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Electrophoresis in a non-Newtonian fluid: sphere in a spherical cavity
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Abstract

The electrophoretic behavior of a sphere in a non-Newtonian fluid is investigated theoretically by analyzing the phenomenon that occurs
in a spherical cavity under the condition of a weak applied electrical field. Non-Newtonian behavior in the liquid phase may be due to, for
example, the addition of polymer to a colloidal dispersion to improve its stability. It may also arise from the increase in the volume fraction of
the dispersed phase such as the slurry used in chemical mechanical polishing. A Carreau model is adopted to characterize the shear-thinning
behavior of the liquid phase. We show that the difference between the mobility of the particle based on the present model and that based
on the corresponding Newtonian fluid increases with the decrease in the thickness of a double layer. The shear-thinning nature of the liquid
phase has the effect of increasing the mobility.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

The surface properties of a charged entity are often
estimated by an electrophoresis measurement. Its theoretical
basis was founded by Smoluchowski [1] who showed that
the electrophoretic mobility of a particle,µE , defined by the
ratio U/E, U andE being respectively the magnitude of
the electrophoretic velocity and the strength of the applied
electric field, and its zeta potential,ζ , are related by

(1)µE = εrε0ζ

η
,

whereεr andη are respectively the relative permittivity and
the viscosity of the liquid phase andε0 is the permittivity of
a vacuum. Equation (1) provides a concise, yet clear, quan-
titative description for the behavior of a charged entity in
an applied electric field and is widely used in various ar-
eas in practice. It should be pointed out, however, that its
derivation was based on the assumptions of a rigid, non-
conductive entity at low surface potentials, weak applied
electric field, thin double layer, negligible double-layer po-
larization and boundary effect, and Newtonian fluid. Various
attempts have been made to extend the original analysis
of Smoluchowski by relaxing some of these assumptions.
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The electrophoretic phenomenon is described by the so-
called electrokinetic equations, which include the governing
equations for the flow, the concentration, and the electric
fields. Since these equations are coupled and highly non-
linear, solving them analytically is almost impossible. This
difficulty can often be circumvented by considering limit-
ing cases such as simple geometry, very thin or very thick
double layers, and low surface potentials [1–8]. In general,
a numerical scheme needs to be adopted [9–12]. Adopting a
shooting method, O’Brien and White [9] were able to de-
rive the electrophoretic velocity of a sphere in an infinite
fluid for the case of arbitrary double-layer thickness and sur-
face potential, taking the effect of double-layer polarization
into account. Lee et al. [10–13] discussed the electrophoretic
phenomenon of a concentrated spherical dispersion and that
of a sphere in a spherical cavity; a pseudo-spectral method
was proposed in the numerical procedure. The results are
applicable to arbitrary electrical potential and double-layer
thickness, mixed-type boundary condition, and double-layer
polarization.

Although the electrophoretic phenomenon has been stud-
ied extensively, almost all of the available results are for
the case where the liquid phase is a Newtonian fluid, and
the corresponding result for the case of non-Newtonian fluid
is extremely limited. Presumably, this is mainly due to the
difficulties involved in solving the electrokinetic equations.
Recent studies reveal that the effect of a non-Newtonian
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fluid needs to be considered in some problems, which are
of both fundamental and practical significance. For example,
the addition of polymer to a colloidal dispersion to improve
its stability leads to shear-thinning behavior in the liquid
phase [14]. Non-Newtonian behavior may also arise from the
increase in the volume fraction of the dispersed phase [15].
The volume fraction of the slurry used in semiconductor
processing, for instance, can easily exceed 10% and assum-
ing Newtonian behavior is unrealistic in this case.

The constitutive equations for a generalized Newtonian
fluid (GNF) can be expressed as [16]

(2)τ = −η(γ̇ )γ̇ ,

(3)γ̇ = ∇v + (∇v)T.

