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Geometrical Perspective on Learning Behavior’
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This paper constructs a geometrical perspective to justify the slow learning period
and fast learning period during training. It plots the error surfaces and the solution spaces
in the input space for a single neuron with two inputs. It records various training pathsin
this space using the back-propagation (BP) training algorithm [6]. It finds the relations
between the learning curve and training path.
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1. INTRODUCTION

Since strong assumptions and approximations are used to achieve premature satura-
tion (see [3]), the results obtained are not precise or clear. This work provides a new way
to view exquisite learning behavior. The error surface, or energy surface, and the solution
space for descending learning rules (BP) [6, 9] have commonly been plotted in the
weight space or in hypercube space [1, 4]. Instead of this common approach, we draw the
error surface and the solution space in the input space [5]. This provides a very different
viewpoint on the training paths. Consider a neuron with weights [wy, Wy, ws] and two
inputs { x3, X}, plus afixed input of 1 for the threshold w; (see Fig. 1 (8)). In Fig. 1 (b), L
designates a decision line given by weights [w;, Wy, Ws].

By solving the joint point X, (a;, ay), between the decision line L: wix; + WyX, + Ws =
0 and line L': wox; — WyXe = O, which is perpendicular to line L and passes through the
origin, we obtain the following equations:
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Fig. 1. () A single neuron diagram; (b) The decision line L.

Line L can be represented by a single perpendicular point X at location (a;, ay). Re-
formulating the above equations, we obtain

— _\N_I.W3 a, = _W2W3 (2)

We will use this decision point, (a;, &), to represent the whole decision line L (or
decision hyperplane). Since a decision line L: wyx; + WyX, + Wz = 0 and its opposite deci-
sion line L_;: — wyx; — WoXo — W3 = O share the same line boundary. Accordingly, each
point (a;, &) corresponds to two decision lines with opposite directions. Therefore, we
assign C = £ 1 to represent these two opposite directions. We write the eguations for
these two opposite decision lines as follows:

=l a
Cl 525X +—525%-1=0C=+1 (3)
a +ay a +ay

In the next section, we will display the collections of such points (a;, a,) to repre-
sent error surfaces, the solution space, and training paths, respectively. We will also pro-
vide an exampleto illustrate the learning behaviorsin detail .

2. PERSPECTIVE IN INPUT SPACE

We use the four binary patterns { (X, x{P), p=1, ..., 4} asinputs as shown in
Fig. 1 (b) to construct error surfaces, the solution spaces, and training paths. The desired
outputs d, of these four patterns have 16 = 2* combinations, d, € {F;,i =0, ..., 15}. Each
combination is a Boolean function. We list them in Table 1.
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Table 1. List of all the Boolean functions with two inputs {Xy, X5}.

Xl(p) Xép) Fo|Fi|F2|Fs|Fa|Fs|Fe|F7|Fg|Fo|Fio|Fu1|Fi2|Fis|F14|F1s
p.(p=1|-1|-1|-1|-1}-1|-1-1|]-1}-1}-1j1|1|1|1|1|1|1
p.(p=2|-1, 1 |-1}-1-1}-1j1|1|1|1|-1-1}-1]-1j1|1|1
ps(p=3)| 1 |-1|-1-1} 1|1 |-1}-1}1|1|-1-1)1|1|-1-11
psa(p=4| 1|1 |-11|-11|-1j1|-11|-11|-1]1|-11|-1

PRk |R

2.1 Error Surfacesand the Solution Space

Since each decision point X represents two hyperlines (Eg. (3)), there are two errors,
EY and E?, at this point. They can be calculated as

RO . . )
0 -1 6, -t o
=1
. - 1 1
(i) — )y —
o/ =o(nety’) =2 —M8M8MMM ————|. 5
p = o(netp’) [1+exp(— net{)) 2} ©

In the above equation, d, is the desired response of the input pattern (X, x{P).
The variable net!) of the sgm0|d function o(.) has two possible values. They are

a
netgf) —_ netg-) - _ 2a1 . (p) _ 2 Xép) +1 (6)
a?+al = af+al

The error surfaces are continuous collections of these two kinds of errors, E(l) and
E(z) The hard-limited error surface can be obtained by repIaC| ng the sigmoid functlon
O'(net(')) with a hard-limited activation function sgn(net ).
We plot the two hard-limited error surfaces and the sol ution spaces where E(l) =0
or E? =0 in Fig. 2. Each point in the shaded area of the solution spaces represents a
correct decision line. Note that the minimal errorsin Figs. 2 (1a), (2a), (3a), (4a), (5a) are
not zero. There is no correct solution under the surfaces with C = — 1, because the direc-
tions of their decision lines are wrong. Neither of the minimal errorsin Figs. 2 (8a) and
(8h) are zero, so the solution space does not exist (see Fig. 2 (8c)). This is called the
XOR problem. Other Boolean functions that are not shown in Fig. 2 can be obtained by
changing the signs of al input patterns.
The solution space for the 14 Boolean functions (except XOR and XNOR) is shown
in Fig. 3. It isuseful for examining the various transition paths in this space using the BP
agorithm and thiswill be discussed in the next section.
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Fig. 2. The hard-limited error surfaces and the solution spaces for eight Boolean functions (Fo, Fg, F4,
F», F1, Fs, F3, Fg). Notethat ‘0’ represents 1 and ‘X’ represents— 1 in the desired response.



