Experiment and Theory on the
Nonlinear Vibration of a Shallow
Arch Under Harmonic Excitation
at the End

In this paper we study, both theoretically and experimentally, the nonlinear vibration of
a shallow arch with one end attached to an electro-mechanical shaker. In the experiment
we generate harmonic magnetic force on the central core of the shaker by controlling the
electric current flowing into the shaker. The end motion of the arch is in general not
harmonic, especially when the amplitude of lateral vibration is large. In the case when
the excitation frequency is close to the nth natural frequency of the arch, we found that
geometrical imperfection is the key for the nth mode to be excited. Analytical formula
relating the amplitude of the steady state response and the geometrical imperfection can
be derived via a multiple scale analysis. In the case when the excitation frequency is close
to two times of the nth natural frequency two stable steady state responses can exist
simultaneously. As a consequence jump phenomenon is observed when the excitation
frequency sweeps upward. The effect of geometrical imperfection on the steady state
response is minimal in this case. The multiple scale analysis not only predicts the ampli-
tudes and phases of both the stable and unstable solutions, but also predicts analytically
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the frequency at which jump phenomenon occurs. [DOL: 10.1115/1.2165231]

1 Introduction

Historically, the interest in shallow arch research is primarily on
the snap-through buckling when the arch is under some kind of
lateral loading. The first theoretical prediction on the static critical
load was conducted by Timoshenko in 1935 [1], in which a pinned
sinusoidal arch was subjected to a uniformly distributed load. Ti-
moshenko’s pioneering work was followed and extended by many
other researchers on various kinds of topics, including the snap-
through phenomenon under dynamic load. The first theoretical
prediction of dynamic buckling load was conducted by Hoff and
Bruce in 1954 [2], in which they studied the stability of a sinu-
soidal arch under unit step loading and ideal impulsive loading. A
good introduction and more references on the static and dynamic
snap-through buckling can be found in the two books by Simitses
[3,4]. A more up-to-date reference list on these subjects can be
found in a recently published paper by Chen and Liao [5].

Besides the quasi-static, impulsive, and step loadings discussed
above, the dynamic response of a shallow arch under periodic
excitation has also been studied by some researchers. Previous
research in this regard may be roughly divided into two groups.
The first group considers the case when the vibration amplitude is
so large that dynamic snap-through occurs. The critical load am-
plitude and frequency of an arch under harmonic excitation is
harder to predict compared to the problem of step or impulsive
loading. Huang [6] used a cycle-averaging approach to predict the
critical load when the excitation frequency is high. Plaut and
Hsieh [7] used a one-term approximation to numerically study the
critical load when the arch is subject to a two-frequency excita-
tion. Blair et al. [8] simplified the arch with a two-rigid-link
model and used harmonic balance method to study its dynamic
response when it is under harmonic excitation.

The second group focuses on smaller excitation and vibration
amplitude with emphasis on the nonlinear response such as super-
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harmonic, subharmonic, and internal resonances. Thompson [9]
studied the chaotic vibration of a circular high arch loaded by a
harmonic force at its crown, a problem initiated by Boloton in his
book [10]. Tien and Sri Namachchivaya [11,12] and Bi and Dai
[13] used a two-term approximation to study the internal reso-
nance of a shallow arch under lateral loading with both averaging
method and direct integration method. With the same two-term
approximation, Malhotra and Sri Namachchivaya [14,15] also in-
vestigated the possibility of chaotic response when the shallow
arch is under 1:1 and 1:2 resonances.

From the above literature review we notice that while some
theoretical investigations on the dynamic response of a periodi-
cally excited shallow arch exist, experimental investigation is
relatively rare. Generally speaking, theoretical investigations tend
to oversimplify the reality. For instance, it is not an easy matter to
realize a pulsating load with constant amplitude in the laboratory
because the structure will change the characteristics of the loading
mechanism, especially when the vibration amplitude becomes
large. For the internal resonance phenomenon discussed in Refs.
[11-15], it can occur only when special relations among the natu-
ral frequencies of the arch happen to exist. In the real world, this
situation occurs only accidentally.

One of the values of experimental work is that it can sometimes
inspire new research ideas and help us establish more realistic
model for analysis. In this paper we set out to design an experi-
mental setup aiming to observe the nonlinear vibration of a shal-
low arch with an electro-mechanical shaker attached to one end.
Special attention is focused on the case when the excitation fre-
quency is close to the nth natural frequency (coupling resonance)
and two times of the nth natural frequency (parametric resonance).
Although the vibration phenomenon is nonlinear in nature the
vibration amplitude of the arch is limited to be small enough so
that no snap-through buckling will occur. The experimental obser-
vation is then compared to the numerical simulation based on the
theoretical model. In order to capture the physical essence of the
nonlinear vibration observed in the experiment and numerical
simulation, we also develop an analytical technique based on the
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Fig. 1 Schematic diagram of the experimental setup

multiple scale method to formulate the closed-form solution of the
steady state response of the arch. The theoretical and experimental
results agree reasonably well.