In these expressions,τ , γ̇ , η, andv are respectively the stress
tensor, the rate of strain tensor, the apparent viscosity, and
the velocity of the fluid,∇ is the gradient operator, and the
superscript “T” denotes matrix transpose. Note that if the
apparent viscosity remains constant, Eqs. (2) and (3) reduce
to the constitutive equations for a Newtonian fluid. Shear-
thinning fluid is one of the most important fluids which
exhibit non-Newtonian behavior. Carreau and others [16,17]
proposed the following three-parameter correlation relation,
the so-called Carreau model, for the description of the
behavior of a shear-thinning fluid,

(4)η(γ̇ ) = η0
[
1+ (λγ̇ )β

](n−1)/β
,

whereη0 is the viscosity corresponding to the minimum
shear rate,λ is the relaxation time constant,n is the power-
law exponent (since it describes the slope of (η−η∞)/(η0 −
η∞) in the power-law region), andβ is a dimensionless
parameter that describes the transition region between the
zero-shear-rate region and the power-law region. According
to the Carreau model, the variation of viscosity as a function
of shear rate can be divided into three regions: (a) For
small shear rates, the viscosity is insensitive to the variation
in the shear rate, the so-called zero-shear-rate viscosity
region. (b) If shear rate exceeds a critical value, the viscosity
decreases monotonically with the shear rate, the so-called
power-law fluid region. (c) If shear rate is large, the viscosity
becomes insensitive to the variation in the shear rate again,
the so-called infinite-shear-rate viscosity region. Yasuda
et al. [18] proposed the following five-parameter Carreau–
Yasuda model:

(5)η(γ̇ ) = η∞ + (η0 − η∞)
[
1+ (λγ̇ )β

](n−1)/β
,

whereη0 andη∞ are respectively the zero-shear-rate viscos-
ity and infinite-shear-rate viscosity. These two parameters
are roughly constant, and their effects are usually insignif-
icant. This five-parameter model has sufficient flexibility to
fit a wide variety of experimentalη(γ̇ ) curves. It has proven
to be useful for numerical calculations. It has the merit that
if either n → 1 or λ → 0, it reduces to a Newtonian fluid,
and it becomes a power-law fluid ifλ is sufficiently large.
For many concentrated polymer solutions, good fit can be

obtained by choosingβ = 2 andη∞ = 0. In particular, it
is capable of describing the characteristics of the melts of
many polymeric materials of industrial significance such
as high-density polyethylene, low-density polyethylene, and
polystyrene.

In the present study the electrophoretic behavior of a
particle in a non-Newtonian fluid is analyzed for the case
of low electrical potential. In particular, the boundary effect
is taken into account by considering a sphere in a spherical
cavity.

2. Theory

Referring to Fig. 1, we consider the electrophoresis of
a rigid sphere of radiusa in a spherical cavity of radiusb
filled with an electrolyte solution. Both the particle and the
cavity are nonconductive. LetH = (a/b), which measures
the significance of the presence of the cavity. The particle
is placed at the center of the cavity, and the space between
sphere and cavity is filled with a Carreau (shear-thinning)
fluid. The spherical coordinates (r, θ,ϕ) are chosen with its
origin located at the center of the cavity. An electric field
E is applied in theZ-direction, the particle moves with
velocity U, and the cavity remains stationary toward the
laboratory frame of reference. Suppose thatE is weak and
the polarization or relaxation of the double layer surrounding
the particle is negligible.

2.1. Electrokinetic equations

Suppose that the spatial variation in the electrical poten-
tial φ can be described by the Poisson equation,

(6)∇2φ = −ρe

ε
,

Fig. 1. Schematic representation of the problem considered. A spherical
particle of radiusa is placed at the center of a spherical cavity of
radius b. An electrical field E is applied in theZ-direction andU is
the electrophoretic velocity of the particle. The origin of the spherical
coordinates (r, θ,ϕ) coincides with the center of the cavity.



E. Lee et al. / Journal of Colloid and Interface Science 258 (2003) 283–288 285

whereε is the permittivity of the liquid phase andρe is the
space charge density, which can be expressed by

(7)ρe =
N∑

j=1

zj enj ,

whereN is the number of ionic species,zj andnj are the
valence and the number density of ionic speciesj , ande is
the elementary charge.

Suppose that the liquid phase is incompressible and
the flow field can be described by the Cauchy momentum
equation in the creeping flow regime. Then

(8)∇ · v = 0,

(9)ρf
∂v
∂t

= −∇ · τ − ∇p − ρe∇φ.

