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This article assumes that a firm facing technological uncertainty must decide whether to purchase R&D
capital at each instant. R&D capital exhibits both irreversibility and externality through the learning-by-
doing effect. The combination of irreversibility and uncertainty drives agents to be more prudent; the
maxim ‘better safe than sorry’ applies. This maxim is more important if uncertainty is greater, technology
progresses at a lower pace, the externality is stronger, or a catastrophic event is less likely to occur. A firm
ignoring the externality will both invest later and disinvest earlier than a social planner who internalizes the
externality. An equal rate of investment tax credits should be given to both costlessly reversible investments
and irreversible ones, and the same rate of taxation should be imposed on disinvestment.

1. Introduction

Research and Development (R&D) activities have
three major characteristics. First, R&D outlays
are usually irreversible. Second, the future rewards
from R&D activities are usually uncertain. Finally,
R&D activities may exhibit positive externalities.
Previous literature fails to combine these character-
istics. The literature on the ‘endogenous growth’
theory (see Romer, 1986) emphasizes the last one
while abstracting from the first two. In contrast, real
options literature (see Dixit and Pindyck, 1994,
Schwartz and Moon, 2000) emphasizes the first two
while ignoring the last one. This article will introduce
externalities into real options literature so as to
examine the issues regarding both R&D investment
decisions and the optimal R&D subsidy.

We assume the industry considered has a fixed
number of identical firms and its demand function has
constant elasticity. Each firm’s production is in a
Cobb-Douglas form with respect to its employed
workers, its employed R&D capital, the industry’s
average amount of R&D capital, and a multiplicative
technology-shift factor. The last one, which evolves as

a mix of a Poisson process and a geometric Brownian
motion, captures the uncertainty faced by all firms in
the industry. The combination of irreversibility and
uncertainty induces agents to be more prudent. Given
that firms may either invest or disinvest R&D capital
when the payoff is uncertain, this implies that agents
will both invest later and disinvest earlier, compared to
the case either when there is no uncertainty or when
there is complete reversibility.

Externalities due to investments may result in
inefficient market solutions, because a firm ignoring
the externality will both invest later and disinvest
earlier than a social planner. Accordingly, there is
room for governmental intervention. This article will
focus on both tax credits on investment and taxation
on disinvestment while abstracting from any other
policy instrument. This article will show that an equal
rate of investment tax credits should be given to both
costlessly reversible investments and irreversible ones.
In addition, this optimal rate coincides with the
optimal rate of taxation on disinvestment.

Before proceeding, it is important to place our
analysis in the context of both real options and optimal
subsidy literature. This article abstracts from two main
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aspects of R&D investment that have received atten-
tion in real options literature:' sequential nature and
strategic interactions between firms. On the one hand,
Roberts and Weitzman (1981) suggest that the invest-
ment in R&D is usually an ‘exploratory’ one that
discloses information for the later-stage investment
such as marketing or commercialization. Several
articles on real options have incorporated this sugges-
tion, see Bar-llan and Strange (1998), Dixit and
Pindyck (1994, chapter 10), Grenadier and Weiss
(1997), Lambrecht (2000), Pindyck (1993), and
Schwartz and Moon (2000). In contrast, this article,
like Weeds (1999a), assumes that R&D capital is input
for producing final goods. On the other hand, Beath,
Katsonlacos and Ulph (1989), Fudenberg et al. (1983),
and Harris and Vickers (1985) have allowed firms to
compete for R&D investment. This has been incorpo-
rated into real options literature by Dixit and Pindyck
(1994, chapter 9), Lambrecht (2000), and Weeds
(1999b). In contrast, this article assumes that competi-
tion between firms is of a Cournot-Nash type, thus
abstracting from the Stackelberg-type competition
addressed by those articles.

Several articles examine the issue of optimal subsidy
on capital while assuming that capital exhibits costless
reversibility, e.g. Romer (1986) and Judd (1997). Romer
considers that human capital rather than physical
capital exhibits externalities through the ‘learning-by-
doing’ effect. He finds that the optimal tax credit on
human capital depends on the relative magnitude
between the external and the internal effect of capital
if the production technology is in a Cobb-Douglas form
with respect to an individual firm’s human capital input
and the industry’s aggregate stock of human capital.?
His results are similar to ours. Judd considers imperfect
rather than perfect competitive markets. He shows that
subsidies on capital should be higher if the gap between
price and marginal cost is higher. His analysis thus
justifies the investment tax credit policy commonly
employed in the USA which favours equipment over
structures. In contrast, this article abstracts from
imperfect competitive markets and finds that investment
tax credits should be equal across industries.

Section two develops the model for optimal indivi-
dual and then social profit with respect to R&D
investment. Section three derives the optimal indivi-
dual and social investments, along with the optimal tax
and tax credits. Section four provides numerical
examples, and section five concludes.

2. The model

Dixit (1991) builds a model to examine the impact of
price ceilings on irreversible investment decisions. This
article introduces externalities into his model while
abstracting from price ceilings. The industry under
consideration is composed of N identical risk-neutral
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firms, indexed by 1 to N, which face a demand function
with a constant-elasticity £(>0), i.e.

