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Abstract—Data clustering has attracted a lot of research attention in the field of computational statistics and data mining. In most

related studies, the dissimilarity between two clusters is defined as the distance between their centroids or the distance between two

closest (or farthest) data points. However, all of these measures are vulnerable to outliers and removing the outliers precisely is yet

another difficult task. In view of this, we propose a new similarity measure, referred to as cohesion, to measure the intercluster

distances. By using this new measure of cohesion, we have designed a two-phase clustering algorithm, called cohesion-based self-

merging (abbreviated as CSM), which runs in time linear to the size of input data set. Combining the features of partitional and

hierarchical clustering methods, algorithm CSM partitions the input data set into several small subclusters in the first phase and then

continuously merges the subclusters based on cohesion in a hierarchical manner in the second phase. The time and the space

complexities of algorithm CSM are analyzed. As shown by our performance studies, the cohesion-based clustering is very robust and

possesses excellent tolerance to outliers in various workloads. More importantly, algorithm CSM is shown to be able to cluster the data

sets of arbitrary shapes very efficiently and provide better clustering results than those by prior methods.

Index Terms—Data mining, data clustering, hierarchical clustering, partitional clustering.
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1 INTRODUCTION

DATA mining has attracted a significant amount of
research attention due to its usefulness in many

applications, including selective marketing, decision sup-
port, business management, and user profile analysis, to
name a few [6], [7], [11], [14]. Among others, data clustering
is one of the most active research areas [16], [18]. The data
clustering techniques can be used to perform similarity
search, pattern recognition, trend analysis, grouping,
classification, and so forth [7], [14], [26].

In general, there are two types of attributes associated

with input data in clustering algorithms, i.e., numerical

attributes [1], [4], [25], [29], [31] and categorical attributes

[13], [30]. Numerical attributes are those with a finite or

infinite number of ordered values, such as the height of a

person or the x-coordinate of a point on a 2D domain. On

the other hand, categorical attributes are those with finite

unordered values, such as the occupation or the blood type

of a person. In this paper, we focus only on the clustering of

numerical data.
Many data clustering algorithms have been proposed in

the literature. These algorithms can be categorized into

nearest-neighbor clustering [22], fuzzy clustering [3], parti-

tional clustering [9], [20], [23], hierarchical clustering [19],

[27], artificial neural networks for clustering [15], statistical

clustering algorithms [8], [28], density-based clustering

algorithm [5], [10], and so on. In theses methods, hierarch-
ical and partitional clustering algorithms are two primary
approaches in research communities. Hierarchical cluster-
ing algorithms can usually find satisfiable clustering results.
A hierarchical clustering algorithm is able to obtain
different clustering results for different similarity require-
ments. However, most of those hierarchical algorithms are
very computationally intensive and require much memory
space. Both of the two well-known hierarchical algorithms,
i.e., single-link [27] and complete-link [19] algorithms, require
time complexity of Oðn2 lognÞ, where n is the number of
input points. Algorithm CURE [12], which is an improve-
ment of the single-link algorithm, though being able to lead
to good clustering results, is, in essence, very costly in its
computational overhead.

On the other hand, most partitional clustering algorithms
run in linear time. With better efficiency, the clustering
quality of a partitional algorithm is, however, not as good as
that of hierarchical algorithms. The k-means clustering
algorithm is one of the most famous partitional clustering
algorithms [23]. Although widely used, the k-means
algorithm suffers from some drawbacks, including: 1) de-
pendency on the input order, 2) the tendency to result in
local minimum, and 3) limited applicability to only the data
set consisting of isotropic clusters (i.e., a circle in the
2D domain or a sphericity in the 3D domain).

Several clustering methods have been proposed to
combine the features of hierarchical and partitional
clustering algorithms. In general, these algorithms first
partition the input data set into m subclusters. Then,
these algorithms construct a hierarchical structure based
on these m subclusters. As shown in Fig. 1, the data set is
first partitioned into 15 subclusters and these subclusters
are next grouped into two clusters.
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This hybrid idea of clustering is first proposed in [24]
where a multilevel algorithm is developed. At the first level,
the multilevel algorithm partitions the data set into several
partitions and then performs the k-means algorithm on each
partition to obtain several subclusters. In subsequent levels,
this algorithm uses the centroids of the subclusters
identified in the previous level as the new input data
points and performs the hierarchical clustering algorithm
on those points. This process continues until exactly
k clusters are determined. Finally, the algorithm performs
a top-down process to reassign all points of each subcluster
to the cluster of their centroids. However, representing a
subcluster by only one point makes this multilevel algo-
rithm not applicable to some cases, especially when the
sizes of those subclusters are similar to that of the merged
cluster.

Algorithm BIRCH is one of the most efficient clustering
algorithms [31]. In BIRCH, only one scan is needed to obtain
good clustering results. One or more additional passes can
be used to further improve the clustering qualities.
Algorithm BIRCH first partitions the input data set into
many small subclusters and then applies a global clustering
algorithm on those subclusters to achieve the final results.
The main contribution of BIRCH is as an efficient data
preprocessor for large input data sets. It does not focus on
the design of global clustering algorithm, which can be
effectively applied on subclusters. In view of this, a new
definition of distances between two data bubbles (sub-
clusters) are proposed in [5]. The algorithm proposed first
executes BIRCH to obtain many small data bubbles and
then applies a modified algorithm of OPTICS with the new
definition of distance between data bubbles.

