(k) =e%(k) = §T(k)§(k)_ First, we consider the algorithm Af[7%,.
If A4(k) =0, it is clear that 68(k + 1) — (k) = 0 which implies V(k + 1) — V(k)=0; if 14k)=1, ie.
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(k)| > og(k), we know that &,;(k) > 0 and
Vik+1)—Vk)
= (O(k) + E4(k)qa(k))T (B (K) + Ea(k)qa(k)) — O (k) (k)
= 2¢,(k)ga (k)B(K) + EF(K)|qa(k)]3
= 28,(k)i(k) " (k) B(k) + &3 () qa()13
= — 25,2 (k) + 2&,(kyi(kyn(k) + E3(K)lqa(k)I3
< — 284(k) (k) — 170k ota(K) — $Ea(R)|ga(K)13)

AP (k) — |A(k)|2a(k)) {(ﬁz(k) — |7(k)|2a(k))(Iga(R)I3 + r(k)) — (7 (k) — |7(K)|%a(K)Iqa(k)I3 }
|qa(k)|3 + r(k) |9a(k)13 + r(K)
4r(k)

=~ T + e 1R~ likladk)” <0

In other words,

4r(k) N . N
Vik+1)—V(k) < —m(lﬂ(kﬂ[h’l(kﬂ —ay(k)]*)* <0
where
. [x ifx>0,
[x17:= {0 if x <0,

Thus, e(k) satisfies (2). Because e(k) is monotonically decreasing and bounded below by zero, lim,., ., e(k)
exists [10, Theorem 3.14]. Similarly, considering the algorithm AZ7|i%,, if A,(k) =0, Ok + 1) —O(k)=0
which implies V(k + 1) — V(k) = 0; if 1.(k) = 1, i.e. |All7rh., > ||f7||§[k1,,,oc,y(k) + B.-(k), we have &,.(k) >0
and

Vik + 1) — V(k)

= 28,(k)g} (k) (R) + 2k g (k)13

= 28(k Z TP LRGP sign(A(D)) T ()0 + 26(k) Brr(K) + E2(K) g (B3

k
= = 28 (R) 1711 rkp + 2E0(K) 3 p™ P T2UR()P T sign(@(E))n (D) + 2E,(k) Bor(k) + E2:(K)|g(K)]3.
i=0

By Hdélder inequality [9, p. 122], we know that

Z p PP sign(G@ING) < 1712 |1l s

i=0
which implies
Vik+1) = V(K) < = 2&(k) 171 1.0 — 1711250 g% () — Bos(l) — % Es()|gor(R)13)

4r(k
(|¢1f (k)|r2(_: (k))z(“’7||/ ko — 0120k, pa/ (k) — Br(k))? < 0.

Again,

kE+1)—V(k \________’ﬂ‘_)___ ¢v re\K) — Py¢r <
Vik+1) - V(k) < (- (O + (k))z([IMH oo — [l potee(l) — Bor(k)]H)? <O,

and hence e(k) satisfies (2) and lim, _, , e(k) exists.
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(b) For the algorithm Af| ., let

4r(k)
(lga(R)|Z + r(k))

From the proof of (a), we know that V(k + 1) — V(k) < — f;(k) <0 which implies f; is summable and
limy, , fo(k) = 0. Because liminf, ,, (k) > 0, and both r and g, are bounded, we have

Ja(k) = — 3 (AR AR — aa(k)]7)%

lim [[7(k)] — 04(k)]" = 0.

k—

Similarly, for the algorithm A5 |, let

4r(k
forlly = ——8) 1 (C11kp — 171533008 = Bt

(lg:AR)13 + r(k)

It can be shown that lim,_, ., f;»(k) = 0 and

lim [#15nk.p — 17112k poee(k) — Brr(K)]T = 0.
k—
Thus (b) is true.

(c) First, we consider the algorithm A§|%,. For any § € @, it is clear that there exists a signal 5, such that
y(k) = ¢T(k)0 + ntk) and ny(k) < ay(k) for all kely. From the proof of (a), we know that (c) is true for the
algorithm Af[{%,. Similarly, (c) is true for the algorithm A¢%|%,.

(d) For the algorithm A$|%, it is clear from definitions and (b) that

lim A4(k)Ca(k) = 0,

k=0
which implies

lim (0i(k + 1) — 84k)) =0, Vi=1, ...,dim(0), (5)
k=
since gy is uniformly bounded. From (c) we know that, for any i =1, ..., j, 18(k) — 6], is monotonically
decreasing and lim;_ ,,|0(k) — 6'|, = ¢; for some ¢;eR,. Thus,

~ j .
lim min{jf)(k} —0l3:0e () {v:lv— 6, = ci}} =
k= i=1

Because ﬂf _{v:lv — 0%, = ¢;} consists of at most isolated points and 0(k + 1) — B(k) converges to zero as
described in (5), lim,_. ,#(k) = 8 for some 8e!_, {v:|v — 0|, = ¢;}. Similarly, it can be shown that (d) is
true for the algorithm A/f|;-o. O

Remark. The results of (b) in Theorem 1 mean that the steady-state performances of the algorithms A%|2 , or

/% k=0 depend on the bounds (k) or a,.(k), respectively. Therefore, if these bounds are smaller because the
noise level is lower, then the steady-state performance is better. As is shown in the following theorem, those
algorithms are stable.

