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Abstract

Conventionally, the optimal motion planning prob-
lem is solved by transformation into a two-point bound-
ary value problem (TPBVP). The resultant TPBVP
has twice the system dimension (2n), and requires com-
plicated numerical scheme for its solution. In this
project, we propose a different but systematic approach
to the optimal motion planning problem. First, we
solve the simple motion planning problem by perturba-
tion refinement for a nonlinear system with dimension
n. Second, we transform the optimal motion planning
problem into a simple motion planning problem for an
extended system with dimension n + 1. A numerical
procedure for the proposed optimal motion planning is
developed accordingly, and verified through a simula-
tion example.

Keywords: motion planning, optimal motion plan-
ning, optimal control, nonlinear system, perturbation.

1. Introduction

Motion planning problems attract a lot of research

in recent years, especially for the class of systems with-
out drift [1]. For a detailed review on the motion plan-
ning for driftless systems, the readers are refered to
(2,3]. However, in application, the solutions to simple
motion planning problem may not be practical since
they often result in poor performance such as large
excursion in state trajectory or extra demand on the
control energy. Therefore, later research is directed
to solving the optimal motion planning problem, in
which a performance index is to be minimized in addi-
tion to finding a trajectory connecting two spefified end
points. In theory, the optimal motion planning problem
is equivalent to the open-loop optimal control problems
with fixed end points {4]. Hence, a majority of research
on the optimal motion planning rely on the calculus of
variation as the mathematical tool for searching the op-
timal solution. This approach transforms the optimal
motion planning problem into a two-point boundary
value problem, which requires complicated numerical
algorithms [5,6] for obtaining a solution. Another ap-
proach to optimal motion planning is to work in a fi-
nite dimensional space instead of the functional space
by parameterizing the control input. For example, in
[7,8], the control input is parameterized into a finite
summation of some basis functions. The coefficients of
the basis functions are calculated using different algo-
rithms such as the Ritz Approximation Theory [7] or
the Quasi-Newton method [8], so that a near-optimal
solution is obtained. In order to obtain a solution that
is close to the optimal solution, the number of basis
functions, N, should be large, and this increases the
burden on numerical calculation.

In this project, we develop a systematic approach
to optimal motion planning, which is different from the
two approaches mentioned above. We solve in the first
stage the linear system motion planning problem, in
the second stage the nonlinear system motion planning
problem, and finally in the third stage the optimal mo-
tion planning problem. The key idea in our approach
to optimal motion planning problem is to treat the cost
function as an extended system state.




2. Motion Planning for Linear System

Consider the motion planning for a linear dynamic
system :

A(t)z + B(t)y, 1)

Z(to) = 2

z

find v £ v(t),t € [to,ts] such that 2(t;) = 25, where
z € R™ is the system state, v € RP is the control input
, A(t) is a n X n matrix , and B(t) a n X p matrix.

From linear system theory [9], the desired state
transferring control is given by

u(t) = BT ()87 (7, )W (to, 1) 2s — B(ts,t0)20], (2)

where W (to,ty) is the controllability grammian (9] of
-the systerm (1),

W(to,t,):/tf ®(ts, t)B(t)BT (£)®7 (t7,t)dt, (3)

and @ is the state transition matrix of the linear sys-
tem.

Theorem 1 [9]: If the system (1) is controllable
in the sense that W (to, ;) in (2) is positive definite,
the control (3) transfers the state from z(tp) = 2z to

2(ty) = zs.
3. Motion Planning for Nonlinear System

After solving the linear motion planning problem,
we now try to solve the nonlinear motion planning
problem based on the linear results. The basic idea
is as follows:

¢ Use perturbation to find the linearized system of
the original nonlinear system along a trajectory
z(® generated by some u(®.

e Do motion planning for the linearized system so
that the perturbed final state 6z*)(t;) moves in
the direction of the desired final target z;.

¢ Iterate the previous two steps so that the final
state z(ts) of the nonlinear system moves progres-
sively toward the target ;.

Consider a nonlinear system

x

f(@) + g(z)u (4)

z{to) = wxo

where z € R™ is the system state, u € RP is the control
input; and f(z) and g;(z) ( the ith column of g(x)) for
1=1,2....., p are smooth vector fields. In this problem,
we wish to find the control input u that can transfer the
system state from the initial condition z¢ to a specified
final position z; at a given time ¢;.

