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Abstract

The diffusiophoretic and electrophoretic motions of a dielectric spherical particle in an electrolyte solution located between two infinite
parallel plane walls are studied theoretically. The imposed electrolyte concentration gradient or electric field is constant and parallel to the
two plates, which may be either impermeable to the ions/charges or prescribed with the far-field concentration/potential distribution. The
electrical double layer at the particle surface is assumed to be thin relative to the particle radius and to the particle—wall gap widths, but the
polarization effect of the mobile ions in the diffuse layer is incorporated. The presence of the neighboring walls causes two basic effects or
the particle velocity: first, the local electrolyte concentration gradient or electric field on the particle surface is enhanced or reduced by the
walls, thereby speeding up or slowing down the particle; second, the walls increase the viscous retardation of the moving particle. To solve th
conservative equations, the general solution is constructed from the fundamental solutions in both rectangular and spherical coordinates. Tl
boundary conditions are enforced first at the plane walls by the Fourier transforms and then on the particle surface by a collocation technique
Numerical results for the diffusiophoretic and electrophoretic velocities of the particle relative to those of a particle under identicalsonditio
in an unbounded solution are presented for various values of the relevant parameters including the relative separation distances between t
particle and the two plates. For the special case of motions of a spherical particle parallel to a single plate and in the central plane of a slit
the collocation results agree well with the approximate analytical solutions obtained by using a method of reflections. The presence of the
lateral walls can reduce or enhance the particle velocity, depending on the properties of the particle—solution system, the relative particle-
wall separation distances, and the electrochemical boundary condition at the walls. In general, the boundary effects on diffusiophoresis an
electrophoresis are quite significant and complicated, and they no longer vary monotonically with the separation distances for some situation:
0 2005 Elsevier Inc. All rights reserved.
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1. Introduction sively in the past. Another category of driving forces for
the motions of colloidal particles involves a nonuniform im-
The transport behavior of small particles in a continuous posed field (such as electric potential, temperature, or solute
medium at low Reynolds number is of much fundamental concentration) that interacts with the surface of each parti-
and practical interest. In general, driving forces for motions cle. The particle motions associated with this mechanism,
of colloidal particles include concentration gradients of the known as “phoretic motions,” have also received a consider-
particles themselves (diffusion), bulk velocities of the dis- able amount of attention recenfly—4].
perse medium (convection), and gravitational fields (sedi-  perhaps the most familiar example of phoretic motion is
mentation). Problems of the colloidal transport induced by electrophoresis, which results from the interaction between
these well-known driving forces have been treated exten- o external electric field and the electric double layer sur-
rounding a charged particle and is widely used for parti-
msponding author. cle characterization and separation in a variety of colloidal
E-mail addresshuan@ntu.edu.tgH.J. Keh). and biological system$5—7]. The electrophoretic veloc-
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ity U© of a single dielectric particle suspended in an un- sphere of radius in a KCI solution which was applicable to
bounded electrolyte solution is simply related to the uni- arbitrary values of andxa, wherex ! is the Debye screen-
formly applied electric fielE™ by the Smoluchowski equa-  ing length equal t68r Z%e?n> /ckT)/2. On the other hand,

tion [8-10], Dukhin and Derjaguil] obtained an analytical expres-
sion for the electrophoretic mobility of a spherical particle
u@ = iE"O. (1) surrounded by a thin but polarized double layer in the solu-
4 tion of a symmetric electrolyte. Later, O'Bri¢h5] general-
Here,¢/4n is the fluid permittivity,n is the fluid viscosity, ized this analysis to the case of electrophoretic motion of a
and¢ is the zeta potential of the particle surface. charged sphere in the solution containing an arbitrary com-

Another example of phoretic motions is diffusiophore- bination of electrolytes. The essence of this thin-layer polar-
sis, which is the migration of a particle in response to the ization approach is that a thin diffuse layer can still transport
macroscopic concentration gradient of a solute and can bea significant amount of electrolyte ions in such a way as to
applied to certain latex-particle coating procesgked1]. affect the ionic transport outside the diffuse layer. The result
The particle moves toward or away from a region of higher for the electrophoretic velocity of a dielectric sphere with
solute concentration, depending on long-range interactionsa thin but polarized double layer in a symmetric electrolyte
between the solute molecules and the particle. In an un-solution can be expressed[d§]
bounded solution of a symmetric electrolyte with a constant e B B
concentration gradientn®, the diffusiophoretic velocity of ~ Ug = E®[2+4c1+c2+ (c1 — c2)¢ tIncoskt], (5)

S 127y
a charged particle i.2,13]

o where coefficients; andc; are defined by EqgA.6a) and
uo — EL KT ¥n (@ + 2 tIncosht), ) (A.6b). A compa_rison of Eq(5) with the n_umerical resqlts
4rn Ze n>(0) for the KCI solution[14] shows that the thin-layer polariza-
with the dimensionless parameters tion model is quite gqod over a wide range of zeta potentials
whenka > 20. If |¢] is small andka is large, the interac-
o= D2 — Dy A3) tion between the diffuse counterions and the particle surface
Do+ Dy’ is weak and the polarization of the double layer is also weak.
In the limit of
-  Zet _
C= T @) wa)texp(21¢]) -0, (6)

Here, n>°(0) is the macroscopic electrolyte concentration ¢1 = c¢2 = 1/2 and Eq.(5) reduces to the Smoluchowski

measured at the particle cen€ein the absence of the parti- ~ €quation(1). In general, the electrophoretic velocity given

cle, D1 and D, are the diffusion coefficients of the anion and by Ed.(5) is not a monotonic function af for a finite value

cation, respectivelyZ is the absolute value of the valences ©f xa, unlike the prediction of Eq(1).

of the ions,e is the charge of a protot, is the Boltzmann In contrast, Prieve and Rom4h7] obtained a numeri-

constant, and’ is the absolute temperature. For the special cal solution for the diffusiophoretic velocity over a broad

caseD, = D1 or a = 0, Eq. (2) predicts that the particle ~ range of¢ and ka for a charged sphere in concentration

movement (due to chemiphoresis only) is in the direction of gradients of symmetric electrolytes (KCI or NaCl) using the

increasing electrolyte concentration regardless of the sign of method of O’Brien and Whitgl4]. On the other hand, ana-

¢ and the particle velocity is a monotonic increasing func- Iytical expressions for the velocity of a dielectric sphere with

tion of the magnitude of . a thin but polarized double layer undergoing diffusiophore-
Equationg1) and (2)indicate that the electrophoretic and ~ SiS in electrolyte solutions have also been deriveti8]. The

diffusiophoretic velocities of a dielectric particle having a result for this diffusiophoretic velocity in a symmetric elec-

uniform zeta potential on its surface are independent of the trolyte solution is

particle size and shape (and there is no rotational motion e¢ kT Vn™ ,

of the particle). However, their validity is based on the as- Yo = Ezm{cl —cpta@+c1+c2)

sumptions that the local radii of curvature of the particle are ;o _— -

much larger than the thickness of the electric double layer +[2+ 1+ +alcr—ep]¢ Incoshr |, )

at the particle surface and that the effect of polarization (re- where coefficients; andc), are defined by EqgA.6¢) and

laxation effect) of the diffuse ions in the double layer due (A.6d). Whenka > 20, the agreement between K@) and

to nonuniform “osmotic” flow is negligible. In fact, impor-  the numerical solutiorfl7] is excellent for all reasonable

tant advances were made in the past in the evaluation of thevalues of the zeta potential. In the limiting situation given by

phoretic velocities of colloidal particles relaxing these as- Eq. (6), the effect of double-layer polarization disappears,

sumptions. c1=cp =c) =c,=1/2, and Eq.(7) reduces to Eq(2).
Taking the double-layer distortion from equilibrium as Even for the case oD, = D1, the particle velocity given

a perturbation, O'Brien and Whitd 4] obtained a numeri- by Eq.(7) for a finite value ofca may not be a monotonic

cal calculation for the electrophoretic velocity of a dielectric function of the magnitude of and its direction can reverse
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(toward lower electrolyte concentration) whin becomes
large.

It could be found from Eqg5) and (7)that the effect of
polarization of the diffuse layer is to decrease the particle ve-
locity. The reason for this outcome is that the transport of the
diffuse ions within the double layer reduces the local elec-
trolyte gradient or electric field along the particle surface.
Numerical calculations of Eq$5) and (7)show that, even
whenka is as large as 300, the effect of ionic transport in-
side the diffuse layer cannot be ignoredf equals several
kT /e.

