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Abstract

The electrophoretic behavior of a sphere in a non-Newtonian fluid is investigated theoretically by analyzing the phenomenon that occurs
in a spherical cavity under the condition of a weak applied electrical field. Non-Newtonian behavior in the liquid phase may be due to, for
example, the addition of polymer to a colloidal dispersion to improve its stability. It may also arise from the increase in the volume fraction of
the dispersed phase such as the slurry used in chemical mechanical polishing. A Carreau model is adopted to characterize the shear-thinnin
behavior of the liquid phase. We show that the difference between the mobility of the particle based on the present model and that based
on the corresponding Newtonian fluid increases with the decrease in the thickness of a double layer. The shear-thinning nature of the liquid
phase has the effect of increasing the mobility.
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1. Introduction The electrophoretic phenomenon is described by the so-

called electrokinetic equations, which include the governing

The surface properties of a charged entity are often equations for the flow, the concentration, and the electric

estimated by an electrophoresis measurement. Its theoreticafields. Since these equations are coupled and highly non-
basis was founded by Smoluchowski [1] who showed that linear, solving them analytically is almost impossible. This
the electrophoretic mobility of a particlgz, defined by the difficulty can often be circumvented by considering limit-

ratio U/E, U and E being respectively the magnitude of ing cases such as simple geometry, very thin or very thick

the electrophoretic velocity and the strength of the applied double layers, and low surface potentials [1-8]. In general,

electric field, and its zeta potentigl, are related by a numerical scheme needs to be adopted [9—12]. Adopting a
&80 shooting method, O’Brien and White [9] were able to de-
KE = P (1) rive the electrophoretic velocity of a sphere in an infinite

fluid for the case of arbitrary double-layer thickness and sur-
wheree, andn are respectively the relative permittivity and  face potential, taking the effect of double-layer polarization
the viscosity of the liquid phase amrd is the permittivity of  into account. Lee et al. [10-13] discussed the electrophoretic
a vacuum. Equation (1) provides a concise, yet clear, quan-phenomenon of a concentrated spherical dispersion and that
titative description for the behavior of a charged entity in of 5 sphere in a spherical cavity; a pseudo-spectral method
an applied electric field and is widely used in various ar- \as proposed in the numerical procedure. The results are
eas in practice. It should be pointed out, however, that its gppjicable to arbitrary electrical potential and double-layer
derivation was based on the assumptions of a rigid, non-thjckness, mixed-type boundary condition, and double-layer
conductive entity at low surface potentials, weak applied poarization.

electric field, thin double layer, negligible double-layer po- Although the electrophoretic phenomenon has been stud-
larization and boundary effect, and Newtonian fluid. Various jeq extensively, almost all of the available results are for
attempts have been made to extend the original analysisihe case where the liquid phase is a Newtonian fluid, and
of Smoluchowski by relaxing some of these assumptions. the corresponding result for the case of non-Newtonian fluid
is extremely limited. Presumably, this is mainly due to the
~* Corresponding author. difficulties involved in solving the electrokinetic equations.
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fluid needs to be considered in some problems, which areobtained by choosing = 2 andn = 0. In particular, it

of both fundamental and practical significance. For example, is capable of describing the characteristics of the melts of

the addition of polymer to a colloidal dispersion to improve many polymeric materials of industrial significance such

its stability leads to shear-thinning behavior in the liquid as high-density polyethylene, low-density polyethylene, and

phase [14]. Non-Newtonian behavior may also arise from the polystyrene.

increase in the volume fraction of the dispersed phase [15]. In the present study the electrophoretic behavior of a

The volume fraction of the slurry used in semiconductor particle in a non-Newtonian fluid is analyzed for the case

processing, for instance, can easily exceed 10% and assumef low electrical potential. In particular, the boundary effect

ing Newtonian behavior is unrealistic in this case. is taken into account by considering a sphere in a spherical
The constitutive equations for a generalized Newtonian cavity.

fluid (GNF) can be expressed as [16]