Q(n =P, (1)

where Q(t) is quantity, and P(¢) is price. The output of
each firm i depends on its employed labor force,
denoted by /i(?), its employed capital stock, denoted by
ki(t), the industry’s average level of capital stock,
denoted by k(1) = (vazl ki(t)/N), and a technology-
shift factor, denoted by Z(f). More precisely, the
production technology is given by

qi(0) = 1(t) " (Z(Ok1))' ~ ka1 )

Two sources of technology uncertainty are consid-
ered. First, following Schwartz and Moon (2000) and
Weeds (1999a), a catastrophic event that suddenly
drives Z(t) equal to zero is assumed to follow a Poisson
process with a hazard rate p (which is the probability
per unit of time that drives Z(¢) to zero). Second, in the
case where a catastrophic event does not happen, Z(7)
evolves as a geometric Brownian motion

dZ(1) = nZ(t) dt + o Z(1) dQ(0), 3)

where the drift parameter 7 is the expected growth rate
of Z(¢) and the parameter o (>0) is the instantaneous
volatility of the growth rate of Z(¢), and d€2(¢) is an
increment to a standard Wiener process, with
E{dQ(1)} = 0 and E{dQ(¢)}* = dr. For high-technology
environment such as DRAM production, Z(z) may
exhibit a higher expected growth rate. Accordingly, the
expected unit production cost tends to decline over
time. High-technology environment may also have a
higher volatility of Z(¢), and therefore, may have a
wide variation of unit production cost. Furthermore,
the specification in (3) also indicates that information
about the evolution of each individual firm’s output
that arrives in time is independent of its decision to
invest. This contrasts with that of both Pindyck (1993)
and Schwartz and Moon (2000) where uncertainty can
be reduced over time through learning.

The production function given by (2) suggests that
R&D capital exhibits externality because the output of
firm i will be higher not only when the firm itself
installs more capital, but also when any other firm in
the industry installs more capital. This kind of
externality may result from the ‘leaning-by-doing’
effect, which is first addressed by Arrow (1962) and
is later widely employed by ‘endogenous growth’
models (e.g. Romer, 1986; Lucas, 1988). In (2), the
effect of k;(f) on ¢;(¢) is internal, and the term 1 —
measures its size. In contrast, the effect of k,(¢) on ¢;(¢)
is external with A measuring its size.

Suppose that q(t) = (q1(2), ..., gn(1)) and
k(t) = (k(?), ..., kn(f)). Denote w as the wage rate.
From (2), firm #’s short-run variable cost, wl/,(f), will
then be given by

Cilq(1), k(1), Z(1) = wq () (Z(Dki(1) '~ *ka(1) %, (4)
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where g =1/~ > 1. Differentiating (4) with respect to
qi(?) yields firm 7’s short-run marginal cost as given by

MCi(q(1), k(2), Z(2)) = wgq ()%~ "(Z(Oki(1) '~ $ka(t) .
(5)

The operating flow profit of firm i, denoted by
wi(q(?), k(1), Z(1)), is equal to its revenue, P(¢)q;(), net
of its operating cost, C;(-) in (4), thus yielding

mi(q(1), k(1), Z(1)) = P(1)q:(1) — Cilg(1), k(1), Z(1)). (6)

In (Cournot-Nash) short-run equilibrium, firm 7 will
take the other firms’ production strategies as given
while choosing an amount of output, denoted by
¢i()*, to maximize its operating flow profit, m;(-) given
by (6). Consequently, g;()* is derived by setting the
derivative of ;(-) with respect to ¢i(¢) equal to zero.
This yields the equality of the marginal revenue,
1 — qi(¢)/(Q(¥)) multiplied by P(f) defined in (1), with
the short-run marginal cost, MC,(-) given by (5). This
equality, together with the equilibrium condition
g =qi()* (j=1, ..., N) yields ¢;(¢)* and its corre-
sponding P(f)™* as respectively given by

17 -Wetg—1

w e
() = | = N[ 1-=
¥ N

X [(Z(Oki(0))' ™ Tk ()]0 (T)
and
_17e/le+tg—1)

, w e
POY*=|—[1——
¥ N

S R (OO B 0L I
(®)

where e = 1/e, which is required to be smaller than the
number of firms N to ensure that ¢,(t)* and P(¢)* are
both positive.

Evaluating 7,(-) given by (6) at g¢i(1)=q} ()
(j=1, ..., N) yields the optimized value of firm 7’s
private flow profit, denoted by 7! (k(), Z(1)), as shown
by (9) below. Define f=eg/(e + g — 1), then

7 (k(2), Z(0) = doZ(D) " Dkei(t) Dk (1) = PVe [ (9)
where

(I-e/le+g—1)

e e
dy=|1-|1-=]y |ND|1-=
N N

(e~ Dfletg—1)
w
X J—
g

In contrast, a social planner will internalize the
external effect of R&D capital before investing. The
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social planner understands that firm i’s capital stock,
ki(1), is equal to the industry’s average level of capital
stock, k,(#), because all firms are identical. Substituting
this equality into the right-hand side of (9) yields the
optimized value of the social flow profit, denoted by
72 (ki(t), Z(1)), as given by

k0, 2(0) = doZ(1) ' V() /AN (10)

3. Optimum investment tax credits

For ease of exposition, we ignore capital depreciation
and assume that the purchasing and installation price
of capital is constant over time, denoted by Pg. The
resale price of capital is denoted by 6Pk, where
1>260>0. When 6 =1, then capital exhibits complete
reversibility; otherwise, capital exhibits at least partial
irreversibility.?