In most related studies, the dissimilarity between two
clusters is defined as the distance between their centroids
or the distance between two closest (or farthest) data
points. However, these measures are vulnerable to outliers
and removing outliers precisely is yet another difficult
task. This is the very reason that most prior clustering
methods do not perform stably for various types of inputs.
In view of this, we propose a new similarity measure,
referred to as cohesion, to measure the intercluster
distances. Using cohesion, we have designed a two-phase
clustering algorithm, called cohesion-based self-merging
(abbreviated as CSM), which runs in time linear to the size

of input data set. Combining the features of partitional and
hierarchical clustering methods, algorithm CSM partitions
the input data set into several small subclusters in the first
phase and then continuously merges the subclusters based
on cohesion in a hierarchical manner in the second phase.
The time and the space complexities of algorithm CSM are
analyzed. Our performance studies show that the pro-
posed similarity measure, cohesion, is more effective than
others. With cohesion, algorithm CSM is not only very
robust to the existence of outliers, but also able to lead to
better clustering results than most prior methods while
incurring much shorter execution times.

The rest of the paper is organized as follows: Section 2
presents the preliminaries. Algorithm CSM is presented in
Section 3. Performance studies are conducted in Section 4.
This paper concludes with Section 5.

2 PRELIMINARIES

Given a desired number of clusters k, data clustering is the
process of partitioning the input data points into k clusters
so that the points in each cluster are similar to one another
and are different from the points in other clusters. For
example, for the data set shown in Fig. 2a, a data clustering
algorithm with k ¼ 2 may partition these points into
two clusters, A;B;C;Df g and E;F ;Gf g. We review several
prior algorithms related to this study in the following.

2.1 Hierarchical Clustering Algorithms

As its name implies, a hierarchical clustering algorithm
establishes a hierarchical structure as the clustering result.
Consider the example in Fig. 2a. One possible hierarchical
structure is shown in Fig. 2b. With the hierarchical
structure, we can obtain different clustering results for
different similarity requirements. As shown in Fig. 2b, if the
similarity requirement is set at level 1, the input data set is
partitioned into two clusters, i.e., fA;B;C;Dg and
fE;F ;Gg. However, if the similarity requirement is set at
level 2, then the input data set is partitioned into six clusters,
i.e., fA;Bg, fCg, fDg, fEg, fFg, and fGg.

Most existing hierarchical clustering algorithms are
variations of the single-link and complete-link algorithms.
Both algorithms require time complexity of Oðn2 lognÞ,

146 IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING, VOL. 17, NO. 2, FEBRUARY 2005

Fig. 1. An illustration of a hybrid clustering algorithm. (a) Step 1: Form several small clusters. (b) Step 2: Merge small subclusters into clusters.
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where n is the size of the input data set. Owing to their good
quality of clustering results, hierarchical algorithms are
widely used, especially in document clustering and
classification. The outline of a general hierarchical cluster-
ing algorithm is given below:

Hierarchical Clustering Algorithm

1. Initially, each data point forms a cluster by itself.
2. The algorithm repetitively merges the two closest

clusters.
3. Output the hierarchical structure constructed.

A single-link clustering algorithm differs from a com-
plete-link clustering algorithm in the intercluster distance
measure, i.e., Step 2. The single-link algorithm uses the
distance between the two closest points of the two clusters
as the intercluster distance, i.e.,

dist Ci; Cj
� �

¼ min dist oi; oj
� �

oi 2 Ci; oj 2 Cj
��� �

;

while the complete-link algorithm uses the distance of
two farthest points as the intercluster distance, i.e.,

dist Ci; Cj
� �

¼ max dist oi; oj
� �

oi 2 Ci; oj 2 Cj
��� �

:

As shown in Fig. 3a, the single-link algorithm suffers from
the so-called chaining effect and the complete-link cluster-
ing algorithm has problems in dealing with particular
shapes, such as the circles shown in Fig. 3b.

In the single-link algorithm, we can maintain a pointer to
the closest neighboring cluster for each cluster. After
merging Cluster Cj into Cluster Ci, the single-link algorithm
needs only to update those clusters whose closest neighbor
is Cj and change it to Ci. With this implementation, the
space complexity required by the single-link clustering
algorithm is only OðnÞ. However, the same mechanism
cannot be applied to the complete-link algorithm. Instead,
the complete-link algorithm needs to keep all the distances
of any two points and, thus, is of space complexity Oðn2Þ.

Algorithm CURE [12] is an improvement over the single-
link clustering algorithm. CURE selects several scattered
data points carefully as the representatives for each cluster
and shrinks these representatives toward the centroid in
order to eliminate the effects of outliers and avoid the
chaining effect. The distance between two clusters in CURE
is defined as the minimal distance between the two rep-
resentatives of each cluster. In each iteration, it merges the
two closest clusters.

It is known that CURE is one of the most successful

clustering methods for clustering the data of any shape.

However, it is very computationally intensive. The time

complexity of algorithm CURE is essentially O n2 lognð Þ. In
addition, algorithm CURE utilizes a spatial searching data

structure, kd-tree, to search the nearest representatives. As

pointed out in [2], this kind of searching structure does not

work well in a high-dimensional data set. This fact limits

the applicability of CURE. The sampling and partitioning

technique adopted by algorithm CURE may accelerate the

computation. However, most sampling techniques are

orthogonal to clustering algorithms, i.e., a clustering

algorithm can usually be easily integrated with most

sampling techniques by no or slight modification. Please

also note that, while being widely used, random sampling

suffers from the problem of missing small clusters. In view

of this, a density biased sampling algorithm is proposed in

[10]. In this paper, we will focus on the clustering problem.

