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The main purpose of present study
aims at the establishment of a
mathematical model for predicting the
pollutant transport in a nonlincar 3D
estuary. To reduce the handling of
nonlinear partial differential equations, the
concept of velocity-vorticity formulation s
adopted to model the estuary
hydrodynamics. Thus the govemning



equations for the velocity field are deduced
to the linear Poisson equations, To further
lower the dimension, the BEM or FEM is
again applied to solve the velocity Poisson
equations. The distribution of pollutant,
temperature, as well salinity are all solved
by the FEM or BEM algorithms as well as
the feasibility of the concept of velocity-
vorticity formulation.

In this study, we use the velocity-
vorticity method, In combination with
finite element method, boundary element
method and Runge-Kutta method to solve
the three-dimensional inertial and non-
mertial unsteady incompressible viscous
flows. The comectness of the model is
verified by a simple driven cavity flow by
comparing with existing hterature.

As for as flow verification is
concerned, we analyze the flows satisfying
the Navier-Stokes equations with low
Reynolds numbers. In computation, one
can understand the relation between the
change of flow velocity and vorticity. By
the process of verification, we know the
fact that the viscous force on the boundary
induces the generation of the vorticity, and
interacts with velocity. The vorticity
would diffuse into the whole flows, and
cause the variation of the flows. However
the variation of the flow also will change
the vorticity. Finally, they are influenced
and coupied each other.
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ABSTRACT

The dual reciprocity boundary element method (DRBEM) has
been established as an effective numerical tool in the modeling of vari-
ous engineering problems. Here the application of the DRBEM in
groundwater flow and pollutant transport is described. Several cases
analyzed prove that DRBEM is an effective numerical tool in simulat-

ing these problems.

L. INTRODUCTION

Groundwater, in recent years, has been an im-
portant consideration in the water plans of many coun-
tries due to over exploitation and non-availability of
surface water: In the development and management
of groundwater resources, two major problems of in-
terest are the quantity of available water and the qual-
ity of extracted water. For the efficient management
of groundwater basins subjected to pumping and
recharge, it is necessary to analyze and predict the
hydraulic response of the system using effective tools.
Similarly for the assessment of groundwater quality,
it is necessary to identify the source of pollution and
predict the movement of pollutants using effective
techniques.

Generally, the hydrodynaniic response of
groundwater basins and pollutant movement in

*Correspondence addressee

porous media are predicted using analytical, physical,
field and numerical models. For the simulation of
groundwater flow and pollution transport, very few
exact analytical solutions are available and the physi-
cal and field models are cumbersome and difficult in
practice. Hence, numerical models are in common
use for the prediction of groundwater flow and pol-
lution transport.

Commonly used numerical models are based on
the finite difference method (FDM), the finite ele-
ment method (FEM) and the boundary element
method (BEM). FDM and FEM are in common use
for the solution of groundwater flow and pollution
dispersion problems for which domain discretization
is required. For large-scale groundwater flow and
pollutant transport problems, the discretization of the
domain using FDM or FEM takes huge effort and the
solution becomes cuombersome. Using BEM, if there
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are no convective or time dependent terms in the gov-
erning equations, only the boundary of the domain is
to be discretized for solution, hence, it is easier in
field applications. But if there are convective terms

or time dependent terms in the governing equations.

(which is the usual case with groundwater flow or
pollutant transport problems), a solution using the
general BEM (Brebbia, 1978) requires domain
integration which reduces the attraction of the
method.

The dual reciprocity boundary element method
(DRBEM), converts all time dependent terms and
convective terms into boundary integrals using a
special technique and hence is totally boundary
oriented. The internal points are defined wherever a
solution is required. Hence, in DRBEM, a three
dimensional problem is solved, computationally, in
two dimensions and a two dimensional problem is
solved, computationally, in one dimension. Here,
the application of dual reciprocity boundary ele-
ments in the modeling of groundwater flow and pol-
lution transport is briefly described, with some case
studies,

The dual reciprocity boundary element method
(DRBEM) was introduced by Mardini and Brebbia
(1982} and was later generalized to a wide range of
engineering problems (Partridge ef al., 1992). Vari-
cus authors presented formulations for diffusion equa-
tions and diffusion-convection equations based on
dual reciprocity boundary elements (De-Figueriredo
and Wrobel, 1990; Partridge and Brebbia, 1992; Zhou
and Zhang, 1994). Eldho (1995) used DRBEM for
the solution of transient groundwater flow problems
and pollution dispersion problems. Eldho and Rao
(1997) presented the applications of DRBEM for two
dimensional contaminant transport problems in po-
rous media. In this paper, the general applications of
DRBEM in groundwater flow and pollution disper-
sion modeling are described with the help of two case
studies. ’

IL. GROUNDWATER FLOW MODELING
L. Governing Equation and Formulation
The general governing equation for transient
groundwater basin flow {both confined and uncon-

fined aquifers) in homogeneous isotropic porous me-
dia can be expressed as Bear (1979): -

v%:iﬁ_“’ (0

where $- the potential or hydraulic head, T- the
transmissivity of the aquifer, D- the diffusivity of the
aquifer (D=T7/5), §- storativity of the aquifer, ¢ the

time and W- recharge or pumping rate (positive for
recharge and negative for pumping). The following
dimensionless form of variables are used in the
solution:

X=x/L; Y=y/L; ®=¢/ ¢ ; t=1D/LY;
W =WLYT, ¢ ; D'=DID, (2)

where L is a reference length, ¢ is a reference hy-
draulic head, Dy is a reference diffusivity, T is the
transmissivity corresponding to the reference
diffusivity and t is the time step.

For transient groundwater flow, the initial and
boundary conditions should be prescribed. The ini-
tial condition, usually prescribed head, is described
throughout the domain at some initial time. Two com-
mon types of boundary conditions may be defined in
a typical aquifer problem. One is a Dirichlet condi-
tion (boundary of prescribed head) and another one
is a Neumann condition {(boundary of prescribed
flux).

Considering the transient flow in aquifers with-
out any pumping or recharge, Eq. (1) becomes,

?2¢=——1a— (3)

Here, in the solution of Eq. (3) using DRBEM, the
time dependent term is approximated using the dual
reciprocity methed and then Green's theorem is ap-
plied to get a boundary solution. The fundamental
solution of the Laplace equation is used for
approximation. This procedure gives a boundary only
solution with less complexity in the solution process
of the governing equation.

In the dual reciprocity method, the term J¢/d is
approximated and Eq. (3) is represented as:

NEL N+L -

where fi- a set of approximating functions, ¢- a set
of initially unknown coefficients, N- number of
boundary nodes, L- number of internal nodes and &J
is a series of particular solutions. Here the right
hand side of Eq. (3) has been represented by a set
of basis functions fi(x, y) multiplied by a set of un-
known functions of time o{f) which in turn is replaced
by a summation of products of coefficients «; and
the Laplacian operating on the particular solution &5 .
The number of {a; is equal to the number of nodes
N+L.

Now, using the reciprocity principle on both
sides of Eq. (4), discretizing the boundary into N
linear elements and using L internazl nodes, the
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boundary integral equation can be written in
discretized form for a source node i as follows:

f ¢dr f:f ¢‘a¢dr

-aé'
=53 aed 55'[ W gar- 3 Lm,ign
4

{3}

where ¢ is the fundamental solution of the Laplace
equation, n is the unit outward normal and g; is
Green's constant; g=1 for a point inside the domain,
g=0 for a point outside the domain and g;=0/2x for a
point on the boundary, in which 0 is the internal angle
at point i in radians.

After introducing the interpolation function and
integrating over each boundary element, applying to

all boundary nodes using a collocation technique and

using the initial and boundary conditions, a system
of linear equations can be formed, The solution of
this linear system of equations gives the unknown
function values first on the boundary of the domain
and then the internal values can be found from Eq.
{5). The detailed formulation of DRBEM for ground-
water flow can be found elsewhere (Eldho, 1995,
19986).

The approximating function ‘f* used here is
‘1+r’ where r is the distance from the point i of ap-
plication of the concentrated source or sink to any
other point under consideration. Here the pumping
and recharge effects (Eq. 1) are considered as con-
centrated sinks and sources (Brebbia, 1978).

The presented model has been compared
with one analytical solution given in Liggett and
Liu (1983) and one FEM model given in Pinder
and Gray (1977) for confined aquifer conditions
{Eldho, 1995). Here the comparison with the ana-
lytical solution is presented. The aquifer considered
is a square region of unit dimension without any
pumping or recharge and unit diffusivity. On the
left hand side of the domain boundary, unit po-
tential (0, y, £}=1.0) and right hand side of the
domain boundary zero potential (¢{1, y, $)=0.0)
are assumed. On other boundaries, no flow bound-
ary condition (d¢/9n=0} are assumed. Initially,
throughount the domain zero potential (¢(x, y, 0)=0.0)
are assumed. Here, dimensionless variables as given
in Eq. (2) are used. For the problem described, the
exact analytical solution is described in Ligget and
Liu (1983).

In the DRBEM model, the boundary of the
domain is discretized inte 20 linear elements
and 12 internal nodes are considered and a

ANALYTICAL ——
1.0 BEM

LI |

1 L I x
(00) (1] 02 0.3 04 05 .6
Time 1

Fig. 1. Comparison of ¢ variation for DRBEM madel and ana-
Iytical solution

dimension-less time step of 0.05 is used. Figure 1
shows the potential variation with respect to time at’
various points in comparison with the analytical
solution. Good agreement is observed between the
DRBEM solution and the analytical solution. In the
transient groundwater flow analysis using DRBEM,
the accuracy and stability of the results depend on
the use of optimal dual reciprocity boundary element
model parameters like time steps, number of bound-
ary elements, number of internal nodes, weighting
factors and approximating functions used in the
investigation. A detailed sensitivity study of these
parameters can be found in Eldho (1996).

2. Case Study

To show the effectiveness of DRBEM in ground-
water flow analysis, a case study of regional aquifer
modeling is presented here. An unconfined aguifer
in Pochampad Ayacui, Andhra Pradesh, India is
considered to determine the effects of continued
pumping on the regional groundwater basin {Eldho,
1995). The aquifer considered has a specific area

-of 67 sq.km. It is wedge shaped bounded by two
streams, Peddavagu and Kortalavagu, on two sides
and the Pochampad main canal on the third side as
in Fig. 2. Groundwater mainly occurs in this basin
under unconfined conditions. From the pumping
tests, the average transmissivity and storativity
are observed to be 79.5 m!/day and 4.55x107
respectively. For the study purpose, the aquifer is
considered to be homogeneous and isotropic. The
two boundary streams are considered as recharging
boundaries. The other boundary, the Pochampad
main canal is a lined canal, having been excavated
beyond the average depth of weathering in the re-
gion, and is assumed to be impermeable. The ground-
water levels avatlable in 197! without any pum-
ping effect varying from 270 to 304 m, are taken as
the initial groundwater levels for the purpose of
analysis. All these data are taken from the publica-
tion of Baig and Prabhakar {1980).
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Fig. 2. Aquifer plan and DRBEM discretization

3. Calibration of The Model

For the simulation of a real aquifer, it is
essential that the model used is calibrated with the
initial data available so that the model reflects back
the response of the original situation within reason-
able limits. In the present case study, the data avail-
able is a record of initial water levels observed in
1971, when there was no pumping. No data is avail-
able about the recharging stream boundaries. Hence,
in the absence of any other data, the initial water lev-
els of 1971 have been considered as the unknown
steady state solution of potential head distribution
over the entire basin. A steady state analysis is car-
ried out for calibration. The boundary of the domain
is discretized into 37 linear elements and 55 internal
points are considered as in Fig. 2. From the given
conditions and initial boundary heads, the fluxes
{discharges and recharges) at the boundary nodes and
the heads at .internal points are predicted. These
boundary recharges and discharges are assumed to
exist over future times as the boundary conditions of
the basin in addition to the future prescribed pump-
ing activities.

To ascertain the accuracy of the calibrated
model, the boundary discharges and recharges are
redistributed to see whether given boundary heads and
internal nodes are obtained, if so, the model is
calibrated. The calibrated groundwater levels and the
initially observed water levels of 1971 are plotted in
the form of contours in Fig. 3. Both the contours
agree closely and establishes the validity of the
calibration.

—— OBSERVED INITIAL
LEVELS

--=-DRBEM CALIBRATED
LEVELS

SCALE. lcn=810M
Fig. 3. Mode[ Calibration - case study

4. Prediction of Future Transient Water Levels
with Pumping

For the prediction of future transient water lev-
els with pumping effects, a case study is considered
with pumping wells located at nodal points 4, 39, 50
and 79 (see Fig. 2) pumping at a rate of 169, 169, 338
and 338 m’/day respectively. The pumping wells are
treated as concentrated sinks in the model (Brebbia,
1978). The boundary of the domain is discretized
into 37 linear elements and 55 internal points are con-
sidered to find the potential distribution. The recharge
and discharge rates obtained from steady state analy-
sis are used as boundary conditions. The given ini-
tial potential is described as the initial condition on
the nodes and a time step of 1 day is used in the
analysis. The groundwater levels are predicted at the
end of I year, 5 years and 10 years, due to continu-
ous pumping and the corresponding contours are
shown in Fig. 4. The potential variation at some se-
lected nodes (42, 53, 63, 70, 77 and 92) with respect
to time is shown in Fig. 5.

This case study shows the effectiveness of
DRBEM in groundwater flow modeling. The tran-
sient groundwater flow problem with pumping and
recharge is solved entirely based on boundary
discretization. Internal points are defined wherever
a'solutign is nee;ded. Using DRBEM, the two dimen-
sional 'problem is solved computationally in one
dimension. The irregular shape of the boundaries of
the problem is considered such that computation is
not possible with other numerical methods, only with
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ONE YEAR

—.—= FIVE YEAR
c;, — — —-TEN YEAR
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SCALE ; lcoo=810M

Fig. 4. Contours of predicted potential - case study

DRBEM. The pumping and recharge are considered
as concentrated sinks and sources. As is clear from
the case study, the data required and prepared are
much less than needed by other numencal me-
thods.

III. GROUNDWATER POLLUTANT TRANS-
PORT MODELING

1. Governing equation and formulation

The two-dimensional governing equation for
groundwaler contaminant transport in saturated, ho-
mogeneous and isotropic porous media (Van
Genuchen er al., 1977) can be expressed as:

p L. p TC g 1L,

=z .vrayz o BJT)"'ARC

(&

where C is the pollutant solution concentration, D,
and D,, are the dispersion coefficients in x and y
chrecuons t is the time, U, and U, are the Darcy ve-
lIocity components in x and y dlrecnons, n, is the ef-
fective porosity, R is the retardation factor of the po-
rous media and A is a first-order decay constant for
solutes that undergo decay. A dimengionless form of
Eq. (6} can be achieved by substituting,

et NODE 42
300 = O0—0 NODE 53
O——8 NODE 63
#———a8 NODE 70
G NODE 77
%—— NODE 92

POTENTIALIN m
ey
2
T

280
-

270 | I 1 1 1 !
0 1 2 3 4 5

TIME IN YEARS

Fig. 5. Potential variation with time - case study

C" = ]r=£y_- __xL-
=<, U TET D_
UL, D
u,= DyL (= ":: (7
E L

in which C, and L' are some reference concentration
and length and f=(D,./D,,)"".

To solve a particular problem, the governing
equation has to be supplemented by appropriate ini-
tial and boundary conditions. The initial condition,
usually prescribed concentration, is described
throughout the domain at some initial time. Two
boundary conditions are commonly used in the solu-
tion of pollution dispersion problems. One is a
Dirichlet condition (boundary of prescribed
concentration) and another cne is a Neumann condi-
tion (boundary of normal gradient of the
concentration).

Here in the solution of the dispersion equation
using DRBEM, the time dependent term and convec-
tive terms are approximated using the dual reciproc-
ity method and then Green's theorem is applied to
get a boundary solution. The fundamental solution
of the Laplace equation is used for approximation.
This procedure gives a boundary only solution with
less complexity in the solution process and allows any
of the coefficients to have variable values without
adopting special techniques. Assuming Dy as the lon-
gitudinal dispersion coefficient, V,=Udn,, V,=U/n,
and using Eq. (7) (while keeping the symbols same
as in Eq. (6)), then

2 aC aC - b
ViC= _1_(1,;.&?+vm;,-af.1.&'::+JraraI p; ®
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In the DRBEM, the right hand side of Eq.(8) can be
represented as:

vic=- i‘. (V)= 1 if(x o O
where C. is a series of particular solutions, M is the
number of boundary nodes, L is the number of inter-
nal nedes, g is a set of initially unknown coefficients
and f; are approximating functions. Here, the right
hand side of Eq. (9) has been represented by a set of
coordinate functions fi{x, y) multiplied by an unknown
function of time a{r), which in turn is replaced by a
summation product of coefficients o; and the
Laplacian operating on the particular solution C;.
The number of C; 1is equal to the total number of
nodes N+L.

Now using reciprocity principle on both sides
of Eq. (%), discretizing the boundary into ¥ linear el-
ements and using L internal nodes, the boundary in-
tegral equation can be written in dlscreuzed form for
a source node { as follows:

30+i

CdI‘ f c*%%dr

Ty

1" aC” A
-D”—g a’[ngu +é| J;t o €A

i ,eC ;

2| g (10)
&

where C” is the fundamental solution of the Laplace

equation, r is the unit outward normal and g; is

Green's constant, as defined earlier.

After introducing the interpolation function and
integrating over each boundary element, applying to
all boundary nodes using a ¢ollocation technique and
using the initial and boundary conditions, a system
of linear equations can be formed. The solution of
this linear system of equation gives the unknown func-
tion values first on the boundary of the domain and
then the internal concentration values can be found
from Eq. {10). The detailed formulation of DRBEM
for pellution dispersion in porous media can be found
elsewhere (Eldho and Rao, 1997).

The approximating function ‘f* used here is
*1+r’ where ris the distance from the point { of ap-
plication of the concentrated source or sink to any
other point under consideration.

The DREEM model has been compared with
some one-dimensional and two-dimensional analyti-
cal solutions (Eldho and Rao, 1997). Here, the com-
parison with one analytical solution is presented.
The porous media considered is a rectangular region

1.00

I #* BEM
o & ANALYTICAL
0.80
_ 050
5] C
© 040
0.20F
»
0.00 1

0.00 20000
DISTANCE IN M

Fig. 6. Comparison of pellutant distribution for DRBEM and ana-
lytical solution

of 600mx100m size and is homogeneous, isotropic
and fully saturated. The longitudinal dispersion co-
efficient of the media (D7) is assumed to be 7.616
m*/day, the retardation factor R=1.0, radioactive
decay coefficient is assumed to be zero, seepage ve-
locity = 1.219 m/day and source fluid discharge is
assumed to be zero, On the left hand side of the do-
main boundary, unit relative concentration (C(0, y, 1)
=1.0) and on the right hand side of the domain bound-
ary zero relative concentration (C(600, y, 1=0.0) is
assumed. On other boundaries, no flow condition
and derivative of concentration (8C/9a=0) is assumed
as zero. Initially, throughout the domain zero con-
centration {C(x, y, 0)=0.0) is assumed. Here, dimen-
sionless variables, as given in Eq. {7), are used. For
the problem described, the exact analytical solution
is described in Marino (1974).

In the DRBEM meodel, the boundary of the do-
main is discretized into 52 linear elements and 11
internal nodes are considered and a time step of 1
day is used. The dispersion analysis is carried out
for 300 time steps and concentration distribution is
found. Figure 6 shows the relative concentration dis-
teibutions along the domain at various times in com-
parison with the analytical solution. Good agreement
is observed between the DRBEM solution and the ana-
lytical solution.

As in the case of groundwater flow modeling,
the accuracy, stability, convergence and computa-
tional efficiency of the DRBEM model for pollutant
dispersion analysis also depends on the use of opti-
mal dual reciprocity boundary element model param-
eters like time steps, boundary discretizations, inter-
nal nodal distributions, weighting factors and approxi-
mating functions used in the investigation. A detailed
sensitivity study of these parameters can be found in
Eldho and Rao (1997).