When R&D capital exhibits externality, as suggested
by (2), then market outcomes will be inefficient. The
policy to correct this includes an investment tax credit,
deposit-refund schemes, and accelerated depreciation
(Hassett and Hubbard, 1996). In the following, we will
focus on the first one. We assume there is a simplified
tax system in which a government collects lump-sum
taxes from firms, and then returns the proceeds to
them in the form of an investment tax credit once they
invest. The rate of this credit is denoted by / so that the
purchase price of capital faced by firms is given by
(1 — h)Pk. Similarly, we will assume that a government
imposes a tax once firms disinvest and then returns the
proceeds from taxation to them in the form of lump-
sum transfers. The tax rate is denoted by u so that the
net revenue firms receive from selling per unit of
capital is given by (1 — u)0Pg.

3.1. Costlessly reversible investment

Suppose that investment is costlessly reversible, then
ki(f) will be a choice variable rather than a state
variable. Let p denote a given discount rate. The R&D
capital stock chosen by firm i at each instant is found
by equating the private marginal return to capital with
the user cost of capital (Jorgenson, 1963), i.c.

or } (k(1), Z(1))

=(—-h Pk. 11
D ( ) p+ )Pk (11

The left-hand side of (11) indicates that the marginal
return to firm i’s capital is equal to the derivative with
respect to k() of its optimized private flow profit, 7} (-)
given by (9). The right-hand side of (11) indicates that
the user cost is equal to the rental cost of capital,
(1 — h)pPg, plus capital loss, (1 —h)uPg; the latter
arises because the probability of a catastrophic event
can be interpreted as a ‘tax rate’ p on the value of
capital since on average a fraction of u of this value
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will be lost per unit of time (Brennan and Schwartz,
1985). In (Cournot-Nash) industry equilibrium, each
firm will choose an equal amount of capital stock,
denoted by Kyi(-, &, 1), where the first subscript ‘f”
denotes the case for a frictionless world, and the
second subscript ‘1’ denotes the case for a decentra-
lized economy. Substituting this equilibrium condition
into (11), and then rearranging yields

do(1 — e)f
e(1 = h)(p+ )Pk

kﬂ('v h7 t) =

(1= (1 =e)}/e)
A L
x| T=vy+—|zo"" . (12)
N

To ensure that k. (-, h, f) is decreasing with Pk, here
and in what follows, we will assume that e > (1 — e)A.
This inequality is more likely to hold if either demand
elasticity is lower (e is lower) or the external effect is
less significant (A is lower).

Similarly, the capital stock chosen by a social
planner at each instant, denoted by ky»(-, ¢) (the second
subscript ‘2’ denotes the case for a centralized
economy), is found by equating the social marginal
return to capital, the derivative with respect to k;(¢) of
the optimized social flow profit, 7%(-) given by (10),
with the user cost of capital, i.e.*

om3(ki(1), Z(1))
T Pr. 13
P (p+ WPk (13)

Evaluating the left-hand side of (13) at k;(¢) = kp2(-, 1),
and then rearranging yields

kf2('7 l) =

do(1 —e)f (1 =7+ )
e(p+ wPk

1/(f(1 = (1 =e)r/e)
Z(n = . (14)

The role of externality is to raise the optimal stock of
R&D capital. In other words, in the absence of any
investment tax credits (42 =0), the social marginal
return to capital, the term on the left-hand side of (13),
will outweigh the private marginal return to capital,
the term on the left-hand side of (11). Consequently,
the R&D capital stock chosen by a social planner,
kr(-, 1) given by (14), will be higher than that chosen
by an individual firm, k7 (-,0, #) given by (12). An
investment tax credit can abolish this wedge, as
suggested by Proposition 1.

Proposition 1: Suppose that hf denotes the optimal rate
of investment tax credits for R&D capital which exhibits
complete reversibility, then

A 1

hf=—— [ 1——|. 15
/ 1=~v+X N (1)
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Proof:

hfis the h that satisfies the equality
kpi(y by 1) = kpa (-, 1), (16)

By replacing ky(-, I, f) given by (12) with kz,(-, f) given
by (14) yields &} as that shown by (15).