2.2 Partitional Clustering Algorithms

The k-means algorithm is one popular partitional algorithm

for data clustering. However, the k-means algorithm suffers

from the tendency of resulting in local minimum and is

likely to obtain different clustering results with different

initial states. The clustering results are also dependent on

the sequence of the input data. The adoption of Euclidean

distance as the similarity measure causes the application of

the k-means algorithm to be limited to data sets consisting

of only isotropic clusters, thus refraining it from being used

in many real applications. Nevertheless, most partitional

algorithms have the advantages on the execution time and

the space required. The outline of the k-means algorithm is

given as follows:

Algorithm K-Means

1. Initially, select k centroids arbitrarily for each
cluster Ci, i 2 ½1; k�.

2. Assign each data point to the cluster whose centroid
is closest to the data point.

3. Calculate the centroid ci of cluster Ci, i 2 ½1; k�.
4. Repeat Step 2 and Step 3 until no points change

between clusters.
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Fig. 2. Illustrative hierarchical clustering results for a data set of

seven points. (a) The input data set. (b) A possible hierarchical tree.

Fig. 3. Examples of the clustering capability of the single-link and

complete-link clustering algorithms. (a) Clustering results by the single-

link algorithm. (b) Clustering results of the complete-link algorithm.
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2.3 Expectation Maximization Algorithms

In addition to using distance as the similarity measure, the
Expectation Maximization (EM) algorithm uses probabil-
ities to measure the similarities. It is assumed that the points
of a cluster follow a certain distribution [8]. By assuming the
parameters of the distribution of each cluster, EM utilizes
probability to judge which cluster a data point should be
assigned to. Algorithm EM then adjusts the parameters of
each cluster’s distribution according to the data points in
that cluster. Next, it reassigns these points according to the
new distributions. These iterations continue until the
clustering results converge. For example, if the distribution
of Cluster Ci follows a given probability density function
(abbreviated as pdf) fCi vð Þ, then the probability for a point
with position v to belong to this cluster is:

P ðCijvÞ ¼
P ðvjCiÞ � P ðCiÞ

P ðvÞ ¼ P ðCiÞ
P ðvÞ fCiðvÞ:

If a point at location v is more likely to belong to Cluster Ci
than to Cluster Cj, i.e., P Cijvð Þ > P Cjjv

� �
, then this point

will be assigned to Cluster Ci.

2.4 Hybrid Clustering Algorithms

Since the complexity of hierarchical data clustering is
relatively high, several improved algorithms have been
proposed, such as the hybrid clustering algorithm
proposed in [24] and algorithm BIRCH [31]. The hybrid
algorithm in [24] is a multilevel algorithm. In the first
level, the input data set is divided into P1 partitions
equally. Then, the hybrid algorithm performs a k-means
algorithm to get C1 clusters in each partition. In level i,
where i > 1, the centroids of the clusters obtained in level
i� 1 are taken to this level for merging. These centroids
are partitioned into Pi partitions. In each partition, the
hybrid algorithm performs a hierarchical clustering
algorithm to get Ci clusters. This process continues until
exactly k clusters are identified. Finally, the algorithm
performs a top-down process to reassign all points of
each subcluster to the cluster of their centroid. This
algorithm is shown to be very efficient in both aspects of
computation and memory space. However, using only
one point to represent the whole cluster may easily lose
some information about the distributions of clusters,
which are important to the similarity of two clusters.

Another hybrid clustering algorithm, BIRCH, is designed
to deal with large input data sets. BIRCH uses cluster
features (CF) to represent a subcluster. Given the CF of a
subcluster, one can obtain the centroid, radius, and diameter
of that subcluster easily (in constant time). Furthermore,
the CF vector of a new cluster formed by merging
two subclusters can be directly derived from the CF vectors
of the two subclusters by algebra operations. Algorithm
BIRCH consists of four phases. In Phase 1, BIRCH partitions
the input data set into many subclusters by a CF tree. In
Phase 2, it reduces the size of the CF tree (i.e., the number of
subclusters) in order to apply a global clustering algorithm
in Phase 3 on those generated subclusters. In Phase 4, each
point in the data set is redistributed to the closest centroids
of the clusters produced in Phase 3. Among these phases,
Phase 2 and Phase 4 are used to further improve the
clustering quality and are thus optional. Algorithm BIRCH
does not specify the global clustering algorithm. However,

if a clustering algorithm, which can find clusters in any
shape, is adopted in Phase 3, then Phase 4 will need some
slight modifications to keep the shape information. More
specifically, each cluster produced in Phase 3 should be
represented by several points instead of only the centroid.
However, the main contribution of BIRCH is as an efficient
data preprocessor for a large input data set so that the
global clustering algorithm can be executed efficiently.

Algorithm CHAMELEON is also a hybrid clustering
algorithm [17]. The outline of the algorithm is as follows:

Algorithm CHAMELEON

1. Construct a k-nearest neighbor graph.
2. Partition the k-nearest neighbor graph into many

small subclusters.
3. Merge those subclusters into final clustering results.

Note that the k-nearest-neighbor graph is built by connect-
ing each node with its k nearest-neighboring nodes.
Different from most of clustering algorithms, it considers
not only the interconnectivity (the number of links between
two clusters) but also the closeness (the length of those links)
as the similarity measure of two clusters. Their experiments
also show the excellent clustering quality. However, the
time complexity of building a k-nearest-neighbor graph of a
high-dimensional data set is as high as Oðn2Þ, which makes
CHAMELEON infeasible for large data sets.

3 COHESION-BASED SELF-MERGING ALGORITHM

In this section, we describe the details of the cohesion-
based self-merging algorithm (abbreviated as CSM). In
Section 3.1, we propose a new measure for the similarity
of two subclusters, cohesion, which is intrinsically different
from other prior measures. Cohesion is more appropriate
for an intercluster similarity measure because it does not
judge the similarity of two subclusters by only some data
points. Rather, the cohesion measure takes the distribu-
tions of the two clusters into account. In Section 3.2,
based on cohesion, we devise a clustering algorithm,
CSM, which fully utilizes the features of cohesion. We
also describe a general outlier removal mechanism in
Section 3.3 to enable algorithm CSM to resist outliers.
(Note that the colored versions of some figures in this
paper can be found at http://arbor.ee.ntu.tw/~owenlin/
tkde_csm/.)

