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Abstract. Let R be a prime ring with extended centroid C. If a non-nilpotent
q-skew o—derivation is C'-algebraic, we prove that its automorphism o must also be
C-algebraic.
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§0. Introduction

Throughout the paper, R is always a prime ring in the sense that, for any a,b € R,
aRb = 0 implies a = 0 or b = 0. We let @ stand for the symmetric Martindale
quotient ring of R (see.[1] for its definition). The center C of Q is called the extended
centroid of R. By a o—derivation of R, where ¢ is an automorphism of R, we mean
amap § : R — R such that (z +y)® = 2% + 4% and (zy)’ = 2%y + 27¢° for
z,y € R. Generally, we call o—derivations skew derivations. For b € R, the map
ady(b) : ¢ + z7b — bz defines a o—derivation of R. Following [10], we must work
in a more general context as follows: We topologize @) by endowing r € @ with
the neighborhood system consisting of z plus a nonzero two-sided ideal of R. An
automorphism o of Q) is called bi—continuous if both ¢ and ¢~ are continuous maps
from @ into Q. Let A(R) be the set of bi—continuous automorphisms of Q. Let
o € A(R). By a continuous o—derivation of R we mean a o—derivation 6 of Q such
that the map ¢ : Q — @ is continuous. Following Kharchenko and Popov [10], we
define, for o € A(R),

Ls(R) " the set of continuous o—derivations of R.

A continuous o—derivation of R is called X~inner if it is of the form ad,(b) for some
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b € Q. Otherwise, it is said to be X-outer. All skew derivations considered here are
continuous. We will study the following properties:

Definition: We let Rx denote the left Martindale quotient ring of R. A continuous
o-derivation ¢ of R is said to be left Rx-algebraic, if, for all z € R, :

boz’” b1zt F by’ T by’ =0,

where by 7% 0,61, - ,b, € Rr. We say that ¢ is C—algebraic if all b; € C. The left
Rr-algebraicity and C-algebraicity for a bi-continuous automorphism o of R are

defined analogously.
But here we restrict our interest to the following interesting special class:

Definition: A continuous o—derivation § of R is called g-skew, where q € C, if
¢° =q,¢° =0 and 0do~! = ¢é. A

Our main aim is to prove that the automorphism o of a C-algebraic g-skew o—
derivation must also be C'—algebraic, unless the skew derivation is nilpotent. In some
recent results on C-algebraic ¢g-skew derivations, our result is useful in removing the
assumption on the C-algebraicity of the associated automorphism. This work will

be taken up somewhere else.

Our work here is strongly motivated by Leroy’s work [11], where the following is

shown:

Under the assumption that o s left Rr-algebraic, a o-derivation § satisfying
06 = 60 s left Rr—algebraic of and only if 1t 1s C—algebraic (Theorem 6 [11]).

On the other hand, Leroy and Matczuk constructed a g—skew derivation which is
left Rr-algebraic but which is not C-algebraic (Example 3.3 [12]). In this example,
the associated automorphism of the g—skew derivation is not C-algebraic. It is thus
natural to ask whether the C'-algebraicity of a ¢—skew o—derivation implies the C-
algebraicity of o. It is easy to construct nilpotent g-skew o-derivations with o not
C-algebraic. It turns out that nilpotent g—skew derivations are the only exception.
We actually prove the following generalization of Leroy’s result:

For a non-nilpotent continuous q—skew o-derivation § of R, the C-algebraicity of
8 1s equivalent to the left Rr—algebraicity of ¢ plus the C—algebraicity of o (Theorem
4 below).
We remark that our result is false if the o—derivation fails to be g—skew. This paper
is organized as follows: In §1, we examine K—polynomials for g—skew derivations.
In §2, we characterize left Rr-algebraicity of g—skew derivations in terms of K-

polynomials. In §3, we prove our main result.
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§1. Minimal K-POLYNOMIALS

Our basic tools here are K—polynomials introduced in [3]. Let us recall some
notions there. Let é be a continuous o—derivation of R. A direct expansion shows _
that

n
n ‘ ' .
()" = 3 aPiniy ™
=0

where D, ,,—; denote the sum of all distinct products with ; §’s and n—: o’s. Suppose
that ¢ is g-skew. We have the identity [6, p.11]:

n . s
Di,n—i = <Z> 510.77, z’
q

(n> e !>q<(<7a!)—q 5b2
def.

with (0!); = 1 and, for 7 >0,

where we define

(G0 E WO+ (T+g++@ P+ ) A g+ +d 2 +g7).

By Lemma 6.1 [5], if we regard ¢ as an indeterminate, then (?)q is a polynomial
in ¢ and hence is always well-defined for any ¢. But we only need the following:
Let n be the least integer such that ¢" = 1. If n > 1, then 14+ ¢+ ---+ ¢! =
("-1)/(¢g—1)=0andl+qg+-+¢ 1 =(¢—1)/(¢g—1)#0fori < n. So
(n!)g = 0 and, (¢!)y # 0 for 0 < 7 < n. This implies, for 0 < 7 < n, (?)q =0
and hence D; n,—; = 0. So (zy)®" = 28"y +27"y%" for z,y € Q. Thus §" defines a
o"—derivation. Also, 0é"c™! = (oo™ 1)" = (g8)" = ¢q"6" = 6. So o"6" = §"o".
We formulate this well-known fact in the following:
Lemma 1. Let § be a continuous g—skew o—derivation of R. If v is the least positive
integer such that ¢¥ =1, then 6 defines a o¥~derivation satisfying o¥8” = §o".
We need a simple number theoretic result in the proof of Theorem 1:
Lemma 2. Let p be a prime > 2. Then (ppn,,k) =, k for positive integer k.
Proof. To see this, we work in Z,[t], where Z, denotes the ring of integers modulo
p. Note that (1+¢)?" = 1+ #?". Using this, we have (1 + 2" )% = (1+¢)?"*. The
assertion follows by comparing the coefficients of t?" in their expansions.