3.2. Irreversible investment

When R&D capital exhibits irreversibility, then in the
long-run, through Cournot-Nash competition, firm i
will maximize the expected discounted private flow
profit, net of the costs from purchasing capital or plus
the proceeds from selling capital, taking the strategies
of the other firms as given (Baldursson, 1998; Dixit,
1991; Lucas and Prescott, 1971). Consequently, the
Bellman value function of firm i, denoted by
Vi(k(t), Z(1)), is given by

V1i(-) = max E, ro e "0 Nik(r), Z(1)) dr

{ki(m)} t
— Ldkin) > 01 Pk dki(T) + Ljdkyn) <010 Pk ()], (17)

where 71(-) is given by (9), p is a given discount rate, 1
is an indicator function which is equal to one if the
condition within [-] is satisfied, and zero otherwise, and
E,{-} denotes conditional expectation taken at time ¢.
The maximization problem faced by firm i amounts to
choosing the optimal path for k;(r). There are N + 1
state variables in this maximization problem, k(f) and
Z(1); k—i(t) = (ki (1), - ki—1(0), ki 1(0), ..., kn(1)) and
Z(t) are exogenously given, while k;(f) is subject to
control. However, all N — 1 elements of k_;(¢) should
be equal to k;(¢) in industry equilibrium.

As is well known in real options literature (e.g. Dixit
and Pindyck, 1994), the interaction of the stochastic
evolution of Z(¢) and capital irreversibility indicates
that firm 7 solves a problem of two-side instantaneous
control of Brownian motion; the optimal policy is to
regulate the state variable k;(z) at both an upper
barrier, denoted by ki(#)*, and a lower barrier,
denoted by ki(r)+ (Harrison and Taksar, 1985). In
other words, as long as k;(¢)* > k;(f) > ki(f)«, no action
will be taken (i.e. dk;(r) = 0). However, when k;(¢) hits
ki(t)*, a minimum amount of capital to be sold is
chosen to prevent k;(¢) from rising above k;(1)* (i.e.
dk;(¢) < 0). Similarly, when k;(¢) hits k;(¢)+, a minimum
amount of capital stock to be purchased is chosen to
prevent k;(¢) from falling below k;(¢)= (i.e. dk;(¢) >0),
the ‘desired’ capital stock coined by Bertola and
Caballero (1994).

When ki(t)* > ki(t) > ki(t)=, the private marginal
gain  from  increasing the capital stock,
vi(-) = V() 0k«(1), is given by (see Appendix A)
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0i() = Ay | Z() N Dkey(0) k(1) T~V

8

x| Oky(r) + s
+ do(1 = e)f Z(t)(l *f)ki(t)(if)ka(t)(l —e)fA/e—1
o(1)e
Akei()
x | Oku(t) + , (18)
N

where A4, is a constant to be determined, [ is the larger
root of 7 in the quadratic equation given by (A4), and
¢(1) is obtained by setting 7=1 into (AS5). On the
right-hand side of (18), the first term (which is negative
since A; is negative) is the private value of the option
to install one more incremental unit of capital, while
the second term is the private value of the last
incremental unit of installed capital. Two optimal
conditions must be satisfied at k;(t) = k;(¢)« (Bertola
and Caballero, 1994; Pindyck, 1988). First, the private
marginal gain from increasing the capital stock must
equal its marginal costs at the instant of investing, i.e.

vi() = —h)Pg. (19)

This is the value-matching condition. Second, condi-
tion (19) must be satisfied at the states both just before
and just after the investment, thus yielding

dui(-) _o
0Z(1)

(20)

This is called the smooth-pasting condition.

Denote kg (-, A, 7) (the first subscript ‘s’ denotes the
case where the investment costs are sunk) as the
ki(t)« chosen by firm /i when investment is irre-
versible. This kg (-, &, f) is solved by the following
procedures. First, substituting the equilibrium con-
dition kj(¢) = ka (-, h,)(j=1, ..., N) into both condi-
tions (19) and (20). Second, multiplying (20) by
Z()/I(1 = f)p], and then adding the result into (19).
Finally, using the value of ¢(1) defined in (AS5). As a
result, we obtain

ksl('7h7 t):mlkﬂ('7h7 [)a (21)

where my =[a/l +a} 10N («1), —a is the
smaller root of 7 in the quadratic equation given
by (A4), and kyi(-, h, t) is given by (12). Proposition 2
will then follow.

Proposition 2: The wedge between the desired capital
stock with irreversible investment, ks (-, h,t), and the
choice of capital stock with costlessly reversible invest-
ments, ki (-, h,t), will be expanded (i.e. the multiple m
will be lower) in the following cases: (i) uncertainty is
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greater (o is higher), (ii) technology shifts at a lower
pace of growth (n is smaller); (iii) a catastrophic event
is less likely to occur (u is lower); and (iv) the external
effect of capital is higher (\ is larger).

Proof. See Appendix B.

The intuition behind Proposition 2 is as follows. As
is well known in real options literature, the combina-
tion of irreversibility and uncertainty will induce an
individual firm to be more prudent, i.e. the maxim
‘better safe than sorry’ applies. Given that a firm
invests in R&D capital when the payoff is uncertain,
the implication of this maxim is that the firm’s optimal
stock of R&D capital will be lower as compared to the
case when either there is no uncertainty or when is
complete reversibility. As either uncertainty becomes
greater or technology progresses at a lower rate, the
‘desired’ capital stock for costlessly reversible invest-
ments will remain unchanged while that for irreversible
ones will be reduced. Accordingly, this maxim will
become more important. As either a catastrophic event
becomes less likely to occur, or the externality is
stronger, the ‘desired” capital stock for costlessly
reversible investments will be raised by a proportion
more than it will be for irreversible ones. Accordingly,
this maxim will also become more important.