2 Experimental Setup

Figure 1 is a schematic diagram of the experimental setup. The
arch is made of copper strip with Young’s modulus 101 GPa and
mass density 8840 kg/m?>. The length L of the arch is 44 cm and
the cross section is 25 mm X 1.2 mm. Both ends of the curved
beam are attached to roller bearings to simulate pinned condition.
One end of the arch is attached to an electro-magnetic shaker via
a stinger. The magnetic force on the central core of the shaker is
controlled by the current flowing into the shaker. A power ampli-
fier connected to the shaker is responsible for pumping electric
current proportional to the harmonic voltage signal from a func-
tion generator. The current can be monitored by measuring the
voltage across a high-power low-ohm resistor. With this arrange-
ment, the magnetic force on the central core of the shaker can be
estimated accurately. Linear bearing is installed to reduce the fric-
tion when the end attachment slides on the guiding rods. The total
mass of the bearing installation at the end is measured as m,
=0.8 kg. The axial motion of the sliding end is monitored by a
photonic probe (MTI 2000). The lateral speeds at various loca-
tions of the arch are measured by a two-channel LDV system. The
speed signals from the LDV system can be integrated to obtain the
displacement history.

Although the arch is designed to match a half-sinusoidal curve
as closely as possible, some minor deviation can still be detected.
This deviation is the geometrical imperfection. It will be shown
that these minor imperfections are of paramount importance when
the excitation frequency of the shaker is close to one of the natural
frequencies of the arch. We assume that the initial shape of the
arch y,, measured from the base line passing through the two
ends, can be expanded in a Fourier series

- nwx
Yo= hn sin T (1)
n=1
To determine the coefficients of various Fourier components in
Eq. (1), we measure the deviation of the arch to the designed
half-sinusoidal curve at 40 equidistant locations. By employing a
least-squares method we can estimate the first eight harmonic
components /;—hg, as listed in Table 1. The second row of Table
1 lists the physical height 4,,. The third row lists the dimensionless
height h:;, whose definition can be found in Eq. (5) later. It is
noted that the initial shape of the specimen is indeed very close to
the half-sinusoidal shape with &; being the dominant coefficient.
Most of the coefficients corresponding to the imperfection (4,
with n=2) are on the order of less than 1% of h;, except h; which
amounts to 6.4% of h.
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Table 1 Coefficients of Fourier expansion of the initial shape.
The second row lists the physical height h,,. The third row lists
the dimensionless height h,.

n 1 2 3 4 5 6 7 8
h, (mm) 16.10 019 -1.03 0.14 006 —0.01 -0.005 0.003
h 465 055 —298 041 018 _004 -0.014 0.01

As a first approximation, the central core and suspension of the
shaker is modeled as a one degree-of-freedom mass-spring oscil-
lator. The natural frequency of this central core-suspension system
is measured at 114.88 Hz. The spring constant of the suspension
is estimated as k=22253 N/m by measuring the displacements
(with power off) of the central core when different forces
(weights) are applied. The effective mass of the oscillator is then
calculated as m;=0.043 kg. We are not interested in the damping
of the shaker at this stage because we are more interested in the
damping of the whole system when the shaker is attached to the
movable end of the arch. When the central core is connected to the
movable end of the arch in series, the total mass m=0.843 kg will
be the combination of m, and m. The theoretical model of our
experimental setup is shown in Fig. 2. It is noted that while we
can control the force on the end mass m by controlling the electric
current flowing into the shaker, we cannot control the motion e of
the end mass. Therefore, the experimental setup is under load
control.

3 Equations of Motion

Consider the theoretical model shown in Fig. 2. The two pinned
ends of the elastic shallow arch are originally separated by a dis-
tance L. The arch is free of lateral loading. At one end, the arch is
connected to a sliding mass m, which is restrained by a spring k.
The mass is subjected to a harmonic excitation force 2f cos yt,
where 2f and vy are the amplitude and the frequency of the force.
The initial and deformed shapes of the arch are y, and y, both
measured from the same baseline. The equation of motion of the
arch can be written as

pAy,tl == El(y - yO),xxxx + py,xx (2)
The parameters E, p, A, and I are Young’s modulus, mass density,
area, and area moment of inertia of the cross section of the arch. p
is the axial force in the deformed arch. The force balance of the
attached end mass gives an additional equation

mé=—p—ke+2f cos yt (3)

The relation between the end motion e and the shape change of
the arch can be established from the elastic extensibility of the
arch

1 L
p=ttiers f 020 O )

After replacing the axial force p in Egs. (2) and (3) with Eq. (4),
we can obtain the two equations of motion governing the de-
formed shape y and end motion e of the arch. It is noted that

k

ST AA A AANAA L x
= VVVVVNNV T

—2f cosyt

[0)

Fig. 2 Theoretical model of the arch-shaker assembly
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Mettle formulated similar equations for a straight beam with end
mass and under prescribed oscillating axial load in 1962 [16].