Given t € @, we let r(t), £(t) denote respectively the right and the left multipli-
cation by t:

r(t): z— zt and Ut):z— tz for z € Q.

3



The following notion given in (3] provides the most important tool of this paper.

Definition [3]: Given a continuous o—derivation § of R, let D, ;, where s,t > 0,
denote the sum of all distinct products with s §’s and ¢ ¢’s. By a K-polynomial of
6 with d—order m, we mean an expression of the form:

m—1 .
¢($> — .’175 + tjxo‘m J’
=1
where t1,... ,tm-1 € @, m > 1, satisfy
k—1
Dimk+ Y Diejm-il(t;) =o™r(ts) —o™ *(ty) fork=1,...,m—1
J=1

By the minimal K-identity of §, we mean an identity of the form
W(z) = 2% tm — tmz,

where t,, € Q and ¥(z) is a K-polynomial with the minimal possible é—order m > 1.
We also call the corresponding ¥(z) the minimal K-polynomial of ¢.

Note that z° is the K-polynomial of § with §—order 1. By Lemma 1 [3], any K-
polynomial ¥(z) of §—order m must define a c™—derivation of Q. If x happens to be
X-inner and if the §—order m of 1(z) happens to be the minimum among such K-
polynomials, then by the definition above, 1(z) is called the minimal K-polynomial
of §. An X—inner o—derivation surely has the minimal K-polynomial, namely z°.
But an X-outer o-derivation § may or may not have the minimal K-polynomial.
Theorem 1 of [3] asserts the following: Let ¢(z;;x) be a GP in distinct indeterminates
zijk, where 0 < j < m in case that ¢ has the minimal K-polynomial of 6—order m. If
o(zF %), where g), are mutually outer and z; are distinct indeterminates, is a GPI of
R, then so is ¢(z;jk). By this result, a left Rr—algebraic skew derivation must have
the minimal K-polynomial. Also, the minimal K-polynomial, if it exists, must be
unique. In order to apply this here, we investigate minimal K-identities for g—skew
derivations, which assume a particularly simple form:

Theorem 1. Let § be an X-outer continuous q-skew o-derivation of R. Assume
that § has the minimal K—identity

m m-—1 m
2 125 4t tpaz® =27t — tit,

where t1,... ,t;m € Q. Then the following hold:
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(1) There ezists the least integer v > 1 such that ¢* = 1 and §” 13 a 0¥ —derivation

such that 6¥c¥ = o 8”.

(2) In the case of char R =10, we have m=v and t; = =t = 0.

(3) In the case of charR =p >0, mand m—j for 1 <j <m—1 witht; # 0
are the form vp™ for some integer n > 0, and each nonzero t; is a unit defining the
X—inner automorphism a?. Also, t7 =tj for 1 <j <m—1 and, moreover, tf =0
for 1 <j3<m—1, unless g =1 and o 1s X-inner.

This theorem is best understood in terms of 9 0¥, where v is the least integer
> 1 such that ¢ = 1. The minimal K-polynomial of § comes from the minimal
K-polynomial of @ by substituting 6” for 0. In the case of char R = 0, the minimal
K-polynomial of 3 is just 2, that is, O is X~inner. In the case of charR = p > 0,
the minimal K-polynomial of 3 assumes the form

i

3
P . ps=
z° +E tixa ,
=1

where each nonzero ¢/ is a unit defining the X-inner automorphism @ =77 Also
all ¢! are constants of o and, unless ¢ = 1 and o is X—~inner, all ¢; are also constants
of 4.

An interesting consequence is the following: In case of char R = 0, if 4 is a left
Rr—algebraic 1-skew o—derivation, that is, if o = o6, then § = §” must be X~inner.
This is Proposition 1 of Leroy [11].

Proof of Theorem 1: We will often use the basic fact: If aQQ = Qa for some
0 # a € @, then a is a unit. The proof is completed by a series of Claims. By the
definition of K—polynomials, for each 1 <7 <m — 1,

(21) ID'.'"'_" +t1$Di_1’m_‘ + - +ti_1$Dl’"“" = :Eamti — til?am

for z € Q. This is actually an identity only in § in view of the equality o6 = géo.
Theorem 1 [3] asserts that any identities of é—order < m must be trivial. So (2.1)
1s trivial in the sense that, for each 7 =0,...,2 — 1, either t; =0 or D;_; ;n—; =0,
def.
where t, = 1.
Fix t; # 0, where 0 < 7 < m — 2. We first examine (2.1) for + = m — 1: The
triviality of (2.1) says

Dimoi—ji=(l4g+-+g™ 7)™ 175 =0,

Fg#1 then0=1+qg+ - +¢" 177 =(¢™7 ~1)/(¢— 1) implies g™~/ = 1. If
g = 1, then ¢™~7 = 1 surely holds. So ¢™™7 = 1 always. There thus exists v > 1

)



such that ¢¥ = 1. Let v be the least such integer. Then v divides m — 5. Write
m — j = nv. By Lemma 1, §¥ is a 1-skew o¥—derivation. So we have

m—j nv i n v(n—k) kv kv
R N (e
k=0

By Theorem 1 [3], comparing this with the expansion

. m—;
b M —_ . Dm— ) — g8, 6°
(.L'y) - E z ’ ' y 9
s=0
we have

k
For 0 < k <n, Dm—j—kv,kv = D(n—k)ky occurs in (2.1) for ¢ = m — kv with the
coefficient ¢; # 0. Thus D(,_x), x, = 0 and so (Z) =0 forall 0 < £ <n. In the case
of char R = 0, this implies n = 1. Therefore m—j = v and this is the only nonzero ¢;.

n - v
Dm—j-ku,ku :D(n—-k)t/,ku = ( >6U(n k)o'k .