In practical applications of diffusiophoresis and elec-
trophoresis, such as transport in channels of microfluidic de- rig. 1. Geometrical sketch for the diffusiophoresis of a spherical particle
vices[19-22] particles are not isolated and the surrounding parallel to two plane walls at an arbitrary position between them.
fluid is externally bounded by solid walls. Thus, it is im-

portant to determine if the presence of neighboring bound- (, y,2), (p, ¢, z), and(r, 0, ¢) denote the rectangular, cir-
aries significantly affects the movement of particles. In the ¢ar cylindrical, and spherical coordinate systems, respec-
limiting case where Eqg1) and (2)are applicable, the nor- - tjyely, and the origin of coordinates is chosen at the particle
malized velocity field of the immense fluid that is dragged center. A linear electrolyte concentration fiefef (x) with a
by a particle during diffusiophoresis is the same as for the ,niform gradient in ther direction is imposed in the sur-
electrophoresis of the particfg]; thus, the boundary effects  ounding fluid far away from the particle. The particle is
on electrophoresis under the situation of an infinitesimally charged uniformly on the surface, and the thickness of the
thin double layer [satisfying E46)], which have been stud-  gjectrical double layer is assumed to be small in compari-
led extensively in the pag23-29] can be taken to interpret  gon with the radius of the particle and the spacing between
those in diffusiophoresis. . o the particle and each wall. Hence, the fluid phase can be di-
When the polarization effect of diffuse ions in the double yjiged into two regions: an “inner” region defined as the thin
layer surrounding the particle is considered, the boundary ef- 4o pje |ayer adjacent to each solid surface and an “outer”
fects on dlﬁus!ophore5|s can be quite different from those ON region defined as the remainder of the fluid, which is elec-
electrophoresis. Through the use of a boundary collocation yicaly neutral. The objective is to determine the correction
technique, the diffusiophoretic and electrophoretic motions Eq.(7) for the particle velocity due to the presence of the
of a colloidal sphere with a thin but polarized diffuse layer plane walls.
perpendicular to a plane wall were examirjgd]. The wall Before the diffusiophoretic velocity of the particle is de-

effect on each transport mechanism was found to be a COM-grmined, the electrochemical potential and velocity fields in
plicated function of the properties of the particle and ions. e fuid phase need to be found.

In this work we present a theoretical investigation of the
diffusioph.oretic gnd electrophoretic motions of a charged 2.1. Electrochemical potential distribution
sphere with a thin but polarized double layer parallel to a
single plane wall and to two plane walls at an arbitrary posi-
tion between them. The quasi-steady equations of conservay,
tion applicable to each system are solved by using both the
boundary collocation technique numerically and a method
of reflections analytically. The exact numerical solutions for
the particle velocities are obtained with good convergence v2;,,, =0, (8)
for various cases and agree well with the approximate ana- _ ) _

lytical solutions. In the limiting case of E¢6), our results M EQ. (8), 1n is the electrochemical potential energy of
are in excellent agreement with those available in the litera- IONiC Speciesn, defined by

ture for electrophoresi23,24]

Vg,
-~

——— o« ——e————  —

The Peclet number of the system is assumed to be small.
ence, the equation of conservation of each ionic species for
the outer region of the fluid solution is the Laplace equation
[4,15],

m=1,2.

(9)

Whereuﬁ’n is a constanty,, andz,, are the concentration and
valence, respectively, of type ions, and® is the electric
potential.m equal to 1 and 2 refers to the anion and cation,
In this section we consider the quasi-steady diffusio- respectively, so-z1 = z2 = Z > 0. Note that, in the outer

Mm = ng +kTInny, + zye?,

2. Analysisfor diffusiophoresis

phoretic motion of a dielectric spherical particle of radius
a in a solution of a symmetrically charged electrolyte par-
allel to two infinite plane walls whose distances from the
center of the particle are andc, as shown irFig. 1 Here

region,n1 = np = n, and bothn and® also satisfy Laplace’s
equation.

Equation(8) satisfies the boundary condition at the parti-
cle “surface” (outer limit of the thin double layer) obtained
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by solving for the electrochemical potentials in the inner re- distributions (which is less practical), E{.2) should be re-
gion and using a matching procedure to ensure a continuousplaced by

solution in the whole fluid phadd,15],

2

r=a*: & -Vuw==) Puil :VsVsui, m=12
i=1

(10)
where the relaxation coefficients are
Bi1= E[ <1+ %) exp(¢) sinh¢
fl (g +1In cosh{)] (11a)
(Z)
Bro=—— Incoshz, (11b)
K\ Z2
ﬂ21=——( fz)lnco he, (11c)
K\ Z2
B22= E[ 4<1~|— ﬁ) exp(—¢) sinh¢
+ l(; In coshf)] (11d)

In the above equationf,, = ek?T2/6nne2D,,, { was de-
fined by Eq.(4), e- is the unit vector in the direction of,
| is the unit dyadicVs = (I — e.e.) - V denotes the gradi-
ent operator along the particle surface, &hdnd are the

=b:  fm = Mmoo- (15)

Since the governing equation and boundary conditions
are linear, one can express the electrochemical potential dis-
tribution 1,,,, which is symmetric with respect toand anti-
symmetric with respect t®, as the superposition

ch,

Um = Umw + Ump, M= 12 (16)

Here,u,,w is a double Fourier integral solution of E@®) in
rectangular coordinates that represents the disturbance pro-
duced by the plane walls plus the undisturbed field and is
given by

00
(X et + Y,e™%)

0

x sin(@x) cogBy) da dB, (17)

whereX,, andY,, are unknown functions of separation vari-
ablest andg, andk = (&2+ 82)%2. The second term on the
right-hand side of Eq(16), 1,p, is a solution of Eq(8) in
spherical coordinates representing the disturbance generated
by the spherical particle and is given by an infinite series in
harmonics,

00
mezﬂmoo+/
0

00
Mmp = Z Rinnr_n_lpnl(ﬂ) Cosg, (18)
n=1

wherePl is the associated Legendre function of ordend

instantaneous translational and angular velocities, respecdegree oney is used to denote césor brevity, andr,,,,, are

tively, of the particle to be determined. To obtain E@K))

unknown constants. Note that a solution fgy of the form

and (11) it was assumed that the concentration of each ionic given by Eqs(16)—(18)immediately satisfies the boundary

species within the electric double layer is related to the elec-

tric potential energy by a Boltzmann distribution. Evidently,
in the limit of EQ.(6), B11 = B12=B21=P22=0

The ionic electrochemical potentials far away from the
particle approach the undisturbed values. Thus,

9
z=c,—b: Hm_o, (12)
0z
P —> 001 Um = Mmy» (13)
where
[tmoo = KO +KT[1— (=1)"a]Inn™ (14)

anda was defined by E(3). The second term in the brack-
ets of Eq.(14) represents the contribution from the macro-
scopic electric field induced by the difference of ion diffu-
sion rateg13,31] Note that the boundary conditions given
by Eq.(12) apply for the case of two impermeable and non-
conducting plane walls (which can appear in practice) with
a negligible relaxation effect in their thin interfacial diffuse
layers. For the case of diffusiophoretic motion of a parti-
cle parallel to two plane walls prescribed with linear elec-
trochemical potential profiles consistent with the far-field

condition at infinity in Eq(13).

Substituting the electrochemical potential distributign
given by Egs.(16)—(18) into the boundary conditions in
Eq. (12) or (15) and applying the Fourier sine and cosine
transforms on the variablesandy, respectively, lead to a
solution for the functionsX,, andY,, in terms of the co-
efficients R,,,,. After the substitution of this solution into
Eq. (17) and utilization of the integral representations of the
modified Bessel functions of the second kind, the distribu-
tion u,, can be expressed as

m=1,2,

00
Um = Umoo + Z Rmn(S,(zl) (r, u) cosep, (19)

n=1

and the functiorb‘,(,l) (r, n) is defined by Eq(B.1) in Appen-
dix B.

Applying the boundary condition given by E{L0) to
Eq.(19)yields

o 2
> Y Rk =47 (1- 22 ) a4

n=1lm=1
2B12

-==a- )](1—;1?)1/2, (20a)
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]

2.

2
> RunRy, (1) =kT

(- 2)as
a

n=1m=1

— %m a)](l — M2, (20b)
where
Ry(1) = (2B11 — )87 (a. ) + aprasy” (a. ). (21a)
Ry(1) = 12[282 (a, 1) + as{P (a, W], (21b)
RY (1) = B21[26? (a, n) + a8 (a, )], (21¢)
Ry(1) = (2Ba2— a)8P (a, ) + aPazdP (@, ). (21d)

and the definitions of functions(lz) (r,n) and 8,(14) (r, n) are
given by Eqs(B.2) and (B.4) Note that the dependencedgf
factors out in Eq(20) and the definite integrals 'ki’f,l), 5,(12),

ands,(f) must be performed numerically.