Equations (2)—(4) can be nondimensionalized by introducing
the following dimensionless parameters (with asterisks)

R | . mx , mt |EI
v yeh) = ;(y,y(»h) x=7 r=73 A
w ok L ;AP * L? . Le
(v,0)= 2 EI(%(U) (p 9fk)— ﬁZEI(p,f) e = N
. Im*m . Lk Y \/;
" =A% EA M T 20ar VE )

The parameters p and w are the damping and natural frequency of
the arch-shaker system, which will be discussed later. r is the
radius of gyration of the cross section of the arch. After substitut-
ing the above relations into Egs. (2)—(4), and dropping all the
superposed asterisks thereafter for simplicity, we obtain the two
dimensionless equations of motion

1 T
y,tt == (y - yO),xxxx + (6 + 2_J [(y,x)z - (yO,x)2]>y,xx (6)
™o

mé’:—Lf [(y )%= (o) ldx— (1 +k)e +2f cos yt - (7)
27 ), ’ ’

The boundary conditions for y at x=0 and 7 are

y(O) - yO(O) = y,xx(o) - yO,xx(O) = )’(77) - yO(Tr) = y,xx(’n') - yO,xx(’n')

=0 (8)

The dimensionless version of Eq. (1), the initial shape, can be
written as

Yo= E h,, sin nx )

n=1
It is assumed that the shape of the loaded arch can be expanded as

©

V(1) =yo+ 2 a,(t)sin nx
n=1
After substituting Egs. (9) and (10) into Egs. (6) and (7), multi-
plying Eq. (6) by sin nx and integrating from x=0 to 7 (Galerkin’s
procedure), we obtain the equations governing «,, and e

(10)

L
d, =—n*a, —n*(h,+ a,)| e+ ZE jz(ajz- +2h;a;)
j=1

n=1,2,3,... (11)

] o]
mé=—e(1+k)+2f cos yt — sz(ajz- +2ha)  (12)
j=1

4 Natural Frequencies of the Assembly

The linearized version of Egs. (11) and (12), without excitation,
are

1 =<}
d,=-na, —nz(hne + 52 jzhnhjaj> n=123,... (13)
j=1

Journal of Applied Mechanics

Downloaded 16 Oct 2008 to 140.112.113.225. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

Table 2 The first eight natural frequencies of the assembly.
The second row (dimensionless) and the third row (dimen-
sional) are calculated from Eqs. (13) and (14). The fourth row is
measured from experiment.

i 1 2 3 4 5 6 7 8

o 1744 3999 8578 1595 2496 3599 4899 6402
w; (Hz) 16.56 37.99 8149 151.56 237.13 341.94 465.46 608.20
w (Hz) 17 38 78 138 214 319 461 616

mé=—6(1+k)—%2j2hjaj (14)
j=1

From these two equations we can calculate the first eight natural
frequencies w;—wyg of the assembly, both dimensionless (w;, sec-
ond row) and dimensional (w;, third row), as listed in Table 2. It is
noted that the dimensionless natural frequency w:f for i=2 is very
close to i%, the ith natural frequency of the perfectly sinusoidal
arch. The small deviation of the calculated natural frequencies
from i is caused by the geometrical imperfections.

One way to check whether the theoretical model for connection
between the shaker and the arch is correct is to compare the above
calculated natural frequencies of the arch-shaker assembly with
those observed experimentally. Figure 3 shows the measured
power spectrum of the arch itself without shaker (upper graph)
and the arch-shaker assembly (lower graph). It is noted that the
effect of the shaker attachment is to raise the first natural fre-
quency from 10 to 17 Hz. The measured natural frequencies of
the arch-shaker assembly are also recorded on the fourth row of
Table 2. From the comparison of the third row and the fourth row
of Table 2, we are confident that the mechanical model described
in Fig. 2 and the estimated physical parameters for the shaker are
not far from the truth.

5 Estimate of Damping

To simulate the motion of the assembly numerically, we still
have to estimate the damping of the arch-shaker assembly. The
dissipating mechanism of the system comes from the friction in
the moving parts and the material damping in the arch. In order to
accommodate the damping effect in the numerical simulation, we
modify Eq. (11) by adding a damping parameter 2u

W
&, == 2ud, —n*a, — n*(h, + a,,)(e + ZE jz(af + 2hjaj))

=1

n=1,273,...

In order to estimate the damping parameter of the arch-shaker
assembly, we displace by hand the movable end of the arch a
distance e=—108 (—0.29 mm) with the shaker attached, and then
release it. The measured displacement history y—y, at the middle
point of the arch is recorded as solid line in Fig. 4. For convenient
reference, we present the measured results with both dimension-
less parameters (left and bottom sides) and the physical ones
(right and top sides). The same labeling style is adopted in all the
figures involving experimental measurement. Since the oscillation
frequency (17 Hz) corresponds to the first natural frequency of the
arch-shaker assembly, we may assume that the first mode is domi-
nant in the dynamic response in Fig. 4. The damping factor may
be estimated from the decaying rate of the two peaks as signified
by black dots. The heights of the two peaks are measured at y,
=2.77 (0.96 mm) and y,=1.90 (0.66 mm). The ratio of the damp-
ing of the system u to a critical damping w,. is [17]
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Mo In(y,/y,) (16)

pe {Q@m) +[In(yy/y) P}
The damping ratio in Eq. (16) is calculated as 0.06. The critical
damping u. is estimated numerically by adjusting the damping
parameter u in Eq. (15) (using only one-mode approximation)
until the response «; ceases to oscillate following an impulsive
excitation. In this way the dimensionless critical damping u, is
estimated as 3.0. As a consequence the damping of the assembly
is calculated as w=0.18. The numerical result obtained by inte-
grating Egs. (12) and (15) based on this estimated damping is
plotted in Fig. 4 as dashed line. Although this estimate may appear
somewhat engineering-oriented, it is believed that the damping
factor in our experimental setup is about this order.

