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Abstract

A dencentralized consensus protocol refers to a pro-
cess for all nodes in a distributed system to collect the
information/status from every other node and reach
a consensus among them. Two classes of decentral-
ized consensus protocols have been studied before: the
one without an initiator and the one with an ini-
tiator. While the one withoul an initiator has been
well studied in the literalure, il is noted thal the prior
prolocols wilth an initiator mainly relied upon the one
without an initiator and thus did not fully exploit the
intrinsic properties of having an initiator. By exploit-
ing the concept of multi-layered execution, we develop
in this paper an efficient multi-layered decentralized
consensus protocol for a distributed system with an
initiator. By adapting itself to the number of nodes
in the system, the proposed protocol can determine a
proper layer for execution and reach the consensus in
the minimal numbers of message steps while incurring
a much smaller number of messages than required by
prior works. It is shown that the decenlralized con-
sensus protocols developed in this paper for the case
of having an initiator significantly outperform prior
schemes. Specifically, it is proved that (1) the ratio of
the average number of messages incurred by the pro-
posed algorithm to that by the prior method approaches
zero as the number of nodes increases, and (2) the pro-
posed algorithm is asymplotically optimal in the sense
that the message number required by the proposed al-
gorithm and that of the optimal one are asymptotically
of the same complexity with respect to the number of
nodes in the system, showing the very important ad-
vantage of the proposed algorithm.

Index Terms — Consensus protocol, distributed
systems, multi-port communication, performance
analysis.

1 Introduction

It has been an important issue on how to link to-
gether many powerful and autonomous computers to
build a distributed processing system for better avail-
ability and cost performance. In such a system, in-
stead of using a shared memory and a global clock, all
synchronization and communication between the pro-
cessing nodes can be done via message passing. One
important scheme in distributed computations is the
consensus protocol, which refers to a process for all
nodes in a distributed system to collect the informa-
tion/status from every other node and reach a consen-
sus among them [6][8].

Two classes of decentralized consensus protocols
have been studied before: the one without an ini-
tiator and the one with an initiator. In the former
(without an initiator), synchronization is assumed to
be achieved a priori, and all processing nodes concur-
rently participate in the consensus protocol when the
protocol is started. In the latter (with an initiator),
it is assumed that each node, except the initiator, will
not participate in the consensus protocol until it is
informed to do so by receiving a message from some
other node. While the one without an initiator has
been well studied in the literature [1] [5] [7], it is noted
that the prior protocols with an initiator mainly re-
lied upon the one without an initiator and thus did
not fully exploit the intrinsic properties of having an
initiator. As the practical importance of many re-
lated distributed applications increases nowadays, it
is essential to devise an efficient decentralized consen-
sus protocol with an initiator, which is consequently
taken as the objective of this paper.

The system considered is completely connected
with synchronous communication. In the proposed
algorithm, both 1-port communication, which means
that every node in the system can send out one mes-
sage at a time, and the general case, k-port communi-
cation, meaning that every node can send out k mes-
sages in one step, are considered. All nodes in the
system are assumed to have the same number of com-
munication ports, and every message sent takes one
communication step. This model is the same as those
in most related works [5]. To facilitate the presen-
tation, we use the identification (id) of each node to
denote the information that this node wants to send
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Figure 1. An example decentralized consensus
protocol with an initiator (1-port) [3].

to every other node via the consensus protocol. In
the end, consensus is reached at every node after each
node receives all the id’s from all other nodes.

The problems studied in this paper can be best un-
derstood by considering the case of reaching a consen-
sus among 5 nodes. A node having all the information
from other nodes is called an expert [5]. We use black
nodes to denote experts, and white nodes to denote
those that still have incomplete information. The in-
formation collected so far after each step is shown in
the bracket next to each node. An arrow pointing
from node IV; to node Nj represents NN; is sending
what it knows thus far to N;. The case of having an
initiator for 1-port communication is shown in Figure
1 [3] where, without loss of generality, node V; is the
initiator. It can be seen that the five nodes reach a
consensus after 6 steps, with a total of 9 messages.