Theorem 2. W hen the algorithms AL, or ALL|7- o are applied to system (1), pe[1, o), and the conditions of
(b) in Theorem 1 are satisfied, the error e(k) satisfies (3) if,
(a) for algorithm AL, limy _, ,, O(k) exists and @ is sufficiently rich that for any convergent function vector x

lim [¢T(k)x(k)| = O implies lim |x(k)|, = O;

k= k=
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(b) for algorithm AL |i=¢, p > 1, both y and ¢ are bounded, lim, _, ,, B(k) exists, and ¢ is sufficiently rich that
for any convergent function vector x

lim || ¢Tx| %, =0 implies lim |x(k)|, = 0.

k— k—

Proof. (a) Because |n(k)| < a,(k), from (4) and the results of (b) in Theorem 1 we know that
19T (8| < |7 + [n(k)| < 204(k) + &, Vk=T,,

which implies lim_,  |¢T(k)B(k)| = 0 if lim, . - x4(k) = 0. Thus, e(k) satisfies (3) since lim,_. ., 8(k) exists and
¢ is sufficiently rich.

(b} It can be shown that lim,_, ., ,-(k) = 0 when p > 1, both y and ¢ are bounded, and lim, ., ., 8(k) exists.
Because [|n] k., < a,+(k), from (4) and the results of (b) in Theorem 1 we know that

1901 ko < 220Nk + 111 20,1,0) < 22017 1 57 g2 (K) + Brolk) + & + afa(K)), Yk = T,

which implies limy—. , || ¢ |2 x., = 0 if lim, _, ,, &»(k) = 0. Thus, e(k) satisfies (3) since limy. ., (k) exists and
¢ is sufficiently rich. []

Remark. In view of (c) in Theorem 1, the size of @7 depends on ¢ and a, (or «,-). When ¢ is sufficiently rich
and lim,, ,, o4(k) = O (or lim;, , o,»(k) = 0), this set reduces to a single point, namely 6*.

Remark. If, in addition, a compact convex set @, is given in advance such that 8* € @, a projection operator
can be applied to the algorithms to ensure fe &, while retaining the other properties of the algorithms.
Furthermore, the modified algorithms can be successfully applied to identify the parameter of systems with
both nonparametric uncertainties and disturbances [4, 7].

Remark. This paper deals with discrete-time case. The results for continuous-time case are shown in [5].

5. Conclusion

An on-line parameter identification problem is formulated and solved for systems with general knowledge
on the level of the inherent information noise. A switching type gradient algorithm (or called gradient
algorithm with dead zone) is developed for this problem, which guarantees that the estimation error is
decreasing strictly whenever the parameter estimate updates, and the parameter estimate is convergent to
a steady state value under a mild condition. Furthermore, the algorithm is stable in the sense that the
estimation error will converge to zero as the bound on the noise gradually diminishes.

For an identification-based adaptive control system, it is essential that the parameter estimate of the
identification algorithm is convergent and the estimation error is monotonically decreasing. With those
convergence and monotonicity properties, each of the on-line algorithms proposed in this paper has a great
potential to be incorporated in a robust adaptive control discrete-time system as a robust estimator. Further
research is underway to establish the stability and performance of an adaptive control system using these
identification techniques.

References

[1] G. Belforte and T.T. Tay, Two new estimation algorithms for linear models with unknown but bounded measurement noise, I[EEE
Trans. Automat. Control 38 (1993) 1273-1279.

[2] M.-F.Cheung, S. Yurkovich and K.M. Passino, An optimal volume ellipsoid algorithm for parameter set estimation, IEEE Trans.
Automat. Control 38 (1993) 1292-1296.

[3] E. Fogel, System identification via membership set constraints with energy constrained noise, IEEE Trans. Automat. Control 24
(1979) 752—758.



F.-M. Lee et al. | Systems & Control Letters 30 (1997) 83-91 91

[4] F.-M. Lee, I-K. Fong and L.-C. Fu, Parameter identification of systems with uncertain dynamics and disturbances, Proc. Amer.
Control Conf. (1992) 2445-2449.

[5] F-M. Lee, L.-C. Fu and I-K. Fong, Robust on-line parameter identification with general knowledge on level of information noise:
continuous and discrete cases, Proc. Amer. Control Conf. (1995) 4077-4081.

[6] F.-M. Lee, I-K. Fong and L.-C. Fu, Robust on-line set-membership identification using a general ellipsoid-bounding technique,
Automatica, submitted.

[7] F-M. Lee, I-K. Fong and L.-C. Fu, Stable on-line parameter identification algorithms for systems with nonparametric
uncertainties and disturbances, Internat. J. Control 65 (1996) 329-345.

[8] R. Lozano-Leal and R. Ortega, Reformulation of the parameter identification problem for systems with bounded disturbances,
Automatica 23 (1987) 247-251.

[91 H.L. Royden, Real Analysis (Macmillan, New York, 3rd ed., 1988).

[10] W. Rudin, Principles of Mathematical Analysis (McGraw-Hill, New York, 3rd ed., 1976).