6 Coupling Resonance

In the case when the arch is subjected to a lateral force with the
excitation frequency close to a natural frequency of the arch, pri-
mary resonance will occur. Although in this section we also adjust
the excitation frequency close to one of the natural frequencies w,
(n=2) of the arch-shaker assembly, the arch is excited in the axial
direction. In this situation, the nth mode of the assembly will not
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Fig. 4 Solid line is the measured lateral displacement history
at the middle point of the arch after an initial displacement at
the end of the arch-shaker assembly. Dashed line is the calcu-
lated response based on the estimated damping.
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be excited directly by the excitation force. Instead, the nth mode
will be excited indirectly by the axial mode after the axial mode is
excited directly by the excitation force. It will be shown that the
geometrical imperfection serves as the coupling factor between
the lateral vibration and the axial excitation. Therefore, we choose
to use the term “coupling resonance” here instead of “primary
resonance.” More physical insight regarding this matter can be
found in the next section. In Fig. 5 we record the measured steady
state amplitudes of the arch at 17 evenly spaced locations with
closed dots “»” when the excitation frequency 7 is close to the
four natural frequencies (w,—ws) of the arch, i.e., (@) 38 Hz, (b)
78 Hz, (c) 138 Hz, and (d) 216 Hz. The amplitude of excitation
forces 2f in these four experiments are (a) 2.00 N, (b) 4.04 N, (c)
8.56 N, and (d) 10.68 N. The solid lines represent the numerical
predictions from the complete theoretical model (a;—ag) includ-
ing the small imperfections. The dashed lines are the simplified
model neglecting all the imperfections £, with n>1.

Several comments can be made regarding Fig. 5. (1) By com-
paring the closed dots and the solid lines, we observe that the
measured amplitudes agree fairly well with the complete-model
prediction in all four cases. The worst agreement is observed in
Fig. 5(d). (2) The amplitude profile is symmetric with respect to
the midpoint when v is close to the natural frequency of a sym-
metric mode, such as w3 and ws. On the other hand, the amplitude
profile is asymmetric when v is close to the natural frequency of
an asymmetric mode, such as w, and w,. (3) In all four cases the
steady state vibrations contain two dominant components, i.e., a;
and a,,. (4) If the small imperfections 4, with n>1 are neglected
in the numerical simulation, all the corresponding components ¢,
will be suppressed to zero. This simplified model gives erroneous
prediction as can be seen from the comparison of solid and dashed
lines. The above observations indicate that in the case when the
excitation frequency is close to the nth natural frequency, the cor-
responding small geometrical imperfection 4, should not be
ignored.

7 Multiple Scale Analysis for Coupling Resonance

To predict analytically the amplitude of vibration when the ex-
citation frequency is close to w,,, we retain only the coordinates «;
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Fig. 5 Steady state amplitude profiles when the assembly is excited at (a) w;,
=38 Hz, (b) w,=78 Hz, (¢) w3;=138 Hz, and (d) w;=216 Hz. Closed dots represent ex-
perimental measurements. Solid and dashed lines are the theoretical predictions in-
cluding and excluding geometrical imperfections, respectively.

and «, and neglect all other components in Egs. (12) and (15).
The three nontrivial equations of motion can be rewritten in the
following form

hi 1 30, 1 5
a + 1+; a/1=—2,ud1—Enzhlhnan—hle—Zhlal—znzhlan

1 1

- Enzhnalan—ale—Za?—znzalai (17)

h? 1 1
@, + n4<l + —")an =—-2ud, — —n*hih,a, - n*h,e - —nzh,,ae%
2 2 4

1

1
- Zn“h,,ai - Enzhlala,, —nla,e— ana%a,,
1
- Zn“a; (18)

. i 1 i i .
mé+ (1 +ke=—sha; — 3n°h,a, - Za% - anai +2f cos yr

(19)
The numerical simulation based on Egs. (17)—(19) is confirmed to
agree well with the complete equations (12) and (15) when exci-
tation frequency vy is close to w,. In the following we will use
multiple scale method to study analytically the steady state ampli-
tude and phase of ¢, based on the simplified three-mode equa-

tions.
We first rescale Eqgs. (17)—(19) by defining

(hn(n>2)’ M,f, ap, arz(r122)’e) = S(hn(n22)w&’f’ &l’ &n(n>2)’ é)

(20)
¢ is an artificial scale used to define the order of magnitude of
various parameters. Equation (20) assumes that the three variables
oy, a,, and e are of the same order of magnitude. After substitut-

ing relation (20) into Egs. (17)—(19), the equations can be rewrit-
ten in the following form