Before presenting the iteration procedure, we
should define the relationship between each consecu-
tive trajectories. Define the notations

D) o ) )
uGtD) = ) 4 gy,

. where index i stands for the i’th iteration. Since both

(=, u®) and (z(+1), u(+Y) satisfy (1), we have, for
J=1,i+1,

@ f(:z:(j)) + g(:z:(j))u(j) (5)
.’lt(j)(to) = o

Assume that 6z and du® are small;swe can linearize
the nonlinear system (5) with j = i + 1 along the tra-
jectory z(® and u® to give
62 = AO(1)6z® + BO(t)su®  (6)
6z (ty) = 0

where
AD() = [afga;(i>)+ag(x;2)u<i>] )
B(i)(t) — g(z(i)) @®

We can now summarize the iteration procedure for
motion planning of a nonlinear system.

1. Guess an initial control u(®(t), ¢ € [to, ], and find
its corresponding trajectory z(%)(¢) from (4). Set
the iteration index i be zero.

2. Evaluate the matrices A®)(¢) and B@(t) in (7)
and (8) on the trajectory z(*) and u®.

3. Set 6z (t;) = hD x [z; — s@(t;)], with a suffi-
ciently small 0 < A®) < 1.

4. Design the transferring control du'®)(t) ( Assume
that the [A®)(t), B®(t)] pair is controllable)

su®(t) = BOT (1)o7 (t7, )W D to, 1) - 529 (t),

where ®() is the state transition matrix of 4G
and

: b : . :
WOto,t)) = [ 89(t;,m)BO)BOT(r)a0T (1, 1),
to



5. Determine the next control input wO+D = 40 4
Su®,

6. Substitute u(**V) in (1) to determine the (i + 1)st
trajectory z(t1),

7. Compare the final state z(t1)(¢;) of the (i + 1)st
trajectory £(**1) with the specified final state = 5

T R e E )

where £, is a.small positive constant, stop the it-
eration procedure. If the termination criterion (9)
is not satisfied, return to Step 2, using the trajec-
tory (1) w(+Y in place of (), u(®. The value
of the termination constant £, depends on the de-
sired accuracy of state positioning.

Theorem 2: If the pair (A% (t), B®(t)) in (6) is con-
trollable for all i > 0, and h(¥ is chosen such that

0<(1-rN<e<l, Vi (10)

for some &, it is guaranteed that the above iteration
procedure will terminate at some finite 3.

4. Optimal Motion Planning

In Section 3, we successfully find the control
inputs, by iterations, to generate a trajectory connect-
ing the specified initial and final states. In addition, we
often wish that the system response has better perfor-
mance such as minimum time to achieve the target,
minimum length of path, or minimum energy used.

- Therefore, in this Section, we consider the optimal
motion planning problem: given a nonlinear system

(4), find the control input u 2 u(t),t € [to, t5] to place

the final state to a specified position z(t;) = zy, and
at the same time to minimize a cost function

J= /ti l(z,u)dr, (11)

to

where I(z,u) is a positive scalar function of the state
z and the control u. To solve this problem, we will
adopt an approach that will transform an optimal mo-
tion planning problem in this Section into a simple mo-
tion planning problem treated in the previous Section.

First, based on the cost function (11), define a new
cost function state

J(t) = /t t Uz, u)dr

Taking its time derivative, one can obtain the governing
equation of J(t)

J(t) = Uz, u) (12)
J(to) = 0

Thus, combining the original system (4) with the ad-
ditional state J(t), we have an extended system

5] - i) w

e =]

The algorithm for optimal motion planning should
be divided into two stages:

Stage I. motion planning for the original system (4)

Firstly, we follow the procedure of motion planning
in Section 3 for the original systeth (1) to find a
trajectory and control (Z,, um) satisfying

Zm = f(@m) + 9(Tm)tm

and
m(to) = o, Tm(ts) = zy.

With (zm,um), we calculate the cost func-
tion state J,(t) from (12) corresponding to
(@m(t), um(t)). Notice that final value of the cost
function state J,(t;) will be larger than the op-
timal value of the cost function (11), namely J*.
Therefore, when applying perturbation to the tra-
jectory z,, in Stage II, the perturbation should
be in the direction that will decrease the value of
Jm(ts). If, instead of z,,,, we randomly pick an ini-
tial trajectory zo that does not connect the spec-
ified end points, its correspondent Jo(t f) may be
larger or smaller than J*. In this case, there is no
method to know in which direction to perturb the
initial trajectory zq.

Stage II. motion planning for the extended system
(13)
Secondly, linearize the extended system (13) along
the trajectory (zm, Jm, um) to obtain
]

o] Hz
))] 0 (14)

8J o
where (dz,0J,6u) is defined by dz ,= z — zp,,
6J = J - Jn, and u = u — u,,. Based on the

o gl Jo [

du



linearized extended system model (14), we can use
the transferring control éu to place the final state
dx(t;) = 0 and 6J(ty) < 0. In other words, while
maintaining the fixed two end-points z¢ and zj,
we can find a new control u = u,, + éu to bring
down the value of the cost function. By repeating
this procedure, we can eventually reach the mini-
mum value of J(ty).