This nonzero ¢; must be g =1. Som =vandallt; =0for j =1,... ,m—2. Also,
m must be > 1, for otherwise, § would be X~inner. In the case of char R=p > 0, n
must be a power of p by Lemma 2. Let us summarize what we have shown:

Claim 1. Let v be the least integer > 1 such that ¢¥ = 1. (This v must exist.)
In the case of char R = 0, m = v and all ¢; = --- = t,,_2 = 0. In the case of
charR = p > 0, if t; # 0, where 0 < 7 < m — 2, then m — j assumes the form
m — j = vp™ for some integer n > 0. In particular, g™ = 1.

Yet, nothing has been said about ¢,,_1, which occurs in the left side of (2.1) only
for ¢ = m. We remedy this in Claims 4 and 5 below. Again, let us explore the
triviality of (2.1) for: =1,... ,m —1.

Claim 2. Ift; # 0, where 0 < 7 < m—1, then 27 = tj:vtj_l for x € @): The triviality
of (2.1) for i = j gives 27 t; = tj:z"m‘j for z € Q. In particular, t;Q = Qt;. So t;
is a unit and 2% = tj:rtj‘l for z € Q.

Clavm 8. If a unit u € @ is such that 2% = uzu~ for z € Q, then u° = q'u
and v divides :?. Furthermore, if ¢ is X-outer, u’ = 0: Observe that (u=1)% =
—(u?)"'ubu~!. We compute

's

s =¢'2%" =27% = (uzu”

qiuw u-l 1)6

=ulru™ duzbuTt — w27 (u) tulu

. . . i 2 i _
Since 6 is X~outer, we have u? = ¢*u. Therefore, u° = ¢* u. But v = uwuu™! = u.
y q ,

So qi2 = 1 and hence v divides 7. Also, w’zu~! — u®z%(u?) " ubu~! = 0 implies

u® = 0 if o is X—outer.




One might speculate on the divisibility of : above by v. But this is not always the

case.
Clavm 4. Ift,,—; # 0, then ¢ =1 and char R = p > 0: Assume t,,—; # 0. By Claim
2, 2" =tpoyxt;l | for z € Q. By Claim 3, v divides (m—1)2 =m? —2m + 1.

But v also divides m by Claim 1. So v =1 and hence ¢ = 1. If char R = 0, then, by
Claim 1, m = v =1 and ¢ 1s inner, absurd. So char R =p > 0.

With this, the case of char R = 0 is proved. We assume char R = p > 0 from now

on.

Claym 5. For 1 <j <m — 1, we have t7 = ¢; and if ¢ is not X~inner, then t? =0
The assertions hold trivially if £; = 0. So suppose t; # 0. By Claim 2, ¢; defines
the inner automorphism ¢7. By Claim 3, t7 = ¢’t;. Since v divides j for j # m —1
by Claim 1 and ¢ = 1 for j = m — 1 by Claim 4, we have ¢/ = 1 always and hence
t7 =t;. If o is not X—inner, then tf— = 0 by Claim 3 again.

Our proof is completed by the final observation:

Claym 6. If o is X—inner, then ¢ = 1: Set + = 1 in Claim 3. Then u? = qu. But

1

u” =uuu~' = u. So ¢ =1 follows.

The following provides a useful reduction for the X~inner case.

Lemma 3. Every q-skew X-inner o-derivation § has the form ad,(b) for some
b € Q satisfying esther b =b/q, or b = b+ u, where, in the latter case, ¢ =1 and
u € Q s a unit such that 2% = uzu~?! for z € Q.

Proof. Say x® = z°b — bz, where b € Q. Since § is g—skew,

-1

27 b =g = gz’ = q(zb — bz).

So (b —gb)z = 2°(b°  —gb) for z € Q. I b° —gb = 0, then b° = b/q.
We are done in this case. Suppose that u def. pot _ gb # 0. Then o is the inner
automorphism defined by v and bl = gb+wu. If g =1, then % = b+ u. Suppose
that ¢ # 1. We see that et p 4 q—ﬁ—f also defines the same o—-derivation § and
satisfies

(b')"—1 b 4 _q_ij:—_I =qgb+u+ q_i—_l =qb+ Eﬁ_‘% = q(b+ q—ﬁ—l) = qb'.
Replacing b by &', we have b7 = b/q, as asserted.

We observe an interesting

Corollary. Let 6§ € L,(R) be g-skew and left Rr-algebraic of degree n. If ¢ # 1
for all integers v > 1, then ¢ 1s X-inner and §**~! = 0. Moreover, 6 = ad,(b) for
some b € Q satisfying b** =0 and b = b/q.
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Proof. Let § is a g—skew o—derivation left Rr-algebraic of degree n. Say,

-1

(2.2) apz® + a1z’ + 4 ap_12® =0
holds for all € R, where a; € Rr and ag # 0. Suppose towards a contradiction
that ¢ is X—outer. If § has no the minimal K-identity, then applying Theorem 1
[3] to (2.2) we have apx; + ajzg + -+ + An-1Zn = 0 for all z; € R. In particular,
agR = 0 and so ap = 0, absurd. Thus ¢ has the minimal K-identity. Since ¢* # 1
for all v > 1, 6 must be X—inner by Theorem 1. This contradiction proves ¢ to be
X—-inner.

In view of Lemma 3, we may write § = ad,(b) for some b € @ with 67 = b/q. So
(b°)7 = b°/q® for any s > 0. By Proposition 1 [11], we may choose ag = 1. A simple
induction on & > 1 shows that

s k 1 1 1 3 S
(0)" = (5~ D ~ 1 (G — D = e,

where v, k def 31,— — 1)(# - 1)(,7:1—_7 —1). Since ¢ #1lforv>1, vs6 #0

for all s,k > 1. By Theorem 2 [3], (2.2) holds on Rx. In particular, setting z = b°
in (2.2) we obtain

(2.3) 73,nb3+ﬂ -+ %,n-1fllb~"+n—1 ES An-17s.1 bs+1 =0

But the n by n matrix (vs,:) with the (s, t)—entry v, is nonsingular. (See Appendix
for a proof.) It follows from (2.3) that ™ = 0. Since 4% = g, we have §*"7! =0 as
asserted.