3.1 Similarity Measure between Subclusters

As shown in Fig. 4, the distance between the centroids of
the two clusters in Fig. 4a and that of the two clusters in
Fig. 4b are the same. The two clusters shown in Fig. 4b,
however, are more inclined to be merged together. In
addition to the distance between centroids, the average

complete distance (i.e.,

P
dðpi�pjÞ

jCij�jCjj for each pi 2 Ci and
pj 2 Cj) is another method to measure the intercluster
similarity of two clusters. However, with much more
computation, the average complete distance cannot even
distinguish between the two cases shown in Fig. 4. The
average complete distance is 20.40 in Fig. 4a and 21.57 in
Fig. 4b. (In contrast, as can be verified later, the correspond-
ing cohesions are 2:21� 10�11 in Fig. 4a and 2:17� 10�4 in
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Fig. 4b.) Several alternatives, such as the distance between
the closest (or farthest) points of the two clusters, could be
employed to redeem this deficiency. However, those
measures are very vulnerable to random noises (outliers).

Consequently, we propose a new similarity measure,
namely, cohesion, based on the joinability of two clusters,
referring to the existence of a data point. Conceptually,
joinability is the merging inclination of two clusters
according to the existence of a shared data point. Thus,
joinability is expected to have the following properties:
1) Data points located closer to the boundary of the
two clusters are more important and 2) the merging
inclination should not be determined by only a few points,
i.e., the value of joinability should not vary dramatically.
Formally, we have the following definition for joinability:

Definition 1. The joinability of the two clusters (Ci and Cj)

referring to the existence of the point p with location v is

defined as:

joinðp; Ci; CjÞ ¼ min fi vð Þ; fj vð Þ
� �

;

where fi and fj are the probability (density) function of the

distributions in Cluster Ci and Cj, respectively.

An illustration of joinability is shown in Fig. 5. In Fig. 5,
the joinabilities of the data points at v1 and v2 are j1 and j2,
respectively. With the notion of joinability, the definition of
cohesion of two clusters is given below:

Definition 2. The cohesion of two clusters (Ci and CjÞ is

defined as

chs Ci; Cj
� �

¼

P
p2Ci;Cj

join p; Ci; Cj
� �

Cij j þ Cj
�� �� ;

where Cij j is the size of Cluster Ci.

In general, the pdf f vð Þ can be evaluated in constant time.
Thus, the time complexity of the computation of cohesion
of two clusters (Ci and Cj) is linear to the size of the
two clusters, i.e., O Cij j þ Cj

�� ��� �
.

In this paper, we assume the location of a point in each
cluster follows a multivariate normal distribution, i.e.,
V �Nd �;  ð Þ, where d is the dimension of the space, � is
the mean vector, and  is the covariance matrix. The
probability density function is

f vð Þ ¼ 2�ð Þ�
d
2 det ð Þ�

1
2exp � 1

2
�2 vð Þ

� �
;

where

�2 vð Þ ¼ v� �ð ÞT �1 v� �ð Þ:

Please note that, in this formula, the location of a point
(i.e., vi) and the mean vector (i.e., �) are both d-variate
vectors and the covariance matrix (i.e.,  ) is a positive,
definite d� d matrix.

Since the values of the mean vector and covariance
matrix are unknown in advance, we use the maximum
likelihood estimator of �;  ð Þ in practice. Given a cluster of
n points with locations (v1; v2; . . . ; vn), the values of �;  ð Þ of
the cluster are estimated by the following formulae:

b�� ¼ 1

n

Xn
i¼1

vi

and

 ¼ 1

N

Xn
i¼1

vi � b��ð Þ vi � b��ð ÞT :

This similarity measure of cohesion is robust to the
existence of outliers due to the following two reasons:
1) Using the cohesion measure, instead of only a few of
points, all points of the two subclusters are considered to
evaluate this intercluster similarity and 2) this cohesion
measure makes the effect of outliers much smaller than that
of other points since outliers are much farther from the
centroid of the two clusters. For example, for the four pairs of
clusters shown in Fig. 6, cohesions between these pairs of
clusters are 2:99� 10�9 in Fig. 6a, 1:63� 10�6 in Fig. 6b,
5:23� 10�8 in Fig. 6c, and 8:52� 10�9 in Fig. 6d. It can be
noted that, comparing with the cohesion value in Fig. 6b, i.e.,
1:63� 10�6, the cohesions of Fig. 6b and Fig. 6c are similar to
the original one, i.e., cohesion is robust to the effects of
outliers.
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Fig. 4. Illustration for subclusters that have different cohesion values. (a) Two clusters with smaller cohesion. (b) Two clusters with greater cohesion.

Fig. 5. An illustration for the meaning of joinability.
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3.2 Algorithm CSM
Now, we describe the proposed algorithm based on
cohesion self-merging as follows:

Algorithm CSM
//Input: The input data set, the size of the data set, n, the number

of subclusters, m, and the desired number of clusters, k.
//Output: The hierarchical structure of the k clusters.

1. Apply k-means on the input data set to obtain
m subclusters.

2. Apply the single-link clustering algorithm on the
m subclusters produced in Step 1 with cohesion as
the similarity measure and stop when k clusters are
obtained.

Example 3.2. Consider the data set shown in Fig. 7. We

apply algorithm CSM with k ¼ 2 and m ¼ 6 to it. In the

first phase, as shown in Fig. 7, algorithm CSM partitions

the data set into six subclusters. In the second phase,
algorithm CSM tries to merge the six subclusters into two
clusters by their cohesions. The cohesions between these
subclusters are shown in Table 1.