IV. CASE STUDY

To .show the effectiveness of DRBEM in
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Fig. 8. Solute concentration distribution with time

groundwater pollution analysis, a case study of pol-
lution dispersion in an aquifer is presented here. An
unconfined aquifer of domain size 600mx300m is
considered to determine the effects of pollution
dispersion in porous media (Eldho, 1995). The
boundary of the domain is discretized with 54 linear
elements and 62 internal nodes are used. Fig. 7 shows
the discretization with the input concentration that
varies along the y-axis. The dispersion coefficient
in the x- direction (D) is 7.622 m¥day and in the y-
direction (D,,) is 0.4795 m*day. The unidirectional
seepage velocity through the aquifer media is 1.22
miday.

A time step of 2 days is used in the analysis.
The pollutant dispersion analysis is carried out for
200 days. Figure 8 shows the concentration devel-
opment with time at three nodes, 79 (100, 125), 92
{200, 150) and 83 (300, 125). Figs. 9a and 9b show
the contours of the relative pollutant concentration
distribution after 100 days and 200 days from the be-
ginning of the pollution. To analyze the pollution
movement after stopping the contamination source,
numerical analysis is continued for 200 more days
after the removal of the contamination source.

3
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0 s 100 150 200 230 W0 3 400 450 %00 350 600
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0 50 Ml M X0 M0 0 A0 400 450 S00 350 &o

b}
Fig. 9. (a) Contours of the relative pollutant distribution after 100
days. (b) Contours of the relative pollutant distribution af-
ter 200 days

Figs. 10a and 10b show the relative contours.of the
pellutant concentration distribution 100 days and 200
days after stopping the contamination source (300
days and 400 days after the beginning of the
pollution}.

This case study shows the effectiveness of
DRBEM in groundwater pollutant transport modeling.
The time dependent and convective terms in the gov-
erning equation are approximated in such a way that
the problem is solved entirely based on boundary
discretization. Internal points are defined wherever
a solution is needed. Using DRBEM, the two
dimensional, problem is solved computationally, in
one dimension. In the present model, the effect of
numerical dispersion is found to be negligible com-
pared to other numerical methods (Eldho and Rao,
1997). As is clear from the case study, the data re-
quired and prepared are much less than compared to
other numerical methods.

V. CONCLUDING REMARKS

Here the applications of the dual reciprocity
boundary element method in the analysis of ground-
water flow and pollution modeling are described. The
time-dependent term and convective terms in the
diffusion equation and dispersion equation are ap-
proximated using the duoal reciprocity method to
achieve a boundary only solution. Various case
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Fig. 10. (a) Contours of pollutznt distribution after the source re-
moval (100days). (b) Contours of pollutant distribution
after the source remaval (200days)

studies analyzed show the effectiveness of the
DRBEM in groundwater flow and pollution disper-
sion analysis. In DRBEM, all the basic advantages
of the BEM, like reduction in computational
dimension, ease of data handling and less numerical
dispersion are achieved. DRBEM is particularly ad-
vantageous in the analysis of large groundwater ba-
sins with irregular boundaries as only the boundary
of the domain is discretized and internal nodes are
considered at the desired points.

NOMENCLATURE

pollutant solution concentration
fundamental solution of Laplace equation
diffusivity of the aquifer

Dispersion coefficient in x, y directions
approximating functions

Green's constant

number of internal nodes

number of boundary nodes

unit outward normal

effective porosity

retardation factor

storativity of the aquifer

time

transmissivity of the aquifer

Darcy velocity

recharge or pumping rate

CE )
5
o
3

EQNT LA N X

Greek symbol

RN aS

¢ ]

-

10.

11,

potential

first order decay constant

time step

a set of initially unknown coefficients
fundamental solution of Laplace equation
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THREE-DIMENSIONAL STOKES FLOW SOLUTION USING
COMBINED BOUNDARY ELEMENT AND FINITE ELEMENT METHODS

D.L. Young”~

Y.H. Lin™

T.I1. Eldho ™™

Department of Civil Engineering & Hydrotech Research Institute
National Taiwan University
Taipei, Taiwan 10617, R.Q.C.

ABSTRACT

This paper describes a mode] using boundary element and finite element methods for the solution of
three-dimensional incompressible viscous flows in slow motion, using velocity-vorticity variables.
The method involves the solution of diffusion-advection type vorticity equations for vorticity whose
solenoidal vorticity components are obtained by solving a Poisson equation involving the velocity and
vorticity components. The Poisson equations are solved using boundary elements and the vorticity
diffusicn type equations are solved using finite elements and both are combined. Here the results of
Stokes flow with very low Reynolds number, in a typical cavity flow are presented and compared with
other model results. The combined BEM-FEM medel has been found to be efficient and satisfactory.

Keywords ; Velocity-vorticity method, Stokes flow, Boundary elements, Finite elements.

1. INTRODUCTION

The incompressible viscous flow problems governed
by very small velocities (consequently very low
Reynolds number), known as Stokes flow problems, are
very important in fluid dynamics. Stokes flow
problems can be considered as a subset of Navier-
Stokes flow problems, in which the effects of nonlinear
convective terms are very small or can be neglected.
Three formulaticns are well known for the solution of
the incompressible Navier-Stokes equations, in terms of:
primitive variables of pressure and velocity, velocity-
stream function and velocity-vorticity. The first two
formulations have been thoroughly investigated by
various researchers for two-dimensional and three-
dimensional problems using various numerical methods
like finite difference (FDM), finite elements {(FEM) and
boundary clement methods (BEM}, c.g., [1~3]. The
third formulation in terms of velocity and vorticity also
has been explained in the last decade, mainly in two
dimensions using various numerical schemes.

For the solution of Navier-Stokes flow problems
using the velecity-vorticity formulation, the governing
equations have been written as a system of diffusion-
advection type and Poisson type equations for the
components of the vorticity and velocity fields,
respectively. The main advantage of this formulation
includes the numerical separation of the kinematic and
kinetic aspects of the fluid flow from the pressure
computation, which is determined afterwards from the

* Professor ** Graduate student *+* Posidoc,

known velocity and vorticity fields.

The theoretical potentials of FEM [4] and BEM [3]
have been adequately exposed for the solution of Stokes
flow and Navier-Stokes equations by varfous
researchers. In this paper, an effort has been made to
combine the well-known BEM and FEM techniques for
solving the velocity-vorticity form of the Stokes flow
equations and for very low Reynclds number Navier-
Stokes equations in thres-dimensions. In the present
model, the vorticity transport equations in the velocity-
vorticity formulation of Stokes flow and Navier-Stokes
equations -are approximated using a standard Galerkin
ficite element technique [5] and combined with
velocity-vorticity Poisson type equations, which are
solved using 2 standard boundary-domain integral
method [6]. The vorticity boundary conditions are
exactly obtained by the BEM solution of the Peisson
equation. An iterative scheme is used in the solution
of the systemt of equations after the numerical
discretization using BEM and FEM.

The accuracy and feagibility of the combined BEM-
FEM model has been demonstrated using the well-
known model problem of flow in a driven cubic cavity.
The cavity flow problem is of continuing interest
because it offers a relatively simple model on which
numerical techniques may be examined and verified
with other numerical schemes. Using the combined
BEM-FEM model, even for a coarse mesh, accurate
results comparable with other models using fine meshes,
in literature are obtained.
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After presenting the goveming equations, the
numerical formulation using BEM and FEM are bricfly
described.  Then the solution procedure and numerical
results for three-dimensional driven cavity flow
problem is provided, followed by a few concluding
remarks.

2. GOVERNING EQUATIONS

The governing equations for mass and linear
momentym transport in a domain Q with boundary T
occupied by incompressible Newtonian fluid, can be
written as [7]:

b7 1
— +¥-VE=-Vp+—V'7 1
5 TH- Ve PV E {1)

V-u=0 (2)

where i is the velocity vector, p is the pressure, Re is
the Reynolds number and t is the time. Equations (1)
and (2) represent the Navier-Stokes equations in the
pressure-velocity formulation.

The vorticity vector © can be expressed as:

T=Vxu (3)

By taking the curl of both sides of Eq. (1) and using Egs.

(2) and (3), we can obtain the vorticity transport
equation as:

da  _ — gl o1
—+-Vo=0-Vi+—V'G 4
o “ Re )

By taking the curl of Eq. (3) and using Eq. (2) we pet,
Vig=—V xa (5)

which is a vector form of the Poisson equation for & .

Equations (4) and {5) with & (&, v, w) as velocity
and ® (£, m, £) as vorticity vectors are known as
velocity-vorticity  formulation of  Navier-Stokes
equations and can replace Eqgs. (1) and (2) in which &
and p are variables.

The Stokes flow problems are characterized by very
small velocities {consequently very. low Reynolds
number}, such that the nonlinear convective terms in the
Navier-Stokes equations can be neglected. If in
addition the flow is steady, the whole inertia force is
everywhere small in magnitude compared with either
pressure or viscous forces. The flow can then be
approximated by the motion of a fluid with zero density
(or infinite viscosity) with Re = 0, generating the linear
creeping flow equations [8]:

-Vp+ VT =0 (6)
Vg =0 M

The basic equations of Stokes flow in the velocity-
vorticity formulation can be derived from the Navier-
Stokes Eqgs. (4) and (5) as:

Ja
Vig=— 8
¢ ot ®)
ViE=-Vx0 (™

If (=, v, w) are the velocity vectors and (£, n, &) are the
vorticity vectors, then from Eq. (8), the three vorticity
transport equations can be written as:

V=2 (10)
vin= 2l ()
. %

vig - 3 (12)

In steady state conditions, Eqs. (10) ~ (12) can be
written as:

VE =0 (13)
Vin=10 (14)
Vig=0 (1%)

For Stokes flow, Eq. (9) can be written as:

<
=

i

J
|2
+
k3

> % (16)
v’v=%-g§— (17)
‘i”wz—%-l-% (18)

For Navier-Stokes equations, the solution of voticity
transport equations in &, n, § (Eq. (4}), in combination
with the Poisson equations, (16) ~ (18), gives the
velocity and vorticity distribution all over the domain at
the concerned time step.  For unsizady Stokes flow, the
solution of vorticity transport equations, {10) ~ (12), in
combination with the Poisson equations, (16) ~ (18),
gives the velocity and vorticity distributions all over the
domain at the concemed time step. Similarly in steady
state conditions, sclution of Egs. (13} ~ (13), in
combination with the Poigson equatioms, {16) ~ (18),
gives the velocity and vorticity distributions all over the
domain.

We seek a solution in the domain £ which satisfies
the initial conditions,

=i, : B=Vx# atf=0 (19)
and the boundary conditions,

W=k ; w=(Vx@)| att=0 (20)
on the boundary T" of £2.
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3. NUMERICAL FORMULATION

As mentioned in Sect. 1, in the solution of velocity-
vorticity formulation of Navier-Stokes equations and
Stokes flow equations using the combined BEM-FEM
forrouiation, the vorticity transport equations are solved
using Galerkin FEM and the Poisson type velocity
equations are solved using direct BEM. [In this section,
the numerical formulation for both BEM and FEM are
briefly described.

3.1 Boundary Element Formulation

Consider the Poisson type velocity equation in & and
assuming the vorticity vecters (@) and its derivatives
are known, Eq. (16) can be written as follows:

?2u=~%+-gz—n=b (21)
with velocity boundary conditions as,
- 7]

u=it onl ; q=a on I, (22)

where 7 is the unit outward normal vector. In the
present model, an iterative algorithm is used such that
the right hand side of Eq. (21) is known in the current
iteration and time step from the previous step by soiving
the vorticity transport Eq. (8).

A weighting function 4~ can now be introduced such
that it has continuous first derivatives within Q. The
following weighted residual statement can now be
written:

j(Pu-b)u"dn= [(g-7yu dr- I{u—ﬁ)q'dl"
4] rz by |
(23)

where g = du/dn and g° = Hu'/on.

Let #° be the fundamental solution of the Laplace
equation in three dimensions, represented as »" =
1/(4n r), where r is the distance from the collocation
point (k) to other field points (7) given as:

r=Jx —x)Y +(y -y + -2 (29

Now applying Green's second identity theorem to Eq.
(23} and using the standard boundary element procedure
[6], we can get the boundary integral equation as:

Cu, + [ruq‘dr+ _[nb u'dQ = L_q udT- (25)

where C, is the Green’s constant which can be
calculated by surrounding the boundary point i by a
small sphere of radius € and taking each term in Eq. (25)
in the limit as e — 0. Generally C,can be répresented
as B/4n where 9 is the internal solid angle at point i in
radians.

In Eq. (25}, we have boundary integrals and
volumetric-domain integrals. In the present model, the

domain integration is camried out by subdividing the
domain into a series of internal cells, on each of which a
numerical integration is performed. Here two-
dimensional isoparametric quadrilateral linear elements
are used for the boundary discretization and three-
dimensional isoparametric quadrilateral cells are used
for the intermal discretization. The details of the
element properties, shape functions, coordinate
transformation and numerical intepration used here are
described in Brebbia, et al., [6] which is not repeated
here,

If the domain is discretized into M internal cells, then
the domain integral can be written as,

M NI
D, = fn bu'd=Y" |:Zwk(bu°)k]ﬂ¢ (26)
o=l k=]

where the integral has been approximated by a
summation over different cells (¢ varies from 1 to M),
w; are the Gauss integration weights, the function (bu'"),
needs to be evaluated at integration points & on each cell
(k varies from 1 io N/, where NT is the total number of
integration points on each cell) and £, is the volume of
cell e. The term D, is the result of the numerical
integration and iz different for each position i of the
boundary nodes.

Assuming that the boundary of the domain is
discretized into NE isoparametric quadrilateral linear
elements with ¥ nodes, Eq. (25) can be discretized and
written in matrix form as,

N N
Ciu; + Y Hyu;+D, =Y Gyq, 27

J=1 J=1

Combining the effect of the constant term C with the
matrix, we can write the system of matrix as,

Hu+D=Gg (28)

In Eq. (28), the boundary conditions are introduced and
the known values are taken to the right hand side to
form a system of linear equations of the form,

Ab=F 29

where & is a vector of unknown boundary values of u
and 4, and F is a known vector. Equation (29) is
solved using Gauss elimination scheme and all the
boundary values will be then known. Once this is
done, it is possible to calculate internal values of « or its
derivatives. The wvalues of u are calculated at any
internal point using the Eq. (25) that can be written in
condensed form as:

y, = jrq ' dl - Luq'cﬂ"-— Inb 2 dQ (30)

The same discretization is used for the boundary
integrals, that is,

N N
u = ;aﬁqj-g‘ﬁﬂuj-q (31)

where i is an internal point.
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The values of the internal fluxes in the Cartesian

directions are calculated by carrying out derivatives on
{30, ie., .

N ia!‘— 3 _q!‘-: _ aqt . -_ aut
(q‘)"_(axl"jrqax dr Iru—a;—gir S

u B’ ’ '’
(q,);{—@—,]f fa5ar-fudar-[ 5%

(4., = [ J f——— -ju——dr fb—
(32)

Notice that the derivatives are carried out only on the
fundamental solution &° and ¢* as we are computing the
variations of {lux around the point 7.

The main advantage of using BEM in the solution of
the velocity Poisson equation is the exact determination
of the vorticity boundary conditions. The vorticity
boundary conditions, which are essential to sclve the
vorticity transport equations are directly-tbtained as the
velocity normal derivative from the solution of Eq. (25).

3.2 Finite Element Formulation

Consider one of the vorticity transport equations in §
as,

1E’E“H..r-a—é+v-6—‘-“’='-+wa€ §au— Gu_ w1 E=0
a Ya 'y Y& "a& @ "o Re
(33

Using the method of weighted residuals and Galerkin
criterion [5], Eq. (33) can be written as,

XL, & K o e O

0=H.LN[_+"ax ay e ax_"a,__g-é}-
FE, P 0%

[af > az,]]dv (34)

where N, = N, (x, ¥, z) is the shape function
Approximating & using the shape function as,

E=E(xy.z,0=3, N(xy,2)E( (35

and using a time integration for the time derivative of £,
Eq. {34) can be written as,

o=Y [[].%NEav
+Z HL-[uN‘. v, ag:j +wh, aN})Ej dv
“S((L.¥ ( u M?Lgﬂ]dy 3 [ a.¥, s

aNaN O, OV, aNaN =
Z.Uf*(a;— o ay By ™ az)ﬁjdl’

(36)

%& & &

where, g, =a—x— n, +?ij_) n,+g n,.
Equation (36} can be written in the form,

2 [MEUEY + (L 1E - [R']-[Q']+il;[K']{E} =0
(37

where,

M= ”J;‘N,delf;
= HJ;__[::N‘ a;’ +vN, a;" rwh, a;f}ﬂ’ ;

= I (83 enZes 2t v

- [, oMt

3N5N 5! aN & 6‘N
=§H[&x5x ;ayJ';:az]dV
(38)

Here, isoparametric quadrilateral linear elements are
used for the three-dimensional discretization. The
details of the interpolation functions, integration and
formation of the conduciance matrix are described in
Reddy [5]. For the solution of the vorticity transport
equations, an iterative algorithm is used in which it is
assumed that at the current time step, the values of u, v,
?5, B_v’ -ai are known from the previous
ox &y Oz
step. Using 4 difference scheme to approximate the
time derivative of § between time steps (2 + 1) and n as
TN — {E.Iu+l}_{§u}
€ =
write the final system of equations for the low Reynolds
nurber flows in matrix form as,

[M1E, .} =[MUE ) - At [L]E, } + At{R]+ A2 [Q°)
—;;‘i[K'J{E.M (39)

ws r]!c!

and putting {E} = {E_} , We can

For unsteady Stokes flow problems, Eq. (39) can be
modified and written as,

(M UE,..} = [M " 1{E,} +Ar[0°]- At [K){E,} (40)

Here the vorticity boundary conditions obtained from
the solution of velocity Poisson equations by BEM is
used and the system of equations are solved to find the
unknown values of & The derivatives of & in
Cartesian coordinates are also found which is used in
the Poisson equation for the successive iterations and
time steps. Here a second order Runge-Kutta (R.K)
method is used to relax the vorticity values in each

fteration, if necessary. Let {Ep} = {€,,,} i Eq.
(40). 'We then obtain the predictor step as,
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[ME,} =M JE,}+Ar[0°)- At [K*1{E,} (41)

. = 1, - = .
Putting {£,} = -2-({5,,} +{§.D in Eq. (40), we
finally get the second-order Runge-Kutta method as,

(MUE,,.) = [M‘]ﬁ’—}-;’{im (0]

oy B2 @ @)
Similar modification is performed for the low Reynolds
number problems, in Eq. (39) using Runge-Kutta
method. In a similar way, other two vorticity transport
equaticns can be solved in the three-dimensional
domain.

4. SOLUTION PROCEDURE

Here an iterative scheme is used in the solution of the
velocity-vorticity  formulation of - Navier-Stokes
equations and Stokes flow equations. In most of the
incompressible viscous flow problems, the most natural
boundary conditions arise when the velocity is
prescribed all over the boundaries of the problem. The
vorticity boundary conditions are seldom prescribed and
hence should be determined from computation. In the
present model, the velocity Poisson equations are
initially solved to get the vorticity boundary condition
which are used in the solution of the vorticity transport
equations. The solution procedure adopted here
includes the following iterative steps:

For the time stepn=1,
1. Assume some initial values for vorticity distribution
and derivatives.
2. Sclve the velocity Poisson equations using BEM
* Get the unknown boundary velocity or velocity
flux values
¢ Calculate the velocity distribution and velocity
derivatives at all nodal points
« Determine the new vorticity boundary values
3. Solve the vorticity transport equations using FEM
* Get the unknown vorticity values throughout the
domain
= Calculate the derivatives of the vorticity vectors to
be used in the velocity Poisson equation
* Relax the vorticity values using second order
Runge-Kutta method, if necessary
4. Check for the convergence of the velocity and
vorticity components in the present iteration, for
example,

kel
wl+| T Whe

wh

n+l

£0.001

If convergence criterion is satisfied, then stop and
proceed to the next time step, otherwise go to step 2.
5. In the successive time step, use the velocity and

.vorticity components from the previous time step as
initial conditions and use the iterative procedure,
steps 2 to 4. The procedure is repeated until the
prescribed time step is reached.