Although decentralized consensus protocols with an
initiator were proposed in [2], those protocols mainly
relied upon the one without an initiator and thus did
not fully exploit the intrinsic properties of having an
initiator. To remedy this, we shall address the devel-
opment of efficient consensus protocols with an ini-
tiator in this paper. By exploiting the concept of
multi-layered execution, we devise in this paper an ef-
ficient decentralized consensus protocol, referred to as
algorithm ML (standing for Multi-Layered), for a dis-
tributed system with an initiator. By adapting itself
to the number of nodes in the system, algorithm ML is
able to determine a proper layer for execution and to
reach the consensus in the minimal numbers of mes-
sage steps while incurring a much smaller number of
messages than required by prior works. Several illus-
trative examples are given and performance analysis of
algorithm ML is conducted to provide many insights
into the problem studied. It is shown that algorithm
ML significantly outperforms prior schemes for the
case of having an initiator, and the performance im-
provement achieved by algorithm ML increases as the
number of nodes in the system grows. Specifically, for
a system of p nodes with k-port communication, the
ratio of the average number of messages incurred by
algorithm ML to that by the prior method is proved to

be of the complexity O(log71 p) which approaches zero
as the number of nodes p becomes large. Furthermore,
algorithm ML is proved to be asymptotically optimal
in the sense that the message number required by al-

gorithm ML and that required by the optimal one are
asymptotically of the same complexity with respect
to the number of nodes p in the system. It is worth
mentioning that though results of limited applicability
have been derived before [1] [5] [7], the issue of deriv-
ing the minimal number of messages required for a
decentralized consensus protocol with k-port commu-
nication to complete in the minimal number of steps
is still an open problem due to its inherent difficulty.
Algorithm ML devised in this paper goes beyond prior
schemes not only for its generality for k-port commu-
nication but also for its asymptotic optimality.

This paper is organized as follows. Preliminaries
including the system model and summaries of prior
related protocols are given in Section 2. The multi-
layered decentralized consensus protocol with an ini-
tiator, i.e., algorithm ML, is described in Section 3.
Performance analysis is conducted in Section 4. This
paper concludes with Section 5.

2 Preliminaries

2.1 System model

We use the identification (id) of each node to denote
the information that this node wants to send to every
other node. The information at each node means the
set of id’s that node collects thus far, and the content
of the message of a transmission is referred to as the
information of the sender at the time of transmission.
One message might contain many id’s. The system
model we consider is similar to the one in [2] [5] [3],
and is summarized as follows.

Model M

The system is completely connected with synchronous
communication.

Every message sent in the system takes one commu-
nication step.

k-port communication means that each node is capa-
ble of sending k messages out in one step. (There is
no restriction on the number of messages each node
can receive in one step.)

All nodes in the system are assumed to have the same
communication capability (i.e., same number of com-
munication ports).

A node is said to become an expert if that node has
received all id’s of the nodes in the system [5]. The
system is said to reach consensus if all nodes in the
system are experts. Note that we do not exclude ei-
ther the possibility of two-way transmission between
two nodes, or the capability of each node to partic-
ipate in both sending and receiving messages in one
communication step. Also, we do not assume that
nodes in the system will be faulty or maliciously send
wrong messages to others.

2.2 DCP without and with an initiator
(1-port)

A decentralized consensus protocol without an ini-
tiator for 1-port communication (G; was presented in
[3]. From [3], we have the following two propositions

for G;.



Proposition 1: For a system of p nodes with one-
port communication, algorithm G completes a de-
centralized consensus protocol in n steps by incurring
Ngi1(p) =np + p — 2™ messages, where n = [log, p].

Proposition 2: In a system of p nodes with one-
port communication, algorithm G, requires the min-
imal number of steps, [log, p|, to complete a decen-
tralized consensus protocol.

By utilizing the concept of G, a decentralized con-
sensus protocol with an initiator for 1-port communi-
cation, referred to as G2 in this paper, was proposed
in [3].A detailed description of G can be found in [3],
where the following proposition for the performance
of (5 is given.

Proposition 3: For a system of p nodes with 1-
port communication and n = [log, p|, G2 can reach
the consensus with an initiator in the minimal num-
ber of steps, i.e., 2n steps, while incurring Nga(p) =
2" — 1 4-max{2" % p—2""1} 4 r[log, ]+ r —2/los2 7]
messages, where r = p — 2771,

2.3 DCP without and with an initiator
(k-port)

In [2], the results for Gy, based on the partition-
ing tree and the generation of minimal complete sets,
were extended to the case of k-port communication,
i.e., each node is capable of sending k& messages at a
time. The extension to the k-port communication is
referred to as algorithm (3 in this paper. We have
the following two propositions for G3 [2].