Since the largest cohesion is chs Cl2; Cl3ð Þ ¼ 6:31
� 10�5, we first merge cluster Cl2 and cluster Cl3. Then,
we find the next large cohesion, i.e., chs Cl1; Cl5ð Þ ¼ 5:34
� 10�5, and merge cluster Cl1 and cluster Cl5. Similarly,
we merge Cl3 and Cl4 and then Cl5 and Cl6. Finally, the
two clusters reached by CSM are Cl1; Cl5; Cl6f g and
Cl2; Cl3; Cl4f g.

Algorithm CSM is a two-phase clustering algorithm. In
the first phase, it adopts the k-means algorithm to divide
the input data set into m subclusters. At the beginning of
Phase 2, it obtains the cohesions of these m subclusters
produced in the first phase. Then, algorithm CSM performs
a single-link clustering algorithm based on cohesion to
obtain the final clusters.

In algorithm CSM, the parameter m, i.e., the number of
subclusters, is the only additional parameter. We can
obtain desired clustering results by adjusting the value of
m. It is clear that the value of parameter m falls in the
range of ½k; nÞ. When m ¼ k, algorithm CSM is degenerated
to the k-means clustering algorithm. When m approaches
n, this algorithm is reduced to the single-link algorithm. It
is known that the k-means algorithm is good for obtaining
clusters of isotropic shape, while the single-link algorithm
is able to find clusters of any shape. With prior knowledge,
we can make the clustering algorithm adapt to various
inputs by adjusting the parameter m. As will be validated
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Fig. 6. An illustration of the robustness of the cohesion measure against outliers. (a) Two clusters. (b) Two closer clusters. (c) Two clusters with a link

between them. (d) Two clusters with tails.

Fig. 7. An illustrative example of algorithm CSM.

TABLE 1
All the Cohesions in Example 3.2
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by our performance studies later, algorithm CSM, in
general, leads to better clustering results than those by
most prior methods, showing not only the generality but
also the advantage of algorithm CSM over the k-means and
single-link methods.

3.3 Complexity Analysis

Theorem 1. The time complexity of algorithm CSM is
O mnlþm2 logmð Þ, where l is the number of iterations in
the k-means algorithm.

Proof. In Phase 1, algorithm CSM takes time of complexity
O nmlð Þ to apply the k-means algorithm on the input data
set to obtain m subclusters. Then, at the beginning of
Phase 2, the values of cohesion between any
two subclusters are evaluated. Recall that the time
complexity of each evaluation is linear to the size of
the clusters. Thus, the time complexity is

O
X
i

X
j>i

Cij j þ Cj
�� ��� � !

¼ O
1

2

X
i

X
j 6¼i

Cij j þ Cj
�� ��� � !

¼ O
1

2

X
i

ðm� 2Þ Cij j þ
X
j

Cj
�� �� ! !

¼ O
1

2
n m� 1ð Þ

� 	
¼ O nmð Þ:

Next, algorithm CSM applies the single-link cluster-
ing algorithm to those subclusters and has time in
order of O m2 logmð Þ. The time complexity of algo-
rithm CSM is therefore O mnlþ nmþm2 logmð Þ ¼
O mnlþm2 logmð Þ. tu
Note that the number of main iterations (i.e., l) in

algorithm k-means is data dependent and determined
empirically. However, experiments reveal that the k-means
algorithm takes only a few iterations to converge.

Theorem 2. The space complexity of the algorithm is O nð Þ.
Proof. In the first phase, we only need the memory space

to store the input data set and the group relationship of
subclusters, which requires the memory space of
complexity O nð Þ. In the second phase, memory space
is required for the single-link clustering algorithm.
Thus, the space complexity is O mð Þ. Since m is always
smaller than n, the total space complexity of algorithm
CSM is O nð Þ. tu

3.4 Resilience to Outliers

Outliers are those random points that are very different
from others and do not belong to any clusters. In algorithm
CSM, we adopt cohesion as our similarity measure to resist
the effects of outliers within a subcluster. However, it is
possible that some subclusters consist only of outliers. We
will get those noise clusters especially when we partition
the input data set into too many subclusters. Those noise
clusters will affect the correctness of the subsequent
merging. Consider an example shown in Fig. 8. (One may
note that the data sets in these figures are not identical to
one another. This is because the data sets have been
properly sampled in order to be clearly displayed.) In this
example, algorithm CSM first partitions the input data set
into 128 subclusters and then start to merge closest clusters

pair by pair. The clustering process works well until those

subclusters are merged into 12 clusters (as shown in Fig. 8a).

However, in the next step, the upper two clusters are

merged together undesirably (as shown in Fig. 8b) due to

the existence of those noise clusters. Finally, those sub-

clusters are merged into five clusters, as shown in Fig. 8c.

However, after applying the noise removal mechanism

introduced in this section, we can correctly identify the five

clusters, as shown in Fig. 8d.

As shown in Fig. 9, there are two kinds of noise clusters,

i.e., sparse noises and dense noises. Note that those sparse

noise clusters are likely to be merged with others and, thus,

may become bridges between subclusters which should be

separated. For example, the sparse noise cluster shown in

Fig. 9 may be merged with Cluster A and Cluster B. It also

should be noted that the density of clusters could vary in

different regions in a large data set. The noise clusters in

one region are possibly even denser than some normal

clusters in another region. Thus, it is hard to identify those

sparse noise clusters. Instead of trying to identify those

noises and remove them immediately, algorithm CSM first

makes those sparse noises harder to join into normal

clusters and then they can be removed with those dense

noises together. (It is assumed that the number of points in a

noise cluster is much less than that of a normal cluster.)

