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ABSTRACT

A transient analysis of a solar hot water system with Bang-
Bang controller is reported. A variable-structure model of the
collector is used in the analysis. In the pump ON mode, a first-
order dynamic model based on Hottel-Whillier-Bliss model was
used to evaluate the thermal performance of the collector. In
the pump OFF mode, Huang and Lu’s model was used. The
occurrence of the pump limit cycle can be clearly shown by
using a phase plane diagram and the transient performance of
a solar hot water system was studied by a system simulation.
It was found that pump oscillation becomes more frequently
as the variation of solar irradiation is rough or the tank tem-
perature reaches high. This oscillation can be reduced if the
setting point ATp N was raised. The effect of pump oscillation
on the energy collecting efficiency was shown to be minimal.

INTRODUCTION

Differential-temperature (DT) controllers are
used widely in forced-circulation solar hot water sys-
tems to control the pump in order to reduce energy
loss during the periods of low or intermittent irradi-
ation, especially in cloudy days. As shown in Fig.1
is a solar system used to supply hot water. In gen-
eral, the DT pump controller is a ON/OFF relay (i.e.
Bang-Bang controller) and thus is a nonlinear ele-
ment. Most commercial designs allow the user to
make a field adjustment for the ON point of the Bang-
Bang controller, while the OFF point is fixed. The
present study is based on this type of Bang-Bang con-
troller.

Since the correct setting of a Ba.ng—Bang con-
troller relies heavily on an understanding of the dy-
namic behaviour of the collector, several methods
have been developed. Schiller et al. (1980) applied
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Fig.1. Schematic diagram of a solar system with DT

controller.

a lumping technique to derive an approximate dy-
namic model consisting of a set of N ordinary differ-
ential equations for N segments of the collector. For
a flat-plate collector at non-zero flow condition, the
lumping was carried out simply by discretizing the
Hottel-Whillier-Bliss transient equation for the N seg-
ments of the collector. Solving this N equations, the
response of the collector at non-zero flow conditions
can be determined. Using simulation in time domain
and a lumped model for storage tank, Schiller et al.
(1980) made a comparison of a solar hot water system
with Bang-Bang and proportional control strategies.
However, the results are still suspicious due to the use
of the simplified collector dynamic model at zero-flow
condition.

Since the Bang-Bang controller is a nonlinear
element in the feedback loop, limit cycle phenom-
ena may occur and affect the thermal performance
of the solar system. Winn (1983) and Kahwaji and
Winn (1986) used the Hottel-Whillier-Bliss steady-
flow model and a simple lumped model at zero flow
(i.e. a quasi-steady collector model) to determine the
effects of temperature settings on the cycling rates.
The relation for the cycling period was then derived
and used in the calculation of total number of pump
cycles in a day for a given sinusoidal irradiation. How-
ever, it was assumed in this approach that the collec-
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tor response is infinitely fast at the instants of pump
ON and OFF. This may cause an error due to tran-
sient eflects of collector.

In this paper, the transient performance of solar

systems with Bang-Bang controller is studied by us-
ing a variable-structure collector model. That is, two
dynamic models, one for steady flow and the other
for zero flow, were used in the analysis.

DYNAMIC MODEL OF COLLECTOR

Steady-flow Model

As the pump is turned on with a steady flow (=
constant), the following first-order dynamic model of
Klein et al. (1974) can be used to describe the dy-
namic behavior of collector:

dATf

7.GC, + GC, ATy

= KoFr(ra)nIr — FRUL(T; — To), (1)
where 7, is the time constant at steady flow; G
is the mass flowrate per unit collector area (i.e.
m/A.), Fr(Ta), and FrUjL are the solar-noon col-
lector absorptance-transmittance and heat loss co-
efficients, respectively, which can be determined by
a performance test based on ASHRAE 93-77 or
ANSI/ASHRAE 93-1986 Testing Standard. ATy and
K, (the collector angle modifier) are defined ‘as =~

ATy =T, - T, (2)
_ Fp(ra). 3 1 '
Ko = Fr(ta)n bo (cosﬂ 1)' 3)

Equation (1) can be written as
7.GC,p dAde + GC ATy = Fr(ra).(Ir — IF), (4)

where I} is the critical irradiation defined in Eq.(5)
which is the minimum irradiation required for the
positive energy collection of the collector in the pump
ON mode,

FrUp,
FR(TQ)E

It (T; - To). (5)

As It < If, the energy collection will cease and the
collector irradiates the energy to the ambient. This
can be avoided by turning off the pump through a
DT controller.