5. NUMERICAL EXAMPLE

The described BEM-FEM model has been applied on
a bench-mark problem to verify the numerical
procedure. The test problem iz the classical ‘driven
flow in a cubic cavity” for which many numerical model
results are available in literature (see Fig. 1}. The
model problem consists of a cubic cavity of size 1 x 1 x
1 (dimensionless) with a moving top lid with constant
velocity of unity {dimensionless) in the x-direction,
totally filled with an incompressible viscous fluid.
Figure 1 shows the geometry and boundary conditions
of the problem. Reynolds number is so low that the
induced motion can be classified as a Stokes flow, TItis
to be noticed that the boundary conditions of the present
problem are all velocities wherein non-zero values are
horizontal 4-component velecities along the top lid of
the cavity. Due to the computational limitations {we
used an IBM AIX workstation with 128MB RAM), the
present analysis is limited to two sets of computational
mesh points of 11 x 11 x 11 and 13 x 13 x 13 (on the
boundary as well as internal domain).

u=1,v=0,w=0
otherwise u=v=w=0

Fig. 1 Model problem with boundary conditions

Two cases have been presented here, for steady state
Stokes flow conditions (Re = 0) and very low Reynolds
number {Re = 1) Navier-Stokes equations problems,
Figure 2 shows the x-component velocity profile (4] on
the vertical centerline and Fig. 3 shows the z-component
velocity profile (w) on the horizontal centerline of the
cavity for steady state Stokes flow (Re = 0) conditions.
The results are compared with a series solution [9],
FEM solution [10] and BEM solution {11] in two
dimensions and are in good agreement, bearing in mind
that the mesh density is coarse. As it is obvious, for
the two-dimensional comparison, the results vary
slightly due to the three dimensional boundary effects.

As a convergence test for the grid, analysis has been
done at Re = I for both the meshes (11 x 11 x 11 and 13
x 13 % 13}, Figure 4 shows the x-component velocity
profiles (©) on the vertical cénterline and Fig. 5 shows
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Fig. 4 Velocity profile (u) on vertical centerline of a
cubic cavity for Re = 1

the z-component velocity profile (w) on the horizontal
centerline of the cavity for Re = 1, for both the meshes.
The results seem to be almost the same for both the
meshes and hence 11 x 11 x 11 mesh bas been used in
further analysis. The velocity vectors, u vs. waty =
1/2 plane, & vs. vat z=1/2 plane and v vs. wat x = 1/2
plane for Re = 1, are shown in Figs. 6(a), 6(b) and &{c),
respectively. The distribution of vorticity components
E atx = 1/2 plane, n at ¥ = 1/2 and { at z = 1/2 plane, are
also shown in Figs. 7(a), 7(b) and 7(c), respectively.

A comparison of the x-component velocity profiles (u)
on the vertical centerline for Re = O (steady state Stokes
flow) and Re = 1 (very low Reynolds number Stokes
flow problem solved with Navier-Stokes equations) is
shown in Fig. 8. As obvious from the Fig. 8, there is
an observable difference in the velocity profile for both
Stokes flow regimes for Re = 0 and Re = 1. A
comparison of vorticity profile of 1 component in the y
= 1/2 plane for Re = 0 and Re = 1 also shows that large
voticity is obtained for the Re = 1 case, although the
pattern is almost the same. The nonlinear convective
effects have a tendency to increase the voricity and
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Fig.3 Velocity profile (w) on horizontal centerline of
a cubic cavity for Re =0
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Fig. 5 Velocity profile (w) on horizontal centerline of
a cubic cavity forRe =1

velocity intensities.  Hence, when low Reynolds
number Stokes flow are to be solved, Navier-Stokes
equations should be considered for accurate solutions.
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Fig. 6(a) Profile of the flow vector {z vs. w) inthe y =

1/2 plane forRe =1
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Fig. 7(c} Vorticity profile () in the z = 1/2 plane
forRe=1

The merit of the present model is that, it provides the
best way o treat the velocity-vorticity formulation for
three-dimensional flow by combining BEM and FEM
together. In general, the boundary ¢onditions of
vorticity are not known g priori, so that the solution of
vorticity transport equation is rather difficult.
However the BEM solution of the velocity Poisson
equation will automatically render the necessary
vorticity boundary conditien. This study demonstrates
that even with a very coarse mesh, the solutions are very
stable and accurate as shown in Figs. 4, 5, 6 and 7.
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Fig. 6(c)

Prefile of the flow vector (v vs. w) in the
x=1/2 plane forRe = |
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Fig. 7{b)  Vorticity profile () in the y = 1/2 plane
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Fig. 8 Comparison of velocity profile () on vertical

centerline of a cubic cavity for Re=0 and Re =1

6. CONCLUDING REMARKS

A combined BEM-FEM model has been developed
for solving the velocity-vorticity Navier-Stokes and
Stokes flow equations in three dimensions. The
vorticity boundary conditions for the solution of
vorticity transport equations are exactly obtained
directly from the BEM solution of velocity Poisson
equations. Here the results of low Reynolds number
Stokes flow problems, in a typical cubic cavity flow are
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presented and compared with other numerical models.
Computational resuits show that the combined BEM-
FEM presented here provides an efficient tool for
numerical investigation of three-dimensional incom-
pressible viscous fluid in slow motion.
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Velocity -Vorticity Formulation for 3D [ncigmpressible Flow

C.B.Liaoc T C.Lu* M.S.Wu, -

The Graduate Institute of Civil & Hydraulic
Engineering Feng Chia University

D. L. Young

Department of Civil Engineering and Hydrotech
Research Institute National Taiwan University

“Abstract

The motion of incompressible and viscous fluid in a three-dimensional
square cavity and three-dimensional backward-facing step are solved by the
finite difference method using the velocity-vorticity formulation.

For the calculation of vorticity transport equation, explicit Adams-
Bashforth scheme is proposed. The Fast Fourier Transform (FFT) is
suggested to directly solve the velocity Poisson’s equation. In conjunction
with staggered grid system, the boundary condition of vorticity is satisfied
automatically and without any consideration.

Iteration process is not necessary in the solving process between
velocity and voroticity of proposed numerical method. By the way, the
numerical solution reaches second-order accuracy in both time and space.
The preliminary results of this study show that the numerical method is

quite successful.

Keywords: velocity-vorticity formulation, three-dimensional flows, cavity
flow, backward-facing step flow.
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Solution of the Navier—Stokes equations in
velocity—vorticity form using a Eulerian—Lagrangian
boundary element method

D. L. Young*', S. K. Yang and T. 1. Eldho
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Republic of China

SUMMARY

This paper describes the Eulerian—Lagrangian boundary element model for the solution of incompress-
ible viscous flow problems using velocity—vorticity variables. A Eulerian—Lagrangian boundary element
method (ELBEM) is proposed by the combination of the Eulerian-Lagrangian method and the
boundary element method (BEM). ELBEM overcomes the limitation of the traditional BEM, which is
incapable of dealing with the arbitrary velocity field in advection-dominated flow problems. The present
ELBEM model involves the solution of the vorticity transport equation for vorticity whose solenoidal
vorticity components are obtained iteratively by solving velocity Poisson equations involving the velocity
and vorticity components. The velocity Poisson equations are solved using a boundary integral scheme
and the vorticity transport equation is solved using the ELBEM. Here the results of two-dimensional
Navier-—Stokes problems with low—medium Reynolds numbers in a typical cavity flow are presented and
compared with a series solution and other numerical models. The ELBEM model has been found to be
feasible and satisfactory. Copyright © 2000 John Wiley & Sons, Ltd.

KEY WORDS: boundary element method; Eulerian-Lagrangian method; Navier-Stokes equations;
velocity~vorticity formulation

1. INTRODUCTION

The velocity—vorticity form of the Navier—Stokes equations piongered by Fasel [1] has been
established as an effective formulation for the solution of incompressible viscous flow
problems. In the recent times, many researchers used the velocity—vorticity formulation for the
calculations of two- and three-dimensional steady and unsteady flows using various numerical
methods, such as the finite difference method (FDM) [2], the finite element method (FEM) [3]

* Correspondence to: Department of Civil Engineering, Hydraulic Research Laboratory, National Taiwan University,
Taipei 10617, Taiwan, Republic of China.
! E-mail: dlyoung@hy.ntu.edu.tw
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and the boundary element method (BEM) [4]. In most investigations, the governing equations
have been written as a system of parabolic- and Poisson-type equations for the components of
the vorticity and velocity fields respectively. The main advantage of this formulation includes
the numerical separation of the kinematic and kinetic aspects of the fluid flow from the
pressure computation, which is determined afterwards from the known velocity and vorticity
fields.

The theoretical potential of the BEM for the solution of Navier—Stokes equations has been
adequately exposed by various researchers [5]. In the solution of the velocity—vorticity
formulation of the Navier—Stokes equations, two different types of equations (Poisson-type
and parabolic-type) are to be solved. While the Poisson-type equations can be accurately
solved with the BEM [6], the method is not so stable in the solution of the parabolic-type
transport equations [7].

While solving the parabolic-type transport equations, the numerical diffusion and dispersion
are the two major problems to be concerned with. The popular methods like the upwind FDM
[8] and upwind FEM [9] work well only for the problems in which the diffusion effect
dominates. In general, the high-order upwind schemes produce numerical oscillations in the
results, while the lower-order upwind schemes cannot avoid the numerical diffusion.

The Eulerian—Lagrangian method is a widely used scheme for the transport modeling. It is
a combination of the Eulerian method, in which the equation is solved on a fixed grid in space,
and the Lagrangian method, which utilizes either a deforming grid or a fixed grid in deforming
co-ordinates. The Eulerian~Lagrangian method (ELM) combines aspects of both approaches
so as to merge the simplicity of a fixed Eulerian grid with the computational power of the
Lagrangian method {10]. In the transport modeling using the ELM, the advection part is
solved by the Lagrangian method, which can be computed independently at each time step by
the method of characteristics applied to a grid fixed domain. The remaining diffusion part can
be solved by the FEM [10,11] or by the FDM [12], or by the BEM on a separate grid. The
influence of the advection is projected from one grid to another by local interpolation.

In the present study, an accurate Eulerian—Lagrangian boundary element method (ELBEM)
is proposed for the first time for the velocity—vorticity formulation of the Navier—Stokes
equations. The Poisson-type equations are solved using the general boundary integral tech-
nique with domain integration for the source terms and from which the vorticity boundary
conditions are exactly determined. The vorticity transport equation is solved using the ELBEM
on a transformed characteristic domain. Based on the concept of the ELM, the formulation of
the ELBEM and its associated fundamental solution is obtained for vorticity transport
equations. By combining the ELM and BEM, the BEM is made easier to handle the variable
velocity field. In this paper, the interpolation procedure for the ELM computation of the
convection part is replaced with the process of the more accurate BEM interior point
evaluation, and hence the interpolation error is avoided.

The application of the ELBEM model to incompressible viscous flow problems has been
demonstrated using the well-known model problem of flow in a driven square cavity. The
cavity flow problem is of continuing interest because it offers a relatively simple model on
which numerical techniques may be examined and verified with other numerical schemes.
Using the ELBEM model, satisfactory results comparable with other models in literature are
presented for Reyniolds number of up to 2000.

Copyright © 2000 John Wiley & Sons, Ltd. Bt 7, Numer. Meth, Fluids 2000; 34: 627-650
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After presenting the governing equations, the numerical formulation using the ELBEM are
briefly described. Then the solution procedure and numerical results for the two-dimensional
driven cavity flow problem are described, followed by a few concluding remarks.

2. GOVERNING EQUATIONS

The governing equations for mass and linear momentum transport for an incompressible
Newtonian fluid can be written as [13]

574 1 2
a—+u Vu—-—Vp-f—-R—"Vu (1
V-i=0 (2)

where i is the velocity vector, p is the pressure, Re is the Reynolds number and ¢ is the time.
Equations (1) and (2) represent the ‘Navier—Stokes equations in the velocity—pressure

formulation.
The vorticity vector @ can be expressed as

@=V xi (3}

By taking the curl of both sides of Equation (1} and using Equations (2) and (3), we can obtain
the vorticity transport equation as follows:

o@ 1
— 4+ a-Vo=oVi+— V2o 4
at+u =@ u+Re [ (4)

By taking the curl of Equation (3) and using Equation (2) we get
Vii= -V x@ (5)
which is the vector form of Poisson’s equation for .
Equations (4) and (5), with # and @ as velocity and vorticity vectors, are known as the
velocity - vorticity formulation of the Navier—Stokes equations, and can replace Equations (1)

and (2) in which & and p are primitive variables.
We seek a solution in the domain £, which satisfies the initial conditions

= iy, ®=Vxi, att=0 (6)
and the boundary conditions

ir, o=(Vx#) att=0 (7)

b
i

on the boundary I of Q.

Copyright © 2000 John Wiley & Sons, Ltd. Int. . Numer. Meth. Fluids 2000; 3: 627650
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For two-dimensional problems, if {x, v) are the velocity vectors (i) and @ is the associ-
ated vorticity, then from Equation (4), the vorticity transport equation can be written as

do 1 _,
a;+u VG)—EV&J (8)

Equation (5) can be written as

V= —— ©)

v2p =22 (10)

The solution of the vorticity—transport equation (8), in combination with the velocity
Poisson equations (9) and (10) with reference to initial and boundary conditions, gives the
velocity and the vorticity distribution all over the domain at the concerned time step.

For the velocity—vorticity formulation, there are certain aspects to be noted [1,14]. Even
though the continuity equation has been assumed to be satisfied for the derivation of
velocity Poisson equations (9) and (10), it may not be necessarily guaranteed for the
integral or difference equations based on the velocity—vorticity formulation. In two-
dimensional problems, the continuity equation (2) can be described as

du v ‘
_E“LE_O (11}

Differentiating Equations (9) and (10) for x and y respectively and adding the resulting
equations, we get

2

52 8
D)+ (D)=0 | (12)

As explained by Fusegi and Farouk [14]}, from the ‘maximum principle’ it follows that
|D| is maximal on the boundary. It can be concluded that continuity (D =0) is ensured in
the entire integration domain if it is satisfied on the boundary of the problem. Hence, if
care is taken to satisfy the continuity condition to a high degree of accuracy on the
boundaries, mass conservation is ensured to an even higher accuracy in the interior of the
integration domain of the problem. The vorticity definition can be considered in a similar
way [1,14]. For the class of problem analyzed in the present investigations, and by the
assumption of no-slip walls on the boundaries, the continuity condition is automatically

satisfied.
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3. NUMERICAL FORMULATION

As mentioned earlier, in the solution of the velocity—vorticity formulation of Navier—Stokes
equations using the present model, the vorticity transport equation (8) is solved using the
ELBEM and the Poisson-type velocity equations (%) and (10) are solved using the boundary
integral equation scheme. In this section, the numerical formulation is briefly described.

3.1. BEM formulation of velpcity Poisson equations

Consider the Poisson-type velocity equation in « and w, say Equation (9)

V= ——= (13)

u=u, onT),  go=—> on T, (14)

where » is the unit outward normal vector. In the present model, an iterative scheme is used
such that the vorticity is known in the current iteration and time step from the previous step
by solving the vorticity transport equation (8).

Considering #* = In(r) as the fundamental solution of the Laplace equation in two dimen-
sions, from Green’s theorem, the boundary integral equation for Equation (13) can be written
as

C,-u,-=.|‘ ug* dr—j qu* dT' +J bu* dQ (15)
r r 9]

where C, is Green’s constant, g = du/dn, g* = du*/én and r is the distance from the collocation
point (k) to other field points (f), defined as

r=/Coc= %Y+ e —») (16)

Considering Equation (13}, = — (dw/dy). In Equation (15), let the domain integral be
represented as

B=.[ —-g—aju*dﬂ (17
0 ¢y
Now from Green’s theorem, we can write Equation (17) as

du*
B=+J-m—~——dQ+J.a;-u*dx (18)
a Oy i
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Now du*/dy can be found as

5 }Il(?’) _ Ye— ¥
By (e—x Y+ 00— ) (19)

Therefore, Equation {18) can be written as

Ye— W
B=+1 w dO + * dx 20
L R W R J wu (20)

Now we can write Equation (15) as

Ye— Vi
Cau;,= | ug*dll — u* d]“—i—J. : dQ+J. wu* dx 21
J.l‘ 7 j;‘ (xk P+ - }’1‘)2 r @D

In a similar way, the boundary integral equation for Equation (10) can be derived using
Green’s theorem as

X — X
Cv;= | vg*dl — wrdl— | w £ dﬂ+J.cuu*d 22
Lq L‘“’ L (e — X+ G — 1P P (22)

where g’ = dv/dn.

In Equations (21} and (22), we have boundary integrals and domain integrals. In the present
model, the domain integration is carried out by sub-dividing the domain into a series of
internal cells, on each of which a numerical integration is performed. Here linear elements are
used for the boundary discretization and two-dimensional isoparametric quadrilateral cells are
used for the internal discretization. The details of the element properties, shape functions,
co-ordinate transformation and numerical integration used here are described in Brebbia et al.
[6], which are not repeated here.

Here, considering Equation (21), if the domain is dlscretlzed into L internal cells, then the
domain integral can be written as !

D-=f p Ye— i dQ = i [E W (ca Je = J ) ]ﬂ (23)
e T x P+ 0—) e=1LKk=1 k e —x Y+ 0=y el °

where the integral has been approximated by a summation over different cells (e varies from
1 to L), w, are the Gauss integration weights, the function needs to be evaluated at integration
points k on each cell (k varies from 1 to NI, where NI is the total number of integration points
on each cell) and Q, is the area of cell e. The term D; is the result of the numerical integration
and is different for each position i of the boundary nodes.

Assuming that the boundary of the domain is discretized into NE linear elements with N
nodes, Equation (21} can be discretized and written in matrix form as
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N N
i=1

f=1

Combining the effect of the constant term C with the A matrix, we can write the system of
matrix as '

Hu+ D= Gg—Po (25)

In Equation (25), the boundary conditions are introduced and the known values are taken to
the right-hand side to form a system of linear equations of the form

AX=F (26)

where X is a vector of unknown boundary values of u and ¢, and F is a known vector.
Equation (26) is solved using a Gauss elimination scheme and all the boundary values will be
then known. Once this is done, it is possible to calculate internal values of u or its derivatives.
The values of « are calculated at any internal point using Equation (24). Similar procedures are
used to calculate the values of v at any internal point using Equation (22).

The main advantage of using the BEM in the solution of the velocity Poisson equations is
the exact determination of the vorticity boundary conditions from the velocity flux values that
are obtained by the solution of Equation (25). The vorticity boundary condition that is
essential to solve the vorticity transport equation is directly obtained as the velocity normal
derivative from the sclution of Equations (21) and (22), together with the no-slip boundary
conditions. If other numerical methods like the FDM or the FEM are used in the solution of
velocity Poisson equations, then the vorticity values are to be separately calculated from the
velocity values. By doing so, computational error for vorticity may be introduced. Besides, the
accuracy of the vorticity boundary conditions is very crucial for the convergence of the
velocity—vorticity formulation.