§2. LEFT Rr—ALGEBRAICITY

As explained at the beginning of §1, a left Rr-algebraic continuous skew deriva-
tion always has the minimal K-polynomial by Theorem 1 [3]. But the reverse im-
plication is false in general, since, for instance, an X-inner derivation always has
the minimal K-polynomial but is not necessarily Rr-algebraic. Our aim here is
to characterize left Rr—algebraic g—skew derivations. The first theorem below gives
a characterization of left Ry—algebraic skew derivations in terms of their minimal
K-polynomials. Note that this result holds not only for g-skew derivations but for

any skew derivations:

Theorem 2. A continuous skew derivation i3 left Rr—algebraic if and only if its
minimal K -polynomial defines a left Rr—-algebraic X-inner skew derivation.

8




To prove Theorem 2, we need the following lemma, which summarizes a step in
applying Theorem 1 and the results in [3]:

Lemma 4. If ¢ = &™ + S0 6™ (t;) defines a K-polynomial
¥ =27 + tla:‘sm-1 + 4 tm_lxﬁ,
then we have the following expression for 2% :

2" = Z Uk, s(x

km+s<n; 0<s,k; s<m

6a)¢,k

where ug s € @ and ug s =1 in case of n = mk + s.

Proof: We proceed by induction on n. Assume that %" has been so expressed as
above. Replacing z by z°, we have

n+1
xé y

- ) T C

km+4s<n; 0<s,k; s<m

Since km+s < n, we have km+(s+1) <n+1. If s+1 < m, the term ukjé,(:lcéwl)""lc
1s still in the right form. Assume s + 1 =m. We have

xﬁ"“ - :cém = x¢ — tlxsm_l — e = tm—lxé-
So
@Y = (@Y = @ -t = tg2®) Y
_ :L‘wk-i-l _ (tlxam—l)wk L (tm—li??&)wk.

Since ¥ defines a o™-derivation, we have the expansion formula (zy)¥ = z%y +
z°"y¥. Using this, the above expression of (zﬁﬁl)wk can be expanded into the
asserted form.

Proof of Theorem 2. Let § € L,(R). We may assume that § is X—outer, for
otherwise there is nothing to prove. If the X-inner skew derivation defined by the
minimal K-polynomial of ¢ is left Rr-algebraic, then obviously so is §. Conversely,
assume that § is left Rr—algebraic of degree n, say. By Theorem 1 [3], there exists
the K-polynomial z¥ of § with minimal order m > 1 which defines an X-inner o™~
derivation ad,=(b). By Lemma 4, we may rewrite the left Rr—algebraic dependence
of § in the form

H k
ug 5(z°)¥ =0 for r € R.
km-+s<n; 0<k,s; s<m




Suppose that n = km + 3, where £ > 0 and 0 < 5 < m. Substitute ad,m (b) for
1 and apply Theorem 1 [3] to the resulted expression by replacing z*° by a new

indeterminate z and all other ¢ by 0. Since ug 5 = 1, we thus obtain a left Rx-

integral dependence for ad,=(b), as asserted.

We still have to characterize Rr—algebraicity of X-inner q-skew o~derivations.
We need the following reformulation of the well-known Martindale’s lemma [13]:

Lemma 6. Leta;,b; € Rr, 1 <1 <n. Then Y a,zb; =0 for all z € R if and
only if S, a; b; =0 in Rr Q¢ Rr.

Theorem 3. Let ad,(b), where 0 € A(R) and b € Q, be q—skew. Then ad,(b) s
left Rr-algebraic of and only if either (1) b° = b/q and b is nilpotent or (11) there
ezist | > 1 and o unit u € Q such that z° = uzu~? for z € R and such that u='%
1s C'-algebrasc.

Proof. Since ad,(b) 1s g-skew, we have
(2.4) z7(b—qb%) = (b—qb%)z for all z € Q.

If b7 = b/q and b is nilpotent, then ad,(b) is nilpotent and hence left Rr-algebraic.
So we assume that b7 5 b/q or b is not nilpotent. Qur argument is divided into two
cases according as b — ¢b” =0 or b — qb® # 0.

Case 1: b — ¢b° = 0: That is, b = b/q. We may write

Ia.d,(b)" :"{kxgkbk '{"'Yk_lbxdk—lbk—l 4. +’Ylbk_11'0b‘{"’)’0bkl'

for some 7; € C. The term ~ob*z comes from (—b)*z and so vy = ( 1)*. The term
’ykxak b* comes from z° 57" " .. b9b and so Y = qu r = ,c —+ # 0. Suppose

that ad,(b) is left Rr—algebraic. By Proposition 1 [11] ada(b) is R;: integral. Say,

2o g pade )™ Ly ada () )

where a; € Rr. Using the above expansion of z2d2(M* we can write this in the form

(2.5) ZZakzbk 27b =0,

=1 =0

where ax,; € Rr. Observe that a,o = (—1)" and a, , = q-—i——M = £ 0.