Consider the optimal conditions when disinvestment
occurs. The value-matching and smooth-pasting con-
ditions which must be satisfied at k() = k;(1)* are
respectively given by

v1(1) = (1 — p)fPg, (22)
ovr(-)
=0 23
0Z(1) @)

Denote kyi(-, u, t) (the first subscript ‘d’ denotes the
case for disinvestment) as the k;(-, 1) * chosen by firm i
when investment is irreversible. Solving conditions (22)
and (23) simultaneously, and then imposing the
equilibrium condition k;i(#)* =ka(,u, t)(j=1,...,N)
yields

kdl( ©y U, t) = mstl( ©y U, t)a (24)

where my = 0~ 1/(/ (1= =aN)(>1) The equality given
by (24) indicates that the ratio of the capital stock that
triggers disinvestment over that which triggers invest-
ment, i.e. the factor m,, will be expanded as the size of
capital irreversibility, i.e. 1 — 6, becomes larger. Fol-
lowing Pindyck (1988), this implies that disinvestment
will be less likely to occur as capital investment exhibits
a higher irreversibility.

Now consider the optimal investment and disinvest-
ment decisions for a social planner. In the long-run, the
social planner will internalize the external effect when
choosing an optimal path of k;(f) to maximize the
expected discounted social flow profit, net of the
investment costs or plus the proceeds from selling
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capital. Suppose that V,(k;(¢), Z(t)) denotes the Bell-
man value function of the social planner, which is
given by

a() = max E, J P s [ 2(ki(r), Z() dr
il T, t

— Lidkiny > 1P dki(T) + gk <01 Px dki(T)],  (25)

where ﬂ%(') is given by (10). The maximization problem
faced by the social planner has two state variables, Z(¢)
and k;(f); Z(¢) is exogenously given, while k;(¢) is
subject to control. Let us still define k;(¢)* and k;(¢)+ as
the respective upper and lower barriers of the capital
stock. When k;(¢)* > k;(f) > ki(f) =, the social marginal
gain  from  increasing the  capital  stock,
vy(-) = OVL(-)/Oki(1), is given by (see Appendix A)

va() = A Z(1)" T hei(r)! (9N e DB

do(1 —e)f (I =+ X)

20" ey NN, (26)
(e

where A, is a constant to be determined. The value-
matching and smooth-pasting conditions applied to
vy(+) are respectively given by

va(-) = Pk. 27
and

00 _, (28)

0Z(1)

These two equations must be satisfied at k;(¢) = k;(¢) «.

Suppose that kp(-, f) denotes the ‘desired’ capital
stock k;(f)+ chosen by a social planner when invest-
ment is irreversible. This kgp(-, ) is solved by the
following procedures. First, evaluating the left-hand
side of both conditions (27) and (28) at k() = kn(:, ).
Second, multiplying (28) by Z(#)/[—(1 — f)5], and then
adding the result into (27). Finally, using the value of
(1) defined in (AS). As a result, we obtain

do(1 = e)f (1 =y + N
epla+1)

x Z0)' kol /UM = P (29)
Solving for kg (-, ¢) in (29) yields
ksZ('7 Z) = mlku('7 1)7 (30)

where m; is given by (21) and ky»(-, ¢) is given by (14).

In the absence of any regulations, the social
marginal gain from increasing the capital stock, the
left-hand side of (27), will outweigh its private
marginal gain, the left-hand side of (19). Consequently,
a social planner will choose a higher ‘desired’ capital
stock than that chosen by an individual firm. Both an
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investment tax credit given to firms and a tax on
disinvestment will be optimal if they cause both the
decentralized and the command economy to have
identical upper and lower barriers of capital stocks.’
Proposition 3 derives the optimal rate of investment
tax credits.

Proposition 3: Denote the optimal rate of investment tax
credits for irreversible investments as hY¥, then

“ A 1
hi=——— [ 1 —— . 3D
d1=v+2X N

Proof: h¥is the A that satisfies
k(5 hy 1) = k(- 1). (32)

By replacing ky (-, i, t) given by (21) with ky(-, ) given
by (30) yields 4} as that shown by (31).

Comparing A} given by (15) with 47 given by (31)
yields Corollary 1.

Corollary 1: An equal rate of tax credits should be given
to both costlessly reversible investments and irreversible
ones.

The intuition behind Corollary 1 is as follows.
Evaluating (21) at #=0, and then dividing each side
of (30) by its counterpart of (21) yields
kfz( . Z)/kf](-, 0,1 =kao(, l)/k.;](', 0, 7). In other
words, in the absence of any regulations, the ratio
between the social and private optimal stocks of R&D
capital when investment exhibits complete reversibility
is equal to its counterpart when investment exhibits
irreversibility. Consequently, irreversibility is irrelevant
to the optimal rate of investment tax credits.