Proposition 4: In a system of p nodes with k-port
communication, the minimal number of steps required
for all-to-all broadcasting is [log;_; p]|.

Proposition 5: For a system of p nodes with
k-port communication, the number of messages re-
quired by algorithm (3 for all-to-all broadcasting in

n=[log,  , p| steps is,
Neas(p, k) = (d—2)n1p+(d—1)[nep+p—(d—1)"+d"™?],

where 1y +n9 = n = [logy, 1p], and d is the small-
est positive integer such that p < (d — 1)"d"™ and
p> (d— 1)ym+igna—1,

A decentralized consensus protocol with an initia-
tor for k-port communication, referred to as G4, was
presented in [2].

From [2], we have the following proposition for the
performance of Gjy.

Proposition 6: For a system of p nodes with k-
port communication and n = [log;,_ , p|, G4 can reach
the consensus with an initiator in the minimal number
of steps, i.e., 2n steps, while incurring Nga(p, &) =
2(h+1)" *pr—24max{(h+1)" ' —(h+1)" 2 r}+
Ngs(r, h)messages, where h is the smallest number
such that [log,,;p] = n, r = p— (h+1)" ! and
Ngs(r, h) is determined by Proposition 5.

Level 0 m
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Figure 2. An example of procedure G* when p =
9, s=4and k =2.

3 Multi-Layered DCP

In light of the concept of multi-layered execution,
we shall develop an eflicient decentralized protocol
with an initiator, i.e., algorithm ML, in this section,
and show that algorithm ML can significantly outper-
form algorithm G4 by incurring a much smaller num-
ber of messages.

3.1 Description of Multi-Layered DCP

To facilitate our presentation of algorithm ML, we
first introduce procedure G* below, which is in essence
extended from algorithm (75 while exploiting the fea-
ture of having an initiator.

Procedure G*: A some-to-all broadcasting proto-
col /* Sending the id’s of nodes in a set of s nodes,
denoted by 9, to all nodes of a system of p nodes. */

1: Let r = [loglﬁ_l s] Build a tree from level 0 to

level r as in (G3[2] in such a way that each node
is an internal node and has degree k + 1.

2: Perform the consensus protocol based on the gen-
eration of minimal complete sets in the partition-
ing tree in such a way that from level 0 to level
r—1, (1) each minimal complete set contains at

least one node in S, and (2) only nodes in S can
receive messages.

Figure 2 is an example for a system of 9 nodes where
s =4 and k = 2. It can be seen that procedure G*
incurs 8 messages in the first step, and 8 messages in
the second step. In the first step, 3 minimal complete
sets are formed: one contains two nodes in S, and
each of the other two sets contains only one node in S.
Procedure G* completes in the second step by forming
9 minimal complete sets (i.e., every node is an expert).

Theorem 1: Procedure G* takes r - s - k messages.

Proof: It can be verified that Step 2 of procedure G* is
always feasible since s > (k+1)"~! and we can allocate
at least one node in S for each complete set at level
r — 1. In addition, from level 0 to level r — 1, only
nodes in S can receive messages, meaning that only

those nodes need to send messages in the subsequent
steps. This theorem follows. Q.E.D.

With the introduction of procedure GG*, algorithm
ML can be described below.



Algorithm ML: The multi-layered decentralized
consensus protocol with an initiator for k-port com-
munication. /* p is the total number of nodes in the

system and n = [10gk+1 p] */

1: In the first n — 1 execution steps, use k-port com-
munication to perform the broadcasting among

(k+ 1)”71 nodes.

2: In the last step of the broadcasting phase, form
a shuffling set of s nodes. Thus, we have s =

p—(k+1)" 1.

3: if p=(k+1)" then
goto Step 10

else
y = min(x),
x €N,
that < S0 k(k+1)"" > p,
r<n
r = min(z),
z € N,
that ¢ S0 k(k+ 1) a (k+ D)"Y 2,
<k
Z = the shuffling set, and
1= 1.
if s = 1then
let the set Z4 of a single node
be the shuffling set,
and goto Step 9.
endif

4: if (i =y) then goto Step 8 /* to determine the
seed experts in the last layer */.