In these expressionsp is the pressure andv and ρf are
respectively the velocity and the density of liquid phase.
Note that a body force term,−ρe∇φ, is included in the
Cauchy momentum equation to take the effect of electric
force into account. The stress tensorτ in Eq. (9) is described
by Eqs. (2) and (3), and the viscosityη in Eq. (2) is described
by the Carreau model, Eq. (5), withβ = 2 andη∞ = 0.
Assume the system is at a pseudo-steady state, then the left-
hand side of Eq. (9) vanishes. For convenience, the electrical
potential is expressed as the sum of the equilibrium potential
(or the potential in the absence of the applied electric field),
φ1, and a perturbed electrical potential which arises from the
applied electric field,φ2. Suppose that the spatial variation
in the concentration of ionic species follows the Boltzmann
distribution. Then, we have

(10)∇2φ1 = −ρ1

ε
= −

N∑
j=1

zj enj0

ε
exp

[
−zj eφ1

kBT

]
,

∇2φ2 = −ρ2

ε
= −

[
N∑

j=1

zj enj0

ε
exp

[
−zj e(φ1 + φ2)

kBT

]

(11)−
N∑

j=1

zj enj0

ε
exp

[
−zj eφ1

kBT

]]
,

(12)φ = φ1 + φ2,

(13)ρe = ρ1 + ρ2,

(14)nj = nj0 exp

[
−zj e(φ1 + φ2)

kBT

]
,

where nj0 is the bulk concentration of speciesj , kB is
Boltzmann’s constant, andT is the absolute temperature.

The procedure of solving Eqs. (8) and (9) can be sim-
plified by adopting a stream function formulation to re-
duce the number of variables and equations. Letψ be the
stream function of the flow field under consideration and
express ther and theθ components of the fluid velocity,
vr andvθ , respectively asvr = −(1/r2 sinθ)(∂ψ/∂θ) and
vθ = (1/r sinθ)(∂ψ/∂r). These expressions make the in-
compressibility constraint, Eq. (8), satisfied automatically.

Taking curl on both sides of Eq. (9), the pressure term on
its right-hand side can be eliminated, and a governing equa-
tion for the stream function, which is coupled with that for
the electrical potential, can be obtained. Note that since the
apparent viscosity varies with the shear rate, Eq. (9) is non-
linear, and an iterative procedure is necessary.

2.2. Boundary conditions

Intuitively, the boundary conditions on a particle surface
for the electrical potential depends on the electrostatic model
chosen. However, as pointed out by O’Brien and White [9]
that if the electrokinetic equations are linearized and the ap-
plied field is weak, the electrophoretic mobility becomes
independent of the electrostatic boundary conditions chosen
on the particle surface. Here, we assume that both the par-
ticle and the cavity remain at constant surface potential at
equilibrium, characterized respectively by the corresponding
zeta potentials,ζa andζb, respectively. Therefore, the bound-
ary conditions for the equilibrium electrical potentialφ1 are

(15)φ1 = ζa, r = a,

(16)φ1 = ζb, r = b.

Since the particle is nonconductive, the electric field van-
ishes on its surface, that is,

(17)
∂φ2

∂r
= 0, r = a.

The boundary condition for the perturbed electrical potential
on a cavity surface is assumed as

(18)
∂φ2

∂r
= −Ez cosθ, r = b.

The particle moves with velocityU and the cavity is
stationary. Therefore, the boundary conditions for liquid
velocity are

(19)vr = U cosθ, r = a,

(20)vθ = −U sinθ, r = a,

(21)vr = vθ = 0, r = b.

In terms of the stream function we have

(22)ψ = −1

2
Ur2 sinθ, r = a,

(23)
∂ψ

∂r
= −Ur sin2 θ, r = a,

(24)ψ = ∂ψ

∂r
= 0, r = b.