Zero-flow Model
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Schiller et al. (1980) and Klein et al. (1974) ap-
plied the Hottel-Whillier-Bliss model to describe the
transient response of the collector during pump OFF
periods as an asymptotic approximation; while Winn
(1983) derived a simple lumped model to account for
the transient eflects. Both models remain to be veri-
fied experimentally and incur some difficulty in deter-
mining the collector thermal capacitance analytically.

In fact, as the pump is turned off, the circulating
fluid becomes stagnant inside the collector and the
heat transfer behaviour is entirely different from that
at steady flow. A first-order semi-empirical model
which was derived and verified experimentally by
Huang and Lu (1982) can be applied. That is, for

zero flow (mh = 0),
dT
z — I _ _
o dt E T (Tz Tn}s '(6}

where T, is the fluid mean temperature inside the col-
lector; 7, is the time constant of the collector at zero
flow; E is the equilibrium constant of the collector.
T, and E can be experimentally determined by the
testing method described by Huang and Lu (1982).
Equation (6) can be written as

dAT,

To—7" + AT: = E(Ir - I), (7)
where
&Tz = Tz - Tinit- (8)

T'init is the initial mean fluid temperature inside the
collector; Jj is the critical irradiation defined in
Eq.(9) which is the minimum irradiation for positive
energy collection of the collector in the pump OFF
mode.

I‘init - Ta

If 5

(9)

LIMIT CYCLE PHENOMENON

The pump cycling caused by the limit cycle phe-
nomenon of the DT controller can be understood
clearly by the transient behavior of the collector.

Pump ON Mode

Assuming that the irradiation Iy is steady (i.e.
Ir=constant). Then, for constant Tj, Ty, and coef-
ficients Fgr(ra). and FrUg, (i.e. constant If), the
time solution of Eq.(4) is
AT + (ATon — AT )e /™,

ATy (t) = (10)
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Fig.2. Temperature response curves in pump ON
mode.

where AT, is the steady-state temperature defined
as

FR(TCE)E

(It - If).

Equation (10) indicates that there are four types
of temperature responses AT (t) depending upon the
values of It — If and AT, as shown in Fig.2.
For AT > ATorr, which includes two cases: (i)
ATon < AT and (ii) ATorr < AT < ATon,
the temperature response ATy(t) will never hit the
constant ATppp line. That is, the pump will never
be turned off in this mode of operation.

For AT < ATorr, Which includes two cases:
(i) 0 < AT < ATorr and (ii) AT, < 0, the tem-
perature response curve will hit the constant ATorp
line and the pump will be switched off. That is, the
pump operation will be changed from ON mode to
OFF mode and the pump cycling may occur.

From the above discussion, it can be concluded
that, a sufficient condition for limit cycle to occur in
the pump ON mode is

GCpATorr
Fr(ra).

FrUL

IT < FR(Ta)e

(T; - Ta)- (12)

Equation (12) can be represented graphically by
the lower half plane of the ON-line in the Ip wvs.

(11)
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Fig.3. Limit cycle region in pump ON mode.

T; — T,plot with slope FrU/Fgr(Ta). and intercept
GCpATorr/Fr(Ta)., as shown in Fig.3.

L

Pump OFF Mode

Assuming that the irradiation Ir is steady (i.e.
IT= constant). For constant Tj,;, T,, and E, the
time solution of Eq.(7) is
AT(t) = ATy + (ATorr — AToss)e ™,  (13)
where ATpo, is the steady-state temperature at m =
0 defined as
ATy = E(IT - I). (14)

There are four types of temperature response
curves AT,(t) depending on the values of Ir — I
and ATy. See Figure 4. For ATy, < ATon, which
includes three cases: (i) 0 < ATy < ATon; (ii)
0 < ATy < ATorr; (iii) ATpeo < 0 (ice. I7 < I),
the temperature curves AT, (t) will never hit the con-
stant AToy line.

For ATy > ATon, the temperature response
curve will hit the constant ATpy line. This means
that the pump will be switched on again in this op-
erating mode. Thus, a sufficient condition for limit
cycle to occur in the pump OFF mode is

ATony 1
I’]" > E + E(T"ug - Ta). (15)
Equation ( 15) can be represented graphically by the
upper half plane of the OFF-line in the I vs. Tini —
T, plot with slope 1/E and intercept AToy/E, as

shown in Fig.5.