5: Arbitrarily select a subset of k nodes from Z, and
denote this subset as Z4. /* Z4 contains k seed
experts included in this run */

All nodes in Z, including Z 4, send their own id
information to each node in Z4, and nodes in Z 4
also send their information to nodes in Z — Z 4.

6: Each node in Z4 starts to send the information
by a simple broadcast protocol with k-port com-
munication subject to the condition that nodes
outside set Z are to receive the information first.

T: Z =7 —Za. 1t =1+ l.goto Step 4.

8: Arbitrarily select a subset of  nodes from Z, and
denote this subset as Z4. /* Z4 contains r seed
experts included in the last run of seed expert se-
lection */

All nodes in Z, including Z 4, send their own in-
formation to Z4.

9: Each node in Z4 starts to send the information
by a simple broadcast protocol with k-port com-
munication subject to the condition that nodes
outside set Z are to receive the information first.

end /* end of the protocol */
10: if (k=1) then

Perform algorithm GGy on the shuffling set in the
next n — 1 execution steps.

In the last step, send information from the shuf-
fling set to the whole system.

else

Perform procedure G* in the whole system, where
those s nodes with the information to broadcast
form the shuffling set.

endif

end /* end of the protocol */

Algorithm ML forms as many experts as needed
from the shuffling set, and uses them to send the in-
formation of id’s back to other nodes. For ease of
description, we call those experts which are formed
by nodes in Z, “seed experts”, so as to distinguish
them from other experts. Note that a non-seed ex-
pert mainly becomes an expert by receiving a single
message of complete information from another expert.
Algorithm ML can form as many as k seed experts in
the first step after the broadcasting phase, and those
seed experts can only send information to as many
as k(k + 1)"1 — &k other nodes. If p is greater than
k(k 4+ 1)"1, one needs to form more seed experts in
the subsequent steps. Also, if algorithm ML forms
another k seed experts in the second step after the
broadcasting phase, then it can send information to as
many as k (k + 1)”71 +k(k+ 1)”72 — 2k other nodes.
This procedure repeats until the remaining p is smaller
than or equal to & (k + 1)”71 +&(k+ 1)”72. It can be
verified that &(y — 1) + r seed experts will be formed
in the entire protocol execution.

It is important to note that the parameter y =
min{z € N[> k(k+ 1)""" > p,x < n} of algo-
rithm ML corresponds to the number of message steps
required to generate seed experts (from Step 4 to Step
8), and is in fact the layer number of the execution.
Also, the parameter r is the number of seed experts se-
lected in the last run of seed expert selection (Step 8).
Also note that each node, after becoming an expert, is
expected to be involved in sending messages in other
nodes in the subsequent steps. That is the reason why
we require the condition that “nodes oulside sel Z are
to receive the information first” in Step 6 and Step 9
of algorithm ML.With its proof omitted, the following
theorem states the correctness of algorithm ML.

Theorem 2: For a system of p nodes with k-port
communication and n = [log,_; p|, algorithm ML is

able to complete the decentralized consensus protocol
with an initiator in the minimal number of message
steps.

Theorem 3: The number of the total messages
required by algorithm ML is :
p—1+nsk, when p=(k+1)",
2 —3+k(k+1)" 2%,
when p=(k+1)"" ' +1,

p— 14 max (s, k(k+1)""%)

—s+((y—Dk+7r)(s—1)+p

— 2k(y — 1) (ky — 2k +2r) — 7,
otherwise
where p, n, s, y, and r are as defined in algorithm

NML(p7k) =

Proof: If p = (k + 1)", algorithm ML takes p — 1
messages in the broadcasting phase. If k& # 1, algo-
rithm ML incurs n - k - § messages to perform proce-
dure G* for the whole system, otherwise, algorithm
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Figure 3. An example of 1-layer execution of al-
gorithm ML for a 12-node system with 2-port
communication.

ML performs G for the shuffling set, and sends infor-
mation to the other 27! nodes outside the shuffling
set. Hence, the total number of messages needed is
p—1+(m—1s+(k+1)""", when k = 1, and is
p — 1 +nsk, when k# 1, both leading to the first for-
mula of Nyrr(p, k).