3.2. ELBEM formulation of vorticity transport equation

The vorticity transport equation (8) is very similar to the form of unsteady convective diffusion
equation for transport phenomena [Young DL, Wang YF, Eldho T1. Solution of the advection
diffusion equation using the Eulerian—Lagrangian boundary element method. Engineering
Analysis with Boundary Elements 2000 (in press)]. For the solution of Equation (8), the initial
and boundary conditions should be prescribed. The initial condition, usually prescribed
vorticity, is described throughout the domain at some initial time as

w=w(X) mQ, (=0 27
Two common types of boundary conditions prescribed are

w=u(t) onl, 0<¢ (28)
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1 fw . '
g= ——i-;-a?+(uw)-n=qﬂ(t) on T, 0O<«<¢ (29)
where ¢ is the normal flux, Q is the domain and I' = (T',uT,) the boundary.
Owing to the Eulerian—Lagrangian concept, the computational domain is now chosen along
the characteristic domain, as shown in Figure 1. The vorticity transport equation is rewritten
by a hydrodynamic derivative within this new domain as

—=—Vo in Qg "~ (30)
where the hydrodynamic derivative is defined as

r, Co

R

Figure 1. Characteristic domain and boundaries.
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— =4V | 31

The initial and boundary conditions are now defined as

w=w(f) inQ, t=0 (32)

wo=wyt) onT; 0<t ‘ (33)
1 dw

q___R_eE;:qO(t) on Ty O0O<it (34)

Now using Green’s second identity, the boundary integral equation can be derived on the
characteristic domain as

L
a(®, t"* Nw(x, " =J. '[ d(x, 1" % DNew(x, t)dl g d?
o r !

i+ 1
- J f é)(fi: tn; f, I)Q(fs t) drE dt 'i'JA CEJ()?,-, t"+ ]; j’ t")w(f, tn) dQE (35}
1 T QE

in which « is the Cauchy principle value, ¥, is the position vector of base point, £ is any field
point, and g and § are the flux terms defined in the fellowing equations:

- 148
(%, 1) = —Ea—‘: (36)
—~ 1 dao
gz, )= —E an (37

The associated fundamental solution ¢ satisfies the source varying formally adjoint operator
of the governing equation (30). That is
Do 1 _,
O R ¥ @=0E-—x)o(t—1" 38
Dr Revw S(X—x)0(t—1™) (38)
Now the fundamental solutions can be easily derived for the one-, two- and three-dimensional
problems [15]

e o Re Rer?
co(x, I x,t )—WCXP[ _4(1'-— f"):l (39)

where r = |% — %,| is the Cartesian distance between the base point and the any field point. For
one-, two- and three-dimensional problems, & is equal to 1, 2 and 3 respectively.
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The integral equation (35) implies that the boundary conditions and initial condition are
treated as a continuous distribution of the impulse acting on the domain boundary. The third
term on the right-hand side of the integral equation (35), which is in the form of a volume
integral, represents the initial effect of the transport equation. The first and second terms on
the right-hand side, which are in the form of boundary integrals, express the induced effect of
the Dirichlet and Neumann boundary conditions.

For each time step "™, the computational domain Q. coincides with the physical domain
Q only at ¢t =¢"*", and the boundary conditions and initial condition are given on the physical
boundary I', and the physical domain Q of time step ¢ = ". However, the boundary and initial .
values are required to be imposed in integral terms of Equation (35) on the computational
characteristics boundary I'g (I'7w ), and the domain £ of time step ¢ = ¢". The region of
the characteristic domain is determined by the method of characteristics as

dx _
5= (40)
gr=x"+1 —gedy (41)

The higher-order fractional step technique, or the Runge—Kutta scheme if necessary, could be
used to improve the accuracy of the integration with respect to the time domain.

The boundary element approach [6] is used to solve the boundary integral equation (35) and
its associated boundary and initial conditions. Constant, or linear or quadratic shape functions
can be used to discretize [6] the temporal and spatial domain respectively, as

w(X, )=F(w(x "+, Fi)=1 at<r<t"t' onIy and I, (42)
g%, )=F()g(x,r"*", F()=1 at1"<t<t, onTy and T, (43)
N
(X, " )= Y S(Hw(x, ") ati=¢"*' onTr and Iy 44)
i=1
N
g(x, 1" ) =3 S{X)g(x,"*") at¢t=1"*' onI,y and I, (45)
i=1 :
M
w(® )= 3 T (Hw(F,t) atr"<r<r*! on Iy and Iy (46)

i=1

where N is the number of the boundary nodes and M is the number of nodes of the
discretization of the volume integral and S and T are all the corresponding shape functions for
space. The use of constant elements for the temporal domain allows the analytic integral of
time [6] in Equation (35).

After approaching the base point included in the integral equation (35) to the boundary
nodes on Q. at t=¢"*!, and imposing the boundary conditions and initial conditions, a
simultaneous equations system can be written in the matrix form as
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Figure 2. Profile of « (a} and v (b) along the cavity vertical and horizontal centerline of a square cavity
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Figure 3. Vorticity distribution for Re = 100.
[Alx w 1@}y 1+ [Bly x 22{@} 2 1 = {RHS} 4 . (47)

in which L, and L, are the unknown values of @ and g respectively, and L, + L, =N. If the
time difference is the same, the elements included in the matrices [4] and [B] will not be
changed for every time step. Only the right-hand side vector {RHS} should be evaluated for
each time step due to the changes of the time-dependent boundary conditions and the solutions

of the previous time step solutions.

3.3. Determination of streamfunction

The streamfunction distribution of the two-dimensional fluid flow is determined from the
following formula:

Vifp= —w (48)
where i is the streamfunction. Similar to the BEM formulation of velocity Poisson equations

in Section 3.1, the boundary integral equation for Equation (48) can be written as
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C, = J o la“,f’) dr— j %‘fi In(r) dT" — J o In(r) dQ (49)
r r on Q

After the vorticity distribution is determined by solving the vorticity transport equation by
introducing the appropriate boundary conditions, the streamfunction distribution can be
determined by solving the boundary integral equation (49).

4. SOLUTION PROCEDURE

As mentioned earlier, here an iterative scheme is used in the solution of the velocity—vorticity
formulation of Navier—Stokes equations. In most of the incompressible viscous flow problems
solved using Navier—Stokes equations, the most natural boundary condition arises when the
velocity is prescribed all over the boundaries of the problem. The vorticity boundary
conditions are seldom prescribed and hence should be determined iteratively from computa-
tions. In the present model, the velocity Poisson equations are initially solved to get the
vorticity boundary conditions, which’ are used in the solution of the vorticity transport
equation. The computational procedure adopted here includes the following iterative steps:

= B
—_—

1.0 — ——y - -

i o

Py I a S

0.0
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Q \4/ /{
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A 0.6 U 1.0
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Figure 4. Streamfunction distribution for Re =100,
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Figure 5. Profile of u (a) and v (b) along the cavity vertical and horizontal centerline of a square cavity
for Re =400,
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For the time step n = 1

1. Assume some initial values for vorticity distribution and derivatives, say zero.
2. Solution of the velocity Poisson equations using the BEM
e Solve for the unknown boundary velocity or velocity flux values using Equations (9)
and (10)
e Calculate the velocity distribution and velocity derivatives at all nodal points
e Determine the new vorticity boundary values using Equation (3)
3. Solution of the vorticity transport equations using the ELBEM
e Solve for the unknown vorticity values throughout the domain using Equation (8)
e Relax the vorticity values, if necessary
4. Check for convergence of the velocity and vorticity components in the present iteration, for
example

ek + 1 — uk|
o2

< 0.001
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If convergence criterion is satisfied, then stop and proceed to the next time step, otherwise
go to step 2.

5. In the successive time step, use the velocity and vorticity components from the previous
time step as initial conditions and use the iterative procedure, steps 2—4. The procedure is
repeated until the prescribed time step is reached.

In order to validate the self-consistency of the present formulation, calculations were made
to ensure the satisfaction of mass balance conditions in the entire domain for all the
computations. In all the calculations, mass balances were satisfied within 0.1 per cent.

For the unsteady computations, the time step was chosen with variations in Reynolds
number and the mesh size, according to the condition given by Liu and Dane [16] as

1 1 i 1
2@ w3 0

where Ax and Ay are the mesh size in the x- and y-Cartesian directions.
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Figure 7. Streamfunction distribution for Re = 400,
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for Re = 1000.
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5. MODEL RESULTS AND DISCUSSIONS

The proposed ELBEM model has been applied on a test problem to verify the feasibility of the
model. The test problem is the classical ‘driven flow in a square cavity’, for which many
numerical model results are available in the literature. Present model results are compared with
the results of a series solution and FDM, FEM and BEM models in two dimensions,

The model problem consists of a square cavity with a moving top lid with constant velocity,
totally filled with an incompressible viscous fluid. In all the cases, the flow inside the cavity
was initially at rest. No-slip and impermeability conditions were imposed on all walls, with the
velocity at the upper wall set equal to unity. Due to the computational limitations (we used an
IBM AIX workstation with 128 MB RAM), the present analysis is limited to a maximum
computational mesh points of 60 x 60 (on the boundary as well as internal domain).

Four analyses have been presented here, for Re =100, 400, 1000 and 2000 respectively.
Although the computations were carried out in time, only steady state solutions are presented
here. In all the cases, steady states are reached.
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Figure 9. Vorticity distribution for Re = 1000,
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Figure 10. Streamfunction distribution for Re = 1000.

Figure 2 shows the u- and v-velocity profiles along the vertical and centerlines of the cavity
for Re=100. Two different grids of 40 x 40 and 60 x 60 uniform quadrilaterals have been
used for the computations. Figure 3 shows the vorticity distribution along the domain and
Figure 4 shows the profile of the streamfunction distribution along the domain. The velocity
variations are compared with different models of Burgraff [17], Ghia er af. [18,19], Young and
Lin [20] and Thomadakis and Leschziner [21]. The results mostly agree with all the model
results. From Figure 2 it can be seen that for both computational mesh grids, the results are
almost the same.

Figure 5 shows the u- and u-velocity profiles along the vertical and centerlines of the cavity
for Re =400 with two different grids of 40 x 40 and 60 x 60 uniform quadrilaterals. Figures 6
and 7 show the vorticity and streamfunction distributions respectively along the domain. The
velocity variations are compared with different models of Burgraff [17], Ghia er al. [18,19],
Fusege and Farouk [14], Young and Lin [20], Giannattasio and Napolitano [22], Liao and Zhu
[23], and Thomadakis and Leschziner [21]. The results obtained are closer to the results of the
FEM and the finite volume models. As is obvious from the figures, the small difference to
other models can be attributed to the mesh size used in the present investigation.
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As the Reynolds number increases, the sensitivity to the grid density becomes more obvious.
For a higher Reynolds number, Re = 1000, Figure 8 shows the x-component velocity profile
(1) and y-component velocity profile (v) on the vertical and horizontal centerline of the cavity.
Figures 9 and 10 show the vorticity and streamfunction distributions respectively along the
domain. Results of the analysis are again compared with the various models [14,18-21,23,24].
The present analysis is in good agreement with most of the models, bearing in mind that the
maximum mesh density was only 60 x 60. Further analysis has been carried out for a Reynolds
number of 2000 using 60 x 60 mesh. Figures 11—13 show the vorticity, streamfunction and
velocity distributions respectively along the domain.

The merit of the present model is that it provides the best way to treat the velocity—vorticity
formulation for two-dimensional flow by the BEM. In general, the boundary conditions of
vorticity are not known a priori, so that the solution of the vorticity transport equation is
rather difficult. However, the BEM solution of the velocity Poisson equations together with the
no-slip boundary conditions will automatically render the necessary vorticity boundary condi-
tions directly as the normal derivatives of velocity, while solving the boundary integral
equations. If numerical models like FDM and FEM are used in the solution of velocity
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Figure 11. Vorticity distribution for Re =2000.
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Figure 12. Streamfunction distribution for Re = 2000,

Poisson equations, then the boundary vorticity values. have to be separately determined from
the velocity distribution, which may reduce the accuracy in determining the vorticity boundary
conditions for the solution of vorticity transport equation.

As the vorticity transport equation includes convective terms and time-dependent terms, the
general BEM solution [5,6] of vorticity transport equation is very difficult. The ELBEM,
proposed by combining the Eulerian-Lagrangian method and the BEM, has been proved to
be a feasible method to solve advective—diffusion equations such as the vorticity transport
equation [Young et al]. Hence, the present model in which the velocity Poisson equations are
solved using the BEM and the vorticity transport equation is solved using ELBEM and the
iterative scheme combining both models provides the best way to treat the velocity—vorticity
formulation for two-dimensional incompressible flow problems. This study demonstrates that
even with a relatively coarse mesh, the solutions are very stable and fairly accurate as shown
in the case study with different Reynolds numbers.

The approximate number of iterations required for the convergence at each time step vary
from 50 to 500 depending on the value of the Reynolds number, time step and grid. Even
though the CPU time for each calculation has not been separately found out, typical CPU time
for the calculation varies from 1 to 6 h on an IBM AIX workstation for 60 x 60 mesh.

Copyright © 2000 John Wiley & Sons, Lid. Int, J. Numer., Meth, Fluids 2000; 34: 627-650
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‘Figufe 13. Profile of the flow vectors for Re = 2000,

Even though in the present analysis we have carried out the analysis up to a Reynolds
aumber of 2000, the method can be further used for higher Reynclds number with a refined
mesh, smaller time step and vorticity relaxation. The ELBEM has already been successfully
implemented for three-dimensional diffusion and advegtion problems {25; Young DL, Her BC,
Eldho TI. Boundary integral modeling of three-dimensional circulation and transport in
stratified estuaries. Journal of Engineering Mechanics, ASCE 2000 (in press)]. Authors also
have successfully implemented the velocity-vorticity formulation for the Stokes problem [26]
and the Navier—Stokes problem [27] in three dimensions by a combined BEM and FEM
scheme. Extension of the ELBEM model for three-dimensional Navier—Stokes equations in
velocity—vorticity form will be presented in one of our future papers.

6. CONCLUDING REMARKS

An accurate Eulerian—Lagrangian BEM for solving the velocity—vorticity Navier—Stokes
equations is proposed for the first time by the combination of the ELM and the BEM. The

Copyright © 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2000; 34: 627-650
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Poisson-type velocity equations are solved using the general boundary integral technique with
domain integration for the source terms and the vorticity boundary conditions are exactly
determined. The vorticity transport equation is solved using the ELBEM on a transformed
characteristic domain. By the combination of the ELM and the BEM, the BEM is made easier
to handle the variable velocity field. Here the resuits of two-dimensional Navier-Stokes
problems with low-medium Reynolds numbers in a typical square cavity flow are presented.
A comparison with other numerical models demonstrates the feasibility of the present ELBEM
model. :

ACKNOWLEDGMENTS

The work reported in this paper was supported by the National Science Council of Taiwan. It is greatly
appreciated.

REFERENCES

1. Fasel H. Investigation of the stability of boundary layers by a finite-difference model of the Navier—Stokes
equations. Journa! of Fluid Mechanics 1976; 78: 355-383.

2. Dennis SCR, Ingham DB, Cock RM. Finite-difference methods for calculating steady incompressible flows in
three dimensions. Jowrnal of Computational Physics 1979; 33 325-339.

3. Gunzburger MD, Peterson JS. On finite element approximations of the streamfunction-vorticity and velocity—
vorticity equations. fnternational Journal for Numerical Methods in Fluids 1988; 8: 1229-1240.

4. Skerget L, Rek Z. Boundary-domain integral method using a velocity—vorticity formulation, Engineering Analysis
with Boundary Elements 1995; 15; 359-370.

5. Power H, Wrobel LC. Boundary Integral Methods in Fluid Mechanics. Computatlonal Mechanics Publications:
Southampton, 1995,

6. Brebbia CA, Telles JCF, Wrobel LC. Boundary Element Techniques— Theory and Applications in Engineering.
Springer: Berlin, 1934.

7. Tkeuchi M. Transient solution of convective diffusion problem by boundary element method. Transactions of
IECE Japan 1985; EG8(7): 435-440.

8. Sharif MAR, Busnaina AA. Assessment of finite difference approximations for the advection terms in the
simulation of practical flow problems. Journal of Computational Physics 1988; T4: 143-176.

9. Heginrich JC, Huyakorn PS, Zienkiewics OC, Mitchell AR. An upwind finite element scheme for two-dimensional
convective transport equation, International Jowrnal for Numerical Methods in Engineering 1977, 11: 131-143.

10. Neuman SP. A Eulerian—Lagrangian numerical scheme for the dispersion—convective equation using conjugate
space—time grids. Jowrnal of Computational Physics 1981; 41: 270294,

11. Neuman SP. Adaptive Eulerian—-Lagrangian finite elernent method for advection—dispersion. International Journal
for Numerical Methods in Engineering 1984, 20 321-337.

12. Li CW, Advective-dispersion simulation by minimization characteristics and alternate direction-explicit methods.
Applied Mathematical Modeling 1991, 15: 616-623.

13. Liggett JA. Fluid Mechanics. McGraw-Hill: New York, 1994,

14. Fusegi T, Farouk B. Predictions of fluid and heat transfer programs by the vorticity—velocity formulation of the
Navier —Stokes equations. Journal of Computational Physics 1986; 65: 227-243.

15. Carslaw HS, Jaegar JC. Conduction of Hear in Selids (2nd edn). Clarendon Press: Oxford, 1959.

16. Liu HH, Dane JH. An interpolation-corrected modified method of characteristics to solve advection—dispersion
equations. Journal of Advances in Water Resources 1996, 1%: 359-368.

17. Burgraff OR. Analytic and numerical studies of structure of steady separated flows. Sournal of Fluid Mechanics
1966; 24: 131-151.

18. Ghia U, Ghia KN, Shin CT. High-Re solutions for incompressible flow using the Navier —Stokes equations and
a multi-grid method. Journa! of Computational Physics 1982; 48: 387-411.

19. Ghia KN, Hamkey Jr WL, Hodge JE.. Use of primitive variables in the solution of incompressible Navier-Stokes
equations. AfAA Journal 1979; 17: 293-301.

Copyright © 2000 John Wiley & Sons, Ltd. It J. Mumer. Meth, Fluids 2000; 34; 627-650



650 D. L. YOUNG, 8. K. YANG AND T. 1. ELDHO

20.
21.
22.
23
24.

25.

26.

27.

Young DL, Lin QH. Application of finite element method to 2D flows. In Proceedings of the Third National
Conference on Hydraulic Engineering, Young DL (ed.). National Taiwan University: Taipei, 1986; 223-242.
Thomadakis M, Leschziner M. A pressure-correction method for the solution of mcompressible viscous flows on
unstructured grids. International Journal for Numerical Methods in Fhuids 1996; 22: 581 -601.

Giannattasio P, Napolitano M. Optimal vorticity conditions for the node-centered finite-difference discretization
of the second-order vorticity—velocity equations. Journal of Computational Physics 1996; 127: 208-217.

Liao 8J, Zhu JM. A short-note on high-order streamfunction—vorticity formulations of 2D steady state
Navier-Stokes equations. International Journal for Numerical Methods in Fluids 1996; 22: 1-9.

Huang H, Seymour BR. The no-slip boundary condition in finite difference approximations. International Journal
of Numerical Methods in Fluids 1996; 22; 713-729.

Young DL, Her BC, Wang YF. Three-dimensional mathematical modeling of pollutant transport in stratified
estuaries. In Emvironmental Hydraulics, Lee JH, Jayawardena AW, Wang ZY (eds). Balkema: Rotterdam, 1999,
93-97,

Yeung DL, Liu YH, Eldho TI. Three-dimensional Stokes flow solution using combined boundary ¢lement and
finite element methods. Chinese Journal of Mechanics 1999; 15: 169—176,

Young DL, Liv YH, Eldho TL A combined BEM-FEM model for the velocity—vorticity formulation of the
Navier—Stokes equations in three-dimensions. Engineering Analysis with Boundary Elements 2000; 24: 307-316.

Copyright © 2000 John Wiley & Sons, Ltd. Int. J. Numer. Math. Flhuds 2000; 3: 627-650



AS. Young, D.L., Her, B.C., Eldho, T.I,2000, “Boundary Integral Modeling of
Three Dimensional Pollutant Transport in Stratified Estuaries”, Journal of
Engineering Mechanics, ASCE, Vol.126/10,pp. 1083-1092.(SCT)



BIEM MODELING OF 3D CIRCULATION AND TRANSPORT IN

STRATIFIED ESTUARIES

By D. L. Young,' B. C. Her,* and T. L. Eildho’

ABSTRACT: Here the boundary integral equation method (BIEM) is used for 3D modeling of hydrodynanics
and pollutant transport in stratified estuaries. The flow computations are made using a newly developed BIEM
solution. The transport modeling has been donme using an Eulerian-Lagrangian BIEM (ELBIEM) model. In
ELBIEM, the advection part in the transpornt equation is treated by the concept of the Eulerian-Lagrangiun
scheme, which overcomes the limitation of traditional BIEM to deal with an arbirrary velocity field. The coupling
of the 3D shallow water BIEM mode! and advection-diffusion ELBIEM modei enables one to effectively deal
with Auctuation of free surface and density stratification in an estuary. The main advantages of the BIEM modzl
include reduction in computational dimensions, ease in discretization and data preparation, accurate free surface
simulation, less numerical diffusion and dispersion problems, and direct flux solution at boundaries. The nu-
merical simulation results are compared with other mode] results and found to be satisfactory. The illustrated
case study shows the effectiveness of the model in the simulation of mass, momentum, and heat transfer due to

air-water interaction in stratified estuary problems.