Limit Cycling of Pump

Assuming that the two temperature sensors of
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Fig.4. Temperature response curves in pump OFF
mode.

the DT controller are installed at the inlet and out-
let of the collector. For simplification, it was also
assumed that at the instant of pump switching off
(i.e. the beginning of the pump OFF mode), the ini-
tial mean water temperature inside the collector T5,:¢
equals approximately the inlet temperature in the
pump ON mode, i.e. T;ny = T;. This is true since
the temperature rise at the collector is usually a few
degree higher at a steady flow. Thus, the coordinates
T; — T, and T;nit — Ty, as shown in Figs.3 and 5 can
be combined together.

Furthermore, it was assumed that the mean stag-
nant water temperature inside the collector in the
pump OFF mode, T, can be represented by the tem-
perature measured at the collector outlet. In practi-
cal applications, this assumption can hold if the water
stagnant temperature T, was replaced by the temper-
ature measured at the collector outlet in the identifi-
cation of the collector dynamic model at zero flow, as
in Eq.(6). That is, the collector dynamic model can
be defined with respect to the stagnant temperature
measured at the collector outlet.

It was also assumed that, at the instant of pump
switching on (i.e. the beginning of the pump ON
mode), the exit water temperature T, equals the
instantaneous mean stagnant water temperature T,
right before pump switching on. Therefore, the con-
trol signal AT is continuous across the pump ON and
OFF modes and the DT controller signal AT can be
written as

J. CSME Vol.15, No.5 (1994)
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Fig.5. Limit cycle region in pump OFF mode.

AT =
{ ATy =T, - T, if pump is ON.

AT, =T, — Tiniy = T, = T;, if pump is OFF.
(16)

Therefore, by combining Figs. 3 and 5, we can
construct a phase space using the operating condi-
tions It and T; — T, as the coordinates to show the
region of limit cycle. The sufficient condition for limit
cycle is given as

AToy 1.
2 4 (T -T) < I
GC,ATorr = FrUy
Fatra). T Fa(ra), L~ Te) (17)

The following four cases may occur depending on the
magnitude of the intercepts and the slopes of each op-
erating line. But, the pump limit cycling may occur
only for Cases 1 through 3

Case 1
GCL,AToFF ATon FrUL 1
and > —
Fr(ra)e E Fg(ra)e " E

Case 2
GCpATOFF ATon FRUL < i
Fr(ra). E Fr(re)e FE

Case 3
GCpoATorr _ ATon FrUp S 1
Fr(re)e E Fr(ra)e " E
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Case 4
GCp,AToFF ATon and FrUp l
Fr(ra). E Fp(ra)e E

In cases 1, 2, and 3, the two cross-hatched half planes
shown in Figs. 3 and 5 will construct an intersection
on the phase plane which represents the limit cycle
region. As shown in Figs. 6-8, the pump limit cycle
will occur as the operating point falls in this intersec-
tion.

For case 4, the intersection between the ON-line
and OFF-line for limit cycle to occur is outside the
normal operating range, i.e. T; — T, < 0. See Figure
9. Since the operating point will never fall in the left
half plane with T; < T, in a normal performance of a
solar system, the pump limit cycle will not occur in
Case 4.

SYSTEM SIMULATION
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It should be noted that the present analysis
of limit cycle phenomenon described previously is a
static analysis. That is, assuming constant Iy, T}
T. and Fr(ra)e etc. In practice, the ON-line in the
pump ON mode may vary with time. Thus, a tran-
sient analysis by simulation is required in order to
understand the performance of a solar system with a
Bang-Bang controller.

The present system simulation was carried out
for a solar hot water system with a storage tank, a col-
lector, and a Bang-Bang controller as shown in Fig.1.
It is also assumed that there is no hot water with-
draw, and no make-up water feed from and to the
tank during daytime period. The sensors which ac-
tuates the Bang-Bang controller are usually installed
inside the header tube of the collector and the bot-
tom of the tank to pick up the input signals of the
DT controller.

In addition to the collector dynamic model, the
dynamic models of tank and connecting pipes have
to be taken into account in the system simulation.
In fact, the water temperature in the tank is non-
uniform due to thermal stratification effect and the



dynamic model of the tank will be a distributed-
parameter system. The bottom-to-top temperature
response will exhibit an infinite- order or high-order
effect which makes the control system design ex-
tremely difficult.

Similarly, the dynamic model of the connecting
pipes will also be a distributed-parameter system if
the heat loss along the flow direction was taken into
account. Hence, the high-order effect in the outlet-to-
inlet temperature response will be present. It can be
realized that the DT controller design will become
extremely complicated if the distributed-parameter
models of the tank and the connecting pipes were
used.