The symmetric nature of the problem under consideration
requires that

(25)
∂φ1

∂θ
= ∂φ2

∂θ
= ψ = ∂ψ

∂θ
= 0, θ = 0,

(26)
∂φ1

∂θ
= ∂φ2

∂θ
= ψ = ∂ψ

∂θ
= 0, θ = π.
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For a simpler treatment the electrokinetic equations
and the associated boundary conditions are rewritten in
scaled form. If the liquid phase containsz1 : z2 elec-
trolyte with z2/z1 = −α, thenn20 = n10/α. Sinceκ−1 =
[εkBT/∑

nj0(ezj )
2]1/2, we haven10z1 = [(κa)2εkBT/

(1 + α)e2a2z1]. The surface potential of particleζa is cho-
sen as the scale parameter for electrical potential, the particle
radiusa is chosen as the scale parameter for length, and
the bulk number concentration of cationsn10 is chosen as
the scale parameter for concentration. We defineφ1 = φ∗

1ζa ,
φ2 = φ∗

2ζa , nj = n∗
j nj0, r = ar∗, and∇∗ = a∇. In terms of

scaled symbols Eq. (10) becomes

(27)∇∗2φ∗
1 = − 1

(1+ α)

(κa)2

φr

(
n∗

1 − n∗
2

)
,

wheren∗
1 = exp(−φr(φ

∗
1 + φ∗

2)) and n∗
2 = exp(αφr (φ

∗
1 +

φ∗
2)). The associated boundary conditions are

(28)φ∗
1 = 1, r∗ = 1,

(29)φ∗
1 = ζb

ζa
, r∗ = 1

H
,

where φr = ζaz1e/kBT . Similarly, the scaled form for
Eq. (12) and the associated boundary conditions are

∇∗2φ∗
2 = − 1

(1+ α)

(κa)2

φr

(30)×
((

n∗
1 − n∗

2

) − (
exp

(−φrφ
∗
1

) − exp
(
αφrφ

∗
1

)))
,

(31)
∂φ∗

2

∂r∗ = 0, r∗ = 1,

(32)
∂φ∗

2

∂r∗ = −E∗
z cosθ, r∗ = 1

H
,

whereE∗
z = Eza/ζa .

We define the scaled stream functionψ∗ as ψ∗ =
ψ/UEa

2, whereUE = εζ 2
a /ηa is the electrophoretic veloc-

ity evaluated by Smoluchowski’s formula when an electric
field of strengthζa/a is applied. The space charge densityρe
can be expressed asρe = ρ0ρ

∗
e , whereρ0 = εκ2ζa/(1+α)φr

andρ∗
e = n∗

1 −n∗
2. Also, we defineE = E∗/a, η = η∗η0, and

γ̇ = γ̇ ∗UE/a. The scaled form for the stream function for
the case when the electrical potential is low is

η∗E∗4ψ∗ + sinθ

[(
∂η∗

∂r∗ γ̇
∗
rθ + r∗ ∂2η∗

∂r∗2
γ̇ ∗
rθ + r∗ ∂η∗

∂r∗
∂γ̇ ∗

rθ

∂r∗

+ ∂2η∗

∂r∗∂θ
γ̇ ∗
θθ + ∂η∗

∂θ

∂γ̇ ∗
θθ

∂r∗

)

−
(

∂2η∗

∂r∗∂θ
γ̇ ∗
rr + ∂η∗

∂r∗
∂γ̇ ∗

rr

∂θ

+ 1

r∗
∂2η∗

∂θ2
γ̇ ∗
rθ + 1

r∗
∂η∗

∂θ

∂γ̇ ∗
rθ

∂θ

)

+ ∂η∗

∂r∗

(
1

sinθ

∂3ψ∗

∂r∗3 − cotθ

r∗2 sinθ

∂2ψ∗

∂r∗∂θ

+ 1

r∗2 sinθ

∂3ψ∗

∂r∗∂θ2 − 2

r∗3 sinθ

∂2ψ∗

∂θ2

+ 2 cotθ

r∗3 sinθ

∂ψ∗

∂θ

)

− ∂η∗

∂θ

(
− 1

r∗2 sinθ

∂3ψ∗

∂r∗2∂θ
− 1

r∗4 sinθ

∂3ψ∗

∂θ3

− 1

r∗4 sin3 θ

∂ψ∗

∂θ
+ cotθ

r∗4 sinθ

∂2ψ∗

∂θ2

)]

(33)= −(κa)2
∂φ∗

1

∂r∗
∂φ∗

2

∂θ
sinθ.