Consider the optimal conditions for a social planner
who sells installed capital. The value-matching and
smooth-pasting conditions required to be satisfied at
ki(t) = ki(t)* are respectively given by

vy(-) = 0Pk, (33)
00 _, (34)
aZ(0)

Denote kgy(-,t) as the ki()* chosen by the social
planner when investment is irreversible. Solving con-

ditions (33) and (34) simultancously, and then impos-
ing ki(1)* = ka(:, 1) yields

kap(, 1) = makgo(-, 1). (35)

where m, is given by (24).

In the absence of any regulations, an individual firm
will sell installed capital earlier than socially desirable,
as suggested by kn(-, 1) > kg (-, 0, f). Consequently, a
tax should be imposed, and its optimal rate is given by
Proposition 4.
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Proposition 4: Denote the tax rate that should be
imposed on firms selling capital that exhibits irreversi-
bility as u™, then

A 1
ur=——:11-—|. (36)
d=v+X N

Proof: u* is the u that satisfies kg (-, u, 1) = kp(-, 1).
Substituting k4 (-, u, t) given by (24) and kun (-, f) given
by (35) into this equality yields u™* as that shown by
(36).

Comparing Proposition 3 with Proposition 4 yields
Corollary 2.

Corollary 2: The rate of taxation that should be imposed
on disinvestment, u™, is equal to the rate of tax credits
required to subsidize investment. This common rate will
be higher as either \/(1 — ) is higher or N is larger.

The intuition behind Corollary 2 is as follows.
Evaluating (24) at u =0, and then dividing each side of
(35) by its counterpart of (24) yields
ko(, 0/ka(:,0,8) =ka(, )/kar(-,0,0).  In  other
words, in the absence of any regulations, the ratio
between the social and private lower barriers of R&D
capital, ko(-, 0)/ks(,0,1), coincides with the ratio
between the social and private upper barriers of
R&D capital, kp(-, 1)/ka(:,0,1). Consequently, the
optimal subsidy rate on investment will be equal to the
optimal penalty rate on disinvestment. This common
rate will be higher as either the ratio between the
external and the internal effect of capital, A/(1 —~),
becomes higher, or the industry is composed of more
firms; this is because in both cases, the inefficiencies
caused by ignoring externality become more signifi-
cant.

4. Numerical examples

We establish a set of central values for the parameters
and then investigate a wide variation around this. The
benchmark parameter values are as follows: the (risk-
adjusted) discount rate p = 5% per year, the price of
capital Px =2, the wage rate w =1, demand elasticity
e =5, the size of the internal effect 1 — v = 0.3, the size
of the external effect A=0.1, the number of
firms = 100, the technology-shift factor Z(f) =500,
the hazard rate = 10% per year, the drift parameter
n =0, the volatility parameter o0 = 20% per year, and
the size of irreversibility 1 —#=0.1. Given these
central case of parameter values, Table 1 shows that
factor my; = 0.46, factor m, = 1.47, and that the rate of
tax credits for costlessly reversible investments (/2/), for
irreversible investments (4J), and the penalty rate on
disinvestment (u*) should be equal to 24.75%.
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Table 1 also reports the effects of a rise in ¢ in a
region over (0,40%), p in a region over (5%, 15%), n
in a region over (—1%,1%), A in a region over
(0,0.15), and 4 in a region over (10%,50%) on kx(-),
kn(-), ka(:), ko(-), mi, and m;. The results of Table 1
(see also Figures 1—4) show that no matter whether the
economy is decentralized or centralized, investment
is more likely to occur, that is, the ‘desired’ capital
stock when investment is irreversible is larger, as
(1) uncertainty (o) is smaller; (i) technology shifts at a
higher pace of growth (5 is larger); (iii) a catastrophic
event is less likely to happen (u is lower); and (iv) the
external effect of capital is more significant (A is

Table 1. Capital stock, option value multiple and optimal
investment tax credit rate. Central Case: p=0.05, Px =2,
w=1 =5 1-v=03, A=0.1, N=100, Z(r)= 500,

p=01, n=00, 1-0=01; m =046, m=147,
hif=hi=u*=24715%
Variation in o
0 10% 20%  30% 40%
kn(-,0,1) 2.43 2.43 2.43 2.43 2.43
kp(-, 1) 6.89 6.89 6.89 6.89 6.89
ks1(+, 0, 1) 2.43 1.66 1.11 0.72 0.46
ko(-, 1) 6.839 471 3.14 205 1.32
m 1.00  0.68 046  0.30 0.19
Variation in 7
—1% -05% 0 0.5% 1%
kn(-,0,10) 2.43 2.43 2.43 2.43 2.43
kp(-, 1) 6.89 6.89 6.89 6.89 6.89
ks1(+, 0, 1) 1.04 1.07 1.11 1.14 1.18
k(- 1) 2.94 3.04 3.14 324 3.34
m 0.43 0.44 046 047 0.49

Variation in p

5% 7.5% 10%  12.5% 15%

kn(-,0,1) 10.74 4.74 2.43 1.38 0.85
kp(-, 1) 3045 13.44 6.89 391 2.40
ks1(-,0,2) 4.05 1.99 1.11 0.67 0.43
ko(, 1) 11.49 5.66 3.14 1.90 1.22
my 0.38 0.42 0.46 0.49 0.51
Variation in A