To satisfy the condition in Eq(20) exactly along the
entire surface of the particle would require the solution of
the entire infinite array of unknown constarig,,,. How-
ever, the collocation methd@0,32] enforces the boundary
condition at a finite number of discrete points on the half-
circular generating arc of the sphere (frém=0to 6 = 7)
and truncates the infinite series in Ef9) into finite ones.

If the spherical boundary is approximated by satisfying the
condition of Eqg.(10) at M discrete points on its generat-
ing arc, the infinite series in E19) is truncated aftet/
terms, resulting in a system of\2 simultaneous linear al-
gebraic equations in the truncated form of Eg0). This
matrix equation can be numerically solved to yield the 2
unknown constant®,,,, required in the truncated form of
Eq. (19) for the electrochemical potential distribution. The

accuracy of the boundary-collocation/truncation technique
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The boundary conditions for the fluid velocity at the par-
ticle surfacd4,15], on the plane walls, and far removed from
the particle are

r=at: v=vs=U+4+Q xr+Vv®, (23)
z=c,—b: v=0, (24)
p o0 V=0, (25)

In Eq. (23), the apparent slip velocity due to diffusioosmotic
effectis

2

VO =" W, Vst (26)
m=1
where
e kT - _
= —— ——— [~ (=" +| , 27
27”7(26)2[ (—=1)™¢ +Incosh] (27)

andU = Ue, and® = e, are the translational and angular
velocities of the particle undergoing diffusiophoresis, to be
determined. For the asymmetric probléns ¢, the assump-
tion that the sphere would migrate in a direction parallel to
the solute concentration gradient is justified in the absence
of fluid inertia. Note that the possible osmotic flow caused
by the plane walls is ignored for simplicity.

A fundamental solution to Eq(22) which satisfies
Egs.(24) and (25)can be obtained in a way similar to that
for Eq. (19), with the form

V=0, + 1,6, + V€, (28)
where
o0

can be improved to any degree by taking a sufficiently large , — Z[A” (AL +a)) + By(Bl + BL) + Cu(C, + Vri)}

value of M. Naturally, asM — oo, the truncation error van-

ishes and the overall accuracy of the solution depends only
on the numerical integration required in evaluating the ma-

trix elements.
2.2. Fluid velocity distribution
With knowledge of the solution for the ionic electro-

chemical potential distribution on the particle surface which
drives the migration, we can now proceed to find the flow

field. The fluid solution is assumed to be incompressible and

Newtonian. Owing to the low Reynolds number, the fluid
motion in the outer region caused by the diffusiophoretic
motion of the particle is governed by the Stokes equations,

nVv—Vp=0, (22a)

V.v=0, (22b)

wherev is the velocity field for the fluid flow ang is the
dynamic pressure distribution.

n=1

(29a)
o
vy =Y [Au(A] + ) + Bu(By + B) + Cu(C) + 1)),
" (29b)
o0
ve= [AnCAY )+ Ba(BY + B) + Ca(C 4 7],
" (29¢)

Here, the primed4,,, B,, C,, oy, Bn, andy, are functions
of position involving associated Legendre functions of
or coy defined by Eg. (2.6) and in the form of integra-
tion (which need to be performed numerically) defined by
Eq. (C.1) of Ganatos et dB2], andA,, B,, andC,, are un-
known constants.

The boundary condition that remains to be satisfied is that
on the patrticle surface. Substituting E¢E9) and (28)into
Eg.(23), one obtains
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o0
> [An(Ay + ) + Bu (B, + B)) + Ca(Cl + v, _,
n=

U+a2u

2
— D W[ Hun ()1 cOS ¢ + Han (1) SIF ¢, (308)
m=1

2 [AnAl+a) + BB + B + CulC + 1], _,

2

== Wu[Hun(wp — Han()]sing cosp,  (30b)
m=1
o0
> [An(AY + ) + Bu(B) + B) + Cu(C + 7], _,
n=1
=—aR1— p>HY?cosp
2
+ ) W Hin ()L — p?)M? coso, (30c)
m=1
where
|Va™|
H =kT{1- (="
() =kT[1— (=1 “]noo(O)“
1 o0
+ - Z Rmna,(ls) (Cl, /’l’)a (31a)
a n=1
|Va™|
H =kT|{1-(-1)"o|——
om (1) =kT[1— (=1) a]nw(o)
1 o0
- - @

and the functios> (r, 1) is defined by Eq(B.3). The first
2M coefficientsR,,,, have been determined through the pro-
cedure given in the previous subsection.

Careful examination of Eq¢30a)—(30c)shows that the
solution of the coefficient matrix generated is independent
of the ¢ coordinate of the boundary points on the surface of
the sphere = a. Thus, these relations can be satisfied by
utilizing the collocation technigue presented for the solution
of the electrochemical potential field. At the particle surface,
Egs.(30a)—(30c)re applied atv discrete points (values of
6 between 0 andr) and the infinite series in Eq29) are
truncated afteiV terms. This generates a set @f 3near al-
gebraic equations for theN8unknown coefficientsi,,, B,
andC,. The fluid velocity field is completely obtained once
these coefficients are solved for a sufficiently large value
of N.

2.3. Derivation of the particle velocities

The drag force and torque exerted by the fluid on the
spherical particle can be determined fr§3@]

F=—-8rnAie,, (32a)

779

T =—87nCiey. (32b)

These expressions show that only the lowest-order coeffi-
cientsA; andC1 in Eq.(29) contribute to the hydrodynamic
force and couple acting on the particle.

Because the particle is freely suspended in the surround-
ing fluid, the net force and torque exerted on the particle
must vanish. Applying this constraint to E82), one has

A1=C1=0. (33)

To determine the translational and angular velocitieand
£2 of the particle, Eq(33) and the 3V algebraic equations
resulting from Eq(30) are to be solved simultaneously.

3. Resultsand discussion for diffusiophoresis

The solution for the diffusiophoretic motion of a charged
spherical particle parallel to two plane walls at an arbitrary
position between them, obtained using the boundary collo-
cation method described in the previous section, is presented
in this section. The system of linear algebraic equations to
be solved for the coefficient®y, and Ry, is constructed
from Eg. (20), while that for A,,, B,, and C, is derived
from Eq.(30). All the numerical integrations to evaluate the
primede,,, 8,, andy, as well ass,(f) functions were done by
80-point Gauss—Laguerre quadrature.

When the points along the semicircular generating arc of
the sphere (with a constant valueg@fwhere the boundary
conditions are to be exactly satisfied are being specified, the
first points that should be chosen are- 0 andr, since these
points define the projected area of the particle normal to the
direction of motion and control the gaps between the particle
and the neighboring plates. In addition, the p@int /2 is
also important. However, an examination of the systems of
linear algebraic equatior(20) and (30)shows that the ma-
trix equations become singular if these points are used. To
overcome this difficulty, these points are replaced by closely
adjacent points, i.eq =6, /2 -8, 7/2+ 35, andw — §
[30,32] Additional points along the boundary are selected
as mirror-image pairs about the plase= 7 /2 to divide
the two quarter-circular arcs of the particle into equal seg-
ments. The optimum value &fin this work is found to be
0.1°, for which the numerical results of the particle veloci-
ties converge satisfactorily. In selecting the boundary points,
any value of¢p may be used except faf = 0, /2, andr
since the matrix equatio80) is singular for these values.