Fig. 2. Variation of scaled mobilityµE as a function of double-layer thicknessκa at various values of parametern for the caseλU/a = 0.01.



E. Lee et al. / Journal of Colloid and Interface Science 258 (2003) 283–288 287

The associated boundary conditions are

(34)ψ∗ = −1

2
U∗r∗2 sin2 θ, r∗ = 1,

(35)
∂ψ∗

∂r∗ = −U∗r∗ sin2 θ, r∗ = 1,

(36)ψ∗ = ∂ψ∗

∂r∗ = 0, r∗ = 1

H
.

The scaled governing equations and the associated bound-
ary conditions are solved numerically by adopting a pseudo-
spectral method [19] based on Chebyshev polynomials. The
physical domain described by the spherical coordinates is
mapped onto a square computational domain[−1,1] ×
[−1,1]. The discretization of the computational domain
yields a set of nonlinear algebraic equations, which are
solved iteratively by applying Newton–Raphson’s method.

3. Results and discussion

Figure 2 shows the variation of the scaled mobilityµE

as a function of double-layer thicknessκa at various values
of parametern for the case whenλU/a is small; those
for larger values ofλU/a are presented in Figs. 3 and 4.
The results for the case of Newtonian fluid (λU/a = 0) are
also presented in these figures for comparison. Figures 2–4
reveal that, for a fixedκa, µE increases with the increase
in λU/a. According to Eq. (5), the larger the value ofλ, the
more significant the effect of shear thinning and, therefore,
the greater the mobility. Figures 2–4 also indicate that, for
a fixed λU/a, the difference between the mobility based
on the present shear-thinning fluid and that based on the
corresponding Newtonian fluid increases with the increase
in κa and with the decrease inn. The latter is because the
smaller the value ofn, the more significant the effect of
shear thinning, as suggested by Eq. (5). The former can

Fig. 3. Variation of scaled mobilityµE as a function of double-layer
thicknessκa at various values of parametern for the caseλU/a = 0.1.

Fig. 4. Variation of scaled mobilityµE as a function of double-layer
thicknessκa at various values of parametern for the caseλU/a = 0.5.

Fig. 5. Variation of scaled mobilityµE as a function of double-layer
thicknessκa at variousλU/a for the casen = 0.9.

be explained by the following. Since no-slip condition is
assumed on the particle surface, the characteristic shear rate
for the present electrophoretic phenomenon can be measured
by U/(1/κ); the larger its value, the greater the shear rate.
Therefore, if the double layer is thin (1/κ is small orκa is
large), the characteristic shear rate is large, and the effect of
shear thinning becomes significant.

The variation of scaled mobilityµE as a function of
double-layer thicknessκa at variousλU/a for the case when
n is large is presented in Fig. 5, and those for smaller val-
ues ofn are illustrated in Figs. 6 and 7. Figure 5 reveals
that both the mobility based on the present shear-thinning
fluid and that based on the corresponding Newtonian fluid
increase withκa, and for a fixedκa, the difference between
them increases withn. These observations are consistent
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Fig. 6. Variation of scaled mobilityµE as a function of double-layer
thicknessκa at variousλU/a for the casen = 0.8.

Fig. 7. Variation of scaled mobilityµE as a function of double-layer
thicknessκa at variousλU/a for the casen = 0.7.

with the results shown in Figs. 2–4. Figures 5–7 also sug-
gest that the difference in the mobility based on the present
shear-thinning fluid and that based on the corresponding
Newtonian fluid increases with the decrease in the magni-
tude ofn. This is expected since the smaller then, the more
significant the effect of shear thinning.

Figures 2–7 reveal that appreciable variation inµE occurs
whenκa is greater than unity. This is because by referring
to Eq. (33), the effect ofκa on the mobility is of a square
nature. Therefore, ifκa is smaller than unity, its influence is
limited. However, asκa exceeds unity, its influence becomes
significantly apparent.
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