Journal of Applied Mechanics

A 12AA3A212A2AA
=—¢|2pa, + En hih,&, + —h &) + Zn hia, + aé

4
1 A 1 1
- sz(inzh"alan + Za? + é—‘nZozla,zZ (21)
2 N aa ~ Pl A A -
Q, +ntd, =— 8(2,LLC¥n + Enzhlhna, +n?h,é + Enzhlalan + nza,,e)
L4724 1 27 22 3 47 A2 1 224
- 82<5n4h3a,, + anh,,a% + Zn4/1,,an + ana%an
1 4A3)
+n'd, (22)

3 A1, A L 27 & 12,1 24 P
mé + (1 +k)é +3hd, =- a(inzh,,a,, + Za% + anaz) + 2f cos yr

(23)
We now assume the following expansions for &, &,, and é,
&) = a,)(To, Ty) + ey (1o, T) (24)
G, = a,0(To, Ty) + e, (To,T)) (25)
é=ey(Ty,Ty) +eey(Ty, Ty) (26)

where T,,=¢"t. Substituting Egs. (24)—(26) into Egs. (21)-(23) and
equating coefficients of like powers of & yields £°

2 h%
Dyojo+ | 1+ 5 ay+hey=0 (27)
mD%e() +(1+k)ey+ %hlam =fei770 +fe"i770 (28)
DganO + n4an() =0 (29)
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h2
2 1
D()a“"' (1 +?>all+h1€l

==2DyD; o= 2aDya

R 1

- E”Zhlhnano - Zhla%o - anhlaﬁo —apey  (30)

mD%el +(1+k)e, + %h]a” =-2mDyD e, — %nzﬁnano - ia%o
1
- ntal, (31)
2 N I A
Dy, + n'a,; ==2D,D;a,— 2 aDya, — Enzhlhna’lo

. A

- Enzhl A10%p0 — nzhneO - nzanOeO (32)

where D, =d/dT,. It is noted that Egs. (27) and (28) are coupled
equations of a;q and e(, while Eq. (29) is an independent homo-
geneous equation of a,. The general solutions of Egs. (27)—(29)
can be written as

Qo= Al(Tl)ei”ITO + Bl(Tl)eiﬂzTO + Alei‘yTo +CcC (33)
eo=A(T)ueT0 4 B (T))ure' ™10+ Aye”o 4 cc (34)
a0 =A,(T)e™ o+ cc (35)

where cc stands for the complex conjugates of the preceding
terms. The parameters 7, and 7, are the two eigenvalues of Eqs.
(27) and (28) (excluding the forcing term), with (1,u;) and (1,u,)
being the corresponding eigenvectors. These parameters are cal-
culated as

<x1r1—\'xp2+\1f§>”2 (\1/,+\r’\1f2+«1f§)”2
—3 i e N — i e
K 4m & 4m

(36)
Wy — W, + W2 Wy W, + W2
dhom T anm
The constants W, V,, and W5 are defined as
W, =2+2k+2m+hm, W,=—8m(2+2k+hk),

‘= (37)

Wy=2+2k-2m-him
The amplitudes A, and A, of the particular solutions are

—hy 4 2+ 29,
=—f, Ay=—i—" 38

where

hi hi

fI>(7)=(1+—1— «/2)(1+k—mf)——‘

2 2

After substituting Egs. (33)—(35) into Egs. (30) and (31), fol-

lowing a solvability analysis we can conclude that A;—0 and

B;—0 as T} — o [18]. Therefore, the terms containing A; and B,

in Egs. (33) and (34) can be dropped. We now substitute Egs.

(33)—(35) into Eq. (32) and conclude that the secular term of Eq.
(32) can be eliminated if

(39)

2iD,A,e™ 0+ 2ifiA,e™ 70+ Ly, Ay eYT0 4 hyAge 0 =0
(40)

We assume that the excitation frequency 1 is close to w,=n>, and
can be expressed as

(41)

where Ay is a small deviation from w,=n?, and is assumed to be
of the order . o is a detuning parameter. After using the above
relation, Eq. (40) can be rearranged into the form

y=n*+Ay=n’+¢o
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2iD A, + 2ifiA, + (S Ay +hA)ETI=0 (42)
To solve A,, from Eq. (42), we express the complex variable A,, as
A, =3a,e (43)

where a, and 6, are real variables. Substituting Eq. (43) into Eq.
(42) and equating the real part and imaginary part of Eq. (42) to
zero, we obtain

a, + pa,=— (%h,fzn/\, + fznAz)sin B, (44)

(45)

where 8,=0T;—0,. The superposed prime denotes the differentia-
tion with respect to 7. By assuming the existence of the steady
state solution, we can let a,=0 and $]=0. As a consequence, the
amplitude and phase of the steady state solution A,, can be solved
from the following two algebraic equations

0a,= (%h,fzn/\, + fznAz)cos B,

fa, = (%hlﬁnA1 + ﬁnAz)sin B, (46)

oa, = (%hlﬁnAl + fznAz)cos B, (47)

From Egs. (46) and (47) we obtain the amplitude a,, and phase 3,
as

a,= hn(ly_ 72) - (48)
PYAP+ 0P
B, = tan‘]<—_ ﬁ) (49)
o

The final expressions of the steady state response can then be
expressed in the following forms

a; = %fcos vt (50)
_ hn(l - 72) _
a, = (D(y)v,mfcos(w By (51)
2+ -2y
e_—d)(y) -f cos yr (52)

Therefore, to the order of our analysis, the amplitude of the mode
a, is proportional to the imperfection #,. For a perfect sinusoidal
arch with 4,=0, the mode «, will never be excited even though
the excitation frequency vy is equal to the natural frequency
w,=n’.