3.1. Motion parallel to a single plane wall

The boundary effects on diffusiophoresis are complicated
functions of the properties of the particle and suspending so-
lution, the electrochemical condition of the boundary, and
the particle—boundary separation distance. Some typical col-
location solutions for the translational and rotational ve-
locities of a dielectric sphere undergoing diffusiophoresis
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Table 1 Table 2

Normalized translational and rotational velocities of a spherical particle un- Normalized translational and rotational velocities of a spherical particle un-
dergoing diffusiophoresis parallel to a single impermeable and nonconduct- dergoing diffusiophoresis parallel to a single plane wall prescribed with
ing plane wall computed from the exact boundary-collocation solution and the far-field electrolyte concentration profile computed from the exact

the asymptotic method-of-reflection solution for the cse 1, f; = 0.2, boundary-collocation solution and the asymptotic method-of-reflection so-
ka =100, andte/kT =2 lution for the caseZ =1, f1 =0.2,ka =100, andce/ kT =2
a/b U/Ug —af2/Ug a/b U/Ug —af2/Ug

Exact Asymptotic Exact Asymptotic Exact Asymptotic Exact Asymptotic

solution solution solution solution solution solution solution solution

a=0 a=0
0.1 0.99992 099992 000002 000002 0.1 0.99984 099984 000002 000002
0.2 0.99934 099935 000030 000030 0.2 0.99872 099873 000030 000030
0.3 0.99788 099798 000154 000152 0.3 0.99573 099588 000154 000152
0.4 0.99521 099578 000494 000480 0.4 0.99000 099078 000496 000480
0.5 0.99103 099316 001242 001172 0.5 0.98046 098340 001252 001172
0.6 0.98490 099115 002702 002430 0.6 0.96550 097430 002736 002430
0.7 0.97580 099152 005412 004502 0.7 0.94215 096475 005498 004502
0.8 0.96060 099694 010518 007680 0.8 0.90370 095699 010651 007680
0.9 0.92322 101113 021643 012302 0.9 0.82932 095425 021260 012302
0.95 085475 034835 0.95 075204 032114
0.99 02493 Q7542 0.99 05976 05205
a=-02 a=-02

0.1 0.99969 099969 000002 000002 0.1 1.00006 100006 000002 000002
0.2 0.99755 099758 000030 000030 0.2 100050 100050 000030 000030
0.3 0.99169 099200 000156 000152 0.3 1.00188 100186 000152 000152
0.4 0.97982 098159 000510 000480 0.4 100511 100497 000480 000480
0.5 0.95838 096544 001323 001172 0.5 101179 101112 001174 001172
0.6 0.92042 094326 003018 002430 0.6 102480 102218 002447 002430
0.7 0.84954 091547 006473 004502 0.7 1.04930 104080 004620 004502
0.8 0.69592 088342 013897 007680 0.8 109390 107050 008474 007680
0.9 021212 084950 033712 012302 0.9 116276 111587 018095 012302
0.95 —0.75566 063714 0.95 117697 033196
0.99 —8.8227 22435 0.99 10353 07646
parallel to a plane wall (withv — o0) for different val- ble layer undergoing electrophoresis parallel to a noncon-

ues of the parameters anda/b are presented ifables 1 ducting plane wall. These solutions, which can apply to the
and 2for the cases of an impermeable and nonconducting case of diffusiophoresis of a sphere in the limit of &) .par-
wall and a wall with the imposed far-field electrolyte con- allel to an impermeable plane wall, can be used to check the
centration gradient, respectively. The corresponding velocity correctness of our collocation solutions. It has been found
for the diffusiophoretic motion of the particle in an infi- that our solutions for the particle velocities in this limiting
nite fluid, Up, given by Eq.(7), is used to normalize the case agree excellently with the bipolar-coordinate solutions,
boundary-corrected values. All of the results obtained un- although the comparison is not shown here for conciseness.
der the collocation scheme converge satisfactorily to at least In Appendix A an approximate analytical solution for the
the significant figures shown in the tables. The accuracy andsame diffusiophoretic motion as that considered here is also
convergence behavior of the truncation technique are princi- obtained using a method of reflections. The translational and
pally a function of the ratia/b. For the difficult case with  angular velocities of a spherical particle near a lateral plate
a/b = 0.99, the numbers of collocation point¢ = 40 and are given by Eqs(A.14a) and (A.14h)which are power
N = 40 are sufficiently large to achieve this convergence. series expansions i (= a/b). The values of the wall-
For some cases, the particle will reverse the direction of dif- corrected normalized particle velocities calculated from this
fusiophoresis and the magnitude of its normalized velocity asymptotic solution, with the (1%) term neglected, are also
can be dramatically varied when the separation distance islisted in Tables 1 and Zor comparison. It can be seen
increased. Note that the situations associated avithO and that the asymptotic formula of E¢A.14a) resulting from
a = —0.2 (takingZ = 1 andf; = 0.2) in the tables are close  the method of reflections fa// Uy agrees very well with
to the particle migration in the aqueous solutions of KCl and the exact results as long as< 0.5; the errors in all cases
NaCl, respectively. are less than 0.8%. However, the accuracy of Efsl4a)
Through the use of spherical bipolar coordinates, Keh and (A.14b)[especially Eq.(A.14b) for a$2/ Uy, in which
and Chen[24] obtained numerical solutions for the nor- the leading term i) (14)] deteriorates rapidly, as expected,
malized translational and rotational velocities of a dielectric when the relative spacing between the particle and the plane
sphere surrounded by an infinitesimally thin electrical dou- wall becomes small.
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Fig. 2. Plots of the normalized diffusiophoretic mobility/ Ug of a spher-
ical particle parallel to a plane wall versus the separation paramegter
with Z =1, f1 =0.2, and¢e/kT = —5 for various values ofa: (&)« = 0;

(b) « = —0.2. The solid curves represent the case of an impermeable and
nonconducting wall, and the dashed curves denote the case of a wall on

which the far-field electrolyte concentration gradient is imposed.

Some exact numerical solutions for the normalized dif-
fusiophoretic velocityy / Ug of a spherical particle parallel
to a plane wall as functions af/b are depicted irFig. 2
for various values ofa. It can be seen that, under the speci-
fied conditionU / Uy increases with an increase«n for the
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ticle surface near an impermeable and nonconducting wall
increase aga (or G) increases and these gradients near a
wall with the imposed far-field concentration gradient de-

crease aga (or G) increases for the present case (see the
analysis inAppendix A).

Examination of the results iRig. 2 reveals an interest-
ing feature. For the case of a plane wall impermeable to
the ions/charges under the situation of lakge(e.g., with
ka — o0), the diffusiophoretic mobility of the particle de-
creases with increaseqtb whena/b is small, but increases
from a minimum with increased/b when a/b is suffi-
ciently large. When the gap between the particle and the wall
turns thin, the particle can even move faster than it would at
a/b = 0. For example, aga — oo and whena/b = 0.99,
the diffusiophoretic velocity for a typical case can be as
much as 15% higher than the value with the wall far away
from the particle. Under the situation of relatively smadl,
the diffusiophoretic mobility of the particle near the imper-
meable and nonconducting wall is a monotonic decreasing
function of a/b. For a case where a linear electrochemi-
cal potential profile is prescribed on the plane wall, which
is consistent with the far-field distribution under the situa-
tion of smallka (e.g., withka = 20), the diffusiophoretic
mobility of the particle may increase monotonically with
the increase ofi/b from a/b = 0. Under the situation of
relatively largexa, the diffusiophoretic mobility of the par-
ticle near the wall prescribed with the far-field electrolyte
concentration distribution becomes a monotonic decreasing
function ofa/b. This interesting feature that/ Up may not
be a monotonic decreasing functionafs and can even be
greater than unity is understandable because the wall effect
of hydrodynamic resistance on the particle is in competition
with the wall effect of electrochemical enhancement when
a particle with largeca is undergoing diffusiophoretic mo-
tion parallel to an impermeable and nonconducting plate or
when a particle with smalta is moving near a lateral plate
with the imposed far-field electrolyte concentration gradient.
A careful examination of the asymptotic formula gy Uy
given by Eq.(A.14a)shows good agreement of the numeri-
cal outcome irFig. 2with the analytical solution.

The results inTables 1 and 2ndicate that the dielectric
sphere undergoing diffusiophoresis parallel to a plane wall
rotates in the direction opposite to that for a sphere migrat-
ing in the same direction but under a body-force field (e.g., a
gravitational field). The explanation for this behavior is anal-
ogous to the case of electrophoresis of a charged sphere with
a thin double layer parallel to a nonconducting plgzé].

For an otherwise specified condition, the magnitude of the

case of an impermeable and nonconducting wall [the bound-normalized rotational velocity of the diffusiophoretic sphere

ary condition(12) is used], but decreases with an increase in
«a for the case of a plane wall prescribed with the far-field
electrolyte concentration distribution [the boundary condi-
tion (15) is used] for the otherwise specified condition. This

near a given plane wall is a monotonically increasing func-
tion of a/b.