NTROQDUCTION

The behavior of poliutant transport in the shallow, homo-
eneous, or stratified bodies of waters in estuaries, large lakes,
nd coastal oceans depends on the momentum transport in
1ese flow ficlds. The important issues of water quantity and
uality have led to an increasing interest in the large-scale
1otion and pollutant transport in shallow waters like estuaries.
iecause of the complexity of the equations that govern pol-
atant transport in shallow-water bodies, the only feasible ap-
roach to their solution is via 3D numerical models. The prob-
:ms of numerical diffusion, dispersion, and oscillation, and
emand of computer time and memory for simulation are the
wajor challenges in the 3D numerical modeling.

A considerable amount of research on numerical modeling
f the hydrodynamics and peollutant transport in shallow-water
ow fields in 2D and 3D can be found in the literature. Most
f these numerical models are based on the finite-difference
iethod {(FDM} or finite-element method {(FEM). For the flow
iechanics in shallow waters, mathematical models employing
i linear barotropic hydrodynamic eguations, based on the
wndation of Ekman’s model (1903), are widely used to de-
:ribe the phenomena of hydrodynamic circulations [e.g., Lig-
att (1969), Gallagher et al. (1973), and Young and Liggett
977N

Liggett and Hadjitheodorou {1969) presented an algorithm
* depth-averaged stream function using FDM for steady-state
ke circulations by utilizing the analytical solutions of We-
nder (1957). This method was extended by Gallagher et al.
973) for steady state using FEM and by Young and Liggett
977) for transient flow problems using FEM in Laplace
ansform space. Although the stream function approach can
saluate the 3D Aow field in the horizontal 2D computational
»main, there are some disadvantages such as the implemen-
tion of complex boundary conditions. The finite Fourier-
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transform approach (Liggett 1969} and the eigenfunction ap-
proach (Davies 1983; Lardner and Song 1992) ulso were
applied to linear barotropic hydrodynamic equations. The ei-
genfunction approach needs to solve a series of equation sys-
tems, and it is difficult to determine the optimal number of
eigenfunction expansions.

The boundary integral equation method (BIEM) is an alter-
native approach to the aforementioned methods for simulating
wind-driven circulation in shallow-water flow Relds. The main
advantages of BIEM include reduction in computational di-
mensions, ease in discretization and data preparation. flexibil-
ity to deal with infinite domain problems, ease in dealing with
the fluctoating free surface, and direct solution to flux at the
boundaries. Despite all these advantages, only a very few stud-
ies using BIEM have been reported in the flow and transport
analysis in estuaries. Iwasa and Tada (1988) researched BIEM
solutions of lake circulation using a depth-averaged stream
function approach with the help of the Laplace fundamental
solution, which could not have wide range applications due to
the use of the depth-averaged stream functton approach and
the simplified boundary conditions.

With all the advantages mentioned above, the BIEM tech-
nique has a large potential in the modeling of large-scale shal-
low-water flow fields. The main hindrance in the development
of the BIEM model is the nonavailability of fundamental so-
lutions for the corresponding governing equations, which are
very much essential in the development of boundary integral
equations. Recently Young et al. (two unpublished manu-
scripts, 1999) developed a 3D BIEM model for the Ekman-
type shallow-water formuilation (Ekman 1905), using newly
derived fundamental solutions and boundary integral equations
1o simulate shallow-water flow fields. The developed BIEM
model was verified with avatlable analytical and numerical
solutions and found to be feasible in the large-scale hydro-
dynamic modeling of shallow-water flow fields, These BIEM
models, extended for stratified shallow-water flow helds, are
used here for the determination of hydrodynamics of stratified
estuaries,

While solving the parabolic-type pollutant transport equa-
tions in estuaries, the numerical diffusion and dispersion are
the two major problems of concern. The popular methods such
as the upwind FDM (Sharif and Busnaina 1988) and upwind
FEM (Heinrich et al. 1977) work well only for the problems
in which the diffusion effect dominates. Eulerian-Langrangian
method (ELM) is 2 widely used scheme for the pollutant trans-
port maodeling. The ELM combines aspects of Eulerian and
Lagrangian approaches so as to merge the simplicity of a fixed
Eulerian grid with the computational power of the Lagrangian
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methoed in deformed coordinates {Neuman 1981). In the trans-
port modeling using ELM, the advection part is solved by the
Lagrangian method, which can be computed independently at
each time step by the method of characteristics applied to a
grid fixed domain, The remaining diffusion part can be solved
by FEM (Neuman 1984), FDM {Li 1991) or BIEM (Young et
al. 1999b) on a separate grid. The influence of the advection
is projected from one grid to another by local interpolation,

In the present study, an accurate Eulerian-Lagrangian BIEM
{ELBIEM) is used for the pollutant transport in estuaries, The
pollutant transport equations are solved using the ELBIEM on
a transformed characteristic domain, Based on the concept of
ELM, the formulation of ELBIEM and its associated funda-
mental solution is obtained for poilutant transport equations,
By the combination of ELM and BIEM, the ELBIEM is made
easy 10 handle the variable velocity field.

The linkage of the 3D shallow-water BIEM model and the
advection-diffusion ELBIEM model enables one to deal with
the fluctuation of free surface and density stratification in an
estuary by maintaining all the advantages of BIEM. The feas-
ibility and accuracy of the model has been demonstrated in
comparison with other mode! results,

MATHEMATICAL FORMULATION

In the present study, hydrodynamics of the estuary are de-
rived from the shallow-water flow field described by the linear
barotropic Ekman-type model (Ekman 1905; Welander 19573,
The governing hydrodynamics equations can be described in
lerms of momentum equations and continuity equation as fol-
lows (Liggett 1969, 1994)-

a a.r i
Eopy=-l@_ 1 i m
at pdxr  py dx ar?

1 14
§1+fu=——-gg—-—l-a—‘u-+v-‘2 (2)
ar Po Y  py By az

a )
0=-1(% ¥ - (3)

p\dz az
a__u+i‘:+i_\1=0 )

dx 8y z

where p = py + p’, p’ « P (8. v, and w = velocity vectors
defined in the Cartesian coordinate system, x, y, and z, re-
spectively; p = pressure for homogeneous water; p’ = pressure
fluctuations due to the density variations = [7 p* dz, where p*
= p'/po; M = free surface position; ¢ = time; p = fuid density;
p’ = density deviation from the standard water density due to
stratification; p, = homogeneous water density; g = accelera-
tion due to gravity; v = eddy viscosity dependent on the tur-
bulent motion of the flow: and f= 282 sin & = Coriolis pararm-
eter, with 6 and (} representing latitude of fAuid element and
angular velocity of the earth, respectively.

The governing equation for transport phenomena describing
the unsteady convective diffusion, assuming constant eddy dif-
fusivity, can be expressed (Liggett 1994)

aT aT aT oT FT #T T
—tu v —tw—ogr (2 O , (S
Yoy tw (af PR %)

u
at ax iy az
where T = temperature (or pollutant concentration € or salinity
sY, KT = eddy diffusivity; Q, = source or sibk term of temper-
ature or concentration; and ¢ = time. With respect o temper-
ature and salinity variations, the density variation p is ex-
pressed as (Bloss et al. 1988) p = pofl — [HT — T,° -
750s1107%), where py = 999.972 kg/m’ at T, = 4°C; T = tem-
perature in degrees Celsius, and s = salinity in parts per thou-
sand.

10843 / JOURNAL OF EMGINEERING MECHANICS f OCTOBER 2000

To observe the motion with a shorter or longer period
hydradynamics calculations, the timescale is chosen ag LT
above equations are nondimensionalized through the rede
nition of the variables as follows (Liggett 1969, {994y *
XL, y¥ = yiL, 7% = 3D, u* = fLul(gD), v* = fLvi(gD), w*
SLwWHgDH), 1% = fi. B* = RiD, p* = plpeD). p* = PHpogl
T = T, K7 = K" fL%). and K = F'K”, In these definitior
D is the typical vertical dimension used to normalize depth,
is the typical horizontal dimension used to normalize the ha
izontal dimensions, 4 is the normalized depth of the Aow fiel
and F is the Froude number = fLi (gD}, Dropping the asteri:
from the dimensionless variables in the following equatio
for brevity, the nondimensional governing partial differenti
equations for (13—(4) can be rewritten

du ip ap' #u
— ¥ = - - £ 4 —
ar ax  ox oz “
J al‘
ﬂ'l'-ll =—E'E—ip—+£'*—‘; ¢
at oy oy dz
dp  ap’
0= —% -2 H
9 oz ¢

Ju ay dw
ax  dy dz

where E, = Ekman number, ic., £, = vifD. To determine thi
hydredynamics of an estuary or to find the velocity distribe
tion (u, v, and w) and pressure variation, equations (63~(S
are solved subject to the appropriate initial and boundary cor
ditions. .

The nondimensional Boveming partial differential equatior
for (5) can be rewritten

o (s

ar ar ar ar
Uty —+tw—=

FT T 3T
—+u + =
ar ox dy az

—St+t=+—=|+
K 3’  ayl az’) e aa
In (10), the nondimensional time parameter used is * = gD
(L.

For the flow hydrodynamics, the initial conditions are ex
pressed as follows:

{l1lak
(llcd

ulr, v, z. 0 =wy, v(x,y,z 0 = Yo
WXy L =W ik, y =1

at r = 0. If low starts from rest, W, vy, Wy, and mg are all zero
For the Alow hydrodynamics, boundary conditions are ex.
pressed as follows:

Bottom boundary conditions

ux oy, —h H=0; vix.y, —h =0 (12a,b)

wix,y, —h, =0 {12c)

';—': Oy, —h(x v, 0 = Az, y, ) (13)
av

% &y —hix, y). 0 = Az, yo 1) (13b)

Free surface dynamic boundary conditions are imposed in
terms of wind shear stress

i oy mth=Adx, v, 0 (14a)
2z :
%E ey, 0=A0xy, 0 (14&)

Free surface kinematic boundary condition is



—-=éw, atz¥n (15)

reline boundary conditions can be applied to the BIEM
lel

wx, v,z fl=u; vix,yzn=v, (16a.b)

wix, v, 2.0 =w; Uy znd=0, {16c,d)

re I/ = depth-averaged velocity; and # = unit outward nor-
vector.

or the transport equation [(10)), the initial condition, usu-
prescribed temperature or concentration, is described

ughout the domain at some initial time as T = T,(%), in {)

= 0, and two common types of boundary conditions pre-

red are

T=Ty) on T, (17a)
: aT -
g=—-K o + {7 A=qf") on T, (175}

re O < r; {} = flow domain with a boundary ['(=I", U )
given velocity field; g = normal flux; — KaT/dn = diffusive
- and (@iT)- A = convective flux.

y construct a BIEM model for transient-flow problems,
the fully implicit finite-difference form of the time deriv-
> for (6)-(9) is used. The implicit type of governing equa-
s are represented as follows:

P n+1 A+l P a+l
I
a2z dx ax
(18)

azv n+t a a+l a . atl
L gt — E, (_z) = = or -~ |2 + v
oz ay dy

1,
. a—p n+l _ a_p" A+l _
0= (Bz) (Oz) ! 20)
du " v m aw !
CIRC RGN

hich § = 1/Ar; Ar = time interval; » = present time level;
n + | = advanced time level. The variables of nth time
are known, whereas n + 1 step variables are vnknown.

JNDARY INTEGRAL FORMULATION
M Formulation for Hydrodynamics Simulation

16 governing equations [(18) and (19)] can be converted
boundary integral equations by using Green’s theorem and
ntegration-by-parts method (Wang 1994; Young et al., two
blished manuscripts, 1999)

o< L[ (o]

N . ) _ @ A+l _ -ﬂg: vl .
o[ o) - (%) -]

el (e )
LRl e o

(23}

where ()}, = domain; [y = boundary of the domain for the base
point in which the point force or the point source acts;
i, ¥, 0, and ¥, = fundamental solutions or free space
Green's functions,

The advanced time level flow variables on the lefi-hand side
of the integral equations are thus influenced by the effects of
free surface fluctuations and the inertial effect contained in the
volume integral terms. The boundary integral parts include the
velocity boundary condition effect and shear stress boundary
condition effects,

To obtain the fundamental solutions of (22) and (23), the
Fourier-transform methed is applied (Bracewell 1986; Wang
1994; Young et al., two unpublished manuscripts, 1999). The
coupled differential adjoint operators are transformed into a
symbolic algebraic system in the Fourier space first, which is
solved by the matrix inversion. Each element of the inverse
matrix illustrates the resulting influence of the velocity com-
ponent and pressure due to a point force and point source in
the Fourier space. Then the inverse Fourier transforms are de-
rived by the Cauchy’s integral formula, the residue theorem,
the convolution law, and the mathematical tables for the ele-
mentary parts of an inverse matrix,

Derived fundamental solutions due to the contribution of the
x-directional point force are

- 8, — X8y — 3
TTONN2AESE T

BXP{_C|)[C1 COs Cz - C4 sin Cz] (24)

i = B{x, — X)S(J"o - }'}
TONNIESE + D

exp(—CNC, cos C; + Gysin &1 (29)

Derived fundamental solutions due to the contributions of the
y-directional point force are

L B = B -y

) .
= —-C)[C, +
u, N2EGS 1 D exp(—C)[C,cos C; + Cysin C;]  (26)

P 8y — )by ~ )
PTONIAELS + 1D

exp(—C)Cicos C; — Cosin G} (27

The parameters C,, C;, Cs, and C, are defined

|z = zof [z — 2]
C=cC . O,=C 28a,b
| 3 "_ZE,, 2 4 r—zE* (28a,b)
C=VS+3V1+580 C=V-S+V1+8 (284

where the variables x,, v, and z, = coordinates of base point
in which point force or point source acts; the variables x, v,
and z = coordinates of any field point in which the effect of
point action is concerned; the function & = Dirac delta func-
tion, indicating the point action, and § = 1/As

It is well known that the fundamental solution is the influ-
ence function of the physical systemn. Within the obtained so-
lutions {(24)—(27)], the exponential functions exhibit the de-
caying behavior caused by the turbulent shear stress. The
trigonometric functions indicate the spirallike property caused
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by the Coriolis force. The Dirac delta functions express the
unpropagated momentum transport due to the fundamental as-
sumption of Ekman’s model for the neglect of horizontal mo-
mentumn transport. The properties of fundamental solutions all
satisfy the mathematical requirement of Green's functions
{Wang 1994; Young et al, two unpublished manuscripts,
1999).

The BIEM model is formulated by substituting fundamental
solutions into boundary integral equations. The velocity in the
vertical direction w is found from the continuity equation after
solving u and v components. The problem is solved by letting
the base point approach to each boundary nede in sequence,
finding the unknown variables on each boundary node, and
then determining the field point from the s¢lved boundary var-
iables.

The free surface kinematic boundary conditions and the
continuity equation are combined for free surface evaluation

am_ 1[a J ! 3 J‘ N ]
=== udz + - vdz 29)
ot F lox J_, ay ),
Using a finite-difference scheme, the free surface position for
the advanced (r + 1) step can be calculated from

n+l l-_a_ K LEd] i k +1
"= (A:}F,_&Lu dz+ayLv" dz] (30}

The boundary condition on the shoreline is the usual no-flux
condition. Because the unknown free surface position is con-
tained in the integrals of (30} and is necessary for the evalu-
ation of the velocity for the advanced step, a Picard’s iteration
method in the implicit scheme is used here, with the following

steps:

1. Evaluate the flow field—u;*' and v;*'—for the ith it-
eration using the velocity and free surface elevation of
the previous i-1th iteration.

2. Compute the free surface elevation for this iteration

T =m" + AEDIF@, vt + Fer™, vt

SENE 3 [ ] '
Fu,v)=—|— uwdz + — vdz
wv="g [ax J °T o j (31)
3. Compute the maximum euclidean norm of the velocity
field

E=max{luf*" — ul | + |v7*' — ¥ PY?

4. If E < € then stop the iteration, otherwise repeat Steps
1-3 for the next cycle of iteration. The symbol £ is used
for the convergence criterion for the iterative procedure,

ELBIEM Formulation for Transport Simulation

Considering the pollutant transport equation {(10)], owing
to the Eulerian-Lagrangian concept, the computational domain
is now chosen along a characteristic domain and the convec-
tive diffusion equatien is rewritten by a hydrodynamic deriv-
ative

DT .
- EVT+Q in 0 (32)

subject to the initial condition, T = T(%), in [l at 1 = 0 and
boundary conditions o '

T=Tys) on T; (33a)
g=—kK %E: gty on Ty, (335)

where 0 < r; the hydrodynamic derivative is defined as D/Dt
1086 / JOURNAL OF ENGINEERING MECHANICS / GCTOBER 2000

= afor + 0V, )¢ = characteristic domain with a boundary
Fe(=T7 U Ty and @ = velocity vectors 6, v, and w. The
region of the characteristic domain is determined by the
method of characteristics

dx

7 i, &, =X —ud 34

Now using Green’s second identity, the boundary integral
equations can be derived on the characteristic domain

al®, tIT(X;, 1 = J‘ TR 1 & Lo OTUE, 6o)) 482

ne

vk

- j j T, 0 £, Dg(5, 0 dTe dr
h—1 TE
ik

+ I f g(X;, t, X, OT(E, 0y d0¢ dt
k=1 re

ik
+ J. J- T(X,, ;% DOQJLE 1 dfdg di
w1 Jos (35)

in which a = Cauchy principal value; k indicates current time
step; X, = position vector of base point; £ = any field point;
and g(%, &} = —KaTlon; §(%, 1} = —KoT/dn, where n = unit
outward normal; and T = associated fundamental solution. '
The associated fundamental solution T salisfies the source
varying formally adjoint operator of the governing equation
[(32)] {without source or sink term), That is
B kvib = a0 - wyie — (36)
D
Now the fundamental solutions can easily be derived for the
3D problems (Carslaw and Jaegar 1959; Brebbia et al. 1984)

T(E %, t) = [ exp[—r*fAK(t — r.)]} (37)

1
[4nk( — w*
where r = | £ ~ & = Cartesian distance between the base point
and any field point.

The integral equation [(35)] implies that the boundary con-
ditions and initial conditions are treated as a continuous dis- .
tribution of the impuise acting on the domain boundary. For
each time step £,, the computational domain {). coincides with
physical domain {} only at ¢ = t,, and boundary conditions and
initial conditions are given on the physical boundary I' and
the physical domain {2 of time step t = #,—,. However the
boundary and initial values are required to be imposed in in-
tegral terms of (33) on the computational characteristics
boundary U'g(T'r U T'p) and the domain {); of time step ¢ =
fg_|.

Without using the traditional backward-tracking interpola-
tion procedure, a forward-tracking method is used to evaluate
the prescribed boundary condition and the last time step so-
lution for the characteristic domain in this study. Thus, because
the important information of the flow field can be transferred
from the last tme step, the error arising from the interpolation
procedure can be reduced. .

The boundary integral approach (Brebbia et al. 1984} is’
used to solve the boundary integral equation [(35}] with the
associated boundary and initial conditions. Here constant
shape function is used to discretize the temporal and spatial
domain, which allows the analytical integration of time in (35).
After approaching the base point included in the integral equa-
tion [(35)] to the boundary nodes on {1 at ¢ = ¢, and imposing
initial and boundary conditions, a simultaneous equations sys-
tem is written and solved for the unknowns. The details of the



snent properties. interpolation functions, time integration,
d equation system formation wsed here are described in
ehbia et al. (1984), which is not repeated here. The above
scussed ELBIEM model has been tfound to be very stuble
d efficient for advection-diffusion problems with large
clet numbers (above 5 and infinity, for a pure advection
se) and Courant numbers (above 0.5) (Young et al. 1999b).

UMERICAL SIMULATION PROCEDURE

The flow hydrodynamics and pollutant transport in estuaries
determined by linking the BIEM hydrodynamics model and
e ELBIEM transport model. The following numerical sim-
atton procedure has been used in the model development:

1. Input initial and boundary conditions for flow hydrody-
namics and pollutant transport.

2. Compute the initial effect, boundary condition effect,
density gradient, and pressure effect in the hydrodynam-
ics equations.