In practice, the thermal stratification in the tank
in a forced-circulation solar hot water systems can be
destroyed by the large momentum of a high pumped
flow, e.g. 0.02 kg/m?s which has been frequently
used. Hence, the water temperature in the tank
can be assumed to be approximately uniform (i.e.
Ti=constant) and the bottom temperature T}, = T;.
That is, a lumped tank model was used in the present
study.

In addition, the heat loss in the connecting pipes
is also small if the pipes were insulated well. There-
fore, the collector inlet temperature equals the tank
mean temperature in the pump ON and OFF modes,
ie. T; =T, =T;.

Furthermore, it was assumed that no hot water
draw-off is allowed during daytime, for simplification.
Hence, the energy balance for the tank can be written
as

dT;

MCoar

= 7me(To - Tt): (18)

where

—_— 1’
’Y - O,
T, = {

and M, is the total mass of water in the tank and
T, =T, =T,

Similar to the previous analysis, assuming that
the mean stagnant water temperature inside the col-
lector in the pump OFF mode 7', can be represented
by the temperature measured at the collector outlet.
It was also assumed that Tj,;; equals approximately
the inlet temperature 7; in the pump ON mode, i.e.
Tinit = T;. And, the exit water temperature T, equals
the mean stagnant water temperature T, at the in-
stant of pump on. Thus, the input signal of the DT

if pump is ON,
if pump is OFF,

T,
TZI

if pump is ON,
if pump is OFF,
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Table 1. Pump cycling in a clear day.

ATon, °C  times cycled  efficiency, %
2 6 59.68
'3 e 59.67
4 3 50.65
5 2 5957
6 T2 5958
7 1 59.40
8 1 59.39
9 1 59.38
10 1 59.37
11 ! 59.36
12 1 59.35

controller AT is continuous across the pump ON and
OFF modes and can be represented by Eq.(lﬁ)i

The pump is controlled by the signal defined as
AT(=T, —T;). In the pump ON mode, T, = T, and
as ATy > ATon (the setting point in the Bang-Bang
controller), the pump is turned on and the steady-flow
model, Eq.(1), is used. ATy will decrease with de-
creasing irradiation and increasing tank temperature.
As AT} decreases to ATy < ATppr, a built-in fixed
point of Bang-Bang controller, the pump is turned off
and afterwards the collector dynamic model for zero
flow, Eq.(7), should be used. In this case, the def-
inition of AT has to be changed from ATy to AT,
which is defined as AT, = T, — T;nit, where Tjnq is
the initial mean water temperature inside the collec-
tor at the instant of pump off and was assumed to be
equal T;.

The pump will be turned on again whenever
AT, > AToy. Since the irradiation varies dur-
ing a day, a simulation can be performed by solving
Eqs.(1), (6) and (18) numerically using the fourth or-
der Runge-Kutta method.

Consider a solar water heating system with tank
size of 200 liters (i.e. M;=200 kg), collector sur-
face area A.=2.56 m?, collector heat transfer pa-
rameters: Fg(ta), = 0.81, FRUL=8.98 W/m?°C
, b = 0.33, 7.=1.26 min, 7,=15.5 min, E=0.082
m?° C/W (1982), collector tilted angle = 25° fac-
ing south, flowrate G=0.02 kg/m?. If a typical com-
mercial DT controller with fixed ATppp at 0.833°C
(1.5°F) is used, the numerical solution then can be
found for various ATp N settings.

Figure 10 presents the variations of temperature
difference across the collector ATy and tank temper-
ature Ty(= T;) for ATony = 3°C in a clear day. It
can be seen that the oscillation of the collector exit
temperature and the pump cycling occur only at late
afternoon as the incident solar radiation becomes low.
The number of times of pump cycling changes with

o
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Table 2. Pump cycling in a cloudy day.

AToy, °C  timescycled efficiency, %
2 7 60.46
3 5 60.35
4 4 60.20
5 4 60.15
6 3 59.83
7 3 59.73
8 3 59.62
9 3 59.50
10 3 59.38
11 3 59.23
12 3 59.04

the settings AToy in the DT controller. Several com-
putations were carried out for different ATon set-
tings. Table 1 shows that the pump cycling decreases
with increasing ATon settings, but the overall effi-
ciency of solar system changes very little. This can
also be seen from Figs. 6 through 8 that the cross-
hatched area (i.e. limiting cycling region) decreases
as ATpn increases. Here, the overall efficiency is
defined as the ratio of the energy collected during
daytime to the total incident solar radiation on the
inclined collector surface.