3.2. Motion parallel to two plane walls

increase and decrease in particle mobility become more pro-

nounced ag/b increases. This behavior is expected, know-

ing that the electrochemical potential gradients on the par-

Some converged collocation solutions for the normalized
velocity U/ Up of a charged spherical particle undergoing
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Table 3
Normalized diffusiophoretic velocity of a spherical particle along the me-
dian plane between two parallel plane walls computed from the exact
boundary-collocation solution and the asymptotic method-of-reflection so-
lution for the caseZ =1, f1 =0.2,ka =100, andce/ kT =2
a/b U/Ug
a=0 a=-0.2
Exact Asymptotic Exact Asymptotic
solution solution solution solution
For impermeable plane walls
0.1 0.99968 099968 099915 099915
0.2 0.99751 099751 099325 099325
0.3 0.99202 099207 097760 097768
0.4 0.98232 098272 094781 094860
0.5 0.96820 097005 089890 090342
0.6 0.94992 095629 082267 084166
0.7 0.92794 094567 070053 076285
0.8 0.90191 094489 047632 067198 '
0.9 0.86257 096346 —0.12763 057489 @
0.95 080313 —1.24283
0.99 01946 —10.226
For plane walls prescribed with the far-field concentration profile
0.1 0.99952 099952 099991 099991
0.2 0.99620 099620 099939 099940
0.3 0.98762 098764 099829 099843
0.4 0.97197 097221 099712 099780
0.5 094811 094953 099731 099951
0.6 091521 092083 100195 100719
0.7 0.87210 088937 101684 102650
0.8 0.81568 086085 105193 106553
0.9 0.73429 084380 111612 113524
0.95 066825 113957
0.99 05615 10560
diffusiophoresis on the median plane between two parallel

plane walls (withc = b and$2 = 0) for various values of the
parametersr anda/b are presented ifiable 3for the two
cases of impermeable and nonconducting walls and walls alb

prescribed with the far-field electrolyte concentration dis- ()

tribution. The corresponding method-of-reflection solutions, Fig. 3. Plots of the normalized diffusiophoretic mobilityy Ug of a spheri-
given by Eq.(A.21) in Appendix Aas a power series expan- cal particle migrating on the median plane between two parallel plane walls
sion in A (= a/b) correct toO(A®), are also listed in this ~ (With ¢ = b) versus the separation parameigh with Z =1, f = 0.2,

. . . . and¢e/kT = —5 for several values ofa: (a) « = 0; (b) « = —0.2. The
table for comparison. Slmllarly to the case of migration ofa solid curves represent the case of impermeable and nonconducting walls,

§pherical Partide pa.\rallel toa singlle plane Wa”_conSidered and the dashed curves denote the case of walls prescribed with the far-field
in the previous section, the approximate analytical formula electrolyte concentration distribution.

of Eq. (A.21) agrees very well with the exact results as long

as A < 0.5, but can have significant errors whern> 0.6.

In general, Eq(A.21) overestimates the diffusiophoretic ve- andxa. Analogously to the corresponding motion of a par-
locity of the particle. A comparison betwe@&able 3for the ticle parallel to a single plane wall under the same condition
case of a slit and@ables 1 and Zor the case of a single par- illustrated inFig. 2, for a specified value ai/b, U/Up de-
allel plane indicates that the assumption that the boundarycreases with an increasesa for the case of walls with the
effect for two walls can be obtained by simple addition of imposed far-field electrolyte concentration gradient and in-
single-wall effects in general leads to a smaller correction creases with an increase s for the case of impermeable
to diffusiophoretic motion when/b is small but can give a  and nonconducting walls. Again, for the case of imperme-

greater correction as/b becomes large. able and nonconducting walls in the situation of lakge
In Fig. 3, typical collocation results for the normalized the diffusiophoretic mobility of the particle may first go
diffusiophoretic mobilityU/ Uy of a dielectric sphere mi-  through a minimum with the increase @fb froma/b =0

grating on the median plane between two parallel plane and then increase monotonically, and the particle can even
walls are plotted as functions af/b for several values of move faster than it would ai/b = 0. Also, for the case
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of walls prescribed with the far-field electrolyte concentra-
tion distribution under the situation of smalk, the particle
mobility may increase monotonically with an increase in 00N
a/b from a/b = 0. This result indicates that the effect of
electrochemical enhancement, rather than that of hydrody-
namic resistance, can be overriding when the particle—wall
gap thickness is small. An examination of the asymptotic
formulaforU/Ug in Eq.(A.21) also shows good agreement
of the trend inFig. 3with the analytical solution.

A careful comparison of the curves lifig. 3for the case
of a slit with the corresponding curveshiig. 2 for the case
of a single wall reveals an interesting feature of the boundary

effect on diffusiophoresis of a colloidal sphere. The presence =
of a second, identical, lateral plane wall, even at a symmetric 092 — T T
position with respect to the sphere against the first, does not 00 0l 02 03 04 05
always enhance the wall effect on the diffusiophoretic parti- bibo)

cle induced by the first plate only. This result reflects again @

the fact that the lateral wall can affect the electrochemical
driving force and the viscous drag force on a particle in op-
posite directions. Each force is increased in its own direction 024
as the value ofi/b turns small, but to a different degree, for
the case of diffusiophoretic motion of a particle in a slit rela-
tive to that for the case of migration parallel to a single plate.
Thus, the net effect composed of these two opposite forces
for the slit case is not necessarily to enhance that for the case 0.1
of a single wall.

Fig. 4 shows the collocation results for the normalized
translational velocity/ / Up and rotational velocity:§2 / Ug
of a charged sphere undergoing diffusiophoresis parallel to

w2/ U
0

two impermeable and nonconducting plane walls at various 00+

positions between them for a typical case. The dashed curves —
(with a/b = constant) illustrate the effect of the position of 00 01 02 03 04 05
the second wall (at = ¢) on the particle velocities for var- bi(be)

ious values of the relative sphere-to-first-wall spadiyig. ()

The solid curves [with 2/(b 4+ ¢) = constant] indicate the

variation of the particle velocities as functions of the sphere F'9: 4 Plots of the normalized velocities of a spherical particle undergo-
" . . ing diffusiophoresis parallel to two impermeable and nonconducting plane

position at various values of the relative wall-to-wall spac- ;s versus the ratid/ (> + ¢) for the case ofZ = 1, f1 = f» = 02,

ing (b + c)/2a. As illustrated inFig. 4a, the net wall effect .4 = 1000, and¢e/kT| = 5 with a/b and 21/(b + ¢) as parameters: (a)

for the given case is to reduce the diffusiophoretic mobility translational velocity// Up; (b) rotational velocityzs2/ Up.

U/ Ug of the patrticle. At a constant value of 2b + ¢), the

particle in general (with exceptions) experiences a minimum

viscous drag force and has a greatest translational velocitywith @ small value ofca parallel to two plates prescribed

(without rotation) when it is located midway between the With the far-field electrolyte concentration distribution, the

two walls (with ¢ = b); the hydrodynamic drag increases, netwall effect can increase the diffusiophoretic mobility of

the translational velocity decreases, and the rotational veloc-the particle relative to its isolated value. At a fixed value of

ity increases as the particle approaches either of the walls [or2a/(b + c¢) in these cases, the normalized particle mobility

the ratiob /(b + c) decreases]. At a specified valuexgh for has a relatively small value as it is located midway between

the diffusiophoretic particle near a first lateral wall, the pres- the two walls, where the particle experiences a minimum

ence of a second plate is to further reduce the translationaleffect of electrochemical enhancement, and becomes rela-

and rotational velocities of the particle, and the degree of this tively large when it approaches either of the walls. At a given

reduction increases monotonically with a decrease in the rel-value ofa/b for the diffusiophoretic particle and the first lat-

ative distance between the particle and the second plate [oreral plate, the effect induced by the presence of the second

with an increase i/ (b + ¢)]. plate on the particle mobility is not necessarily a monotonic
On the other hand, for some cases such as the diffusio-function of its distance from the particle. This dependence is
phoresis of a dielectric sphere with a large value efpar- quite complicated and is not graphically presented here, for

allel to two impermeable and nonconducting plane walls or conciseness.
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4. Electrophoresis Table 4
Normalized translational and rotational velocities of a spherical particle

In this section. we consider the steady electrophoretic undergoing electrophoresis parallel to a single plane wall computed from
' the exact boundary-collocation solution and the asymptotic method-of-

motlon of a dielectric sphere in a uniformly applied electric q.tion solution for the casg — 1, fi = fo = 02, ka = 100, and
field E* = E*e, parallel to two plane walls. The transla-  ;,/x7 =2
tional and angular velocities of the particle caused by the

