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Transient analysis of a line force or dislocation in an anisotropic
elastic solid with boundary (2/2)
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Abstract

A transient analysis of a line force or
dislocation in an anisotropic elastic
homogeneous halfspace or a bimaterial
infinite space is made in this project. A new
method proposed by Wu (2000) for
anisotropic elastodynamics is extended to
treat the problem. A major advantage of the
method is that explicit solution can be
derived without the use of integral transforms.
Furthermore, individual reflected and
refracted waves can be clearly identified in
the solution. In the second year a bimaterial
problem is considered.
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bimaterial.

2 ~ INTRODUCTION

Wave propagation in stratified elastic
media has been a subject of interest in the
fields of acoustics, seismology and among
others. Due to the existence of interfaces, the
reflected and transmitted waves occur and
interfacial waves may also arise. These
physical phenomena, the mechanical
properties of individual layers and so forth
make analysis of the more
complicated.

In two-dimensional

problems

anisotropic
elastostatics, the Stroh’s formalism is a
useful and powerful method to solve various
problems. A distinctive feature of the Stroh’s
formalism is that the general solution is
expressed in terms of the eigenvalues and
eigenvectors of a six-dimensional related
eigenvalue problem. The readers are referred
to [1] for more detailed discussions. An
operative method  of

elastodynamics is the integral transform

and  useful
technique. But, sometimes, the difficulty of
inverting integral transform renders this
method not practically easy. Cagniard-de
Hoop technique [2] is one of workable

methods for inversion of the Laplace



transform. Especially for isotropic media, the
Smirnov-Soloblev  method [3] is an
alternative method to solve self-similar
elastodynamic problems without the need of
integral transforms. The Smirnov-Soloblev
method has been extended to general
anisotropic elastic materials by Wu [4]. The
formulation by Wu is similar to Stroh’s
formalism and maintains many of its
advantages.

Self-similar problems were defined as
problems to which the displacements are
homogeneous functions of time t and
position x in the study [4]. In other words,
the physical systems thus involve neither a
characteristic length nor a characteristic time.
A characteristic length appears in the present
problem of a dynamic buried source in a
biomaterial. That problem is therefore
non-self-similar  and  the  formulation
developed by Wu [3] cannot be applied. In
this paper we modify Wu’s formulation to
treat the problem of interest. The present
formulation also casts the two-dimensional
anisotropic elastodynamic problem into a
six-dimensional eigenvalue problem and the
general solution is directly expressed in
terms of the eigenvalues and eigenvectors in
the time domain.

3 » FORMULATION

The equations of motion expressed in
terms of displacements are
(1) Qu,, +(S+S")u,, + Wu,, = pii.

where the matrices Q, S, and W are related
to elastic constants Cy, by Qy =Ciy, ,

S« =Cin W, =C,,,. Let the displacement

be assumed as wu(x;,X,,t)=u(w) with the
variable w(x;,x,,t) implicitly defined by
(2)  Pw,x;,%;,t) =Wt =X — p(W)x, —g(w) =0
where p(w) is the function of w stipulated
by equation (1) and q(w) is an arbitrary
given function of w. The special case
q(w)=0 has been discussed by Wu [4]. Let
u'(w) be expressed as wu'(w)= f(w)a(w)
where f(w) is an arbitrary scalar function
of w. It follows that u(w) is a solution of
equation (1) if

(3) D(p,w)a(w) =0

where D(p,w) is given by
D(p,Ww) =Q+ p(S+S") + p*W — pw’I. The
general solution of equation (1) may be

represented as
(4) u,=2 Re{z f (W ) (O, / ox,)a, (W, )}
k

() u,=2 Re{z fi (W )(Ow, 10X, )a, (W)}
(6) u=-2 Re{z w f (W, )(ow, / 0%, )a, (W, )}

where f,_ is an arbitrary function of w,
k=123 or 45,6. The choice of the range
of k depends on whether up-going rays or

down-going rays are considered. The general
solutions of the stress vectors t, and t,

can be expressed as

t,=2 Re{z f Lowg (ow, / 0x,)a, (w, )
— Py (OW, 1 0%)b, (W )]}

®) t,=2 Re{z f (oW, /0%,)b, (W, )}

(")

where

9) b, (w)= (ST + P (W)W)a, (w).

Equation (9) can be cast into the
following six-dimensional eigenvalue
problem

(10) N(w)g(w) = p(w)g(w)



where N(W)Z[NN(i/v ) gf} é(w):(zgvvn,
3 1

N, =-W'§' , N,=W" :
N, (W) =SW™'S" —Q+ pow?I. Equation (10)
iIs in the same form as that in Stroh’s
formalism for steady state motion [5]. The
p and & are the eigenvalue and right
eigenvector, respectively, of N

4. BURIED DYNAMIC SOURCES IN A
BIMATERIAL

Consider a bimaterial consisting of two

dissimilar elastic half-spaces perfectly
bonded together. Let the half-space x, >0

be occupied by material 1 and the half-space
X, <0 be occupied by material 2. The

bimaterial is initially stress-free and is
subjected to a line force H(t)F and a
dislocation of Burgers vector H(t)p at
x =0 and x,=h>0, H(t) being a

Heaviside step  function. Figure 1

summarizes the configuration of this problem.