If 1,0,0% ... ,0™ are mutually outer, then by Proposition 1 [7], an nz? 6" = 0
and hence b = 0, absurd. So there exists the least integer | > 1 such that o' is

10




X-inner. Say, 2% = uzu~!, where u is a unit in Q. Replace z by usz u~e,
where 7 = ls +r and 0 < r < I. We thus transform (2.5) into a linear GPI with
1,0,...,0'"!. Suppose that n =[5+ 7, where 0 < 7 < [. There is only one term
1nvolv1ng o™ namely, Annt’ "p™. This term gives rise to the term

An u’z? I = ap w2 u
. 1‘ i . .
All other terms with 7 come from z® with 7 < n and hence assume the form

oo .
Bsusxa u sbsH-r’

where By € Rr and where : = sl +7 < n = 5/ + 7, that is, s < 5. Therefore, the
sum of terms with % assumes the following form

— o _&4.3 — L _
an’nusxa u sbsl+r_+_ 2 : Bsusx” u sbsl+r =0.
0<s<3

This gives a trivial linear GPI by (7). If =%+ did not fall in the C-linear span of
w7 0 < s < 5, then a, ,u® = 0. This is absurd, since 0 #ap, € Cand uis a
unit. So u~3b%+" is a C-linear combination of u~*b**7. Say,
u—§b§l+7' + Z asu-sbsl-f-f“ — 0,
0<s<3

where o; € C. Multiply this equality from the left hand side by v~! and from the
right hand side by &'~7. We have

u—§—lb(§+1)l+ z asu—s—lb(s+1)1:0.
0<s<3

Using ubu~! = b7 = b/q!, we have u=*b%! = ¥(u"18")* for some 0 # v € C. So the
above equality gives the asserted C-algebraicity of v ~1b.

Conversely, suppose that u~'b' is C-algebraic. Let us write

224" — 2 0 £y i1z BT o pob®2” B2 4y obha,

where vk ; € C. Note that vk = (—1)* and y4 4 = ¢~ F*k—1/2 £ 0.
Let j be the largest integer, if there exists any, such that 1 < j < k and such that
Yk,; 7 0. Observe that

ad, (b)* j;k,fbk J pade (b)? = v z” bk A/ L 1bk I+, o'~ bf 1. +72‘Obkx7
77

11




where v, € C. Continue in this manner. We see that there exists uniquely 8; € C

such that
k—1

2o ()" Zﬁjbk_jfcad‘(b)j = ’Yk,kx"kbk + “/i,kbki’?
7=

for some ;. ; € C. For brevity, we set ¥ det Tk Vi it Yy and

k—1 .
(2.6) Yi(z) def. ad, ()% _ Zﬂjbk—jxada(b)"
=1

We then have, for s > 1,
¢sl(x) :'?slxc“bﬂ + ”';/‘:,leI:IJ
=FutzuT b + 7,0
=u*(Fozu 0% + 7 u™0b% ).
Thus we have
u—s"r/)sl(x) - ﬁslxu_sbﬂ + ’7‘,3171—8(7313?‘
Since ubu~! = b% = b/q', we see that u=2b" = B,(u~'b!)* for some 0 # 8, € C.
Since u~ 14! is C-algebraic, u=*b%, s = 1,2, ..., are C-dependent. Thus the subset
{1@7u™b" |s=1,2,.. YU {Fu "' ®1|s=12,...}

of Rr ®c Rr generates a finite-dimensional C-subspace. In particular, the subset
{1 ®@Aaqu™b* + 7,u=%b**® 1 | s = 1,2,...} generates a finite-dimensional C-

subspace. Say, for some ay € C' and m > 1,

m—1
(1® Fmae ™0™ + Fpu 0™ @ 1) + D 0 (1@ Fau ™ b + Fu T8 ®1) =0.
s=1
Then, by Lemma 6,
m—1
U " Yem(T) + Z agu” hg(z) = 0.
3=1

By (2.6), this gives the asserted left Rr-algebraicity of ad, ().

Case 2: b—qb? # 0: Set u def g qb?. By (2.4), u is a unit in @ such that

z° = uzu~! for all z € Q. We thus have [ = 1 and must show the equivalence of the
left Rr—algebraicity of ad,(b) and the C-algebraicity of a 4L =1p for non-nilpotent
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b. If ¢ # 1, then ¥’ def. b—l—af—l satisfies &' —q(b')” = 0. If ¥’ is nilpotent, say, (6')"* = 0,
then we compute

1
= ()" = Yy = n
0= =0+ =)= (ua+ —7))
_ g o=l 1 o~ (n—2) 1 o1 1 1
=u"(a +——-q—1)(a +q—1) (a +q_1)(a+q_1).
But a”_l :u_lbﬂ_l = u“l(u_i__qb) f— 1 +qu—lb:qa+l a.Ild .hence

—k

Substitute these expressions of a®"" in the above and note that u is a unit. We

obtain . )
n-1 qn‘- n—2 qn— . 1 —
(¢ a+q_1)(q ¢+q_1) (a+——q~1)—0»
or equivalently (a + E{—l)n = 0. This shows the C-algebraicity of a, as asserted.

So we assume that b’ is not nilpotent. Applying the previous case, we have the
equivalence of the left Rr—algebraicity of ad,(#') and the C-algebraicity of u ™14’
But ad,(b') = ads(d). Also, since u™'" = u™'b+ Ly = a+ 2y, the C-algebraicities
of u™'b' and of u~'b are the same. It follows from the equivalence of the left Rr—
algebraicity of ad,(b) and the C-algebraicity of u=1b.

We hence assume ¢ = 1. So b7 = b — u. We compute
224 = 27 — br = uruTlb — b = u(zu"tb — u"lbz) = u(za — az).

Set d ad(a). Note that u? = va—au = u(u=1b)—(v"1b)u = b—u~"lbu = b—b" =
—u. With this and by a simple induction, we see that ad, (b)* = (u*)d(d—1)---(d—
k+1). Let us write

k—1 ,
(2.7) 2O =@+ aja?)
i=1
for some o, € C. Note that 2? = Z{zo ({)(—a)j“ixai. Assume that ad,(b) is left
Ryr—algebraic. Say, for all z € R,
4o (O g pade®Th Ly gade(®) —

where a; € Rr. With the above expansion of z2ds®)* in terms of u and d, this
equality can be expressed in the form

uza™ + ()za® ' 4+ (Jza+ ()z =0,
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where (-) denote elements in Rr. If 1,a,... ,a™ !, a™ are C-independent, then par-
ticularly u™ = 0, absurd. So 1,a,...,a" !, a" are C-dependent. Their dependence
relation gives the asserted C'-algebraicity of a.