Y=Y+ (V). ©)
Referring to Fig. 1, we consider the electrophoresis of

Inthese expressions, y, n, andv are respectively the stress o o . : .
P Yol P y rigid sphere of radius in a spherical cavity of radius

tensor, the rate of strain tensor, the apparent viscosity, and’, ; ; .
the velocity of the fluid¥ is the gradient operator, and the f|Iqu with an eIectrontg solution. Both the parucle and the
superscript “T” denotes matrix transpose. Note that if the CaVily are nonconductive. L&t = (a/b), which measures
apparent viscosity remains constant, Egs. (2) and (3) reduce_the significance of the presence .of the cavity. The particle
to the constitutive equations for a Newtonian fluid. Shear- Is placed at the 'cer.1ter' of thg cavity, and the space petyveen
thinning fluid is one of the most important fluids which SPNere and cavity is filled with a Carreau (shear-thinning)

exhibit non-Newtonian behavior. Carreau and others [16,17] 11id- Tlhe sphenca;}l coordlnatisg, ¢) are choseln with :fsl
proposed the following three-parameter correlation relation, °19in located at the center of the cavity. An electric field

the so-called Carreau model, for the description of the E IS applied in thez-direction, the particle moves with
behavior of a shear-thinning fluid velocity U, and the cavity remains stationary toward the

laboratory frame of reference. Suppose thdas weak and
n() =no[1+ p)#]" V7, () the polarization or relaxation of the double layer surrounding

. . : . - the particle is negligible.
where ng is the viscosity corresponding to the minimum P g1

shear rate} is the relaxation time constant,is the power-
law exponent (since it describes the slopent (o) /(no —
o) i the power-lavy region), an@ s a d|menS|onIess Suppose that the spatial variation in the electrical poten-
parameter that describes the transition region between the. . . :

: . . tial ¢ can be described by the Poisson equation,
zero-shear-rate region and the power-law region. According
to the Carreau model, the variation of viscosity as a function g2, _  Pe

- Tt : Vip=——, (6)

of shear rate can be divided into three regions: (a) For
small shear rates, the viscosity is insensitive to the variation
in the shear rate, the so-called zero-shear-rate viscosity
region. (b) If shear rate exceeds a critical value, the viscosity
decreases monotonically with the shear rate, the so-called
power-law fluid region. (c) If shear rate is large, the viscosity E, U
becomes insensitive to the variation in the shear rate again,
the so-called infinite-shear-rate viscosity region. Yasuda
et al. [18] proposed the following five-parameter Carreau—
Yasuda model:

) = oo + (10 — o) [1 4+ )P " V7P, (5) v

wherenp andn are respectively the zero-shear-rate viscos-
ity and infinite-shear-rate viscosity. These two parameters
are roughly constant, and their effects are usually insignif-
icant. This five-parameter model has sufficient flexibility to X

fit a wide variety of experimentajl(y) curves. It has proven _ _ , _ ,
to be useful for numerical calculations. It has the merit that Flg._l. Schema}nc re_presentatlon of the problem conS|de_red. A spherlcal
o . . . particle of radiusa is placed at the center of a spherical cavity of
if eithern — 1 orx — 0, it reduces to a Newtonian fluid,  radius 5. An electrical fieldE is applied in theZ-direction andU is

and it becomes a power-law fluid if is sufficiently large. the electrophoretic velocity of the particle. The origin of the spherical
For many concentrated polymer solutions, good fit can be coordinatesi( 6, ¢) coincides with the center of the cavity.

2.1. Electrokinetic equations
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wheree is the permittivity of the liquid phase ang is the Taking curl on both sides of Eq. (9), the pressure term on

space charge density, which can be expressed by its right-hand side can be eliminated, and a governing equa-
v tion for the stream function, which is coupled with that for

e = ZZ on 7) the eIectrpaI po.tent|all, can.be obtained. Note that since the
o] S apparent viscosity varies with the shear rate, Eq. (9) is non-

linear, and an iterative procedure is necessary.
whereN is the number of ionic species; andn; are the

valence and the number density of ionic spegieande is 2.2. Boundary conditions
the elementary charge.

Suppose that the liquid phase is incompressible and  |yitively, the boundary conditions on a particle surface
the flow field can be described by the Cauchy momentum for the electrical potential depends on the electrostatic model

equation in the creeping flow regime. Then chosen. However, as pointed out by O'Brien and White [9]

V.v=0 8) that if the electrokinetic equations are linearized and the ap-
v ’ plied field is weak, the electrophoretic mobility becomes

Prar = —V.-1—Vp—p. V. 9) independent of the electrostatic boundary conditions chosen

on the particle surface. Here, we assume that both the par-
In these expressiong is the pressure and and py are ticle and the cavity remain at constant surface potential at
respectively the velocity and the density of liquid phase. equilibrium, characterized respectively by the corresponding
Note that a body force term;p, V¢, is included in the  zeta potentialg,, andy, respectively. Therefore, the bound-