. X a/b U/Ug —af2/Ug

field areU = Ue, and = $2e,, respectively. The bulk . ,
. 00 . . . Exact Asymptotic Exact Asymptotic

concentratiom®™ of the symmetric electrolyte in the fluid solution solution solution solution

beyond the electric double layer is constant now. Like the .
For a nonconducting plane wall

analysis in Sectio@, the thickness of the double layeris as- 4 0.99994 099994 000002 000002
sumed to be much smaller than the radius of the particle ando.2 0.99950 099952 000030 000030
the surface-to-surface distance between the particle and each-3 0.99842 099853 000154 000152
wall, but the polarization effect in the thin diffuse layer isin- 04 0.99655 099709 000493 000480
corporated. 05 0.99389 099571 001235 001172
) . . 06 0.99054 099556 002675 002430
Outside the double layer, the electrochemical potentials g 7 0.98685 099853 005320 004502
wm of the ions still satisfy Laplace’s equati¢8) and bound- 0.8 0.98377 100740 010222 007680
ary conditions(10)—(15) but their undisturbed values in 0.9 0.98557 102603 020582 012302
Eq.(14)are replaced by 0.95 099640 032277
0.99 10898 06057
Mmoo = H“?n +kTINn™ — (=1)"ZeE%x. (34) For a plane wall prescribed with the far-field potential profile
. . . . 01 0.99982 099982 000002 000002
The solutl_on fom_m_ in this case can still be expressed as 0.2 099856 099856 000030 000030
Eq. (19) with coefficientsrR,,,, determined by 03 0.99520 099532 000154 000152
o 2 0.4 0.98868 098948 000498 000480
, 05 097772 098085 001259 001172
Z Z Rin Ry, (1) 06 0.96031 096988 002762 002430
n=1m=1 0.7 093278 095774 005574 004502
_ oo, NV 0.8 0.88706 094652 010842 007680
=ZeE™(a = 2P+ 2h12)(1 = p)7%, (85 g 0.80016 093935 021538 012302
0.95 071488 032020
o 2 0.99 05591 04984
3> RunRpy(w)
n=1m=1
= —ZeE™(a — 282+ 280 (1 — D)2, (35b)  (ooles

Normalized electrophoretic velocity of a spherical particle along the me-
to replace Eq(20). The governing equations boundary con- dian plane between two plane walls computed from the exact boundary-
. p . L collocation solution and the asymptotic method-of-reflection solution for
ditions, and solut!on for the fluid velocity fle]d have the same the CaseZ = 1, f, = f—0.2,xa = 100, andce/kT = 2

forms as those given by EqR2)—(29) The final results for

the translational and angular velocities of the particle can be “/? Y/lo : : :
determined by the simultaneous solution of E(g9) and For nonconducting For plane walls prescribed with
(33) with plane walls the far-field potential profile
' Exact Asymptotic Exact Asymptotic
1 3 solution solution solution solution
— m o
Hin(p) =—(=D"ZeE™p + - Y RundPa.w), (368) oy 099973 099973 099948 099948
n=1 0.2 0.99788 099791 099592 099591
0.3 0.99328 099340 098669 098664
Hop () = —(=1)™Ze E® 0.4 0.98534 098586 096977 096985
1 . 05 097426 097619 094381 094493
@ 0.6 0.96105 096690 090762 091288
+ a(l— p2)t/2 Z Rnnd,,” (a, 1), (36b) 0.7 0.94784 096253 085944 087674
n=1 0.8 0.93916 097005 079502 084199
: : 0.95 098303 062704
Some converged collocation solutions for the transla 11572 05167

tional and rotational velocities of a dielectric sphere under-
going electrophoresis parallel to a plane wall (with> 00)

for various values ofi/b are presented iffable 4 while given by Eq.(5) is used to normalize the wall-corrected
the corresponding results for the electrophoretic velocity values. The corresponding method-of-reflection solutions,
of the particle on the median plane between two parallel given by Eqs(A.14a), (A.14b), and (A.21yith the parame-
plates (withc = b) are given inTable 5 Now, the elec- ter G defined by Eq(A.16) in Appendix Aas power series
trophoretic velocity of the particle in an unbounded fluid expansions im. (= a/b) correct toO(1°), are also listed
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Fig. 5. Plots of the normalized electrophoretic velocity of a dielectric sphere Fig. 6. Plots of the normalized electrophoretic velocity of a dielectric sphere
parallel to a plane wall versus the separation paranagtewith Z = 1 and migrating on the medium plane between two parallel plane walls versus the
fi= f2=0.2:(a)lte/kT| =5; (b) ka = 100. The solid curves represent  separation parameteyb with Z =1 andf1 = f> =0.2: (a)|¢e/kT| =5;

the case of an impermeable and nonconducting wall, and the dashed curvegb) xa = 100. The solid curves represent the case of an impermeable and
denote the case of a wall on which the far-field electrolyte concentration nonconducting wall, and the dashed curves denote the case of a wall on
gradient is imposed. which the far-field electrolyte concentration gradient is imposed.

in these tables for comparison. Analogously to the cases ofimum if the value ofca is small) with increasing:/b and
diffusiophoresis considered in the previous section, the as-can be greater than unity agb is sufficiently large. For

ymptotic formulas of Eqs(A.14a) and (A.21)for U/Ug the case of plane walls prescribed with the undisturbed elec-
agree quite well with the exact results as longras 0.6, tric potential distributionl// Ug is a monotonic decreasing
but can have significant errors for greater values.of function ofa/b. It appears that// Uy in general increases

In Fig. 5, typical collocation results for the normalized with an increase ira and with a decrease ire/ kT for the
electrophoretic mobility// Up of a spherical particle paral-  case of nonconducting walls, but decreases with an increase
lel a plane wall as functions af/b are plotted for various  in xa and with a decrease ife/kT for the case of plane
values ofxa and¢e/kT. The corresponding results for the walls prescribed with the undisturbed potential distribution.
particle undergoing electrophoresis on the median plane be-However, similar to the case of diffusiophoresis considered

tween two parallel plane walls are depictedrig. 6. For the in the previous section, no simple rule could appropriately
case of nonconducting plane walls under the specified con-describe the boundary effects on the electrophoretic mobil-
dition, the value oV / Ug decreases with an increaseuifp ity of the particle, which are dependent on the combination

asa/b is small, but increases from a minimum (to a max- of ¢e/kT,«xa, Z, f1, f2, anda/b.
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1.00- 5. Conclusions

In this work, the exact numerical solutions and approx-
imate analytical solutions for the quasi-steady diffusio-
phoretic and electrophoretic motions of a charged sphere
parallel to two infinite plane walls at an arbitrary position
between them have been obtained by using the boundary-
collocation technique and the method of reflections, respec-
tively. Both the cases of impermeable and nonconducting
walls and of walls with the imposed far-field electrolyte
- o\ | concentration gradient were examined in the limit of van-

N ishingly small Reynolds and Peclet numbers. It has been
found that the boundary effects on these phoretic motions
. . . i of a particle are quite significant and are complicated func-
00 01 02 03 04 05 tions of the properties of the particle and surrounding ions

bi(b+0) (¢e/kT, ka, Z, f1, and f2), the electrochemical condi-
@) tions of the boundaries, and the separation distancés (
! R T anda/c). The diffusiophoretic or electrophoretic mobility
of a particle near a wall is generally, but not necessarily, a
monotonic decreasing function of the separation parameter
a/b. When the value ofi/b is sufficiently large, the effect
of a lateral wall can speed up or slow down the particle ve-
locity relative to its isolated value depending on the values
of the relevant parameters of the particle—electrolyte sys-
tem and the electrochemical boundary condition at the wall.
This behavior reflects the competition between the relatively
weak hydrodynamic retardation exerted by the neighbor-
ing wall on the particle migration and the possible, strong
phoretic enhancement due to the electrochemical interaction
between the particle and the lateral wall. No general rule can
make an adequate prediction for such complicated phenom-
ena present in the boundary effects on diffusiophoresis and
1 1 T electrophoresis.
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Appendix A. Analysis of the diffusiophoresis and

Some collocation results for the normalized translational electrophoresisof a spherical particle parallel to one or
velocity U/ Up and rotational velocity 2 / Ug of a dielectric two plane walls by a method of reflections
sphere undergoing electrophoresis parallel to two noncon-
ducting plane walls at various positions between them are In this Appendix, we analyze the quasi-steady diffusio-
displayed inFig. 7. Similar to the cases of diffusiophoresis, phoretic and electrophoretic motions of a dielectric sphere
the particle experiences a minimum viscous drag and has aof radiusa with uniform zeta potentiaf in the solution of
greatest translational velocity (without rotation) when it is a symmetric electrolyte either parallel to an infinite flat wall
located midway between the two walls (with= b). At a (with ¢ — o0) or on the median plane between two paral-
specific value otz/b for the electrophoretic particle near a lel plates (withc = b), as shown irFig. 1, by a method of
first lateral wall, the presence of a second plate is to further reflections. The effect of the walls on the translational ve-
reduce the translational and rotational velocities of the parti- locity U and angular velocit® of the particle is sought in
cle, and the degree of this reduction increases monotonicallyexpansions o, which equals:/b, the ratio of the particle
with a decrease in the relative distance between the particleradius to the distance between the wall and the center of the
and the second plate [or with an increasé iy + ¢)]. particle.
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. 1
A.1. Motion parallel to a plane wall g12= E(c’l —c1), (A.5b)