3. Solve the boundary integrai equations for unknown ve-

locity u and v on the boundaries.

. Calculate field {or interior) velocities @ and v using the

integral equations.

Compute the vertical velocity component w from the

continuity equation.

6. Compute the free surface elevation from (30) for this
time step.

7. Solve the transport equation by the ELBIEM scheme to
get the temperature or concentration C variation, using
the initial conditions, boundary conditions, and the cal-
culated velocity distributions, on the boundaries of the
domain.

8. Calculate field distributions of the temperature {or C) by
using the integral equations.

9. Repeat Steps 2-8 for the next cycle of computation.

w &

The time interval is a parameter included in fundamental
slutions in the BIEM model; hence, use of a large time in-
wrval is possible without many numerical diffusions and dis-
srsion problems. However a stability condition of ((gD)'*Ax
fLAX)) < 1 is enforced in the present model, especially in
valuation of free surface position, where D and L are char-
cteristic depth and length, respectively, Ar is time interval,
nd Ax is mesh size.

10DEL VERIFICATION AND CONVERGENCE
MNALYSIS

The BIEM hydrodynamics model mentioned here has been
erified with analytical and other numerical schemes like FDM
nd FEM (Wang 1994; Young and Wang 1995ab; Young et
l., unpublished manuscript, 1999). Here a comparison with
n analytical Ekman's spiral solution (Ekman 1905, Welander
957) for an infinite extensive hypothetical ocean having a
nite depth is briefly described. The shallow-water flow field
3 be simulated is driven by uniform, southem wind blowing
rom rest over the whele ocean, The simulation is carried out
atil a steady state has been achieved. [nitially, the velocity
ield is assumed to be zero throughout the domain. The bound-
ry conditions prescribed are a no-slip bottom condition, 4, =
, and A, = fLtiug. It is assumed that the characteristic depth
f the ocean D = 80 m; characteristic length L = 1.25 x 10°
n; g = 980 cm/s’; u = 200 em/s; f = 0.0001 rad/s; Ar = 0.02;
nd wind shear stress T = 1 cm¥s”, Analyses have been carried
wit for various dimensionless depths—# = 1.0, (.6, and 0.2
—and the solutions at steady state have been found. Table |
hows a comparison of the free surface velocities of the BIEM
olutions with the analytical solutions (Ekman 1905; Welander

1957). Good agreement is observed between the results. More
detailed comparisons ot the hydrodynumics BIEM model (in-
cluding fres surface variations) with uther analytical solutions
and numerical solutions of FDM and FEM are described in
Young and Wang (1995a.b) and Young et al. (unpublished
manuscript. 1999),

The ELBIEM model tor the 30 pollutant transport has been
compared with some exact solutions fur the diffusion-advec-
tion problem, before solving the coupled hydrodynamics and
transport problems. The diffusion-advection problem in com-
parison with the exact solutions is used for the purpose of the
convergence analyses of the model parameters of mesh size
and number of Gaussian points used for integration.

For the verification of the ELBIEM transport model and the
convergence analysis, 2 unit cubic domain with a unit concen-
tration on one side and zero concentration on the opposite side
is considered. The concentration flux is assumed zero on all
other faces, and X = |. Initially, zero concentration is assumed
throughout the domain. To test the effect of the mesh on the
soluticn, a convergence analysis is carried out with the BIEM
discretization of 2 X 2 X 2,6 X 6 X 6,8 X § X §, 10 %
10x 10,12 X 12 x 12, 14 X 14 x 14, and 16 % [6 X 16

Fig. 1 shows the concentration variation for various time
steps in comparison with the derived exact solution and the
ELBIEM solution for the different meshes for the diffusion-
advection problem (nondimensional velocity u =1, v = 0, and
w = 0). The results show good agreement with the exact so-
lutions, The effect of the mesh in the solution is very clear.
With a BIEM discretization of 16 X 6 X 16, reasonably
comparable results with the exact solution is obtained. One
convergence analysis for the number of Gaussian quadrature

TABLE 1. Comparison of BIEM Solutions and Analytical So-
lutions for Ekman's Spiral Problem with Various Depths

Reiative error
Depth, h Analytical BIEM : (%)
{1} (2 (3 {4)
{a)u
1.0 000079674 0.00079698 0.03
0.6 0.00080899 0.00080829 0.09
0.2 0.00043046 0.00043039 001
by v
1.0 0.00079780 0.00079890 0.14
0.6 0.00078286 0.00078373 0.11
0.2 000105587 000105582 0.00
o6 T T T T T T T
) D.Sr ..:
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FIG. 1. Comparison of Concentration Variation with Exact So-
lution and Mesh Sensitivity (Advection-Diffusion Problem}
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paoints, optimal for numerical integration, aiso has been carried
out for Points 3, 4, 8, and 10 with a mesh of 4 %X 2 X 2. The
results with 8 and 10 Gaussian points are almost the same;
hence, 8-point Gaussian quadrature integration is used for fur-
ther analysis. Further verification of the 3D transport model is
described in Young et al. (1999a).

AESULTS AND DISCUSSION

Thermal stratification is widely believed to exert an impor-
tant influence on large-scale shallow-water flow fields of lakes,
estuaries, and oceans through its effect on density variations
and other physical factors. There exists a stratified temperature
profile through the depth of the water body. Although the prob-
lem to be solved is that of the vertical temperature profiles,
there is an action of the wind shear and this renders the prob-
lem 3D. Here one analyzes the stratification and circulation in
a large-scale shallow-water flow field with thermal effects and
wind shear effects,

To test the capability of the combined BIEM flow and trans-
port model, the flow pattern and temperature distribution due
to wind effect in a shallow water basin is considered. The
parameters for this case study are taken from Davies (1983).
The closed rectangular basin considered has dimensions and
rotation representative of the North Sea. A rectangular basin
(400 x 200 km} with a flat bottom (65 m) and slip bottom
boundary conditions is considered for simulation. The follow-
ing physical parameters are chosen: v = 650 cms, f =
0.00012222 radfs, 7,, = —14.63414634 cm?/5* = shear stress
in the y-direction, Ar = 409 Lfs; and the coefficient of the
linear bottom friction is 0.2 cm/s. Here a mesh of 10 X 20 x
10 is considered for the computations. As far as the transport
boundary conditions are considered, except where there is heat
transfer on the air-sea interface, the sides are all insulated. The
initial temperature throughout the domain is assumed to be
20°C.

Two cases of combinations of physical conditions in the
problem are considered. In the first case there is no wind shear,
but in the second case wind shear is allowed. In both cases,
heat transfer is allowed and moving free surface domain is
considered.

Case

Here one considers the domain without any wind shear, but
temperature transfer is allowed to the domain (heating) and
from the domain (cooling). Because no wind shear is imposed,
current is generated by the convective heat transfer only. Heat-

00 T T Y T T T T T T

=" healing:mesh:10x20x10:Casa-1
=0 caclingmesh:10x20x10;Casa-1

0

lempearatura

o

o x L L 1 1 ' 1 1 L
a 1 2 3 L] H L] T & 2 E31]

limeslep

FIG. 2. Response of Temperature at Free Surface—Case 1
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ing and cooling processes can easily be simulated, as showr
in Fig. 2 for the free surface and in Fig. 3 tor the domair
depth.

For further analysis, one considers the cooling cycle anly
Under the unstable density stratification, the phenomenon o
overturn is observed. Figs. 4(a and b} show the density anc
velocity distribution, respectively, at the profile of x = 0.5 for
a time step of 50. Figs 5(a and b) illustrate the density an¢
velocily distributions, respectively, at the profile of y = 1.0
Figs. 6(a and b) exhibit the density and velocity distributions
respectively, at the profile of z = —0.5 for a time step of 50
The 3D features of the current structure are vividly illustratec
in the simulation.

00 Y

. r u T \/— T T
ar [ 3
az b 3
03 F ]
o4 L
= =0 healingiimsstaps0
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FIG. 3. Response of Temperature through Depth—Case 1 |
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FIG. 4. Atx= 0.5, Cooling without Wind Shear, Time Step = 5(
{a} Density Distribution; {b) Velocity Distribution
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As obvious from Fig. 3, in the heating process of the strut-
ified shallow-water body, the thermal structure manifests a
well-mixed warm upper layer (epilimnion) separated by a zone
of intense temperature gradient (metalimnion) from a relu-
tively colder layer (hypolimnion). As can be seen in Figs. 4
6, the thermal stratification plays an important role in the cir-
culation and distribution of density. As in Figs. 4(a and b}, the
cooling effects produce strong density differences that lead 1o

(13

an “overturning” of water masses from top to bottom.

Case 2

Here one considers the domain with wind shear. and heat
transfer also is allowed from the domain. Figs. 7(a and b) show
the density and velocity distributions, respectively, at the pro-
files of x = 0.4 for a time step of 100, Figs. 8(a and b) show
the density and velocity distributions, respectively, at the pro-
files of y = 1.0 for a time step of 100. Figs. 9(a and b) show
the density and velocity distributions, respectively, at the pro-
files of z = —0.5 for a time step of 100. Due to the consid-
eration of heat transfer at the air-water interface, the density
stratification is manifest as far as wind-driven circulation is
concerned. The density stratification caused the the heat trans-
fer has a strong impact on the flow pattern. The flow patterns
and streamlines for the x = 0.4 profile for the hormogeneous
water body are depicted in Figs. 10{a and b), respectively, The
streamlines for the x = 0.4 profile for the stratified water body
are shown in Fig. 11. The stratified case exhibits the phenom-
enon of multiple circulation gyres and thermocline. The strat-
ified water body also shows the existence of secondary cur-
rents. As can be seen in Fig. 7(b), the maximum wind-driven
current was observed to be close to the surface and the max-
imum return current was found to be near the thermociine.
Below the metalimnion, an almost stagnant current opposite
to the wind direction also is observed.
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As can be seen in Figs. 10{(a and b), 7(b), and 11, 2 com:
parison of the flow fields for the homogeneous and stratifiec
cases shows some interesting phenomena. The homogeneou:
fow field is very simple, and there is only one circulating gyre
in the whole water body after the long action of the wind shea
stress. The stratified flow field is very complex and clearly twe
circulating gyres and also the phenomenon of overturn can b
observed. It is clear that the wind stress is the main mechanisn
for the surface current and penetrates less deeply in the strat
ified case than in the homogeneous case. The thermal flux a
the surface contributes mainly to the interior of the shallow
water body. When the shallow-water Row field is stratified, the
wind-induced drift is confined to the upper layers, with th
maximum return current occurring near the thermocline.

A comparison between Figs. 4-6 and 7-2 illustrates th
difference of circulation pattermns and density distribution with



wind shear effects and with wind shear effects, having heat
wsfer effects mnt both cases. As obvious, due to wind action,
circulation becomes more prominent and density stratifi-
on is more complex.

he present study is an attempt to gain some insight into
complex problem of circulation and transport in a stratified
llow-water flow field by using BIEM. The model is used
xamine the heat transfer effects and wind stress effects on
induced circulation, thermal composition, and density dis-
ution within a homogenecus and stratified shallow-water
v field. Although no quantitative comparisons of the present
ilts were made with other model resulis due to difference
ipproaches and problems considered, the qualitative behav-
of the solutions obtained are similar to those observed by
 and Liggett (1970), Liggett and Lee (1971), Lee {1972),
| Young et al. (1976). Using the coupled hydrodynamics
| transport BIEM model, although here the analysis of flow
rern, density and temperature distribution due to wind ef-
, and heat transfer in a stratified shallow water basin was
sented, the model can be easily used in the pollutant or
nity transport analysis in large-scale shallow-water flow
ds such as homogeneous or stratified estuaries, lakes, and
ans.

INCLUDING REMARKS

n this study, a 3D BIEM mode! was presented for the hy-
dynamics and pollutant transport in stratified estuaries. The
in advantages of the presented BIEM model include reduc-
1 in computational dimensions, ease in discretization and
a preparation, accurate free surface simulation, ease in deal-
with irregular boundary problems, less numerical diffusion
| dispersion problems, and direct flux solution at bounda-
. The model consists of two submodels: the flow equation
solved by the 3D Ekman’'s shallow-water theory using
M, and the temperature or pollutant concentrations are
ved by the 3D advection diffusion equation using ELBIEM.
n the 3D BIEM model, the free surface variations are ac-
ately simulated as the computational domain can casily be
ved about to follow the free surface fluctuations. For pol-
ant transport simulation, with the ELBIEM model, the nuo-
rical dispersion and diffusion problems can be reduced. Nu-
rical simulations of the model for various case studies have
wn good agreement with some analytical and other nu-
rical solutions. The present model is able to handle both
homogeneous and stratified environments under the air-sea
sraction at the water surface to consider the mass, momen-
n, and heat transfers.
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APPENDIXIl. NOTATION

The following symbols are used in this paper:

typical depth;

Froude number;

Coriolis parameter;
acceleration due to gravity;
local depth;

eddy diffusivity;

typical length of domain,
unit outward normal,
pressure;

pressure fluctuation due to density variation;
source or sink;

R e b R |~
[T 1 1 O {1
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T = temperature distribution;
{ = time;
u, v, w = velocity vectors in x-, y-, and z-directions, respec-
tively;
Ar = fime interval,
& = Dirac delta function:
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free surface;

latitude of fluid element;

eddy viscosity;

fluid density and water density, respectively;
density deviation from standard water density; anc
wind shear stress.
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Abstract

This paper describes 2 combined boundary element and firlite element model for the solution of velocity—vorticity formulation of the
Navier-Stokes equations in three dimensions. In the velocity-vorticity formulation of the Navier—Stokes equations, the Poisson type
velocity equations are solved using the boundary element method (BEM) and the vorticity transport equations are solved using the finite
element method (FEM) and both are combined to form an iterative scheme. The vorticity boundary conditions for the solution of vorticity
transport equations are exactly obtained directly from the BEM solution of the velocity Poisson equations. Here the results of medium
Reynolds number of up to 1000, in a typical cubic cavity flow are presented and compared with other numerical models. The combined
BEM-FEM model are generally in fairly close agreement with the results of other numerical models, even for a coarse mesh. © 2000

Elsevier Science Ltd. All rights reserved.

Keywords: Velocity-vorticity formulation; Navier-Stokes equations; Boundary elemems; Finite elements

1. Introduction

Three formulations are well known for the solution of the
incompressible Navier—Stokes equations in terms of: primi-
tive variables of pressure and velocity, velocity-stream
function and velocity~vorticity. The first two formulations
have been thoroughly investigated by various researchers
for two- (2D) and three-dimensional (3D) problems using
various numerical methods like finite difference (FDM),
finite elements (FEM) and boundary element methods
(BEM) (e.g. [1-3]). The third formulation in terms of velo-
city and vorticity also has been explained in the last decade
in two and three dimensions using various numerical
schemes like FDM [4}, FEM [5] and BEM {61.

For the solution of inertial and non-inertial unsteady
incompressible viscous flows, numerical solution based on
velocity—vorticity Navier-Stokes equations has been
pioneered by Fasel [7]. Many researchers successively
used the velocity-vorticity formulation for the calculations
of 2D and 3D steady and unsteady flows. In most investiga-
tions, the governing equations have been written as a system
of parabolic and Poisson type equations for the components
of the vorticity and velocity fields, respectively. The main

* Comesponding author. Tel./ffax: + 8§86-2-2362-6114.
E-mail address: dlyoung @hy.nw.edu.tw (DL, Young).

advantage of this formulation includes the numerical
separation of the kinematic and kinetic aspects of the fluid
flow from the pressure computation, which is determined
afterwards from the known velocity and vorticity fields.

The theoretical potentials of FEM [8] and BEM [3] have
been adequately exposed for the solution of the Navier—
Stokes equations by various researchers. In this paper, an
effort has been made to combine the well-known BEM and
FEM techniques for solving the velocity—vorticity form of
the Navier-Stokes equations in three dimensions. In the
present model, the vorticity transport equations in the velo-
city-vorticity formulation of the Navier—Stokes equations
are approximated using a standard Galerkin finite element
technique [9] and combined with velocity—vorticity Poisson
type equations, which are solved using a standard bound-
ary—domain integral method [10]. The vorticity boundary
conditions are exactly obtained by the BEM solution of the
Poisson equations. An iterative scheme is employed in the
solution of the system of equations after the numerical
discretization using BEM and FEM.

The robustness and accuracy of the combined BEM-
FEM model has been demonstrated using the well-known
model problem of flow in a driven cubic cavity. The cavity
flow problem is of continuwing interest because it offers a
relatively simple mode! on which numerical techniques
may be examined and verified with other numerical

0955-7997/00/3 - sex front matter © 2000 Elsevier Science Lid. All rights reserved.
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schemes. Using the combined BEM~FEM model, even for a
coarse mesh, accurate resuits comparable with other models
using fine meshes in literature, are obtained for Reynolds
number up to 1000.

After presenting the governing equations, the numerical
formulation using BEM and FEM are briefly described.
Then the solution procedure and numerical results for 3D
driven cavity flow problems are provided, followed by a few
concluding remarks,

2. Governing equations

Considering a connected fixed domain £2 with boundary
I’ occupied by incompressible Newtonian fluid, the govern-
ing equations for mass and linear momenturn transport can
be written as [11]

— +@Va=-Vp+ -V (1)

Via=10 (2}

where i is the velocity vector, p is the pressure, Re is the
Reynolds number and ¢ is the time. Eqgs. (1) and (2) represent
the Navier-Stokes equations in the pressure—velocity
formulation.

The vorticity vector & can be expressed as:

e=Vxia {3}

By taking the curl of both sides of Eq. (1) and using Egs. (2)
and (3), we can obtain the vorticity transport equation as:

98 L EVE = Vit VG @)
t Re

By taking the curl of Eq. (3) and using Eq. (2) we get,
Vii=-Vxa (5)

which is vector form of Poisson's equation for 4.

Eqs. (4) and (5) with & and & as velocity and vorticity
vectors are known as velocity—vorticity formulation of the
Navier—Stokes equations and can replace Eqgs. (1) and (2) in
which i and p are variables.

We seck a solution in the domain 2 which satisfies the
initial conditions,

atr=0 (6)

=
]

dg; @ =Vxi

and the boundary conditions,

A=ir @=(Vxdjp atr=0 (N
on the boundary I of 2.
If (u, v, w) are the velocity vectors and (£ 7, ) are the

vorticity vectors, then from Eq. (4), the three vorticity

rransport equations can be written as;

ig + u6_§ + vg-g + wg
a¢ dx ay H

e du du 1
=f— 4+ 99— +¢{— + —V*
gax 17&}: ‘:&z Re ¢
Eﬂ +u£ﬂ +v_f*_1'! +wi"1
ot dx dy az
gy av av l o4
=f—+n—+{— + =—V
Ea.r ﬂ&y {az Re K
LGP QL L
ot dx dy dz
. aw aw dw 1
=t p— + — + V1
b P i TR
Eq. (5) can be written as
V2u= —ﬂ + EE
dy 9z
Th= o _ -aé
ox Jz
V1w= -—-a_n -4 ?é
ax ay

The solution of vorticity transport Egs. (8)—(
combination with Poisson equations (11)-(13) witl
ence to initial and boundary conditions, gives the »
and vorticity distribution all over the domain
concerned time step.

3. Numerical formulation

As mentioned earlier, in the solution of the ve
vorticity formulation of the Navier—Stokes eq
using the combined BEM-FEM formulation, the v
traﬁsport equations (Eqs. (8)—(10)) are solved usin
and the Poisson type velocity equations (Egs. (11)-(.
sclved using BEM. In this section, the numerical fc
tion for both BEM and FEM are briefly described.

3l Boundary element formulation

Consider the Poisson type velocity eqﬁation inu
Eq. (3),

Vi = KH&)

with velocity boundary conditions as

d
u=if,; onfy; q0=—‘;—0 onl;

where n is the unit outward normal vector. In the
model, an iterative scheme is used such that the rigl
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side of Eq. (14) is known in the current iteration and the time
step from the previous step by solving the vorticity transport
equation (Eq. (4)),

A weighting function «" can now be introduced such that
it has continuous first derivatives within £2. The following
weighted restdual statement can now be written:

I (Vi - b dn
1l

=J‘n(q_§o)u'dF—J'n(u—Eo)q’dT (16)

where ¢ = du/on and ¢ = 3u’/dn.