Cauchy momentum equation to take the effect of electric ary conditions for the equilibrium electrical potentjal are
force into account. The stress tensdn Eq. (9) is described

by Egs. (2) and (3), and the viscosityn Eq. (2) is described ~ ¢1=0,4, r=a, (15)

by the Carreau model, Eq. (5), with = 2 andn, = 0. 1=¢p, r=b. (16)
Assume the system is at a pseudo-steady state, then the left-

hand side of Eq. (9) vanishes. For convenience, the electricalSince the particle is nonconductive, the electric field van-
potential is expressed as the sum of the equilibrium potential ishes on its surface, that is,

(or the potential in the absence of the applied electric field), 3o

#1, and a perturbed electrical potential which arises fromthe — =0, r=a. 17)

applied electric fieldgp,. Suppose that the spatial variation . ) ,
in the concentration of ionic species follows the Boltzmann The boundary condition for the perturbed electrical potential

distribution. Then, we have on a cavity surface is assumed as
N 02
o . £ — _E.co9, =b. 18
v2¢1=_ﬂ=_zwexp[_zée<;l} 1) o : r (18)
& &
j=1 5 The particle moves with velocity) and the cavity is
s o, i zjen;o o _Zj€(¢1+¢2) \s/teallggir:a;yr.eTherefore, the boundary conditions for liquid
2= s a £ kT y
N v, =Ucos, r=a, (29)
-y Lo exp[—zljeq;lﬂ, (11)  ve=-Using, r=a, (20)
, € B
j=1 V, =Vyg=0, r=0b. (21)
¢ =1+ @2, (12) ,
In terms of the stream function we have
pe = p1+ P2, (13) 1
zje($1+ ¢2) =—2Ur’si =
nj ZHJOEXP[_]T}’ (14) ) 2Ur sing, r=a, (22)
oY .
wheren g is the bulk concentration of specigs kp is o ~Ursin*0, r=a, (23)
Boltzmann’s constant, anfl is the absolute temperature. Iy
The procedure of solving Egs. (8) and (9) can be sim- ¥ = — =0, r=b. (24)

plified by adopting a stream function formulation to re- or . ) .
duce the number of variables and equations. Lzete the The symmetric nature of the problem under consideration

stream function of the flow field under consideration and "€duires that

express the- and the¢ components of the fluid velocity, 54, 3¢, Iy
v, andvy, respectively ay, = —(1/r2sing)(3y/90) and 20 — a9 —V=734=0 0=0 (25)
Vg = (1/rsin6)(dy/dr). These expressions make the in- a1 Ao oy
compressibility constraint, Eq. (8), satisfied automatically. 20 — 30 = Y= 30 = 0, O=m. (26)
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For a simpler treatment the electrokinetic equations We define the scaled stream functioh* as ¢* =
and the associated boundary conditions are rewritten inv/Uga?, whereUg = £¢2/na is the electrophoretic veloc-
scaled form. If the liquid phase containg : z> elec- ity evaluated by Smoluchowski’s formula when an electric
trolyte with z/z1 = —a, thennap = nig/a. Sincex 1 = field of strengtht, /a is applied. The space charge dengity
lekpT/ Y njolezj)?1¥2, we haveniozr = [(ka)?ekgT/ can be expressed as= pop;’, wherepg = ek?¢, /(1+a) ¢y
(14 a)e?a?z1]. The surface potential of particlg is cho- andp} =n} —n3. Also, we definet = E*/a, n = n*no, and
sen as the scale parameter for electrical potential, the particley = y*Ug/a. The scaled form for the stream function for
radiusa is chosen as the scale parameter for length, andthe case when the electrical potential is low is
the bulk number concentration of cationg is chosen as
the scale parameter for concentration. We define: ¢7¢,,

* 2, %

AN* L. LT 0y

an”
Vo +F*Wyr0 +r

n*E*Ay +sm9[(

$2 =¢34, nj =n*njo,r =ar*, andv* =aV. In terms of ar* or* or*
scaled symbols E]q (10) becomes 92, on* 9y
n n e n" 9%pe
vi2gro 1 (ka)? (% — n3) 27) ar+a0"" " 90 ar*
(1+a) ¢r 32'7* 377* ay*
wheren} = exp(—¢, (o5 + ¢3)) andnj = explad, (p% + - (Tﬁ; + -
. . 2 dr*a6 drx 36
¢3)). The associated boundary conditions are .
19%p* ., 1 an*ayk
pr=1 r*=1, (28) 962 70T 15 30 a6
oF = ﬁ, o= i (29) a*( 1 33y* cotd  d2y*

a H ar* \sing 93 r2sing 9r+a0
where ¢, = ¢,z1e/kpgT. Similarly, the scaled form for 1 93y 2 92y
Eqg. (12) and the associated boundary conditions are . - .