Algorithm CSM adopts density impedance to achieve this.

More specifically, given two clusters Ci and Cj, the density

impedance of the two clusters is defined as

impedance Ci; Cj
� �

¼ Ci:densityðÞ þ Cj:densityðÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ci:densityðÞ � Cj:densityðÞ

p :

Algorithm CSM then defines the similarity of

two clusters as

cohesion Ci; Cj
� �

impedance Ci; Cj
� �� ;

where � is named the impedance factor and is specified by

users to control the effect of impedance. Then, when those

m subclusters are merged into m0 subclusters, where m0 is a

predefined number such that k < m0 < m, algorithm CSM

will try to remove those sparse and dense noises clusters.

The value of density impedance is only related to the

density ratio of the two clusters. The relationship between

them is shown in Fig. 10.

In order to quantify the meaning of sparseness, we first

define the volume and the density of a cluster. Recall that

the pdf of a multivariate normal distribution (Np �;  ð Þ) is

f vð Þ ¼ 2�ð Þ�
d
2 det ð Þ�

1
2exp � 1

2
�2 vð Þ

� �
;

where

�2 vð Þ ¼ v� �ð ÞT �1 v� �ð Þ:

Thus, the contours of the pdf will satisfy the condition

v� �ð ÞT �1 v� �ð Þ ¼ c:
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For simplicity, we assume � ¼ 0 in the following

discussion. Since  is a d� d symmetric matrix, there exist

d real eigenvalues, i.e., �1; �2; ::::::; �d, and associated

eigenvectors, i.e., �1; �2; ::::; �d, of unit length that can be

chosen to be mutually orthogonal to one another. Next,

making a d� d matrix B as �1; �2; ::::; �dð Þ, we have

BTB ¼ Id, i.e., B
T ¼ B�1. Then, we change the coordinate

in such a way that the new coordinate v0 of vector v will

satisfy the equation: v ¼ Bv0. Note that this is a rigid

transformation, i.e., all the angles and lengths will be
preserved after the transformation. According to this

transformation, we can present the function of the contour

as v0T BT �1B
� �

v0 ¼ c. Since matrix B consists of eigenvec-

tors, we have

BT �1B
� �

¼

��1
1 0 0 0
0 ��1

2 0 0

0 0 . .
. ..

.

0 0 � � � ��1
d

26664
37775:
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Fig. 9. The two kinds of noise clusters generated in Phase 1 of algorithm

CSM. Fig 10. The density impedence of two clusters with density as d1 and d2.

Fig. 8. An illustrative example of the effects of noise clusters. (a) Intermediate clustering state of 12 subclusters (five normal clusters and seven noise

clusters). (b) Intermediate clustering state of 11 subclusters. (c) The final clustering result (three clusters are mixed together). (d) The clustering

result after removing those noise clusters.
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As a result, the contour is a hyperellipse with
ffiffiffiffiffi
�1

p
,ffiffiffiffiffi

�2
p

; :::
ffiffiffiffiffi
�d

p
as the length of each axis. Therefore, the volume

and density of a cluster can be defined as follows:

Definition 3. The volume of Cluster Ci is defined as

Ci:volume ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1�2 . . .�d

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det BT iB
� �q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detBT det  ið Þ detB

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det  ið Þ

p
;

where  i is the covariance matrix of cluster Ci.

Definition 4. The density of Cluster Ci is defined as

Ci:densityðÞ ¼
Cij j

Ci:volume
;

where Ci:volume is the volume of Ci and Cij j is the number of

points in Cluster Ci.

The outlier removal mechanism is formally stated as

follows. Note that the impedance factor, �, and size ratio

are two parameters specified by users.
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Fig. 11. The clustering results of algorithm CSM on the four input data sets. (a) CSM on Data Set 1. (b) CSM on Data Set 2. (c) CSM on Data Set 3.

(d) CSM on Data Set 4. (e) CSM on Data Set 5. (f) CSM on Data Set 6.
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Outlier Removal Procedure

1. At Phase 2, algorithm CSM merges those subclusters
by the similarity defined as

cohesion Ci; Cj
� �

impedance Ci; Cj
� �� :

2. When those m subclusters are merged into
m0 subclusters, algorithm CSM removes all the
subclusters whose sizes are less than the threshold
defined as

size ratio� 1

m0

X
Cij j:

With proper parameter settings, algorithm CSM can
precisely remove those noise clusters and result in cluster-
ing of better quality.

4 PERFORMANCE STUDIES

To assess the performance of algorithm CSM, we have
conducted a series of experiments. These experiments are
performed on a computer with an 800 Mhz Intel CPU and
1.7G of memory. Several similarity measures are evaluated
in Section 4.1. In Section 4.2, we compare the clustering
quality of CSM with several prior clustering methods.

4.1 Experiment I: Comparing with Other Measures

We perform our experiments on the data sets shown in
Fig. 11. Data Set 1 is generated from normal distribution
and the sizes of clusters follow the Zipf distribution. Data
Set 2 is in the same layout of Data Set 1. However, the

density of clusters in Data Set 2 varies, while the density of
clusters in Data Set 1 is uniform. Data Set 3 is the same one
used in CURE [12]. As stated in [12], both BIRCH and
single-link cannot partition this data set correctly. The other
data sets are obtained from [17]. As stated in [17], both
DBScan and CURE cannot successfully partition some of the
data sets. The clustering results of algorithm CSM are
shown in Fig. 11, while the details are shown in Table 2.
Note that the values of parameter m are chosen so that
algorithm CSM can obtain the similar clustering results
each time. Recall that the algorithm is randomized. Thus,
we execute the algorithm 20 times to obtain the average
execution time. As shown in these figures, algorithm CSM is
able to successfully partition these data sets. Note that the
clustering results shown in this paper have been properly
sampled in order to be clearly displayed. However, all
algorithms are performed on the whole data sets.