Conversely, suppose that a is C-algebraic. Then so is d def. ad(a). Say,

‘,L.dn +’)’1xd“ +--~+’yn_1.'l,'d:0

for some vy; € C. With (2.7), a simple induction shows that

k—1
k _ k — J
LL‘d =1y kxad,(b) + 2 :Bjku ]xad,(b)

1=1

for some 3, € C. In the C-algebraic dependence of d, we replace each d* by its
expression in terms of ad, (b) given above. The left Rr—algebraicity of ad,(b) follows

as asserted.'
§3. C-ALGEBRAICITY

We first observe an easy characterization of C—algebraic automorphisms:
Lemma 5. For 0 € A(R) the following statements are equivalent:

(1) o 1s C-algebrazc.

(2) o 1s Rr-algebraic.

(8) there exist n > 1 and an invertible element u € Q) such that 7" =uzu~! for

z € R and u 1s C-algebrasc.

This follows immediately from the theory of identities with automorphisms [7]
and Martindale’s theorem for linear identities [13]. (See also Theorem 7.9.10 [1].)
In view of this, the C-algebraicity of o for a nonnilpotent C-algebraic g—skew o
derivation follows immediately from the following more general

Theorem 4. Let 0 be a continuous g-skew o-derwation of a prime ring R. Assume
that & 1s not nilpotent. The following are equivalent:

(1) & 1s C-algebraic.
(2) 6 and o are both left Rr-algebraic.

We need one more

Lemma 7. Let ad,(b) be an inner g-skew o-derivation, where b € @) satisfies b7 =
%b. If v > 1 is the least integer such that ¢* = 1, then ad,(b)” = (~1)*"1ad,. (b").
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Proof. Write ad, (b) = or(b) —{(b), where r(b) and £(b) denote respectively the right
and left multiplications by b. Set X % or(b) and Y " £(b). For any z € Q, we

have 1 1 ]
ZYX — (bz)o'b =b72%h = Zb2%h = _zar(b)l(b) — -ZXY. ‘
q q q

SoYX = %XY and we have

v

2ds(0)" = (or(B) — (1)) = (X ~¥)* = 3 <Z”> / X(=Y)" " = XV 4 (—y),

=0

since (';)l/q:Oforallizl,...,V—l. But

XY =(or(b))” = o"r(b”" 47" 77 . pop)
=(1/g) TR r(5) = (1/g) F v (),

If v is odd, then ((1/q)”>(”_1)/2 = 1. If vis even, say v = 2k, then 1 = g’ = ¢**
implies ¢¥ = —1. and hence (1/«1)1(”2;12 = (1/q)F*F=1 = (_1)26=1 = _1 It follows
that

ads(0)" = (=1)" 1o r(0) + (=1)"4(0") = (=1)*~" ad,. (b),

proving the lemma.

We are now ready to give the

Proof of Theorem 4. (2) = (1): Let é be a continuous g-skew o-derivation which
is left Rr—algebraic of degree n > 1. If ¢ = 1, then 06 = 6o and the C-algebraicity
of ¢ follows from Theorem 6 [11]. So we assume ¢ # 1. By the Corollary to Theorem
1, ¢¥ =1 for some v > 1 since § is not nilpotent. Let v be the least such integer.
By Lemma 1, §” is a o“-derivation and §“c¥ — ovév.

We claim that 6 is also Rr-algebraic: If § is X-outer, then, by Theorem 1 [3],
1ts minimal K-polynomial z¥ exists and defines a left Rr-algebraic X—inner o™-
derivation by Theorem 2. By Theorem 1 and the remark following, the minimal K-
polynomial z¥ of § comes from the minimal K-polynomial of 9 %" s by substituting
6% for 8. So the minimal K-polynomial of 8 %" §* also defines a left Rr-algebraic
X-inner skew derivation and hence is left Rr-algebraic by Theorem 2 again. If § is
X-inner, by Lemma 3 we may write § = ad,(b), where b € Q satisfies 5° — b/q. By
Lemma 7, 6" = (~1)*~1 ad,.(b"). Since § is not nilpotent, b is also not nilpotent.
Since ad,(b) is Rr-algebraic, by Theorem 3 there exists | > 1 and a unit u € Q such
that 2% = uzu=! for z € R and such that «=16! is C-algebraic. But uby~! = po" —
b/q'; this implies ub! = b'u/q”. Thus u=vs" is C-algebraic and 27" = y¥zy—
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for ¢ € Q. Theorem 3 implies that ad,»(b”) is left Rr-algebraic and so is ¢”, as

claimed.

We have thus shown that §” is left Rr—algebraic. Since o is left Rr—algebraic, b};
Lemma 5 we see that o and hence 0¥ also are C—algebraic. We now apply Theorem
6 [11] to ¢¥ and obtain the C-algebraicity of §¥. The C-algebraicity of § follows
immediately from that of ¢”.