If p # (k+1)", algorithm ML takes p — 1 +
max(s, k(k+1)" 2) — s messages to inform every node
to participate in the protocol and to form the shuf-
fling set. If s = 1, after the broadcasting phase,
it needs p — 1 messages sent from the shuflling set
to others to complete the protocol. If s #* 1,
the number of messages required in Step 5 of al-

gorithm ML is (320 2(s— i x k:)k:), that in Step 8

is ((s— (y—1)k)r) — r, and Step 6 and Step 9, as
a whole, incur p — (y — 1)k — r messages. Hence,
the total number of messages needed is p — 1 +

max(s,k (k+1)" %) —s+p—1, when s = 1, and is
p—1max(s, k(h-+1)"2)—s+ (D13 (s — i x k)k) +
(s—(y—1Dk)r+p—k(y—1) — 2r, otherwise, leading
to the last two formulas of Ny (p, k) above. Q.E.D.

3.2 Illustrative Examples

To illustrate the operations of algorithm ML, we
consider the system of 12 nodes with 2-port commu-
nication in Figure 3. In this case, p =12, k =2, n = 3,
y=1,r =2,and s = 3. Thus, the scenario in Figure 3
is a 1-layer execution of algorithm ML for 2-port com-
munication. In the broadcasting phase, algorithm ML
incurs 14 messages to inform every node to participate
in the protocol and to form the shuffling set. After the
broadcasting phase, algorithm ML sends back the in-
formation from each node of the shufflling set to all
the others. In Step 4, two seed experts are formed.
In Step 5 and Step 6, those two seed experts send
their information to other nodes by a broadcast pro-
tocol. In all, algorithm ML incurs a total number of
12—14+max(3,6) =3+ ((1—-1) x2+2) x (3—1)+

1
12 — 52(1 —1)(2—4+4) — 2 = 28 messages to com-

plete the protocol, agreeing with Nyz(12,2) = 28 as
determined by Theorem 3.
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Figure 4. An example of 2-layer execution of al-
gorithm ML for a 50-node system with 2-port
communication.

Consider a 50-node system with 2-port communi-
cation in Figure 4. In this case, n = 3 and s = 34. In
the broadcasting phase (from Step 1 to Step 3), algo-
rithm ML takes 49 messages to notify every node to
participate in the protocol, while forming a shuffling
set of 34 nodes. Also, we obtain y = 2, and r = 1.
In Step 4, we select 3 nodes to be seed experts while
incurring 31 X 343 x 2 = 99 messages. Those seed ex-
perts need to send their own information to any other
node in the shuffling set to ensure the completeness
in Z, which process involves 3 messages. Thus, algo-
rithm ML takes 102 messages in Step 4. In Step 5,
to make another seed expert from set Z, algorithm
ML incurs 30 messages. At the same time, the expert
nodes formed in the previous step send their infor-
mation to other 9 nodes, while incurring 9 messages.
In Step 5, algorithm ML thus incurs 39 messages. Fi-
nally, in Step 6, we employ the 13 expert nodes formed
earlier to send their information to other 37 nodes.
In this case, algorithm ML incurs a total number of
227 messages to complete the protocol, agreeing with
Theorem 3. Tt can be verified that Ng4(50,2) = 330,
which is significantly larger than the message number
required by algorithm ML (i.e., Np1(50,2) =227),
showing the advantage of algorithm ML.

4 Performance Analysis

In this section, some theoretical results of algorithm
ML are derived in Section 4.1. Performance of al-
gorithm ML and algorithm G4 will be comparatively
analyzed in Section 4.2. It is shown that algorithm
ML significantly outperforms algorithm G4 and the
performance improvement achieved by algorithm ML
increases as the number of nodes increases. Specifi-
cally, the ratio of Nasr(p, k) to Negu(p, k) is proved to

be of complexity O(log71 p) which approaches zero as
the number of nodes p becomes large.

4.1 Theoretical Insights into the DCP

To provide more insights into algorithm ML, con-
sider the two plots in Figure 5 where the relationship
between the number of layers y and the number of
nodes p is shown in Figure 5a, and the number of



messages that are needed in algorithm ML for 6-port
communication is shown in Figure 5b .

6-port communication 6-port communi cati on

2. 5000}
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Figure 5. Two plots for the analysis of algorithm
ML with 6-port communicatioin : (a) number
of layers v.s. number of nodes; (b) number of
messages v.s. number of nodes.