First, cohesion is compared with other similarity mea-
sures, including those measures (D0, D1, D2, D3, D4)
defined in [31] and the distance of data bubbles defined in
[5]. We also define a new similarity measure based on the
density decrement and obtain an improvement over the
distance of data bubbles. These similarity measures are
briefly defined below:

Definition 5. The similarity measures D0, D1, D2, D3, and D4
between clusters Ci and Cj are defined in Table 3.

In the definitions presented in Table 3, the notation ci is
the centroid of Cluster Ci, ci½k� is the value of ci in the kth
coordinate, Cij j means the number of points in Cluster Ci,
and var Cið Þ is the variance of Cluster Ci, which is defined asP

p2Ci p� cij j2.
Definition 6. The distance between two data bubbles in

Euclidean vector space is defined as

dist Ci; Cj
� �

¼
ci � cj
�� ��� ei þ ej

� �
þ nnDist 1; Cið Þ þ nnDist 1; Cj

� �
if ci � cj
�� ��� ei þ ej

� �
� 0;

max nnDist 1; Cið Þ; nnDist 1; Cj
� �� �

otherwise;

8><>:
where ci is the centroid of Cluster Ci, ei is extent of Cluster Ci,
and nnDist k; Cið Þ is a function of the estimated average k-
nearest-neighbor distance within the Cluster Ci. The defini-
tions of ei and nnDist k; Cið Þ are formulated below:
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TABLE 2
Execution Details on Each Data Set by CSM

TABLE 3
The Definitions of Similarity Measures
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ei ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
pi;pj2Ci

pi � pj
�� ��2

Cij j Cij j � 1ð Þ

vuuut
and

nnDist k; Cið Þ ¼ k

Cij j

� 	1=d

�ei;

where d is the dimension of the vector space.

As shown in Fig. 12, the distance between two data

bubbles is defined under the assumption that all the data

bubbles are spherical. However, this assumption does not

always hold. With the covariance matrix of each data

bubble (subcluster), we can extend the formula to elliptic

data bubbles. This improvement can be made by changing

the definition of extent as below.

Definition 7. The extent ei of an elliptic data bubble Ci along the

direction of a unit length vector a is defined as

ei ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

aT �1
i a

s
;

where  i, a d� d matrix, is the covariance matrix of the data

bubble Ci.

As shown in Fig. 13, this formula is derived from the fact

that the contours of the pdf, in a multivariate normal

distribution, satisfies the condition v� �ð ÞT  �1 v� �ð Þ ¼ c.

Thus, we have

tað ÞT �1
i ðtaÞ ¼ c) t2 � aT �1

i a ¼ c

ei ¼ t ¼ c

aT �1
i a

� 	1
2

:

Here, the value of parameter c is chosen as four so that

the derived formula is consistent with the original one

when the data bubbles are spherical.
Intuitively, if two neighboring clusters merge together,

the density of the merged cluster will be expressed as

Cij j þ Cj
�� ��

Ci:volumeþ Cj:volume:

However, the density drops if the two clusters are far away
from each other. Thus, we define a new similarity measure
as the ratio of expected density over the estimated density.

Definition 8. The density ratio of merging two clusters, Ci
and Cj, is

dd Ci; Cj
� �

¼
Cij jþ Cjj j

Ci:volumeþCj:volume

Ci [ Cj
� �

:density
¼

Ci [ Cj
� �

:volume

Ci:volumeþ Cj:volume
:

We also compare with the similarity measurement
defined in our prior work [21], where the joinability of two
clusters, Ci and Cj, according the existence of a point pi in
Cluster Ci, is defined as

join pi; Ci; Cj
� �

¼ exp �
pi � cij j � pi � cj

�� ��
ri

� 	
;

where ci and cj are the centroids of the two clusters and ri is
the radius of cluster Ci. We improve the definition of
joinability because it is observed that, once the distance from
the point to the two centroids is the same, the value of
joinability becomes one. Therefore, the value of cohesion
becomes large for two clusters that are far away from each
other with some noise points located at the middle of the
two clusters. Although very rare, the occurrence of this
scenario is still deemed a defect and is thus remedied in this
paper. In addition, by using multivariate normal distribu-
tion, the new definition of joinability is more powerful for
handling elliptic clusters. We denote the distance measure
defined in [21] as Cohesion�.

We replace cohesion with these similarity measures in
algorithm CSM and then apply it to the six data sets. The
clustering results are summarized in Table 4, where the
measure E-Bubble refers to the distance of elliptical data
bubbles. As shown, only cohesion can successfully partition
all the data sets. To fairly compare these similarity
measures, we perform this experiment 20 times. Each time,
we perform algorithm CSM with each similarity measure
and a unique random number so that the subclusters
generated in Phase 1 are identical for each measure. We use
the probability of successful clustering to judge the quality
of each similarity measure. The probabilities of some better
similarity measures are shown in Fig. 15. Note that the
success rates of these similarity measures on Data Set 1 and
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Fig. 12. Distance between two data bubbles.

Fig. 13. The definition of extent in an oblique ellipse.

TABLE 4
Summary of Clustering Results of Different Measures

O is successful and X is failed.
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Data Set 2 are all 100 percent and, thus, are omitted in

Fig. 15. Some of those unsuccessful clustering results are

shown in Fig. 14.