The closed-form solutions for the amplitude and phase of «,
predicted by multiple scale analysis can be verified by numeri-
cally integrating the complete equations of motion Egs. (12) and
(15). The solid lines in Fig. 6 show the variation of (a) amplitude
and (b) phase of ay as functions of frequency deviation parameter
Ay predicted from the multiple scale analysis. The closed dots
represent the amplitude and phase predicted from numerically in-
tegrating Eqs. (12) and (15). All the parameters (h;, hy, and f)
used in the calculation correspond to the experiment described in
Fig. 5(c). The analytical predictions via multiple scale analysis
agree with the numerical integration quite well.

The above analysis also reveals the nature of the coupling reso-
nance. In the last section we suggest that the resulted vibration
should not be called “primary resonance” even though the excita-
tion frequency of the axial force is close to the nth natural fre-
quency of the arch. Our analysis in this section shows that the
axial force excites the modes «; and e in a “nonresonant” manner
(see Egs. (33) and (34)). These two modes then excite the
a,-mode internally. However, it does not seem right to call it
internal resonance because internal resonance is usually referred
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Fig. 6 (a) Amplitude and (b) phase of a, as functions of the
frequency deviation Ay. The solid lines are from multiple scale
analysis. The closed dots are from numerically integrating the
complete equations of motion.

to the situation when the natural frequencies involved possess
certain relations [11-13]. The key for the resonance discussed in
this section to occur is the geometrical imperfection h,, which
couples the lateral vibration with the axial excitation. Therefore,
we choose the term “coupling resonance.” The indirectly excited
mode «, is found to be of the same order of magnitude of the
directly excited modes «; and e.

8 Parametric Resonance

In this section we direct our attention to the case when the
excitation frequency is close to 2w, (76 Hz). The amplitude of the
excitation force 2f in this experiment is fixed at 40.06 N. We
record the steady state time history at two locations symmetric
with respect to and 11 cm (a quarter of the total length) away
from the midpoint simultaneously and subtract one from the other.
By this procedure all the signals from the symmetric modes (a;
and aj particularly) will be canceled out. Therefore, the resulted
signal contains mainly the a,-mode, whose amplitude is recorded
in Fig. 7. We first sweep the excitation frequency from a little
higher than 76 Hz to a little lower than 76 Hz. The amplitude of
the resulted signal is denoted by the symbol “X.” It is observed
that in this “sweeping-down” process, the amplitude of «,
changes from very small to a noticeable amount when the excita-
tion frequency is at 78 Hz, slightly above 2w,. It is noted that
78 Hz happens to be the natural frequency w; of the arch. There-
fore, the overall vibration amplitude is large, as have been dem-
onstrated in Fig. 5(b). However, the net signal after subtraction is
still relatively small. The amplitude of a, continues to increase
when the excitation frequency decreases. In another experiment
we sweep the excitation frequency from 73 Hz upward. The mea-
sured amplitude is recorded by the symbol “s.”” In the lower end of
this “sweeping-up” process the measured amplitude is very small
(about 0.1 mm) until the excitation frequency reaches 74.2 Hz, at
which the measured amplitude experiences an obvious jump to
2.77 mm. After the jump, the measured amplitude decreases
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72.2 74.1 76.0 71.9 79.8
12 ‘ : 416
33 2.77
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Q
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4 : : -1.39
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Fig. 7 Steady state amplitude of component a,. “°” represents
the measurement during the sweeping-down process. “x” rep-
resents the measurement during the sweeping-up process.
Solid (stable) and dashed (unstable) lines are multiple scale
predictions.

gradually as the excitation frequency continues to sweep up, fol-
lowing more or less the locus recorded during the previous
“sweeping-down” experiment. Obviously at frequency below
74.2 Hz, there exist two steady state solutions simultaneously.
To investigate these two steady state responses further, we mea-
sured the overall amplitude profiles at frequency 73.4 Hz, the
points A and B in Fig. 7. We can easily switch the arch vibration
between states A and B by disturbing the arch with hands. Figure
8 shows the amplitude profiles of these two steady states. Symbols
“X” are for state A, while symbols “*” are for state B. In Fig. 9 we
record the time history of these two responses at location x
=11 cm. We found that in state A the dominant frequency is
36.7 Hz, while in response B the dominant frequency appears to

cam
0 11 22 33 44
10.0 ; 35
X% x X
X X X X
7.5 « x 126
= x X
T
250 x X ‘1.75
=
g
2.5 X X 10.9
.....I..*...I....
0.0 0.5m 200