0 0.05 0.1 0.125 0.15
kn(-,0,1) 1.69 1.94 2.43 291 3.82
kn(-, 1) 1.69 2.94 6.89 13.23 34.54
ks1(+, 0, 1) 1.06 1.07 1.11 1.13 1.18
ko(, 1) 1.06 1.63 3.14 5.15 10.64
m 0.62 0.56 0.46 0.39 0.31
my 1.26 1.34 1.47 1.59 1.79
h}’-‘: h¥=u*(%) 0.00 14.14 2475  29.12 33.00

Variation in /

10%  20% 30%  40% 50%

kn (-, h, 1) 3.57 550 898 1580  30.83
k(-5 1) 689  6.89 6.89 689  6.89
ko (-, h, 1) .63 2.51 409 720  14.06
ko (-, 1) 314 3.4 3.14 314 314
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higher). Table 1 (see Figure 5) also shows that invest-
ment tax credits are effective regardless of whether
investment is irreversible or not because a more
generous tax credit policy raises both the choice of
capital stock when investment is costlessly reversible
and also the ‘desired’ capital stock when investment is
irreversible.

Table 1 also yields results that conform to those in
the last section (see also Figures 1-5). First, in the
absence of any regulations, the ratio between the
desired capital stock with irreversible investments,
ks(-,0,1), and the choice of capital stock with
costlessly reversible investments, kn(-,0,f), will be
lower (i.e. m; will be lower) in the following cases: (i)
uncertainty is greater (o is higher); (ii) technology
progresses at a lower pace of growth (7 is smaller); (iii)
a catastrophic event is less likely to occur (i is lower);
and (iv) the external effect of capital is stronger (A is

higher). This confirms the result of Proposition 2.
Second,  kp(-, 0)/kn(:,0,1) =ko(-, 1)/ka(-,0,7). In
other words, in the absence of any regulations, the
following two ratios will be equal: (i) the ratio between
the social and private choices of capital stocks when
investment is costlessly reversible; and (ii) the ratio
between the social and private ‘desired’ capital stocks
when investment is irreversible. Finally, the common
ratio stated above leads to a common value of the
optimal rate of investment tax credits for costlessly
reversible investments and that for irreversible invest-
ments, as suggested by Corollary 1. This common rate
is irrelevant to variations in the volatility parameter o,
the drift parameter 7, and the hazard rate . In
contrast, this common rate will be higher as the size of
externality A\ becomes more significant. For example,
given all parameter values of the benchmark case,
except that A is raised from its central value 0.1 to 0.15,

Capital Stock

0 1 1 1 1 1 1 1 1 1 1 1

0.00 0.04 008 0.12 0.16 020 024 028 032 036 040 O
The Size of Uncertainty

Figure 1. The effect of a change in the size of uncertainty.

Q
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(=9 '__.___._._.___._..—.——‘—'—‘
S ¢—o—o o o o o0 00 ——k,
88888888848 8888888881
24
t 6 t
-0.01 -0.005 0 0.005 0.01 n

The Drift Parameter

Figure 2. The effect of a change in the drift parameter.
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Figure 3. The effect of a change in the hazard rate.
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Figure 4. The effect of a change in the size of externality.

35

Capital Stock

The Rate of Investment Tax Credits

Figure 5. The effect of a change in the rate of investment tax credits.
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then this common rate will be raised from 24.75% to
33%. This confirms the result of Corollary 2.

5. Conclusion

This article assumes that a firm facing technological
uncertainty must decide whether to purchase R&D
capital at each instant. R&D capital exhibits both
irreversibility and externality through the learning-by-
doing effect. The combination of irreversibility and
uncertainty drives agents to be more prudent, i.e. the
maxim ‘better safe than sorry’ applies. This maxim is
more important as uncertainty is greater, technology
progresses at a lower pace, the externality is stronger,
or a catastrophic event is less likely to occur. A firm
ignoring the externality will both invest later and
disinvest earlier than a social planner who internalizes
the externality. An equal rate of investment tax credits
should be given to both costlessly reversible invest-
ments and irreversible ones, and the same rate of
taxation should be imposed on disinvestment.

Corollary 2 of this article indicates that asset
characteristics such as irreversibility and uncertainty
are irrelevant to the optimal tax incentives. It can be
shown that asset durability is also unrelated to the
optimal tax incentives if we allow capital to be
depreciating at a constant exponential rate. Never-
theless, it is common for a government to give more
generous tax credits to either (i) short-lived assets such
as equipment than long-lived assets such as structures
(Gravelle, 1994) or (ii) high-technology industries that
use capital assets with either a higher expected growth
pace of technology or greater degree of technological
uncertainty. Accordingly, it deserves investigating
whether Corollary 2 of this article still holds if we
relax several main assumptions which include (i)
demand is constant elastic; (ii) production technology
is of a Cobb-Douglas type; (iii) production externality
arises from the ‘learning-by-doing’ effect.