4.2 Experiment II: Comparing with Other Algorithms

We also apply other clustering algorithms on those data
sets. The programs of algorithm BIRCH and DBScan are
obtained from public domain. The k-means, single-link, and
complete-link clustering algorithms are implemented as

described in [19], [23], [27] using our best efforts. We also
implement the algorithm CURE with the outlier elimination
enhancement as described in [12]. For comparison reasons,
we have carefully chosen the parameters for each algorithm.
The clustering results are summarized in Table 5.

Some of unsuccessful clustering results are shown in
Fig. 16. Note that the single-link algorithm is equipped with
the outlier elimination enhancement as described in CURE.
Thus, it can successfully partition Data Set 4. Otherwise, it
will fail on all the data sets. In our observation, algorithm
CURE fails on Data Set 5 and Data Set 6 because some
clusters are in the shape of long stripes, while some noise
links exist between neighboring clusters. Recall that algo-
rithm CURE shrinks representatives toward the center of
the cluster to avoid the link-effects. However, the shrink
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Fig. 14. Some clustering results of different similarity measures. (a) D0 on Data Set 3. (b) Bubble on Data Set 4. (c) Bubble on Data Set 5.

(d) E-Bubble on Data Set 6.

Fig. 15. The probabilities of successfully partitioned input data sets for
some similarity measures.

TABLE 5
Summary of Clustering Results of Different Algorithms

O is successful and X is failed.
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mechanism will cause those slender clusters to be split. On
the other hand, if we weaken the shrink mechanism, some
clusters will be merged by noise links. In Data Set 4,
algorithm CURE successfully finds a balanced shrink factor.
However, it fails to find one in Data Set 5 and 6. Algorithm
DBScan fails to find the five clusters in Data Set 2 because of
the variety of density of those clusters. It also fails in
Data Set 3 because there is a strong link between the upper
two clusters. Note that the largest cluster in Data Set 1 is
much sparser than the others. Thus, if we try to separate the
upper two clusters by increasing the values of " and/or
MinPts, the other clusters will be merged with one another

and/or the largest cluster will be regarded as noise. In Data
Set 6, algorithm DBScan also faces a dilemma. As shown in
Fig. 16e, it fails to separate two neighboring clusters linked
by noise. If we try to separate them by increasing the values
" and/orMinPts, it will fail to identify the sparsest cluster,
as shown in Fig. 16e. Among these algorithms, only
algorithm CSM can obtain the correct clustering results.

Next, we conduct a scale-up experiment by applying
these clustering algorithms on Data Set 3 of various sizes.
Since the time complexities of these algorithms are much
different from one another, we show the experimental
results in Fig. 17a and Fig. 17b. For comparison reasons, we
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Fig. 16. Some clustering results of different algorithms. (a) Single Link on Data Set 5. (b) CURE on Data Set 6. (c) BIRCH on Data Set 1. (d) DBScan

on Data Set 3. (e) DBScan on Data Set 6. (f) DBScan on Data Set 6.
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have tuned all the parameters so that the algorithm can be
executed as fast as possible while accruing acceptable
clustering qualities. For example, the value of parameter "
is 0.5 (the range of the Data Set 3 is 30� 30), which is the
smallest value that can successfully identify the four clusters
(recall that algorithm DBScan fails to separate the upper
two clusters). The value of parameter m in algorithm CSM
is chosen as 16 and the number of representatives in
algorithm CURE is chosen as 10. Note that the time
required by algorithm DBScan to build its search structure,
R�-Tree, is also shown in the figure and denoted as
DBBuild. Note that algorithm k-means and algorithm
CSM are both randomized algorithms, thus we show the
average execution times in these figures. As shown,
algorithm CSM is faster than most algorithms (except for
BIRCH and k-means) and scales linear to the size of input
data set.

4.3 Experiment III: On the Number of Intermediate
Clusters

Finally, we conduct a sensitivity analysis on the value of
parameter m. It is observed that, when the value of m is too
small, the subclusters produced in phase one may not
properly partition the input data set, as shown in Fig. 18a.
Thus, algorithm CSM results in an incorrect partition. On the
other hand, if we partition the input data set into toomany
subclusters, algorithm CSM may also fail to partition the
input data set due to two problems. The first problem is the
existence of many noise clusters. They will merge with other
clusters and affect the clustering results. The second problem

is those small clusters may form a link and connect two
neighboring clusters. As shown in Fig. 18b, the upper two
clusters are connected prior to the merging of the small
subcluster and the left upper cluster. The first problem may
be cured by our outlier resilience mechanism, while the
second problem is hard to prevent when m is too large.

Next, we conduct a scale-up experiment on the value of
parameter m. Specifically, we apply algorithm CSM on a
20k-point subset of Data Set 3 with different values of
parameter m. As shown in Fig. 19, algorithm CSM scales
linear to the value of parameter m.
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Fig. 17. Scale up experiment on the sizes of input data sets. (a) Comparison of faster algorithms. (b) Comparison of slower algorithms.

Fig. 18. The clustering results when m is too small or too large. (a) Small value of parameter m (10). (b) Large value of parameter m (256).

Fig. 19. The scale-up experiment on the value of parameter m.
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5 CONCLUSION

In this paper, we propose a new similarity measure,
cohesion, to measure the intercluster distances. By using
cohesion, we proposed a two-phase clustering algorithm,
CSM, whose time complexity is linear to the size of the
input data set. Combining the features of partitional and
hierarchical algorithms, algorithm CSM is able to not only
resist outliers, but also lead to good clustering results while
incurring a much shorter execution time than other
algorithms. The time and the space complexities of CSM
are also analyzed. As shown by our performance studies,
the cohesion-based clustering is very robust and possesses
excellent tolerance to outliers in various workloads. More
importantly, algorithm CSM is shown to be able to cluster
the data sets of arbitrary shapes very efficiently and to
provide better clustering results than those by prior
methods.
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