Recall that in algorithm ML, &(y — 1) + r is the
number of seed experts needed for protocol execution.
However, forming more experts will cause a gap in
the number of messages. Specifically, such gaps occur
whenever we need another seed expert in the protocol.
Explicitly, as illustrated in Figure 5b, such gaps occur
when p = Z?;ll k(k + 1) " 4+ r(k + 1)" ¥, where
y<n,r <k,and (y,r) # (1,1). Note that each seed
expert formed at the x-th step after the broadcasting
phase can send the complete information to as many
as (k+1)" " —1 nodes. Thus, as shown in Figure 5b,
the segment of the curve that begins near 50 nodes
corresponds to the case that the system needs two
seed experts, and this segment ends when p = 2x (6+
1)3~! = 98 nodes. Similarly, the next segment of the
curve corresponds to the case that three seed experts
are needed, and so on. It can be verified that the first
five segments of the curve in Figure 5b correspond to
the case of 1-layer execution (i.e., with 2 to 6 experts),
the next 6 segments correspond to the case of 2-layer
execution (i.e., with 7 to 12 experts), and the following
6 segments correspond to the case of 3-layer execution.

With the illustrative example in Figure 5b, by omit-
ting their straightforward proofs, the following prop-
erties of algorithm ML can be derived from Theorem

Corollary 3.1: The systems in the same segment
of the curve have the same parameters y and r.

Corollary 3.2: The slope of each segment of the
curve is (1) ((y — D k+7r)+ 2, for s > k(k+ 1)”72,
and (2) (y — 1) k+7r)+1, for s < k(k+1)" % . Also,
the effect of the singular function max occurs in the

first segment of the curve. Thus, each segment of the
curve except the first one is a straight line with a slope

equal to ((y — Dk +7)+2.

Corollary 3.3: A y-layer execution of the con-
sensus protocol involves k segments of the curves for
y > 1, and k — 1 segments for y = 1. Every segment

of y-layer execution covers (k +1)"" ¥ nodes.

Next, we derive some theoretical insights into the
decentralized consensus protocols studied. Define

M(s,p,k) as the minimal number of messages that
are needed for a subset of s nodes in a system of p
nodes for sending their id information in this s-node
subset to all other nodes with k-port communication
in the minimal number of steps. For example it is easy
to verify that M(2,4,1) = 4 as shown in the following

figure.
@

o O
We then have the following lemma for M (s, p, k).

Lemma 1: M(s+1,p,k) > M(s,p,k)—l—[
1.

From Lemma 1, a lower bound of M (s, p, k) follows.

P _
(k+1)"*1w

Lemma 2: M(s,p,k)>p—s+(s—1) [W—‘
Theorem 4: For a decentralized consensus proto-
col with an initiator in a system of p nodes with

k-port communication, when s > k(k—+ 1)”72, the
minimal number of messages required to complete
the protocol in the minimal number of steps, i.e., n

steps, is M(s,p,k) +p — 1, where n = [log]ﬁ_1 p] and
s=p—(k+1)"L

Proof: When s > k (k+1)" %, we need at least p— 1
messages in the broadcasting phase to notify every
node to participate in the protocol, and to form a shui-
fling set of s nodes. With k-port communication, we

can notify at most (k + 1)”71 nodes after step n — 1.

That is, at least s = p — (k+ 1)”71 nodes are noti-
fied in the last step of broadcasting phase. Since each
node of the shuffling set is notified in the last step of
the broadcasting phase, it cannot send its own id in-
formation to other nodes in the broadcasting phase,
meaning that it is necessary to send back the infor-
mation from the s nodes to all the p nodes.

Because M(s+1,p,k) > M(s,p, k), we know that
the smaller the shuffling set is, the smaller number
of messages we need in sending the information back.
From this phenomenon and the fact that p — 1 mes-

sages are needed in the broadcasting phase, this the-
orem follows. Q.E.D.