GEOMETRICAL PERSPECTIVE ON LEARNING BEHAVIOR 725

6 '\1;\\//1//‘.,/“{‘ Sy ?
(5Q) Error surface. C=- 1. (5b) Error surface. C=1. (5¢) Solution space of F;.
(6@) Error surface. C=— 1. (6b) Error surface. C=1. (6¢) Solution space of Fs.
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Fig. 2. (Cont’d) The hard-limited error surfaces and the solution spaces for eight Boolean functions
(Fo, Fg, Fa, Fo, F1, Fs, F3, Fg). Note that ‘0’ represents 1 and ‘X’ represents — 1 in the desired
response.
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Fig. 3. The solution spaces of all 14 Boolean functions. The ‘0’ and ‘X’ marks are consistent with
those in Fig. 2. Each closed areais aBoolean area.

2.2 Training Paths

We will follow a sequence of decision points, or a training path, during BP training
to show important learning behavior. We use the desired output F; as an example. The
results are shown in Fig. 4, which also shows some interesting properties.
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(8 The initial weights are [0.9, (b) Theinitial weightsare [ 0.9, (c) Theinitial weights are [0.9,

2.6, 2.2] and the converged
weightsare[2.0, 2.0, — 1.8].

— 2.6, 2.2] and the converged
weightsare[1.9, 1.9, — 1.9].

2.6, — 2.2] and the converged
weightsare[1.9, 1.9, — 1.9].

Fig. 4. Training paths with different initial weights.

In Fig. 4 (a), the initial weights are [0.9, 2.6, 2.2], and the converged weights are
[2.0, 2.0, — 1.8]. We observe that the path passes through the origin (w; = 0), where the
sign of ws switches. In Fig. 4 (b), the initial weights are [- 0.9, — 2.6, 2.2], and the con-
verged weights are [1.9, 1.9, — 1.9], where the signs of all weights must be changed to
reach convergence. We observe that the training path first passes through the x, axis,
where the sign of w; changes. Then, it changes direction and passes through the origin
(ws = 0 and w, = 0) in order to switch the other two signs of w, and w; at the same time.
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If the signs of the initial weights are equal to those of the converged weights, then the
path will not have to pass through the origin or any axis in order to switch their signs. It
will move directly to the solution (see Fig. 4 (c)).

In many cases, as shown in Figs. 4 (a), (b) and Figs. 5 (a), (b) (C = — 1), the path
will pass either through an axis or the origin, and the signs of the corresponding weights
will change. The path will jump to the other surface at the origin to reach the minimum.
With this property, we can initially assign very small magnitudes to the weights. This
will make it easier to change the weights’ signs during training. In other cases, as shown
in Figs. 5 (b), (¢) (C = 1), the path will detour and surround the origin. In Fig. 5, we plot
al the different kinds of paths, where we omit some symmetric plots.
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(a) The training paths for Fo. In C = 1, al the paths proceed outwards to the correct solution space
directly. In C = — 1, dl the paths pass through the origin in order to first switch the signs
(change the surface) and then proceed to the solution space.
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(b) The training paths for F;. We observe that all the paths pass through the origin (change the
surface) in order to switch the weights' signsin C = — 1 surface.

Fig. 5. Thetraining paths of different initializations. In the row plots (a, b, c) are for Boolean func-
tions Fy, F1, and Fs, respectively. The left column plots are for C = 1 and the right column
plots are for C = —1. The shaded areas are the solution spaces.
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(c) The training paths for Fs. There are two leaves in the solution space. The training paths con-
verge to the upper leaf in C = 1 and to the lower leaf in C = — 1, staying on the same surface.
The two |leaves are on different error surfaces.

Fig. 5. (Cont’d) The training paths of different initializations. In the row plots (& b, c) are for Boo-
lean functions Fq, F1, and Fs, respectively. The left column plots are for C = 1 and the right
column plots are for C = — 1. The shaded areas are the solution spaces.

Table 2. Thetransition table.