) r*¥2sinf 9r*062  r*3sind 962
V245 = 1 (xa) 2coty Y+
CA+a) ¢ r*3sing 96

x (= n3) — (exp(—,67) — explady4}))).  (30) o 1 Ry 1 %y

3k 36 \ r*2sing ar*206  r*4sing 963
2 = ’ r* = 1, (31) 2
ar+ 1 9y* cotd 9%y*
9 _ Ercos. oL (32) r*4sin®g 00 r*4sing 962

or* < ’ H’
hereE* = E — _(cay?201 295 (33)
whereE} =E;a/¢,. = o 30
'F 2U/a=0.01
09
0.8 :—
w 07 :_ \ n=1.0
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Fig. 2. Variation of scaled mobility. g as a function of double-layer thicknegs at various values of parameterfor the case.U /a = 0.01.
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The associated boundary conditions are

r*

1, (34)

1 .
Y* = —EU*r*Zst@,
Y

ar*
%
v = T
The scaled governing equations and the associated boun
ary conditions are solved numerically by adopting a pseudo-
spectral method [19] based on Chebyshev polynomials. The
physical domain described by the spherical coordinates is
mapped onto a square computational domgirl, 1] x
[—1, 1]. The discretization of the computational domain

yields a set of nonlinear algebraic equations, which are
solved iteratively by applying Newton—Raphson’s method.

= —U*r*sirtg,
Y+

or*

(35)

1

r*

= (36)

bl

3. Resultsand discussion

Figure 2 shows the variation of the scaled mobility
as a function of double-layer thickness at various values
of parametem for the case when.U/a is small; those
for larger values o U /a are presented in Figs. 3 and 4.
The results for the case of Newtonian fluid{/a = 0) are
also presented in these figures for comparison. Figures 2—
reveal that, for a fixedta, ug increases with the increase
in AU /a. According to Eq. (5), the larger the valueifthe
more significant the effect of shear thinning and, therefore,
the greater the mobility. Figures 2—4 also indicate that, for
a fixed AU/a, the difference between the mobility based

on the present shear-thinning fluid and that based on the

corresponding Newtonian fluid increases with the increase
in ka and with the decrease in The latter is because the
smaller the value of;, the more significant the effect of

shear thinning, as suggested by Eqg. (5). The former can

25r AU/a=0.1
i 0.6
2
w i 07
1 -
2 15F
3 i 0.8
] 5
s 5
E 1 [ 0.9
©
3 B
) B
L n=1.0
| (Newtonian)
05
i I IR | L Ll L Ll

10 10%

Ka

Fig. 3. Variation of scaled mobility.z as a function of double-layer
thicknessca at various values of parameterfor the case.U /a = 0.1.
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Fig. 4. Variation of scaled mobility.z as a function of double-layer
thicknessca at various values of parameterfor the case.U /a = 0.5.
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Fig. 5. Variation of scaled mobility.z as a function of double-layer
thicknessca at variousAU /a for the caser = 0.9.

be explained by the following. Since no-slip condition is
assumed on the particle surface, the characteristic shear rate
for the present electrophoretic phenomenon can be measured
by U/(1/k); the larger its value, the greater the shear rate.
Therefore, if the double layer is thin (& is small orka is
large), the characteristic shear rate is large, and the effect of
shear thinning becomes significant.

The variation of scaled mobilitytz as a function of
double-layerthicknessa at various\U /a for the case when
n is large is presented in Fig. 5, and those for smaller val-
ues ofn are illustrated in Figs. 6 and 7. Figure 5 reveals
that both the mobility based on the present shear-thinning
fluid and that based on the corresponding Newtonian fluid
increase withca, and for a fixedca, the difference between
them increases witlk. These observations are consistent
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Fig. 6. Variation of scaled mobility.r as a function of double-layer
thicknessca at variousiU /a for the caser = 0.8.
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Fig. 7. Variation of scaled mobility.r as a function of double-layer
thicknessca at variousiU /a for the caser = 0.7.

with the results shown in Figs. 2—4. Figures 5-7 also sug-
gest that the difference in the mobility based on the present
shear-thinning fluid and that based on the corresponding
Newtonian fluid increases with the decrease in the magni-
tude ofn. This is expected since the smaller thehe more
significant the effect of shear thinning.

Figures 2—7 reveal that appreciable variatiop fnoccurs
whenka is greater than unity. This is because by referring
to Eq. (33), the effect oka on the mobility is of a square
nature. Therefore, ifa is smaller than unity, its influence is
limited. However, ag a exceeds unity, its influence becomes
significantly apparent.
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