X

Fig. 8 Amplitude profiles corresponding to the two steady
states A and B in Fig. 7

secC
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$’ 0 N T R I T ST T T0.0 =]
B
°l v \/ \/ UAH
-10 ! ’ -3.5
0 2 ¢ 4

Fig. 9 Time history of the two states A and B in Fig. 7 mea-
sured at location 11 cm from the midpoint
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Fig. 10 Time history of the end motion of the two states A and
B in Fig. 7

be two times of the state A. By inspecting Figs. 8 and 9 we can
determine that the dominant component in the amplitude profile
corresponding to state A is apparently sin 2x. We can also identify
the minor components in the response A as sinx and sin 3x. To
determine that the response contains the components sinx and
sin 3x, we record the time history at two points symmetrical with
respect to the midpoint simultaneously and add them up (instead
of subtracting one from another as described in Fig. 7). This add-
ing process will eliminate the dominant component sin2x. By
repeating this process for eight pairs of locations we obtain an
amplitude profile that contains mostly the sin x and sin 3x modes.
For the amplitude profile corresponding to state B the dominant
component is sin 3x. The reason why the mode sin 3x is present in
both responses A and B is because the excitation frequency 2w,
happens to be close to ws.

It is noted that the vibration amplitude of steady state A is
almost ten times larger than that of state B, as seen from Fig. 9.
We also record the time history of the end motion for these two
states in Fig. 10. It is noted that for state A with large lateral
vibration the end motion is no longer harmonic. On the other
hand, the end motion of state B is still quite close to harmonic.

9 Multiple Scale Analysis for Parametric Resonance

As discussed in Sec. 8, the reason why the mode sin3x is
present in the measured response is because the excitation fre-
quency 2w, happens to be close to ws. If we exclude this compli-
cating factor, we may conclude that a; and a, will be two domi-
nant components when the excitation frequency 7 is close to 2w,.
Further numerical calculation shows that in this case the geometri-
cal imperfection has only minimal effect on the final steady state
response. To analytically predict the steady state solutions and
gain more physical insight into the jump phenomenon observed in
the experiment, we employ again the multiple scale analysis on
this case.

As in Sec. 7 we start with the three-mode equations (17)—(19),
except that the imperfection 4, is set to be zero for simplicity. The
numerical simulation based on the three-mode equations with £,
=0 is found to agree quite well with the complete Egs. (12) and
(15) when excitation frequency 7 is close to 2w,. In this case we
rescale the parameters in a somewhat different manner

(53)

a,=¢eaq,

(1.fra,€) = %(finf, &, ) (54)

In other words, we assume that «, is one order of magnitude
larger than those parameters listed in Eq. (54). This assumption is
based mainly on the experimental observation. After substituting
Eqgs. (53) and (54) into Egs. (17)—(19) the equations can be rewrit-
ten in the following form
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N h% ~ N 12 A2 2 A .. 3 A2
o+ 1+—|ay+hé=——-n"ha,—e| 200+ a6+ —h a;
2 4 4
(55)
&, +n*a,=- 82(2,1(*1,, +3n%h @ &, + n2@,é + in“&i) (56)

mé+(1+k)é + %hlétl =2fcos yt - inz A2 — aZ(id%) (57)

We now assume the following expansions for &, &,, and é

a&) = ayo(To, Ty) + 2y (Tp, T») (58)
an = anO(TO’ T2) + SzanZ(TO’ TZ) (59)
¢ =ey(Tp,T,) + &%5(T. T>) (60)

Following a similar procedure as described in Sec. 7, and equating
coefficients of like powers of ¢ yields &'

Dgan() + n4an0 =0 (61)
&2
% -
D(2)CY10+<1 +E>am+hleo=—zh|a§0 (62)
2 1 2 ivTy 4 Po—inT, n’ 2
mDgey+ (1 +k)ey+ Ehlamzfe’y 0+ fe Yo~ Zano (63)
&3

2
n
2 4 — G 2 —
Doy + 1 ayy == 2DgDyarg = 2 Do — 0 ay0e0 = B hyayoay

4
no3

- Z%O (64)

The general solution of the homogeneous equation (61) can be
written as

o= An(Ty)e™ o+ cc (65)
After substituting Eq. (65) into Egs. (62) and (63) we can solve
for ayg and ¢ as
g =AleimTU + BleiﬂzT(J + Allei‘}/T‘) + A12€2in2To + A13 + CC
(66)

. . . .2
en= M]Ale”hTO + uzBle”]zTO + Az]@”’TO + Azzezm To + A23 + CC
(67)

The parameters 7;, 7, u;, and u, have been defined in Egs. (36)
and (37). A;; are defined as

_ _@+n-2Pf
T agy) T 2a(y)

_ n*hy(k — 4mn*) N B n2(1 - 4n*) 2
2= 4020 T BT 420 "
Rk, i
13— 4@(0) nAn’ 23— 4@(0) nAn

where the function ®(-) has been defined in Eq. (39). We assume
that the excitation frequency is close to 2w, i.e.
(68)