We list the neighboring Boolean functions for each Boolean function according to Fig. 3. The
Boolean functions that are in italics font have a two-bit difference in a transition; the functions that
are not in italics have a one-bit difference in a transition. The arrows indicate the transition path
that isshownin Fig. 4 (b).

Fo Fa W Fsé Fr Fs F9 Fi2 Fis 5

Fi Fs F3\ Fiui| Fs Fa
Fa Fs Fio\F7/ Fiz F1

Fis Fis Fis

Fs Fo Fo Fo Fis Fis Fo F7
Fo F7 Fu gy Fis By P Fia Fs F2 Fuu Fa1 Fs Fyg
s F2 F1roop, Froopg Fro Pz o Fra p, Fro Froopg
Fi2 Fa  Fs Fis F's Fis F1s Fa Fis Iz Fis F'1a F13 Fio
5] Fs
Fro Fiz

Asshownin Fig. 5 (c¢), in the case of C =1, the training paths are long for those ini-
tializations near the negative x, axis. The extreme cases are those initiaizations on the
negative X, axis, which will require infinitely long training. The same situation exists for
the case of C = — 1 when the initializations are on the positive x, axis. These kinds of
long paths aso appear in the case shown in Fig. 5 (b), (C =1).

Judging from Figs. 2 and 3, we can construct a transition table (see Table 2). In this
table, welist all the possible transitions from a given Boolean area. All the transitions are
in the neighborhood of this Boolean area, as shown in Fig. 3. In Fig. 3 we denote a spe-
cific areain the input space as a Boolean area, where this area is the solution space of its
Boolean function. This table is useful for explaining and inferring the transitions in a
training path. A transition example is plotted in this table for the case shown in Fig. 4 (b).
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The BP algorithm will select a transition from its neighborhood with a reduced error in
the same error surface before jumping to the other surface.

2.2 Learning Behaviors

Now, we will study learning behavior using an example presented previously (Fig. 4
(b)). From Fig. 6 (a), we observe that the period D in the learning curve (see Fig. 6 (b))
corresponding to the training path passes through the origin. The error surface near the
origin is very complex. There is an extremely narrow and flat descending slope for the
path, moving from the left leaf of F5 to the right leaf of Fs. This causes slow learning.
Fast learning periods will occur when the path passes through the Boolean area borders,
such as periods C (F1; to F3) and E (F3 to Fy) in the learning curve. To our knowledge,
this is the first explicit explanation of the slow and fast learning periods in the BP algo-
rithm.

F1 Learning curve

error

L L A L L L L L L
04 02 [} 02 04 06 08 1 1.2 (] 50 100 150 200 250
at epoch

@ (b)

Fig. 6. (a) The training path of initial weightsw = [- 0.9, — 2.6, 2.2]. It isthe same as in Fig. 4 (b);
(b) The learning curve.

Fig. 7 shows a learning path of the decision line using the BP algorithm on the error
surface with Egs. (4) and (5). We see that this path descends and stays in one of the error
surfaces marked C = — 1 in Fig. 7 (a), where it begins to evolve. This path does not jump
to the lower error surface until it passes through the origin to switch the sign of ws (to
change the sign of C from — 1 to 1 as shown in Fig. 7 (b)). Once the sign is reversed, the
path evolves in the opposite error surface with C = + 1.

3. SIMULATION

To our knowledge, there is no feasible learning method that can resolve and accel-
erate learning in the region near the origin. The momentum method [2, 7, 8] can acceler-
ate learning only in the slow slope regions that are far from the origin, we may apply the
momentum method to only the region far from the origin.
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Fig. 7. The path jJumps between the two sigmoid error surfaces (corresponding to Figs. 2 (4a, 4b)).
The learning path starts from the surface C = — 1 as shown in (@) and follows the descending
gradient of that surface, it then reaches the origin (a;, ay) = (0, 0), it changes to the surface
C =1at theorigin, it evolves to the minimum in the surface C = 1 as shown in (b).
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Fig. 8. The learning curves of BP (dashed line), BP with the momentum (thin line), and the re-
stricted momentum method (thick line). The numbers on abscissa denote the training ep-
ochs. The ordinate denotes the mean square errors.

We performed a simulation with this restriction and compared the results obtained
with BP method. We used a 2-3-1 feedforward network to solve the XOR problem. The
momentum method was used only when the path was far from the origin with a distance

larger than R( Zaiz > R). We set R= 0.8 in the simulation. The initial weights of this

i
network were set to small random numbers. The learning rate 77 was set to 0.7, and the
momentum constant o was set to 0.3. The resulting learning curveis shown in Fig. 8. We
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aso plot the learning curves of the BP and momentum methods. As shown in this figure,
learning with restricted momentum achieves better performance than conventional BP or
BP with momentum.
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