For the problem of diffusiophoretic motion of a spher-
ical particle driven by a uniform electrolyte concentration ¢,, — —(Cz ), (A.5c)
gradientVn®> parallel to an impermeable and nonconduct-
ing plane wall, the governing equatioif®) and (22) for
the electrochemical potentials of the ions and the fluid g,, = —(02+C2) (A.5d)
flow field must be solved by satisfying the boundary con-
ditions (10), (12), (13), and (23)—(25)with ¢ — co. The In Eq.(A.5),
method-of-reflection solution consists of the series, whose

terms depend on increasing powers.of 1= (a® — 2ap11+ 3apr2
acAq
Hom = Mmoo + 1l + W + 1155 + 1 + (A.la) + apaz2 + 212621 — 2P11B22), (A.6a)
—vD (1) (2 (2)
V=Vpl TV TV Ve (A.1b) CZ_ZaZA (a® — 2aP22+ 3aP21 + aPu
where subscripts p and w represent the reflections from the
s g + 21221 — 2B11B22), (A.6b)

particle and the wall, respectively, and the supers¢iipde-
notes the'th reflection from that surface. In these series, all 8
the expansion sets of the corresponding electrochemical po<; = ¢1 — 3£ (A.6¢)

tential and velocity fields for the fluid solution must satisfy any’

Egs.(8) and (22) The advantage of this method is that it is

necessary to consider boundary conditions associated witr’t’2 =cy— 3@ (A.6d)

only one surface at a time. aldy’

According to Eq(A.1), the translational and angular ve- where

locities of the particle can also be expressed in the series

forms A= ;(dz +apir1+ af2z2 — B12B21+ P11B22), (A7)

U=Uoe +UY + U@ 4. (A2a)  and the relaxation coefficienfi1, f12, B21, andpo, are de-
fined by Eq.(11). In the limit of Eq.(6) or zero relaxation

=004+ Q?@ ... (A.2b) coefficients, Eqs(A.5) and (A.6)reduce tacy = ¢z = ¢j =

¢, =g11=g22=1/2 andgi> = g21 = 0. In the other limit
of very large relaxation coefficients, these equations become
ci=cp=c]=c,=g11=gp=—landgip =g =0.

The solution for the first reflected fields from the particle

In these expression¥ is the diffusiophoretic velocity of an
identical particle suspended freely in the continuous phase
far from the wall given by Eq(7); U® andQ are related

to Vi), andvi? by [33]

is
0] - 0) (i) a® a0 2
UO =3 Gu[Viulo+ i lo+ 5 [Vl (A38) @ — 4% 25ing cosp 3 gmil Vitiool, (A.8a)
m=1 i=1
Q) — }[V V)] (A.3b) y_1. 3 3.,
=3 0’ : v‘g ) = Ean r~3(2sind cose e.
where the subscript 0 to variables inside brackets de- — COS COSp & + Sing €p). (A.8b)
notes evaluation at the position of the particle center. In o ) o )
Eq.(A.3a), The velocity distribution shown in E@A.8b) is identical to
T the irrotational flow surrounding a rigid sphere moving with
Gi= 872[(1 Y velocity Uge, .
3nn(Ze) . The boundary conditions for the first reflected fields from
+ A+ g11+g20In cosh{], (A.4a) the wall are derived from Eq$12), (13), (24), and (25)
(@] €]
ekT - O Wi 8,u
Go=——" [(-1 — z=—b: = , (A.9a)
2 37”](26)2[( + 812 — 822)¢ 9z 3z
+ (14 g12+ g22) Incoshz |, (A.4b) vy = —viP; (A.9b)
where¢ is defined by Eq(4), = 00, 7> —b: Mﬁr,l\;v 0 (A.9¢)

1
g11=5(ch +cu), (A.5a) v — 0. (A.9d)
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The solution ofuf,,l\)\, is obtained by applying complex
Fourier transforms om andy in Eqgs.(8) and (A.9a), (A.9¢)
with the result

2
-3/2
Wi = a*x[x2 + y2 + @+ 2002723 gl Vitiool.

=1 (A.10a)

to decrease this velocity; the net effect of the reflected fields
is expressed by E¢A.11c), which can enhance or retard the
movement of the particle, depending on the combination of
the values ofG and 1. WhenG = 0, the reflected electro-
chemical potential field makes no contribution to the diffu-
siophoretic velocity. Equatiofi.11c)indicates that the wall
correction to the translational velocity of the diffusiophoretic

This reflected concentration field may be interpreted as aris- particle isO (12), which is weaker than that obtained for the
ing from the reflection of the imposed field from a fictitious corresponding sedimentation problem, in which the leading
particle identical to the actual particle, its location being at boundary effect is0 (1). Note that the necessary condition
the mirror-image position of the actual particle with respect for the wall enhancement on the diffusiophoretic motion to

to the planez = —b (i.e., atx =0, y =0, z = —2b). The
solution forv{y’
ditions (A.9b), (A.9d)with the general solution to E¢22)
established by FaxdB4], which results in

(1>_“ 3Uo / / i@x+By)— (z+2b)

—00 —00

x {—[ZK(Z +b) + 1)ide, — [2c(z +b) — 1]

~D ~h
x (“—ex n %ey>}d&dﬁ,
K K

wherex = (&2 + 2)Y/2 andi = /1.
The contributions oﬁe(l) andv(l) to the translational and

(A.10b)

can be found by fitting the boundary con-

occur is a large value ai and/or a value of. close to unity
such that the relatioh® > (1 — G)A3 is warranted.

Equation(A.11d) shows that the diffusiophoretic sphere
rotates about an axis which is perpendicular to the direc-
tion of the applied electrolyte concentration gradient and
parallel to the plane wall. The direction of rotation is op-
posite to that which would occur if the sphere were driven to
move by a body force. Note that the angular velolty in
Eqg.(A.11d)does not depend on the parame(ﬂe(smcev(l)
is not a function ofG). Also, the wall-induced angular ve-
locity of the diffusiophoretic particle i® (A%), which is the
same in order as but different in its coefficienty/ 16 versus
3/32) from that of a rigid sphere moving under a body-force
field [34].

U@ andaQ®@ will be 0(1%e, and O(1")e,, respec-

angular velocities of the particle are determined by using tively. With the substitution of Eqs(A.11c) and (A.11d)

Eqg.(A.3),
2 1
Ul =2 GulVigal,_o= 5G4 Uoe:, (A113)
m=1
@ 1 a? 2,1 1
utt = [v\(,v) +—V v\(,\,)] =23 -2 Uoe:,
6 r=0 8
(A.11b)
1
UL =u® +u® = é[_(1 —G)A3 +2°]Uoe:, (A.1lc)
om_4 (€Y 3 o
a@® = E[V x V], o= —1gU0" &y (A.11d)
where
1 22
G =5 22 D Gnsmil Vitioel. (A12)
m=1i=1

After the substitution of Eq(14) for ;. and Eq.(A.5) for
gmi» EQ-(A.12) becomes

_ kT|Vn™|

= T ® Z Gle (A.13)

(—1)mcmoc].

into Eq. (A.2), the patrticle velocities can be expressed as
U=Ue, and® = $2e, with

1 1
U= Uo[l -5 G)Z3+ g)f’ + 0@6)}, (A.143)

a2 = Uo|:— 1—?’6x4 + 0()7)]. (A.14b)
The particle migrates along the imposed electrolyte concen-
tration gradient at a rate that can increase or decrease as the
particle approaches the wall. Owing to the neglect of inertial
effects, the wall does not deflect the direction of diffusio-
phoresis.