Before presenting the iteration procedure, de-
fine the notions

g0t = g0 4 5.0)
N ACARYRRN (ORI ¥ ()
w0t = ) 4 5,

Since' z)(t) , JO)(t) and uld(t) satisfy (21), we have

£(7) f(@D) + g(zD)u
[ ) } = [ l(gi:i),u(j)) (15)

8] - 7]

Assuming that 6z() | §J) and 6u(¥) are small, we can

linearize the extended system (23) along the trajectory
(29 (t), TG (t), u9) (t)) to yield

d [ 62D , FYae)) : )
iloo | = 400 50 |+ o wst
Jx(j)(to) _ 0
§J0 (k) |
where
Bf(z(j)) ag(z(j)) 0
a0 = | Co #5551 0 gy
e () [ al(z(a)z’“”) 0 ( )
A ey
BYO(t) = { %E(m(ﬁ?uu)) (18)
ou

We now summarize the procedure of optimal mo-
tion planning for a nonlinear system.

1. Find the trajectory (zm(t), Jm(t),um(t)) intro-
duced in Stage I.

2. Let the iteration index j be zero, and set
(@O(t), u@(2), SO 2)) = (@ (t), um(t), I (£)).

3. Evaluate the matrices Agj)(t) and ng)(t) in (17)
and (18) on the trajectory (z(7), J() 4().

4. Evaluate the controllability grammain W’ (to,t5)

) ty ) 3
W (to,t,) — / 89 (t;,7) B (1) BT (7)

to

97T (tf,7)dr,

where Q’)gj ) is the state transition matrix of Agj ),
If

|detW{ (to,t5)| < €u, (19)

where ¢, is a small positive number, stop the it-
eration procedure. Otherwise, continous to Step
5.

5. Determine the step size

s20(t) 1 [ af —al(t)
| Soe | = SEESE ] e

where 0 < h() < 1.

6. Design the state transferring control su(?(t)
8u(1) = BT (ORI (01, )W 10, t1)62()

7. Determine uU+1) = 40 4 g3,

8. Use ul*1) to determine the (j + 1)st trajectory
(x(a‘+1)"](j+1))

9. If

(ERRIE 27| < &, and JE(2y) < O (2y),

(21)
where £, is a small positive constant, return to
Step 3, using the trajectory zUt1) 4G+ pG+1)
in place of ), u() h() and RO+D = RG) Oth-
erwise, return to Step 5 using h(") = 0.5 x k() in
place of h(9).

Remark 1: Although in the above iteration we start
with the trajectory z(® = Ty, Which has two end
points at zo and zy, but it is difficult to keep the two
end points fixed exactly at zo and z; during the itera-
tion because of linearization error and numerical error.
Hence, in the perturbed control (20), we still need to
make compensation 6z (t;) = z; — 2U)(t;) in each
iteration to confine the end point close to the specified
position zy.

Remark 2: To judge if J9)(t;) has reached its mini-
mum, one can check if the extended linearized system
(16) is controllable, or equivalently if detW{? (to, ¢ 1) #
0. Since controllability of the system (16) suggests that



one can always find small enough perturbation in con-
trol 0u(?) that moves the final state of the extended sys-
tem (15) in any direction. In particular, one can always
find 6ul?) so that the cost function state at ty moves
in the decreasing direction; that is, 6J®(t;) < 0 or
JUD(ty) < JD(tg). Therefore, detW (to, t7) = 0 is
a necessary condition for z()(t) to be an optimal so-
lution. We thus use condition (19) as the termination
criterion for the iteration procedure.

Remark 3: When the step size k() in (20) is too
large such that the perturbed control (21) is trying to
decrease J) (¢ 7) to a value smaller than the optimal
value J*, which is impossble, two situations may take
place: (1) the end point will leave the specified posi-
tion x5, or (2) the next iterated cost function value
JU+D(t;) will increase instead of decrease. Hence, if
any of the situations above takes place, we have to re-
duce the step size by half until condition (22) is sat-
isfied. This explains the mechanism of adjusting the
step size h() in Step 9.

5. Conclusions

In this project, we develop a systematic ap-
proach to motion planning. We solve in the first stage
the linear system motion planning problem, in the sec-
ond stage the nonlinear system motion planning prob-
lem, and finally in the third stage the optimal motion
planning problem. The approach is systematic because
the solution at each stage depends on that of the pre-
vious solution. The major contribution is that the op-
timal motion planning problem with dimension n is
transformed into a simple motion planning problem
with dimentions n+ 1 by regarding the cost function as
an extended system state. We thus successfully avoid
the numerically complicated two-point boundary value
problem, which is inevitable in other approachs to op-
timal motion planning problem.
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