(1) = (2): Assume that § is C'-algebraic. Then ¢ is surely left Rr-algebraic. So it
suffices to show that o is left Rr—algebraic or equivalently C-algebraicby Lemma 5.
By the Corollary to Theorem 1, ¢* = 1 for some v > 1 since ¢ is not nilpotent. Let v
be the least such integer. By Lemma 3, ¥ is a o”-derivation satisfying 6Y¢” = o¥4".
We show the C-algebraicity of 6¥: Let n be the minimal integer > 1 such that

(2.8) 2 BT B, 2 =0

holds for all z € R, where ; € C. So 4,...,6""! span C-linearly §". Replacing
z by r°, we see that 6%,...,8" span C-linearly 6"*! and hence §,... .6""! also
span C-linearly 6"*!. Continuing in this manner, we see that §,... ,6"~! span C-
linearly all powers of 6. This implies that the infinite set {¢¥,6%%,...} is C-linearly
dependent. So some 6% is a C-linear combination of §*,§2*,... ,6(F~1¥_ This gives

a C-algebraic dependence of §¥. It suffices to show the C-algebraicity of ¢¥, which
obviously implies the C-algebraicity of o. Replacing § by 6 and o by ¢, we may
assume that 6o = 06 from the start.

Case 1: 6 = ad(b)l(u), where u,b € @ and v is a unit such that ub = bu:
Substitute the expansion

xad(b)’c = zbF + (i:)(?—b)ilibk——l 4o <Z>(_b)kI

into (2.8). Collect terms according to right coefficients 1,,... ,b" and pay special

attention to terms with 4™, which is contributed only by u"z2d(®)":

(29)  uab™+ (—nutb4--)zb T e (W) 4 )z =0,

where dots denote sum of terms with u/, j < n. The set of left coefficients
{1,b,...,0™} is C-dependent, for otherwise the left coefficient u™ of zb™ would be
0 by [13]. Let 1 < s < n be the maximal integer such that 1,5,...,6°! be C-
independent. Then b° = a;0°~! + -+ + a, for some a4,...,a; € C. The minimal
polynomial of b over C' is thus equal to p(X) = X°* ~a; X°7! — - —a, 1 X — .
Let C be the algebraic closure of C. The minimal polynomial of b over C remains
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to be p(X). Work in Q@ def. Q ®c C. By [4], the extended centroid of Q) is exactly C.
Let d also denote the inner derivation of @) defined by b. The linear GPI (2.9) holds
on @ by (2] and hence on @ by linearity. Let A € C be a root of p(X). Obviously,
1,b—A,...,(b—=2)*"! are C-independent and C-linearly span all powers of b — .
Since ad(b) = ad(b— \) on @, we also have

Wz (b—A)" + (A =b) + - Ja(b = N o (uPA =) - )z =0,

Express all (b — A)* in the right coefficients as C-linear combinations of 1,5 —
A, y(b—=A)*"t. In the resulted expression, the corresponding left coeflicients
of x,xb A, ... ,z(b—A)*"! must be all vanishing by [14]. Suppose that

(b=A)"=po+m(b—=A) 4+ pa(b— A",

where 4; € C. Since d is not nilpotent, neither is b — A. So y; # 0 for some . Let
us fix such an i. For this particular i with u; # 0, the left coefficient of z(b — A)?
assumes the form

W (b= A) (b= ) T (),
where u!, ... ,u,n) € C and where (-) denote polynomials in b — \. Let
A Z s+ (X = 2) +- 4 uP(X =\ € TX].

We then have fA(A) = u; # 0 and u”fA(b) + u™71(:) +--- +u(-) = 0. Let A range
over all distinct roots Ay, Az,... € C of the minimum polynomial p(X) of b. Write
f;(X) for the corresponding fa,(X). For each j, we have an equality of the form

(2.10) ufi(0) +u" () 4+ u(r) =0,

where (-) denote polynomials in b — A;. Since fi(A;) # 0, p(X), f1(X), f2(X), ...
have no nontrivial common factors in C[X]. There exist ¢;(X) € C[X] such that

a(X)AX)+02(X)f2(X)+---=1  modulo p(X)C[X].

This implies 1 = g1(b) f1(b) + g2(b) f2(b) + - - -. Multiply (2.10) above by g;(b) from
the right and add them up. It follows that

u™ +u"’1(.) +du(l) =

where (-) are polynomials in b over C. Since [b,u] = 0 and b is C-algebraic, this
implies that u is C-algebraic and hence C-algebraic. Thus ¢ is thus C-algebraic by
Lemma 5.

17




Case 2: § = d¥(u), where d is an X—outer derivation and where u € Q is a unit
such that u? = 0: In this case, the associated automorphism o of 6 is defined by
z° = uzu~! for z € ). To prove the C-algebraicity of o, it suffices to show the
C-algebraicity of u in view of Lemma 5. By Kharchenko’s theorem [8], char R =
p > 0 and there exists the least m > 0 such that d,d?,... ,d?"
modulo X-inner derivations and such that

are C-independent

I 4o d” T Lt apnd = ad(b)

for some a; € C and b € Q. By the minimality of m, we verify easily that o = 0 and
b € C. Denote g(X) & XP™ + 0, XP™ ™" +.- 4+ amX. Then 29 = [z,b] = z2d(®)
for z € R. We may write, for each j > 0,

k;
X' = Z’)’ji(X)g(X)iy

where the degree of each v;:(X) is < p™ and ~;i; # 0 for each j. Note that all
coefficients of each v;;(X) are constants of d. We thus have

k;

Idj - Z (x“/ji(d))ad(b)i_

=0
Applying these to (2.8), we see that

kn

. n—l ki ,
(211) u™ Z(I‘Yni(d))ad(b)' + Zﬂn—ju] Z(x'yj;(d))a.d(b)- -0
J=1

=0

1=

Assume first that g(X) is not a power of X. For j < n, g(X) is also not a divisor of
X3. So vjo(X) # 0 for all 5. Suppose that vno(X) = pnX¢+---, where 0 # p, € C
and where dots denote a sum of terms of degree < e. For j < n, we write

"/jO(X):"'-’rije-{—“-

and, for : > 0,

where y;, pji € C. Since e < p™, we may, in view of Theorem 2 [9], replace z¢° by
a new indeterminate y and z% by 0 for all e #Ft<p™in (2.11). We conclude

] n—1 ) .
u” (uny + Zumy“(”)'> + D Bojt (ﬂjy + > iy ® ) =0
=1

i>1 i>1 ~
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for all y € R and so for all y € Q [2]. Setting y = 1, we see that pu,u™ +
Z;:ll Br—ju;ul =0, as desired.