For the case that a linear electrolyte concentration profile
is prescribed on the plane wall which is consistent with the
far-field distribution, namely, the boundary conditig®) is
replaced by Eq(15), the series expansiof8.1) and (A.2)
the solutions oh(l) andv(l) in Eq.(A.8), and the boundary

conditions fom(l) andv(l) in Egs.(A.9b)-(A.9d)are still
valid, while Eq.(A.9a) becomes

= —Hiap: (A.15)

With this change, it can be shown that the results of the
reflected fields and of the particle velocities are also ob-

z==b: u,

Equatlon(A.lla) shows that the reflected electrochemical tained from Eqs(A.10)—(A.14)by replacingg,,; by —gmi

potential field from the wall can increase (if > 0) or de-
crease (ilG < 0) the velocity of the diffusiophoretic particle,

(or replacingG by —G). Thus, contrary to the effect of an
impermeable and nonconducting plane wall, the reflected

while Eq.(A.11b)indicates that the reflected velocity field is  electrochemical potential field from a parallel wall with the
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imposed far-field concentration gradient reduces the trans- a3 T 1 A
! . S R V(c ey . ol @x+py)
lational velocity of the particle iiG > 0 and enhances this W on sinh(2«xb) — 2xb

velocity if G < 0. WhenG = 0, the two types of plane wall —00 —00
will produce the same effects on the diffusiophoretic motion ) . .
of the particle. Under the condition that the value®fis x 1 [sinh(kz) — kz coshiez) + g sinhikz) Jide;

sufficiently small and/or the value of is sufficiently large .
such that\® > (1 + G)A3, the net effect of a lateral plane + [ezsinhez) — g coshiez)]
wall prescribed with the far-field concentration distribution a2 ap A
can enhance the diffusiophoretic migration of a particle. x <7ex + Tey) } da dp .
For the problem of electrophoretic motion of a spherical )
particle caused by a constant external electric figftel par- wherex = (&% + p9)Y2, g = kb — e7* sinh(kb), andUp is
allel to a nonconducting plane or to a plane prescribed with given by Eqs(7) and (5¥or the cases of diffusiophoresis and
a linear electric potential profile consistent with the far-field electrophoresis, respectively. The contribution&f;}ﬁv and
distribution, the above analysis still applies, but nbw is v to the particle velocity are determined using E4.3a),
the electrophoretic velocity of an isolated sphere given by which lead to a result similar to EqeA.11a)—(A.11c)
Eqg. (5) and the expression fo& given by Eq.(A.13) be-

(A.18b)

comes UL = d1Gr3Uoe,, (A.19a)
Ze|E®| &

A Zl(_l)mc’"c’"' (A16) U = —(do2® — d3A®)Uoer., (A.19b)
m=

Note that Eq(A.14b)for the rotational velocity of the parti- @ _ 11D @
N U~ =Ug” + Uy
cle correct toO (A%) is independent of the parameter
= [~ (d2 — d1G)33 — d32°]Uoey, (A.19¢)

A.2. Motion on the median plane between two parallel flat where G is given by Eq.(A.12) (or by Egs.(A.13) and

walls (A.16) for the relevant cases),
For the problem of diffusiophoretic or electrophoretic o,
motion of a sphere on the median plane between two imper-4; = / 2’07 dp = 0.300514 (A.20a)
meable and nonconducting parallel plates, the boundary con- 0 et —1
ditions corresponding to governing equatid8$ and (22)
are given by Eq910), (12), (13), and (23)—(25yith ¢ = b. ~
But, the angular velocity® of the particle vanishes now 1 [ p?(p —e P sinhp)
because of the symmetry. With=a/b < 1, the series ex- 2= 5/ sinh(2p) — 2p do =0.417956 (A.20b)

pansions of the electrochemical potentials of the ions, fluid
velocity, and particle velocity given by EqA.1), (A.2a),

and (A.8)remain valid here. From Eqg12), (13), (24), 1 o0 4
and (25) the boundary conditions for the first wall-reflected g3 = = / ,pi dp =0.338324 (A.20c)
fields u'X, andviy are found to be 6 5 sinh(2p) — 2p

8;1,% au,(,}g, With the combination of EqgA.2a) and (A.19¢)the parti-
|z = b: 9z == 9z (A.179) cle velocity can be expressedlds= Ue, with

O _ _y@D.

Vi = Vs ALTE)  y — o[l - (d2 — d1G)A3 + dsa5 + 019)]. (A.21)

r—o0, 2] <b: uX, -0, (A.17c) For the case where the particle is undergoing diffusio-

v 0 (A.17d) phoresis or electrophoresis on the median plane between two
w ' ' parallel plates on which a linear electrolyte concentration or
The first wall-reflected fields can be solved by the same electric potential profile consistent with the far-field distrib-

method as used for a single lateral plate in the previous sec-ution is imposed, Eq(12) should be replaced by E@L5).

tion, with the results In this case, Eq9A.1), (A.2a), (A.8), (A.17b)—(A.17dare
0o oo still applicable, while Eq(A.17a)becomes
w__a 1 iax+fy)—eb COSIKD) o dp 1 1
Hmw = "%, P sinh(k b) * sl =b: i = —Mﬁné- (A.22)
2_00 - With this change, it can be shown that the results of the re-

% ngilvuiool, (A.18a) flected fields and of the particle velocity are also obtained

= from Eqgs.(A.18)—(A.21)by replacingg,,; (or G) andd; by
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—gmi (Or —G) anddj, respectively, where

[e.e]

dy = /
0

Comparing Eq(A.21) for the slit case with Eq(A.14a)
for the case of a single parallel plane, one can find that
the wall effects on the diffusiophoretic or electrophoretic
velocity of a particle in the two cases are qualitatively sim-
ilar. However, the assumption that the result of the bound-
ary effect for two walls can be obtained by simple addition
of the single-wall effects generally gives a smaller correc-
tion to diffusiophoretic or electrophoretic velocity, while for
the corresponding sedimentation problem this approxima-
tion overestimates the wall correction.

Using the same method of reflections, Keh and Anderson
[23] obtained asymptotic solutions for the electrophoretic
mobility of a dielectric sphere surrounded by an infinites-
imally thin electric double layer either parallel to a non-
conducting plane wall or on the median plane between two
parallel plates correct t@(19). In the limit of Eq.(6), the
formulas given by Eqs(A.14a) and (A.21)are consistent
with these earlier solutions.

As discussed in Sectiorsand 4, the boundary effects
on phoretic motions in general are quite complicated and
no simple rule is able to make an adequate prediction for
such complicated phenomena. Thus, limited numerical so-
lutions with interpolation and extrapolation are awkward to
be used in practical applications. Therefore, the closed-form
analytical results obtained in this Appendix, which can be
conveniently used in the calculations for various cases with
ka > 20 (without the need of a computer), should be a favor-
able contribution to the evaluation and understanding of the
boundary effects on diffusiophoresis and electrophoresis.

02

e2r +1

dp = 0.225386 (A.23)

Appendix B. Définitions of some functionsin Section 2

The functionss,(f) with i = 1,2,3, and 4 in Eqs(19),

(21), (31), and (36are defined by

Lm J1(kp)

00
5(1) — —n—lpl s m/
n(r ) =r w (1) — (=n) sinhe

0
X [¢®Vym (€)(sinho) " (cosho)™
— bV (—b)(sinhw) ™™ (coshw)™ | dk,
(B.1)

02 (r. 1) = =+ Dr " 2R ()

_ (_n)m /

0
X [¢?Vyim () (sinho) " (coshy)™

— b?Vyyem (—b) (sinhw) " (coshw)™ ]

K2—m

sinht iJi(Kp)(l —uHe
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+ J1(ep) [ ? Vi (¢) (cOSho) ™ (sinha )™

_ b2vn+m(—b)(coshu)1‘”' (sinhw)’”]} dk,
(B.2)

—n—laP)}('u’)

o
m OO"_
- (=) r/sinhr
0
X [€?Vigm (c)(sinho) " (cosho)™
— bV (—b) (sinhw) ™ (coshw)™ ]

— J1(kp) (1 — u?)M?
X [¢?Vym () (cosho )™ (sinho )™

5@

W) == (1= p®?

2—m

{Ji(lcp)u

— b?Vyym (—b) (COSh) " (sinhw)’”]} di,
(B.3)

8’(14) rnpw)=m+n+ 2)r7n73pnl('u)

o 2
— ()" f ——|{[Hwora-u?

0
+ Jl(K,O),bLZ] [—cZV,H_m (sinho)1~" (cosho )™
— bV (—b) (sinhw) ™ (coshw)™ ]
+2J1(kp) (X — A2
x [¢*Vytm (c) (cOSho )™ (sinho )™

— bV (~b) (COst)' " (sinhe)" | .

(B.4)
Here,

@/mY2 8 (a2
Vn(Zi) = n+1 4 g! |

; = (=2)4g!(n — 29 — 1)!

x Kn—q—3/2(x|zil). (B.5)
o =K(Z+b), (B6a)
w=rK(z—0), (B.6b)
T=xb+0), (B.6¢)

J1 is the Bessel function of the first kind of order one and the
prime on it denotes differentiation with respect to its argu-
ment, K, is the modified Bessel function of the second kind
of orderv, and the square brackt] denotes the largest in-
teger which is less than or equal to In Egs.(B.1)—(B.4)

m =1 if Eq. (12) is used for the boundary condition of the
electrochemical potential field at the plane walls ane- 0

if EQ. (15)is used.
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