Let 4" be the fundamental solution of the Laplace equa-
tion in three dimensions, represented as u* = 1/{4mr),
where r is the distance from the collocation point (k) to
other field points (i) given as:

r= = x)? + r = P + (e — 2P (17

Now applying Green's second identity theorem to Eq.' (16)
and using the standard boundary element procedure {10], we
can get the boundary integral equation as

C,-u‘-+J. uq'dF+J bu*dn=j qu dl (18)
T i1 r

where C; is Green's constant which can be calculated by
surrounding the boundary point 7 by a small sphere of radius
¢ and taking each term in Eq. (18) in the limit as € — 0.
Generally C; can be represented as /4w where @ is the
internal solid angle at point { in radians.

In Eq. (18), we have boundary integrals and volumetric-
domain integrals. In the present model, the domain integra-
tion is carried out by subdividing the domain into a series of
internal cells, on each of which a numerical integration is
performed. Here 2D isoparametric quadrilateral linear
elements are used for the boundary discretization and 3D
isoparametric quadrilateral cells are used for the internal
discretization. The details of the element properties, shape
functions, coordinate transformation and numerical integra-
tion used here are described in Brebbia et al. [10] which is
not repeated here.

If the domain is discretized into M internal cells, then the
domain integral can be written as

NI
D, = Jbu d2 = Z[Zw,‘(bu')k]ﬂ, (19)

e=]| Lik=1

where the integral has been approximated by a summation
over different cells (e varies from 1 to M), w; are the Gauss
integration weights, the function (bu "), needs o be evalu-
ated at integration points k on each cell (k varies from | to
NI, where NI is the total number of integration points on
each cell) and {2, is the volume of cell e. The term D, is the
result of the numerical integration and is different for each
position | of the boundary nodes.

Assuming that the boundary of the domain is discretized

into NE isoparametric quadrilateral linear elements with &
nodes, Eq. (18) can be discretized and written in matrix
form as

Coti; + ZHuu_, + D= z Gy, (20)
=1 =l

Combining the effect of the constant term C with the &

matrix, we can write the systemn of matrix as

Hu+D=CGgq (21)

In Eg. (21), the boundary conditions are introduced and the
known values are taken to the right-hand side to form a
system of linear equations of the form

AX=F (22}

where X is a vector of unknown boundary values of u and g,
and F is a known vector. Eq. (22) is solved using the Gauss
elimination scheme and all the boundary values will be then
known. Once this is done, it is possible to calculate internal
values of « or its derivatives. The values of u are calculated
at any internal point using the Eq. (18) that can be written in
condensed form as:

u,-=J. QH'dI‘—J. uq'dF-—I bu” 402 23)
r r I7)

The same discretization'is used for the boundary integrals,
ie.

lid
u;=3 Gyg =
=

where { is an internal point.

The values of the internal fluxes in the Cartesian direc-
tions are calculated by carrying out derivatives on Eq. (23),
ie.

Pt au’ dg”’
—] — _ - dr
(‘?x}e ( ax )f J-r g Y dar _[j"' u P

N -
Z H,}'Rj - D,' (24}
/=1

®

—-J u&q dr’
roay

du du
(@) = (5;) J-rqﬁ dI’

*

—-[ »¥ 40
noa
2u
(q;)s—('a‘z)j«-fr 'y dr-— J‘u—-—dF J‘
(25)

Notice that the derivatives are carried out only on the funda-
menta] solution «* and ¢ as we are computing the variations
of flux around the point i.

The main advantage of using BEM in the solution of the
velocity Poissan equation is the exact determination of the
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z

u=l, v=0, w=0
otherwise,

y=v=w=[

Fig. 1. Model problem with boundary conditions.

vorticity boundary conditions. The vorticity boundary
conditions that are essential to solve the vorticity transport
equations are directly obtained as the velocity normal deri-
vative from the solution of Eq. (18).

3.2, Finite element formulation

Consider one of the vorticity transport equations in £ as

d
LS S S L iy .o
G} &x oy dz dx ay az

Using the method of weighted residuals and the Galerkin
criterion [9], Eq. {26) can be written as

3 ., 26 9t ou  du
= £ 4,8 .08 _ ==
0 II[ N(ar ax vay e PRl e i

2 2
_ _ 1 f #¢
5_5 Re ( ar? 6}*2 + gz? )) av 27)

where N; = Ni(x,y.z) is the shape function. Approximating
£ using the shape function as

£= Hryzt) = 3 Nixy. DEL0) (28)

and using a time integration for the time derivative of ¢, Eq.
{27) can be writtert as

o= ], mutss
+Zj_'jw(u~f” + N@;—J Nia—;’f)&dv
- [f (e g )

-3 ff e 2]

N, 8N, AN, 3N | oN; BN,
o x(f_z__u_l ).ngv 29)
- Lor_g (26) o ax @y oy &
Re '
1.00 = T
i -&
FJ
A -
0.80 — i
d .
- o
2
0.60 — 4"
n ) e
1
0.40 -
A valochy U on the x=0.5 y=0.5
- » - Ra100 11xiiznd
4 A ReiDo 13x13x13
0.20 — R @  (30)Kuetali38s
] " A (30} Goda, 1978
\ O (20} Yangas?
0.00 T 1 T T ' I J
.00 050 0.00 9.50 100
u

Fig. 2. Velocity profile () on the vertical centerline of a cubic cavity for Re = 100.
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Fig. 3. Velecity profile {w) on the horizontal centerline of a cubic cavity for Re = 100.

- 8¢ of
qn = — N, + a—yn}, + a—zn:

Eq. (29) can be written in the form

SUE Y+ LNE) - R - Q) + 2 (KUE) =0
(30)

14
\ ! - - — — —— \

gel v Vv v U

i 1 \ A A% ~ - .y !

ask ! A" hY . / I
1 b ~ -~ - o " / ¢

04+ N h - - -— - re i ]

02Fr - - - - . .

u.c L . L 1 L 1

00 02 0.4 0.6 aa 1.4Q

Fig. 4. Profile of the flow vectors in the y = 1/2 piane for Re = 100,

where

wi [
Vf
aN;
=[] (2% e 2 ) v,
Iy 0z
du du

Rf = — +{—1dV;

J ol + 3y + o) o

= JJ Qan dA;
5
J‘ J’ J (&N aN;
ox dx

Here isoparametric quadrilateral linear elements are used
for the 3D discretization. The details of the interpolation
functicns, integration and formation of the conductance
matrix are described by Reddy {9]. For the solution of the
vorticity transport equations, an iterative algorithm is used
in which it is assumed that at the current time step, the
values of u, v, w, 0, £, du/dx, &v/oy and dw/dz are known
from the previous step. Using a difference scheme to
approximate the time derivative of £ between time steps
(n+ 1) and n as {£'} = ({€,+1} — (£,})/Ar and putting

{€,} = [£], we can write the final system of equations in
matrix form as

M€ e} = MUEL} — ALE,)

AN,
LN AN

W 2 ay
dy oy

gz 9dz

A -
+RY + MO - KUE) (D)
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Fig. 5. Voriciry profile (%) in the y = 1/2 plane for Re = 100.

Here the vorticity boundary conditions obtained from the
solution of velocity Poisson equations by BEM is used and
the system of equations are solved to find the unknown
values of £. The derivatives of £ in Cartesian coordinates
are also found which is used in the Poisson equation for the
successive iterations and time steps. Here a second order
Runge-Kutta (RK) methed is used 1o relax the vorticity
values in each iteration, if necessary. Let {£,} = {£ .4}

in Eq. (32). We then obtain the predictor step as
IMHE,} = [MON(E,} — ArLHE, )} + AdlR] +
Ar oo

Putting {£,} = 1/2({&,) + {£,))in Eq. (32), we fi

1.00 ——a
—
— ——
- » -5
2
Q.80 —
A
] A
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0.60 — %
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2.40 osl
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Fig. 6. Velocity profile (1) on the vertical centerline of a cubic cavity for Re = 400.
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Fig. 7. Velocity profile (w) on the horizontal centerline of a cubic cavity for e = 400,

the second-order RK method as

AR R ARR N,
2 adL’) 2

[E,} +{£,)
2
(34)

MU E ) = (M)

A
+ Af[R®] + AQT] - Es{xe]

In a similar way, other two verticity transport equations can
be solved in the 3D domain.

1.0 T o e |
F N Y s e e e \
WS /! / ! s - - - \
| f A PR |
08 _ f [ 1 1 : !
| I U U P / !
o4 -. \ .\ \ N e - / / f
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02 - LY N e e —— — - ’
0'%.0 0.2 0.4 0.5 08 1.¢

Fig. 8. Profile of the flow vectors in the y = I/2 plane for Re = 400.

4, Solution procedure -

As mentioned earlier, here an iterative scheme is used in
the solution of the velocity—vorticity formulation of
Navier-Stokes equations. In' most of the incompressible
viscous flow problems solved using Navier—Stokes equa-
tions, the most natural boundary condition arise when the
velocity is prescribed all over the boundaries of the problem.
The vorticity boundary conditions are seldom prescribed
and hence should be determined from computation. In the
present model, the velocity Poisson equations are initially
solved to get the vorticity boundary condition which are
used in the solution of the vorticity transport equations.
The computational procedure adopted here includes the
following iterative steps:

For the new time step n = |

1. Assume some initial values for vorticity distribution and
derivatives, say zero.
2. Solution of the velocity Poisson eguations using BEM:
o Solve for the unknown boundary velocity or velocity
fiux values using Eqs. (11)-(13);
o Calculate the velocity distribution and velocity deri-
vatives at all nodal points using BEM;
o Determine the new vorticity boundary values using
Eq. (3).
3. Solution of the vorticity transport equations using FEM:
o Solve for the unknown vorticity values throughout the
domain using Eqgs. (8}-{10):
o Calculate the derivatives of the vorticity vectors to use
in the velocity Poisson equation;
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Fig. 9. Velocity profile {«) on the vertical centerline of a cubic cavity for Re = 1000.

o Relax the vorticity values using second-order RK

methed, Eq. (34).

If convergence criterion is satisfied, then stop and
proceed to the next time step, otherwise go to Step 2.

4. Check for convergence of the velocity and vorticity 5. In the successive time step, use the velocity and '

components in the present iteration, for example vorticity components from the previous time step as
‘ initial conditions and use the iterative procedure,
fun* ' = upl _ Steps 2—4. The procedure is repeated until the prescribed

it = 0.001 time step is reached.
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Fig. 10. Velocity profile (w) on the horizontal centerline of a cubic cavity for Re = 1000
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5. Model results and discussion

The proposed BEM-FEM model has been applied on a
test problem to verify the numerical procedure. The bench-
mark problem is the classical ‘driven flow in a cubic cavity’
for which many numerical model results are available in
literature (see Fig. 1). Present model results are com-
pared with the results of Goda [12] and Ku et al. [13]
in three dimensions and with the results of Yang [14] in
two dimensions.

The model problem consists of a cubic cavity with a
moving top lid with constant velocity, totally filled with
an incompressible viscous fluid. Fig. 1 shows the geome-
try and boundary conditions of the problem. Due to the
computational limitations (we used an IBM AIX work-
station with 128 MB RAM), the present analysis is
limited to two sets of computational mesh points of 11 X
11x11 and 13x13x 13 (on the boundary as well as
internal domain).

Three analyses have been presented here, for Reynolds
number: Re = 100, 400 and 1000. Although the computa-
tions were carried out with a fully implicit scheme in time,
only steady state solutions are presented here. In all the
cases, steady states are reached.

Fig. 2 shows the x-component velocity profiles (#) on the
vertical centerline of a cavity for Re = 100. Fig. 3 shows the
z-component velocity profile (w) on the horizontal center-
line of the cavity for Re = 100. The results mostly agree
with those by Goda [12] and Ku et al. {13] bearing in mind
that the mesh density is coarse. We also give the 2D results
obtained by Yang [14] (using & BEM scheme) for compar-
ison. Fig. 4 shows the profile of flow vectors and Fig. 5
shows the vorticity profile (n) in the y = 1/2 plane for
Reynolds number Re = 100. From Figs. 2 and 3, it can be
seen that for both computational mesh grids, the results are
almost same. As it is obvious, for the 2D comparison, the
results vary slightly due to the 3D boundary effects.

Figs. 6—8 show, respectively, the x-component velocity

profile {x) on the vertical centerline, z-component velocity
profile (w)} on the horizontal centerline of the cavity and the
profile of the flow in the y = 1/2 plane, for Reynolds
number Re = 400. The present results mostly agree with
those reported by Goda [12] and Ku et al. [13]. As the
Reynolds number increases, the effect of the computational
mesh is obvious. The finer mesh in the study (13 X 13 X 13)
gives more agreeable results.

For a higher Reynolds number, Re = 1000, calculations
are made for the finer computational mesh (13X 13 X 13).
Figs. 9-11 show, respectively, the x-component velocity
profile (1} on the vertical centerline, the z-component velg-
city profile (w) on the horizontal centerline of the cavity and
the profile of the flow in the y = 1/2 plane. Results of the
analysis agree well with the results of Ku et al. [13] bearing
in mind that the mesh density was only 13 X 13 % 13, while
in the test case there were 25 X 13 X 25 nodes.

The merit of the present model is that, it provides the best
way to treat the velocity—vorticity formulation for 3D flow
by combining BEM and FEM. In general, the boundary
conditions of vorticity are not known a prior, so that the
solution of vorticity transport equation is rather difficult.
However, the BEM solution of the velocity Poisson equa-
tion together with the no-slip boundary conditions will

- automatically render the necessary vorticity boundacy

conditions directly as the normal derivatives of velocity
while solving the boundary integral equations. If numerical
models like FDM and FEM are used in the solution of
velocity Poisson eguations, then the boundary vorticity
values have to be separately determined from the velocity
distribution which may reduce the accuracy in determining
the vorticity boundary conditions for the solution of vorti-
city transport equations. As the vorticity transport equa-
ttons include convective terms and time dependent terms,
FEM solution is more suitable than the BEM. Hence the
present model in which the velocity Poisson equations are
solved using BEM and vorticity transport equations are
solved using FEM and the iterative scheme combining
both models provides the best way to treat the velocity-
vorticity formulation for 3D incompressible flow
preblems. This study demonstrates that even with a very
coarse mesh, the solutions are very stable and fairly accu-
rate as shown in the case study with different Reynolds
numbers.

6. Conclusions

A combined BEM-FEM model has been developed for
solving the velocity—vorticity Navier—Stokes equations in
three dimensions, The vorticity boundary conditions for the
solution of vorticity transport equations are exactly obtained
directly from the BEM solution of velocity Poisson equa-
tions. Here the results of medium Reynclds number up to
1000, in a typical cubic cavity flow are presented and
compared with other numerical models. Despite the
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relatively coarse mesh, the results show good conver-
gence and generally in fairly close agreement with other
model results using fine meshes. The computational
results show that the combined BEM-FEM model
presented here provides an efficient tool for the numer-
ical investigation of 3D incompressible viscous fAuid
flow problems.
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ABSTRACT

This paper describes a dual reciprocity boundary element mode!
for the solution of incompressible viscous flows in slow motion,
using velocity-vorticity variables. The method invelves the solution
of advection-diffusion type vorticity equations for vorticity whose so-
lencidal vorticity components are obtained by solving Poisson type
equations involving the velocity and vorticity components. Both
the Poisson type equations and the vorticity advection-diffusion type
equations are solved using the dual reciprocity boundary element
method (DRBEM). In DRBEM, all source terms, advective terms and
time dependent terms are converted into boundary integrals and hence
the computational domain of the problem reduces by one. Here the
results of Stokes flow problems with very low Reynolds numbers in a
typical square cavity are presented and compared with other model
results. The DRBEM model has been found to be feasible and

satisfactory.

I. INTRODUCTION

The incompressible viscous flows in slow mo-
tion, known as Stokes flows, have very important
applications in many industries. Solutions of the fluid
flow equations for Reynolds number Re=0 are of prac-
tical interest in the area of steady and unsteady slow
motion (in reality for Re<1) and in the final stage of
decay of flows at initially larger Reynolds numbers.
Stokes flow problems can be considered as a subset
of Navier-Stokes flow problems, in which the non-
linear convective terms are very small or neglected.
For the solution of incompressible viscous flow pro-
blems, three formulations are well known, in terms
of: primitive variables of pressure and velocity, ve-
tocity-stream function and velocity-vorticity. The

*Correspondence addressee

first two formulations have been thoroughly investi-
gated by various researchers for two-dimensional and
three-dimensional preblems using various numerical
methods like finite difference (FDM) (Anderson et
al., 1984), finite elements (FEM) (Gunzaburger,
1987) and boundary element methods (BEM) (Power
and Wrobel, 1993). The third formulation in terms
of velocity and vorticity also has been explained in
the last decade, using varicus numerical schemes like
FDM and FEM.

For the solution of Navier-Stokes flow problems
using the velocity-vorticity formulation, the govern-
ing equations have been written as a system of ad-
vection-diffusion type and Poisson type equations
for the components of the vorticity and velocity
fields,respectively. The main advantage of this
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formulation includes the numerical separation of the
kinematic and kinetic aspects of the fluid flow from
the pressure computation, which is determined after-
wards from the known velocity and vorticity fields.

Boundary Element Method (BEM) has been es-
tablished as a powerful numerical tool in the solution
of various fluid flow problems (Banerjee, 1994,
Power and Wrobel, 1995). In BEM, the governing
partial differential equations describing the problem
domain are transformed into integral equations relat-
ing only to the boundary values. Thus BEM is a
boundary- criented method and hence the computa-
ttonal dimension of the problem is reduced by one,
so that it is easier in discretization and data prepara-
tion for the problem considered. Moreover in BEM,
the flux term is obtained directly, as the integral equa-
tion i1s a mix of the variable considered and its nor-
mal derivative. These advantages make BEM more
suitable for the solution of incompressible viscous
flow problems.

The major problems in using the general BEM
techniques to solve the incompressible viscous flows
. are the difficulties in dealing with the convective and
time dependent terms. Earlier, to solve any problem
using BEM, a fundamental solution for the problem
had to be available. The fundamental solution had to
- take into account all terms in the governing equations
to avoid domain integration, otherwise internal cells
had toibe defined (Brebbia er al. 1984). Even though
a fundamental solution is available for many
problems, it does not ensure that one is available for
any given case and it is inconvenient to alter a pro-
gram by incorporating a new fundamental solution to
study a slightly different problem. The use of cells
to evaluate domain integrals implies internal
discretization and hence BEM loses some of its at-
tractions compared to other domain techniques like
FDM and FEM. To avoid all these problems, it is
desirable to have a boundary element technique which
enables a boundary only solution, does not depend
on obtaining a new fundamental solution for each case
and can be applied using a similar approach in each
case like FEM.

Dual reciprocity BEM (DRBEM) employs a fun-
damental solution corresponding to a simpler
equation, and treats the remaining terms as well as
other non-homogeneocus terms in the original
equation, through a procedure which involves a se-
ries expansion using global approximating functions
and the applications of the reciprocity principle
(Partridge et. al, 1992). The method is called dual
reciprocity method because it utilizes twice times of
the basic reciprocal theorem. The dual reciprocity
BEM is essentially a generalized way of construct-
ing particular solutions that can be used to solve non-
linear and time-dependent problems as well as to

represent any internal source distribution. The
method can be applied to define sources over the
whole domain or only part of it. The dual reciprocity
boundary element method was introduced by Nardini
and Brebbia (1982) for elasto-dynamics problems and
has been further extended for general engineering
problems (Partridge er al., 1992).

To solve Stokes flow problems, here the dual
reciprocity boundary element method is used. For
the solution of Navier-Stokes flow equations using
DRBEM, the fundamental solution of the Laplace .
equation is proposed in the analysis. The time de-
pendent term, convective terms and source terms in
the governing equations will be approximated using
the dual reciprocity method. The vorticity boundary
conditions are exactly obtained by the DRBEM solu-
tion of the Poisson equation, An iterative scheme is
used in the solution after numerical discretization
using DRBEM.