4.2 Performance of Algorithm ML

In this section, we shall prove that algorithm ML
will significantly outperform prior schemes for the case
of having an initiator, and the performance improve-
ment achieved by algorithm ML increases as the num-
ber of nodes increases. Comparison results between
algorithm ML and G» are given first and general per-
formance comparison between algorithm ML and G4 is
then conducted. As mentioned before, the ratio of the
average number of messages incurred by algorithm ML
to that by algorithm G4 is proved to be of complex-
ity O(log71 p) which approaches zero as the number
of nodes p becomes large, and algorithm ML is in fact
asymptotically optimal in the sense that Nz (p, k)
and its corresponding theoretical minimum are asymp-
totically of the same complexity with respect to the
number of nodes in the system.



2-Port Communication

y=41=2

*y=ar=1

450 . Algorithm G4 N
* Algorithm ML o #Y=ar=2

G4 -’;:3‘ r=1

250| . y=2,1=2

Number of Messages
@
8
g

200) - o
. et ML

150) s

100 » w;«"‘“*:/:l‘rzz

20 30 40 50 60 70 80 90
Number of Nodes

Figure 6. The number of messages incurred by
algorithm ML and algorithm G4 for 2-port com-
munication when the number of nodes varies.

It can also be shown that algorithm ML in general
outperforms algorithm G4 by incurring fewer messages
in the protocol execution in the case of k-port com-
munication. For illustrative purposes, the values of
Nz (p,2) and Ngu(p,2) are shown in Figure 6 where
the number of nodes varies from 28 = (2 + 1)3 + 1 to
81=(2+1)"

It can be seen from Figure 6 that the number of
messages in algorithm ML is in much smaller than
that required by algorithm G4. We shall prove that
the performance improvement by algorithm ML in-
creases as the number of nodes increases. Specifically,
the ratio of the average number of messages incurred
by algorithm ML to that by algorithm G4 approaches
zero as the number of nodes becomes large.

First, define the ratio function R(n, %) as

1 (k+1)™

T 2ep—(ernyn—1 1 Nan(pk)
1 (k+1)7

k(kt1)n—1 p=(k+1)7—141 NG4(P7k)

R(n, k) =

where n = [loglﬁ_l p] . Clearly, the smaller the value

of R(n, k) is, the more improvement achieved by algo-
rithm ML over algorithm G4. We then have the follow-
ing important theorem which states that the improve-
ment of algorithm ML over algorithm G4 increases as
the number of nodes p increases.

Theorem 5: lim, o0 R(n, k) = 7575,
b are functions of k, n = [loglﬂ_lp] and p is the num-
ber of nodes in the system. That is, the complexity of

where a and

R(n, k) is O(log™ " p).
Proof: First, in light of Ngs(p, k) = (d—2)nip+ (d—
1)[nop+p— (d—1)"1d™2], when p approaches infinity,

we have d = k 4+ 1 and nga > nq. Thus, ng
then, Ngs(p, k) == nkp.

Recall that Ngy(p,k) = 2(h + 1)" ' + 5 — 2 +
max{(h + 1)" 1 — (h + 1)" 2,5} + Ngs(s, h), where
s is the size of the shuflling set. When n is enough
large, h is close to k. Also, since we shall consider
the average number of messages only, we can assume
that s is large enough to be taken in the previous ap-
proximation of Ngs (p, k). Ngs(s, k) can thus be ap-

s n, and

proximated as 7ks, where r = [log]ﬁ_1 s] . Naa(p, k)
can in turn be approximated as 2(k + 1)"" ! + s +
max {k: (k+1)" 2 s} + krs.

Next, Nyz(p, k) = p— 1+ max (s,k(k +1)"2) —
s+ ((y—Dk+7)(s—1) +p— zk(y — (ky — 2k +
2r) — r can also be approximated as 2 (k + 1)”71
5 + max {k (k+1)" % s\ 4 yks + 6s, the term &s

corresponds to the average effect of the term rs in
the original expression. § is thus a constant in
the range 1 < 6 < k. From the definition of

y = min{ze N[>, k(k+1)" " >par<n}, we
can approximate y as n — log((k+1)" —p+ 1) =
n — log (k: R+1)" " — s+ 1).