Suppose next that g(X) divides X™. Then ¢(X) = X?" and so z9(* = [z, ] for
all z € R. For 1 < j <n, write j = p™s; +1t;, where s; >0 and 0 < ¢; < p™. Note
that s, > 1, since n > p™ by the minimality of n. Then X7 = (X?7)% X% and so
a? = (2471240 for all z € R. We rewrite (2.8) as

n—1
D D Y ST [C L
=1

for all z € R. Apply Kharchenko’s theorem [9] by replacing z%" with a new inde-
terminate y and z%° with 0 for t; # tn in the above. We see that

n—1
WO L N B july®Y <,

J=1,t;=t,

Write u’ = (u?" )% u¥ for each j:

n—1
()t 4O R T B (w0 =

=1t =t,

Cancelling u' | we have

n—1
(WO ST )y <,

J=1tj=t,

for all y € R. Since [b,u] = 0, this implies that the skew derivation ad(b)f(u?")
is C-algebraic. Applying Case 1, we conclude that u?" is C—-algebraic and so is u,
unless ad(b) is nilpotent. But if ad(b), which is equal to d?™, is nilpotent, then so is
d, a contradiction. This proves the case.

Case 3. General: Consider the skew polynomial ring S = Q[t; o] with the multi-
plication rule: tv = v7¢ for all v € Q). We denote by Q,(S) the symmetric Martindale
quotient ring of S and by F' the extended centroid of S. Since tS = St, t is invert-
ible in Q,(.S). The inner automorphism z — tzt™! of Q,(S) extends o and will
be also denoted by 0. We extend § to S (and hence to Q4(.5) also) by the rule:
(Yisomit') = Yo ritt for r; € S. We verify easily that § is a o-derivation of
S such that ¢* = 0 and 06 = éo. The minimality of n in (2.8) then implies that
B¢ = B; for each ¢. By Theorem 2 (3], (2.8) holds for all z € Q. We verify easily
that (2.8) holds for all z € S and so for all z € Q,(S). Since 37 = f;, we have
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B; € F, the extended centroid of S by Theorem 3.3 [14]. Since ¢ is not nilpotent on
R, neither is § on S. In S, o is the inner automorphism defined by t. By Case 2, o
is F-algebraic. That is, there exist u; € F' such that for z € Q,

(2.12) 2+ mx"l_l + o+ pp—1z? =0.

Let C, < {z € C | z7 = z}. We divide our argument into two subcases:

(I) All 67, j > 0, are outer in the left Martindale quotient ring of Q: By Proposition
2.3 and Theorem 3.3 [14], F is the quotient field of C,. Since C, C C, F C C. So
u; € F C C for each 1 and o is C—algebraic, as asserted.

(II) Some o7, j > 0, is inner in the left Martindale quotient ring of @): By the
bi—continuity of o, o7 is inner in the left Martindale quotient ring of @ if and only if
it is inner in Q). By Proposition 2.3, there exists the least integer ¢ > 1 such that ¢
is an inner automorphism of @) defined by a o-invariant unit of ). Let b € Q) is such
a o-invariant unit. Theorem 3.3 [14], F is the quotient field of C, [5t¢]. Multiplying
(2.12) by a common multiple of denominators of p1,... , xi—1, we have

/\0.7/'0[ + /\11'1%—1 + -4+ /\g._l.l'd = O,

where ); are polynomials in bt®. Say, Ao = co(bt¢)? + ---, where 0 # ¢y € C,.
For each 1 > 1, we write A; = -+ + ¢;(bt¢)/ + - -+, where ¢; € C,. Since the sum
Q + Qt + Qt? + - - - is direct, so is the sum @Q + Qbt® + Q(bt®)? + ---. We have, for
z €Q,

¢
cox? +c1z?  + -+ ce127 =0.

This proves the C-algebraicity of o. So (1) implies (2).

Appendix

Lemma. Let C be g field and let a,, = 8" —1 forn > 1, where € C. Forn,i > 1,
let A, i denote the following n X n matriz:

1 a QiG] Gign—2
1 aipa Tt Q418442 Qi
1 Qitn—-1 e Qi4bn—1C0i4n " " Ai42n—3

Then det(A4, ;) = ittt +G+n=2)g g, ... an-1,det(A,_1 iy1). In particular,

al a1a2 “ e . a1a2 .. .an

a asa: --v @oaz---a 2
det 2 203 203 n-+1 non—1 /jn ns—l)

: : . . —_— al a2 fr an} .

Qn AnQn41 et Andp41 " A2n—1
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Proof. We note first that if ¢ > s, then a; — a5 = Blai_,. For 1 < j < n, we
denote by B; the j-th row of the matrix A, ;. By replacing the j-th row in A, ; for
2 <j < nwith B; — B;_;, we see that

det( A, ;)
1 a; T @iAig] Qg2
0 /31(11 ce /Bla'n—lai-}-l Cr o Qidn—1
= det | . . .
0 Btn~%a; - B2, qaitn-1 Gigan—2
Bay 5’azai+1 s ﬁlan—lai-f-l cr o Qidn—1
. 2 _
det B a;  Fazaits o B lagiaise it
= det | . )

;Bi-f—n—Zal /'8i+n—2 ﬂi+n—2

A2Qi4n—1 An—-1Qitn—1 " Ai42n-2

:ﬂi+(i+1)+~-~+(i+n—2)ala2 e @pet det(An—l,i+1 )’

as asserted. The latter case can be easily derived from this forrnula.
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