The continuity conditions at the interface
X, =0 are given by

(11) wu,(x,0",t) =u;(x,07,t)

(12) t,(x,07,1) =t;(x,,07,t)

where the superscript “*” denotes quantities
referred to material 2. Let u, ant t, inthe

upper half-space be expressed as
0 1
(13) u, = ufl) + ufl)
14) t, =t +t
where u{? and t? are, respectively, the

displacement gradient and the stress vector

due to the sources in an infinite medium,
u and t’ are those due to the reflected

waves from the interface. The solution for
the line force in an infinite medium has been
obtained by Wu (2000) and that for the line
dislocation may be derived similarly. The
result is

(15) u® = (-1 2) Mg (G, 1w, )(ow, / 3%)a
(16) t(20) =(-1/r) Im{ZS:(Ck Iw,)(ow, /0x,)b, },

where ¢, =a,F+b/B and w, in equation
(2) is determined by taking q(w)=-p(w)h
so that w, =y, + p,(w,)y, with y =x/t,
y, =(x, —h)/t . Since up-going waves are
generated in material 1 and down-going

waves are in material 2, the expressions for
u and ty in material 1 are given by

“,(11) = (—1/72')26:23: Im{R,; (¢, / wy)

17) P e}
(8ij /axl)aj}
1) t = (—1/7z)gg Im{R,; (c, / w,)

(ow; /0% )b}
where Wt =x + p;(W,)x, — p,(W,;)h and
Ry; may be regarded as the reflection

coefficients. Those for material 2 are

u, = (—l/;z)ZG:Zs: Im{T,, (¢, / wiy)

(19) k=4 -4
(8W|’:J / 8X1)a?}
0 t, = (—1/7r)gg Im{T,; (¢, / W)

(8w:j /axl)bj.}
where  wit = x, + p; (W)X, — p(w;)h and

T, may be regarded as the transmission

coefficients. Note that at the interfacex, =0,
W (%) =W (%, ) =W (x,t) . The continuity

conditions of equations (11) and (12) then

lead to
(21) AW )R, (W) - A (W, )’i‘k (W) =-a,(w,)



(22) B(wW,)R, (W)~ B (W), (w,) = -b, (W)
where A=[a, a, a,], B=[b, b, b,],

R,=[R; R, RkS]T, A*:[az a, ag],
B'=[b, b, by|, T =[T, T, Tl .
With solving equations (21) and (22) yields
(23) R, =AM [M,a, +ib,],

(24) T, =(A")'M'[Mpa, +ib,]

where M, =-iBA™, M,=-iB"(A")" and
M=M,-M,. The functions Ry (w,) and

*

T, (W) can be obtained from R, and "i“k,
respectively, as (k =4,5,6)

Ry :e-lj—Rk' 1=123; Ty :eTj—si‘kv j=45,6.

where e. is the wunit vector in the

J
X; —direction.

5. NUMERICAL EXAMPLE

For fixed x,, x, and t expand g¢(w,t)
in equation (2) about w, up to the second

order terms by Taylor’s series,
1,0%

_ 4. 9f 1 2 _
(25) (W) =4y + () AW+ (=) (Aw)* =0
where Aw=w-w, , and (f),="f(w,) .

Equation (25) can be regarded as a quadratic
equation of Aw:

(26) a(Aw)? +2bAw+c=0

In equation (26), a,b,and c are given by
a=-—pi(wy)x, + p(W)h,

b=t- p; (Wo)xz + pll (Wo)h , C=2¢,.
Equation (26) yields Aw=(-b++/b*-ac)/a
for a given w,. Let w=w,+Aw . If
|p(w)|< &, where & is a preset error, then
w, is accepted as the solution of w for given
X,, X%, and t. Otherwise equation (26) is

solved again with w, replaced by w,. The

process is repeated until the error criterion is
met.

The vertical displacement due to a unit
vertical line impulse has been calculated for
GaAs. The result is expressed in the
following dimensionless form:

Gt‘ = ﬂpCOhG*f (X, %, 1),

where 7=tc,/h, ¢,=+C,/lp, p is

density and

. l 6 6 .
Gf(X11X21t)=;ZZ'm{rkj(ij)
ked -4

*

My g i al (w5 ).
axl ] J J

The elastic constants of GaAs with respect to
the symmetry axes in units of 100 GPa are
Cy1 = 1.19, C42, = 0.538, and Cy44 = 0.595. For
a start, the bimaterial is an infinite GaAs
crystal. Then it is cut into two regions:
X, >0 and x,<0. Let the region x,>0
(material 1) be rotated by 10°and the region
X, <0 (material 2) by -10° about the
normal to the interface of the bimaterial. The
result of (G;), as a function of r for
X, /h=13 and x,/h=-12

Figure 2. It is seen that all wave arrivals are
accurately captured.

IS given in

7. CONCLUSIONS

This study based on a previous
investigation proposed by Wu (2000)
develops a method to deal with the

two-dimensional problem of a line force or
dislocation in an anisotropic elastic medium.
We can obtain analytic solutions for the
problem of interest via the method without
the need of performing integral transforms.



In this study the method is applied to treat
the problem of a time-dependent buried
source in an elastic bimaterial. Numerical
results show complicated wave phenomena
in the anisotropic elastic bimaterial.
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Figure 1. Configuration of the problem of
interest.
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Figure 2. Dimensionless vertical displacement
(G}), forGaAsat x,/h=1.3 and

X,/h=-1.2.