Future research may also relax several other
assumptions of this article. First, firms may be better
informed on their R&D technology (ec.g. Gaudet,
Lasserre and Long, 1998). Second, R&D decisions
may be characterized in a sequence (e.g. Bar-Ilan and
Strange, 1998; Grenadier and Weiss, 1997). Third,
capital investment may take time to build (e.g. Majd
and Pindyck, 1987, Bar-Ilan and Strange, 1998).
Finally, strategic interactions between firms in making
R&D investments may be important (Lambrecht,
2000; Weeds, 1999b)
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Appendix A: Derivation of v1(-) and v,(-)

We will solve v(-) given by (18) first, and later for
va(-) given by (26). Suppose that k;(1)* > k;(t) > k() =.
Treating V1(-) as an asset value, using (3) and applying
1t6’s lemma yields its expected capital gain as

dri() 1 V(- vy (-

g O s 00 OOy
e 2 9Z(1)* 0Z(1)

This expected capital gain plus the dividend

dZWki0] " k() =Ve, Tl() given by (9),
should be equal to the normal return (p 4+ p)V;(-) to
prevent any arbitrage profits from arising. This yields
the differential equation

ari()

0Z(1)

2 .
laZZ(r)z 0

2 dZ(1)? 10

—(p+ Vi) + dolZ(Dki()]' k() ~ YN = 0. (A2)

Let 0V1(-)/0ki(t) = vi(-). Differentiating (A2) term by
term with respect to k;(¢) yields

LT 9*ui() dui() .
5 Z(1) 220" + nZ(1) 520) (p+ pui(-)
+ do(1 — e)fz(t)(l 7f)k,<(l) *fka(t)(l —eofAfe—1
e
Aki(1)
X | Ok, (t) + =0. (A3)

By Bertola and Caballero (1994, Appendix), the term
[Z(0" Pkt ko)~ N Gk(1) + N0/ N
solves the homogeneous part of the quadratic equation
(A3). Substituting this into (A3) yields the quadratic
equation

p(r)=—1o*A - f)rd - fHr—1]
— (I =fmm+(p+p)=0.

Denote g and —a respectively as the larger and smaller
roots in the quadratic equation given by (A4).
Following Dixit (1991), equation (A4) can be rewritten
as

(Ad)

o) =31 =)o+ )(B—7)
_(ptmat+nB—1
af 7

where ¢(7) > 0 if —a <7 < (. Figure 6 depicts ¢(7) as a
function of 7.

(AS)
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Figure 6. (1) vs. 7.

One particular solution from the non-homogeneous
part of equation (A3) is given by

orp() = Mzmu Dty g1y~ VA1
P (e
Aki(1)
x| Oka(r) + (A6)

Since the value function V(-) must approach zero as
Z(t) approaches zero, only the positive root of
equation (A4) should be considered. The general
solution of equation (A3), which is composed of
solutions from both the homogeneous and non-
homogeneous parts of equation (A3), is shown by
(18). Following similar procedures as above yields
va(-) = OVH(-)/Ok; as shown by (26).

Appendix B: Proof of Proposition 2

Let E=a/(1+a)<1 and G=1/(f(1 — (1 —e)X/e))>0,
then m; = EC. Differentiating m, with respect to 7, o, i,
and A yields the following results.

om mG O«

— S

do  a(l+a) 0o
da  9¢(—a)/do _99(-a)
where —=———— <0, since

do  Ip(—a) /0T oo

= —o[(1 = (=1 = ) (—a) - 1] <0,

(B)

and

09 (—a)
or

>0

from Figure 1;

om mG O«

—=——>0, (B2)
on  a(l+a) on
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v

da 9g(—a)/On . 0¢(=a)
where — =— > 0, since
on  0p(—w)/OT an
O (—
=1 -f)a>0, and i Oé)>0,
or
8m1 WI1G o
—=——>0 (B3)
o ol +a) du
do 9¢(—a)/Op . 09(—)
where — =————> (), since =1,
op  9p(—a)/0T o
O (—
and o Oé)> 0;
or
8m] o oG
——=m In —<0, (B4)
o\ (14 a) oA

ince o G*f(1—e)fe>0
since — = —e)/e>0.
o\
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Notes

1. Some studies focus solely on valuation of R&D invest-
ment, e.g. Pennings and Lint (1997) and Lint and
Pennings (1999).

2. See also Saint-Paul (1992) which emphasizes that an
investment tax subsidy rather than public debt can be used
to solve the externality problem.

3. Partial irreversibility may come from firm-level or
industry-level specific assets, the lemons problem, or
government regulation (see Dixit and Pindyck, 1994).

4. The term e is required to be smaller than one to assure
that the private and social marginal returns to capital are
both positive. We will assume this holds in what follows.

5. See Pindyck (1988) for a proof and also Xepapadeas
(1999).

6. As suggested by Dixit (1989), some capital costs arise from
depreciation and are more thought of as recurrent and
some costs are recoverable when disinvestment occurs.
Accordingly, a ratio of w: pP,=10:1

© Blackwell Publishers Ltd 2001