Based on the foregoing, we can derive the following
approximation for function R(n, k) :

limy, s o0 R(n, k) &=
¢ 2(k+1)n71+max k(k—}-l)"*z,s +s+kys+68s|ds
1
fi [20+1)" +max {k(k+1)" 2,5 }+-s+krs]ds
where t =k (k + 1)”71

We approximate the formula in the numerator first.
Using the integration equality
[ [xlogz] dz = %a® (2loga — 1), we have

(k+1)™ v
Zp (k+1)7— 1+1NG4(p7k)
fl[ (k+ 1) 1+max{1<:(1<:+1)
_fl[ (k+1)" 1—|—s]ds—|—fk(k+1)

fk(k—t—l)”’z—t-l [s ds + [} [k x (logy,yy 5) x s] ds
=a-t?logt+ B-t2 +e1 (n, k),

, 8 —l—s—l—krs} ds

and [ are functions of %k, and

£1 (t”;vk) - 0.

where «
lim;_, o
tion equality

fe [(log a — log(a — z))a] da =
1 (1—4a+3a*+ (2—4a)loga), the formula in
the denominator can be approximated as below.

Similarly, using the integra-

E+1)™
Z( (kl—l)n 1+1 NML (p7k) ~
fl[ (k+ 1) 1+max{1<:(1<:+1)”*2

,s}—l—s—l—kys} ds
=t? + 3 (n, k),

where v is a function of k, and lim;_, # =0.

From these two approximations, we obtain

lanOOR(n k) = Fogm = ﬁ, where ¢ and b are

functions of & and this theorem follows. Q.E.D.

From Proposition 6 and Theorem 3, values of
R(n,k), for £ = 1,2,3 and 4, can be obtained and
plotted in Figure 7, whose results agree with Theo-
rem 5. It can be seen from Figure 16 that the perfor-
mance improvement of algorithm ML over algorithm
(G4 increases as the value of n = [loglﬁ_l p] increases.

To provide insights into the optimality. of algo-
rithm ML, denote the minimal number of messages

ke (k -+ 1)”*2} ds+
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Figure 7. Plots of R(n, k), showing that the per-
formance improvement of algorithm ML over
algorithm G, increases as the value of n =
[logk 1 p] increases.

required by a decentralized consensus protocol with
an initiator for k-port communication as Nop(p, k).
Despite deriving the exact formula of Nop(p,k) is
still an open problem, the following theorem states
that with a given number of port &, Nyr(p,k) and
Nop(p, k) are asymptotically of the same complexity
with respect to the number of nodes in the system p.

Theorem 6: With ( t)he ratio  function
1 k++1)™
k(1) —1 Zp:(k+1)n 14y VOPP,
R* (n7k) 1 [ N p , Wwe
BT 2pe (o141 VL (p.k)

havel > lim R*(n,k) > ¢, where ¢ is a function of k.

n— o0

proof: From the definition of Nop(p, k), we have 1 >
lim R*(n,k). We next prove the inequality in the

n—oo
right-hand side. Since we need at least p — 1 messages
to inform every node to participate in the protocol

and to form a shuffling set of at least p — (kK + 1)”71
nodes, where n = [loglﬁ_l p]. With the lower bound
of M(s,p,k) in Lemma 2, we get a lower bound of

Nop (p.k) as 2p — 1 — s+ (s — 1) [WW _ which

is in turn reduced to 2p + s — 3 since [W—‘ > 2.
Hence, we have,
(k+1)™
_ —14, Nor(pk)
; * — Lap=(egnyn=iy1 TOP
A A
. p=(ep1yn—1 11 Nz (p.k)
n—1
lim f1[2(k+1) +3s]ds — lim nt°+es(n,k) _ ¢
00 Y2 +ez(n,k) o0 Y2 4ez(n,k) ?

where t = k (k + 1)”71, 6, 1, and c are functions of k&,
and lim 208 — iy 20k o Q.E.D.

n— o0 n—oo
5 Conclusion

By exploiting the concept of multi-layered execu-
tion, we developed in this paper an efficient multi-
layered decentralized consensus protocol, algorithm
ML, for a distributed system with an initiator. It has

been shown that algorithm ML significantly outper-
forms algorithm G4 and the performance improvement
achieved by algorithm ML increases as the number of
nodes increases. Specifically, the ratio of Nz (p, k)
to that Ng4 (p, k) was proved to approach zero as the
number of nodes becomes large. Moreover, algorithm
ML was proved to be asymptotically optimal in the
sense that Nasr(p, k) and its corresponding theoret-
ical minimum, i.e., Nop (p,k), are asymptotically of
the same complexity with respect to the number of
nodes in the system, showing the very important ad-
vantage of algorithm ML.
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