Figure 11 presents the thermal performance in a
cloudy day with more rough variation of solar radia-
tion intensity. It can be seen that temperature oscil-
lation and pump cycling are more rough. The tem-
perature rise across the collector is shown to vary pro-
portionally with solar irradiation during the periods
of pump on. When the temperature difference drops
to ATorr, the pump is shut down at 13:25 PM. And
the temperature fluctuations at zero flowrate (AT;)
shown as the dotted line are resulting from cooling
of the water inside the collector by ambient air or
heating by the residual heat stored inside the collec-
tor structural material. When the fluid temperature
inside the collector raises such that AT, > ATon,
the pump is turned on again. An oscillation of ATy
takes place right after pump-on, at 14:10 and 15:05
PM (Fig.11). These are attributed to the energy stor-
age effect of the collector during the transient periods
of pump ON/OFF. _

Table 2 shows that temperature oscillation and
pump cycling also decreases with increasing ATon
settings and the overall energy collecting efficiency
decreases slightly.

DISCUSSION AND CONCLUSION

A transient thermal performance analysis for so-
lar hot water systems with differential-temperature or
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Bang-Bang controller was carried out in the present
study by using a variable-structure collector model.
Two semi-empirical collector dynamic models were
used: (1) first-order Klein’s model using Hottel-
Whillier-Bliss relation (1974), Eq.(1), is used to de-
scribe the thermal performance when pump is ON;
and (2) Huang and Lu’s first-order dynamic model
(1982) is used when pump is OFF, instead of the mod-
ified Hottel-Whillier-Bliss model for zero-flow condi-
tion suggested by Schiller et al. (1980). The direct
comparisons of the present method with Schillers’
is difficult because of the difficulties in estimating
the collector capacitance defined by Schiller et al.
(1980). However, Huang and Lu’s semi-empirical
model which had been verified experimentally is more
reliable for the transient thermal analysis. Further-
more, the occurrence of pump limit cycle can be
clearly illustrated by using the phase plane diagram
developed in the present study.

The oscillations of the collector exit temperature
and the pump cycling were observed from the sim-
ulation of a solar system. It also indicates that as
Schiller et al. (1980) cited, the setting point for ATon
only has a minimal effect on the energy collecting ef-
ficiency as long as it is not very high such that the
pump does not turn on until late in the morning. The
present results have shown a clear picture on the sys-
tem behavior of a solar hot water system with DT
controller.

It should be emphasized here that the present
results are based on a control system analysis which
uses a lumped tank model and ignores the heat loss
of the connecting pipes. The ignorance of thermal
stratification effect in the tank will under-estimate
the limit cycle phenomenon. This is due to the fact
that, the consideration of thermal stratification in the
dynamic model of the tank will lead to a distributed
system which is extremely complicated. For simplifi-
cation, a lumped model is used in the present analysis
as a first order approximation though it may lead to
some errors.

In practice, the pump cycling can also be aflected
by the setting of ATorr and various types of irra-
diation pattern. A study for an optimum DT con-
troller tunning of ATon and ATorF using a similar
phase plane analysis but with second-order collector
dynamic models is still underway. In addition to ob-
tain an optimum energy efficiency, the optimum tun-
ning can be done by using a long-term simulation
result and the maximum durable pump cycling fre-
quency. The effects of irradiation pattern are thus
taken into account. All of these will be published
later.
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NOMENCLATURE

collector area, m?

collector angle modifier coefficient

specific heat of water, J/kg°C

equilibrium constant of collector at 7 = 0,
m2°C/W

mass flowrate per unit collector area,
kg/m?s

effective collector absorption-transmission
coefficient

collector absorption-transmission coeffi-
cient at solar noon

collector performance parameter, W/m2°C
critical solar irradiation on tilted surface de-
fined in equation(9), W/m?

solar irradiation on tilted surface, W/m?
critical solar irradiation on tilted surface de-
fined in equation(5), W/m?

mass flowrate, kg/s

total mass of water in tank, kg

time, s

ambient temperature, °C

tank bottom temperature, °C

collector exit temperature at steady flow,
°C

collector inlet temperature, °C

initial mean water temperature in pump
OFF mode, °C

tank temperature, °C

mean stagnant water temperature (i.e. at
m = 0) inside collector, °C

=T -T; °C

pump OFF setting point of DT controller,
°C

pump ON setting point of DT controller,
°C

=T, - jﬂinit; °C

steady-state temperature in pump ON
mode defined in equation (11), °C
steady-state temperature in pump OFF
mode defined in equation (14), °C
collector time constant at 7 # 0.

collector time constant at 7n = 0

DT controller signal

solar incident angle to the collector slope,
degree
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