Substituting Egs. (65)—(68) into Eq. (64), the solvability condition
for «,, can be obtained as

y=2n*+Ay=2n+&%0

AL+ C A, +iCA,e "2 +iCAA,=0

where the coefficients C; are

(69)
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_r-,

Ci=a, C= ,
1= M 2 2<I>(7)f
c _n_z(h%(k—4mn4)+2(1—4n4) 2kh% + 4 )
’7 16 d(2n2) ®(0)

The superposed prime in Eq. (69) represents derivative with re-
spect to T,. To solve the homogeneous equation (69) we express
A, in the same form as in Eq. (43). After substituting Eq. (43) into
Eq. (69) we obtain the two equations for the amplitude a, and 6,

a,+ Cya,— Csa, sin 3,=0 (70)

a,(46, +4C, cos B, + C3a2) =0 (71)

where ,=0T,—-26,. The amplitude and phase of the steady state
solutions can then be solved from

an(Cl - CZ sin Bn) =0 (72)

a,(20 +4C, cos B, + C3a2) =0 (73)

Two types of solutions can be found from Egs. (72) and (73). The
first is the trivial solution a,=0. In this case the mode «, will not
be excited. The second solution is nontrivial, where

c
B, =sin"! (#) (74)
2
—2oxa\Ci-C2\"
a,= <%) (75)
3

To determine the stability of the above trivial and nontrivial
steady state solutions, we express A, in Eq. (69) as the superpo-

sition of the steady state solution A, and a small disturbance g,,

A=A+ A, (76)
After substituting Eq. (76) into Eq. (69) and linearizing the equa-
tion with respect to Kn, we obtain the linear equation for gn

AL+ C A, +iCoA ™ +iCy(2A, A, A, +A2A) =0 (77)

n
A, in Eq. (77) is the trivial and nontrivial solutions solved previ-

ously. After expressing A, in the form A, = (a,z+ia,)e 272, Eq.
(77) can be rewritten as two real equations

1 2 . 1 1 2
ag+ (C, +7Csa;, sin B,,)anR + (Cz - 50— 73C3a;(2 - cos ﬁ,,))a,,,

o (78)
[ )
Cy+ S0t ZC3a"(2 +cos B,) |ag+ay,

1
+ (cl - ZQaﬁ sin ,Bn)an, =0 (79)
a, and phase B, in Egs. (78) and (79) are the amplitude and phase
expressed in Egs. (74) and (75). By solving the eigenvalues of
Egs. (78) and (79) we can determine the stability of the steady
state solutions. The final expressions of the steady state response
of a,, are expressed in the following form
( Y- :Bn )
cos| ———t¢
2

car (22D )2 "
-28y=4 <2®(7)f -
(80)

n C3
After substituting the physical parameters corresponding to the
experiment shown in Fig. 7, we can plot the calculated amplitude
of the steady state solution a, as solid (stable) and dashed (un-
stable) lines. Two bifurcation points can be observed in Fig. 7.
Point C is a subcritical pitch-fork bifurcation point, while D is a
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supercritical pitch-fork bifurcation point. The two bifurcation fre-
quencies are 2n°+(Ay), and 2n%+(Avy)_, (recall that n=2 in this
case) where frequency deviations (Ay), and (Ay)_ can be calcu-

lated as
o[- P
(A7).= =2 [2<1>(y)f] a

In evaluating (Ay), from Eq. (81) we can replace y by 2n? for
simplicity. The resulting error in doing so is less than 0.5%. It is
noted that fairly good agreement in amplitudes between the ex-
perimental results and analytical prediction can be observed. Al-
though the bifurcation points are off somewhat, the multiple scale
analysis predicts the jump phenomenon quite well.

(81)

10 Conclusions

In this paper we study the nonlinear vibration of a shallow arch
with one end attached to an electro-mechanical shaker. The arch is
excited in the axial direction. In the experiment we can control the
excitation force on the end mass but not the end motion of the
arch. Attention is focused on two cases, i.e., the coupling reso-
nance and parametric resonance. In the case of coupling resonance
the excitation frequency is close to the natural frequency of the
nth mode. In the parametric resonance case, the excitation fre-
quency is two times the nth natural frequency. Experimental, nu-
merical, and analytical methods are used to look into the physical
insight of these complicated nonlinear oscillation phenomena.
Several conclusions can be summarized in the following.

(1) Geometrical imperfection is the key for the coupling reso-
nance to occur. For a perfect sinusoidal arch, the nth mode
will not be excited even when the excitation frequency is
close to its corresponding natural frequency. When geo-
metrical imperfection exists, which is almost inevitable in
the real world, the first mode and the axial mode will be
excited directly by the excitation in a “nonresonant” man-
ner, and then these modes in turn excite the nth mode in-
ternally.

(2) In the case of parametric resonance, two stable steady state
solutions can exist simultaneously when the excitation fre-
quency is slightly lower than two times the nth natural
frequency. As a consequence jump phenomenon is ob-
served when the excitation frequency sweeps upward. The
effect of geometrical imperfection on the steady state re-
sponse is minimal in this case. While only the stable steady
states can be realized in the experiment, the multiple scale
method can predict both the stable and unstable solutions.
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