The accuracy and feasibility of the DRBEM
model has been demonstrated using the well-known
model problem of flow in a driven square cavity. The
cavity flow problem is of continuing interest because
it offers a relatively simple model on which numeri-
cal techniques may be examined and verified with
other numerical schemes. Using the DRBEM model,
even for a coarse mesh, accurate results, comparable
with other models using fine meshes, in the literature
are obtained.

After presenting the governing equations, the
numerical formulations using the DRBEM are briefly
described. Then the solution procedures and numeri-
cal results for a two-dimensional driven cavity flow
problem are provided followed by a few concluding
remarks.

Il. GOVERNING EQUATIONS

The governing equations for mass and linear
momentum transport in a domain £ with boundary T
occupied by incompressible Newtonian fluid, can be
written as (Liggett, 1994):

0F o . Va=-Vp+ VT
5 +u +Vu= Vp+RBV 7 (1)
V=0 (2)

where @ - is the velocity vector, p- is the pressure,
Re- is the Reynolds number and - is the time. Eqs.
(1) and (2) represent the Navier-Stokes equation in
the velocity-pressure formulation.

The vorticity vector @ can be expressed as:

w=Vxu {33

By taking the curl of both sides of Eq. (1) and
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using Eqgs. (2) and (3), one can obtain the vorticity
transport equation as; '

0w _ —_— 1l g2

7"‘ wVu=w VH"‘Ev o (4)
By taking the curl of Eq. (3) and using Eq. (2) one
gets, ;

Via=-Vxw . (5)

which is the vector form of Poisson’s equation for
u . Egs. (4) and (5) with % and @ as velocity and
vorticity vectors are known as the velocity-vorticity
formulation of the Navier-Stokes equations and can
replace Eqgs. (1) and (2) in which & and p are
variables.

The Stockes flow problems are characterized by
very small velocities (consequently very low
Reynolds numbers), such that the nonlinear convec-
tive terms in the Navier-Stokes equations can be
neglected. If, in addition, the flow is steady, the
whole inertia force is everywhere small in magnitude
compared with either pressure or viscous forces. The
flow can then be approximated by the motion of a
floid with zero density (or infinite viscosity), gener-
ating the linear creeping flow equations (Currie,
1974}!:

-Vp +-ﬁ1-5v2?=o (6)
Veum=0 ()

The basic eguations of Stokes flow in the velocity-
vorticity formulation can be derived from the Navier-
Stokes Eqs. {4} and (5) as:

2 _a‘m’
v ‘ﬁI-—-aT (8)

VT =-Vxw e
In two dimensions, if {i, v) are the velocity vectors

and W= e, is the associated vorticity vector, then
the vorticity transport Eq. (4) can be written as:

88 V=L y?
5 +uVa Re‘Va) (10}

and Eq. (8} can be written as

2,- 00
Vip=42 (11)

In steady state conditions, Eq. (11} can be written as:

V=0 D

For Stokes flow, in two- dimensions, Eq. (9} can be

writen as:
Vig=_0®
u=-g% (13)
vy =92 : (14)

For Navier-Stokes equations, solution of the vor-
ticity transport equation in @ (Eq. 10), in combina-
tion with the Poisson Eqs. (13) and (14), gives the
velocity and vorticity distribution all over the domain
at the concerned time step. For u_nsteady Stokes flow,
solution of the vorticity transport Eq. (11), in combi-
nation with the Poisson Eqs. (13) and (14}, gives the
velocity and vorticity distributions all over the do-
main at the concerned time step. Similarly, in steady
state conditions, solution of Eq. (12) in combination
with the Poisson Eqs. (13) and (14), gives the veloc-
ity and vorticity distribution all over the domain.

A solution 1s sought in the domain 0 that satis-
fies the initial conditions,

W =ug, W=Voayy at =0 (15)
and the boundary conditions,
W =up; B=(V>u)|r at =0 (16)
on the boundary I' of 1.
1II. NUMERICAL FORMULATION

As mentioned in section I, in the solution of
the velocity-vorticity formulation of Stokes flow
equations using the present model, the vorticity trans-
port equation and Poisson type velocity equations are
soclved by DRBEM. In this section, the numerical
formulation for DRBEM for Poisson type velocity
equations and advection-diffusion or diffusion type
vorticity equations are briefly described.

1. DRBEM Formulation for Velocity Poisson
Equations

Consider the Poisson type velocity equation in
u and o, Eq. (13),

V%:-%:b a7

with velocity boundary conditions as,

u=7 onT; =% on T, (18)

where n is the unit outward normal vector. In the
present model, an iterative algorithm is used such that
the right hand side of Eq. {17) is known in the cur-
rent iteration and time step from the previous step by
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solving the vorticity transport Eq. (10) or {11).

Solution to Eq. {17} can be expressed as the sum
of the solution of a homogeneous Lapalce equation
and a particular solution i as:

w=utu (19

where # is the solution to the Laplace equation and &
is a particular solution such that,

Vi=b (20}

The dual reciprocity boundary element method
(DRBEM) propases the use of a series of particular
solutions &, instead of a single 4. The number of 4;
used is equal to the total number of nodes in the
problem. If there are N boundary nodes and L inter-
nal nodes, there will be N+L values of &;.

The following approximation of b is then
proposed,

Hal
b= ﬁl af; (21)
j =
where the ¢;- are a set of initially unknown coeffi-
cients and the f; are approximating functions. The
particular solution & ; and the approximating function
fi :tre linked through the relation,

Vi, =f; (22)

The expansion (21) may then be considered as valid
over the whole problem domain as in the case of one
large super-element. The functions f; are geometri-
cally dependent. Substituting (22) into (21) gives,

Nl
b= 3% aMV%) (23)
j=
. Substituting (23) into (17} gives,

PR L P

Vu ‘,-);. a(V°u;) (24)
The source term b of Eq. (17) has been replaced in
Eq. (24) by a summation of products of coefficients
o; and the Laplacian operating on the particular solu-
tion &;. The procedure for developing the boundary
element method for the Laplace equation (Brebbia et
al., 1984) will now be applied. Eq. (24) can be mul-
tiplied by the fundamental solution u”, for 2-D prob-
lems u*=-In{r)/2x and integrating over the domain
producing,

I (Vzuw‘dn;ff aJ.J' (Vi u"dQ (25)
Q =1 0

where r is the distance from the collocation point (k)

to the other field points {i) given as, .

’=w[(-’fk‘xf}2+()‘k‘J’f)1 -

Applying Green’s second identity, (Brebbia er al.,
1984) produces the following integral equation for
each source node i,

C,—u‘-+J- q'udr—j w gdl
T r

Nal -
=3 afCiy+ | aidr- [ widD @8
i=l r r
where C;-is the Green's constant which can be calcu-
lated by surrounding the boundary point i by a small
circle of radius £ and taking each term in Eq. (26) in
the limit as £=0. Generally C; can be represented as
g¢2n where @ is the internal angle at point i in radians.
The term 4, is defined as 8i;/on, q" as Ou'/dn where
n is the unit cutward normal to T

Note that Eq. (26) involves no domain integrals.
The source term b in Eq. (17) has been substituted
for by equivalent boundary integrals. This was done
by first approximating b using Eq. (23), and then ex-
pressing both right and left-hand sides of the result-
ing expression as boundary integrals using a weighted
residual technique or Green's second identity. Now
the discretized form of the boundary integral equa-
tion can be written for a source node | as:

Cu; + if q udl’ - ij. u'gdl
£=1Jr £=1Jr

Nil
= ﬁ a‘r-(C,-fI,-j-l-ﬁJ‘ q’z?}dl“—iJ. g ,dr)
k=1 £=1Jrx

i=1
(27)

Here linear boundary elements are used for the
boundary discretization. Details of linear elements
and associated interpolation functions can be found
in Brebbia et al. (1984) and are not repeated here,
After introducing the interpolation functions and in-
tegrating over each boundary element, the above
equation can be written in terms of nodal values as:

Cou; + i Hby - i Gady
k=1 k=1
N+l
= E. a{C i, +§‘,I H iy —kﬁl Gudy)  (28)
j: = =

where H =J;_ ¢,q dl and G =f ¢ou"dl, in which
i 0

¢, and ¢y are the interpolation functions {Brebbia et
al. 1984). The index & is used for the boundary nodes
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which are the field poihts. After application to all
boundary nodes using a collocation technique, Eq.
(28) can be expressed in matrix form as,

Nl R R
Hu-Gg= i, oHi, - G§)) (29}

Here the C; terms have been incorporated onto the
principal diagonal of H. If each of the vectors & ; and
4; is considered to be one column of the matrices 7/
and Q respectively, then Eq. (29) can be written as:

Hu-Gg=HU-GO)x E)!

Equation (30) is the basis for the application of the
dual reciprocity boundary element method (DRBEM)
and involves discretization of the boundary only.
Internal nodes may be defined in the number and the
location desired by the user. From Eq. (23},

N+ L
b:jg,lﬂ-a}- ' 31)

By taking the value of b at (N+L) points, one can ex-
press (31) in a matrix form as:

b=Fa . (32)

where; each column of F consists of vectors f; con-
taining the values of the function fj at the (N+L) col-
location points. Therefore,

a=F"'b (33)

Thus the right hand side vector of (32) is a known
vector. Applying the boundary conditions to (30)
* gives a linear system of equations of the form:

A x=y (34)

where x contains the unknown boundary values of «
and g. The Gauss elimination scheme is used to solve
this system of equations to get the boundary
unknowns. After finding the boundary unknowns, the
function values at internal nodes can be found from,

b 2 Gugi+ S, aiy+ ¥ Hyi
u,-=—-k_KH,-ku*+k_] G‘-qu'l'j-l aj{ug-i-t_]H,-kuﬁ

-kgl G!kék)) (35)

The particular solution &, its normal derivative and
the corresponding approximating function f used in
DRBEM analysis are limited by the formulation ex-
cept that the resulting F matrix, should be non-
singular. The generally used f function is:

Eltraris 0" (36}
Correspendingly,
2 3 e+l
Bl by — L (37)
6 12 m+2 +(m+2) .

Other than the boundary only solution, the main
advantage of using DRBEM in the solution of the ve-
locity Poisson equation is the exact determination of
the vorticity boundary conditions. The vorticity
boundary conditions, which are essential to solve the
vorticity transport equation, are directly obtained as
the velocity normal derivative from the solution of

Eq. (26).

2. DRBEM Formulation for the Varticity Trans-
port Equation )

Consider the advection-diffusion type vorticity
transport equation, -

V2w=R,(%—? +T V=R bix, y, @ 1) (39)

The fundamental solution of the Laplace equa-
tion is used in the solution Eq. (39). Appropriate
boundary conditions @ or g(da/dn) {Dirichlet condi-
tion or Neumann boundary condition) and initial con-
ditions (prescribed @) should be prescribed for the
problem.

As in section IIL.1, using the dual reciprocity
principle, the solution to Eq. (39) can be expressed
as the sum of the solution of a homogeneous Laplace
equation and a particular solution & as:

@=H+ & (40

where @ is the solution to the Laplace equation and

& is a particular solution such that,
Vig=b (41)

The dual reciprocity boundary element method
(DRBEM) proposes the use of a series of particular
solutions @, instead of a single @. The number of
@; used is equal to the total number of nodes in the
problem. If there are N boundary nodes and L inter-
nal nodes, there will be N+L values of E@

The following approximation of & is then
proposed,

N
b= iL af; (42)

i=1
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where the ¢; are a set of initially unknown coeffi-
cients and the f; are approxtmating functions. As
explained in section [II.1, we can finally write Eq.
{39} as:

LESA
ViosR, 3 (V') 43)
A

The source term & of (39} has been replaced in Eq.
(43) by a summation of products of coefficients o
and the Laplacian operating on the particular solu-
tion &;.

Similar to the procedure in section IIL.1, using
the 2D fundamental solution of the Laplace equation
{(-In r/2x) and using the BEM procedure, the bound-
ary integral equation is written as:

C,-mi+f q‘axfraf «'gdl
r T

N
=R, f %(C‘r[ﬁf.+J‘ q'@}dl"—J. u'gdr)  (44)
i /A i
After the boundary discretization and integration as
. mentioned in section III.1, one can write the final
system of equations in matrix form as:
Hw-Gg=R, Ho-GOx (45)

In Eqi (42), the time dependent term and advective
terms are approximated as:

P
b= X £y, 00,0) (46)
J =

Here f; are known functions of geometry and & are
unknown functions of time. Then Eq. (46) can be
wrilten in matrix form as:

b=Fa 47
or

a=F"'b (48}

Therefore, one can write Eq. (45) as,

Hw-Gg=R (Ha-GO¥F 'b (49)
Putting,
S=Hap-CGOF' (50)

Substituting for b, Eq. (30) can be written as,
daw
Hw-Gg=R [S( +“‘5T"""’§§-‘ (51)

Senting,

w=Ff ) (52)
or

f=F'w : (53)
Differentiating {52) with respect to x and y, -

te-%s

dw-9p (54)

Therefore,
dw _ gF -1
- @

e . aF g
-a?—-a——F w . {55)

Ho-Gg =R SE2 + w3 +v%%)z"—_ ‘Wl (56)
Putting
=7 E=u3;+v%§ (57
One can write Eq. {56) as,

Ha-Gg=R S[&+EF " w] _(58)
Now substituting,

M=RSEF'; N=—R.S £59)
The final equation system is written as:

No'+(H-M)w=Gq (60)

Using a two level time integration for @ and g and a
difference scheme for the time derivative as,

w=(1-8,)a"+8,a™"

g=(1-65)g"+6,4™"'

o =Lt - o™ (61)
where 6, and 8, are weighting factors which position

the values of x and g, respectively, between time lev-
els m and m+1. Substituting (61) into (60) gives:

&+ 0,0 - MY - 8,Gg"™ "

= [% —(1-8XH -Mla"™ +(1-0,)Gg"  (62)

The right hand side of (62} is known at time
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(m+1)Ar, since it involves values which have been
specified as initial conditions or calculated
previously. Upon imposing the boundary conditions
at time (m+1)Ar, one can form a linear system of equa-
tions of the form,

A x=y (63)

This linear system of equations is solved using the
Gauss elimination scheme to find the unknown func-
tion values initially over the boundary and then at
the internal nodes considered.

The approximating functions ‘f given in sec-
tion IIL.1 and corresponding to particular solutions
and derivatives given in Eqgs. (37) and (38) are used
here also. As mentioned earlier, here an iterative
scheme is used in the solution of Navier-Stokes equa-
tions or Stokes flows and the derivatives of the vor-
tcity @ in x- and y- directions should be determined
before the velocity Poisson equations are solved so
that the right hand side of the Poisson equations are
known in each iteration. Here a special DRBEM tech-

nique is used to determine the derivatives of @w. Once-

the vorticity values are known by solving the linear
system of Eq. (63), then the derivatives of vorticity
can be easily calculated from Eq. (55).

For unsteady Stokes flow problems, the vortic-

ity diffusion Eq. (11) can be approximated using the
DRBEM in a similar way and Eq. (62) can be ex-
pressed as:

N‘ m+1 m+1
[E"‘ BHH]CU - quq

=i - - HI" + (1 - 0,Gq" ©4)

As menticned earlier, a linear system of equations
can be formed as in Eq. (63), which is solved for the
unknowns. All other procedures are the same as
earlier. - :

1IV. SOLUTION PROCEDURE

Here an iterative scheme is used in the solu-
ticn of the velocity-vorticity formuolation of Stokes
flow equations. In most incompressible viscous flow
problems, the most natural boundary condition arises
when the velocity is prescribed all over the bound-
aries of the problem. Vorticity boundary conditions
are seldom prescribed and hence should be determined
from computation. In the present model, the veloc-
ity Poisson equations are initially solved to get the
vorticity boundary conditions which are used in the
solution of the vorticity transport equations. The so-
lution procedure adopted here includes the following
iterative steps:

For the time step n=1, .
1. Assume some initial values for vorticity distribu-
tion and derivatives, say zero.
2. Solve the velocity Poisson Eqs. (13) and {14) us-
ing DRBEM
* Get the unknown boundary velocity or velocity
flux values
* Calculate the velocity distribution and velocity
derivatives at all nodal points
* Determine the new vorticity boundary values us-
ing the definition of vorticity in Eq. (3)
3. Solve the vorticity transport Eq. {(10)/(11) using
DRBEM o
* Get the unknown vorticity values throughout the
domain
» Calculate the derivatives of the vorticity vectors
using Eq. (55) to use in the velocity Poisson equa-
tion
* Relax the vorticity values, if necessary
4, Check for the convergence of the velocity and vor-
ticity components in the present iteration, for
example,

1 n
|“k+1 My <0.0001]
[4Z]
If the convergence criterion is satisfied, then stop
and proceed to the next time step, otherwise go to
step2.

5. For successive time steps, use the velocity and
vorticity components from the previous time step
as initial conditions and use the iterative procedure,
steps 2 to 4. The procedure is repeated until the
prescribed time step is reached.

¥. RESULTS AND DISCUSSION

The proposed DRBEM model has been applied
on a test problem to verify the accuracy and feasibil-
ity of the model. The test problem is the classical
‘driven flow in a square cavity' for which many nu-
merical model results are available in the literature
(see Fig. 1}. Present model results are compared with
the results of a series solution, FEM and BEM mod-
els in two dimensions.

The model problem consists of a square cavity
with a moving top lid with constant velocity, totally
filled with an incompressible viscous fluid. Fig. 1
shows the geometry and boundary conditions of the
problem. Reynolds number is so low that the induced
motion can be described as Stokes flow. In all cases,
the flow inside the cavity was initially at rest. No
slip and impermeability conditions were imposed on
all walls, with the velocity at the upper wall set equal
to unity. Due to the computational limitations {an
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u=Q,¥v=0

n=0,v=0

Fig. 1 Model problem with boundary conditions
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Fig. 2. Velocity profile (u) on the centerline at x=0.5 of a square
cavity for Re=0

IBM PC, Pentium II with 64 MB RAM, has been
used), the present analysis is limited to a maximum
of computational mesh points of 21x21 {(on the bound-
ary as well as the internal domain).

Two cases have been presented here, for steady
state Stokes flow condition (Re=0) and very low
Reynolds number (Re=1) Navier-Stokes equation
problems. Fig. 2 shows the x-component velocity pro-
file (x) on the vertical centerline of the cavity for
steady state Stokes flow (Re=0) conditions for 21x21
mesh. The results are compared with a series solu-
tion (Burgraff, 1966), FEM solution (Young and Lin,
1986) and BEM solution (Young and Yang, 1996) and
are in good agreement, bearing in mind that the mesh
density is coarse. Fig. 3 shows the y-component ve-
locity profile (v) on the horizontal centerline of the
cavity for steady state Stokes flow (Re=0) conditions
for 21x21 mesh. The results are also compared with
the BEM solution of Young and Yang (1996) and is
in good agreement.

N o) ¥ oung abd Yang (1986}
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X

Fig. 3 Velocity prefile (v) on the centerline at y=0._5 of a square
cavity for Re=0
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Fig. 4 Velocity profile (u} on the centerline at x=0.5 of a square
cavity for Re=0, Mesh convergence

As a convergence test for the grid, analysis has
been done at Re=0 for the uniformn meshes of 11x11
and 21x21. Fig. 4 shows the x-component velocity
profiles (1) on the vertical centerline with different
meshes. The results seem to be varying slightly for
both the meshes. The velocity vectors, u vs, v for
Re=I, are shown in Fig. 5. The center of circulating
gyre is estimated to be located around x=0.5 and y=
0.75 which is the major circulation vortex. The dis-
tribution of vorticity @, is shown in Fig. 6. The vor-
ticity is symmetric along x=0.5. As can be visualized,
two singular points near the two corners are very
conspicuous, since there is velocity discontinuity oc-
curring at the corner points.

A comparison of the x- component velocity pro-
file (i} on the vertical centerline for Re=0 (steady
state Stokes flow) and Re=1 (very low Reynolds
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Fig. 5 Profile of the flow vector (u vs. v) in the square cavity for
Re=!

number Stokes flow problem solved with Navier-
Stokes equations} is shown in Fig. 7. As obvious from
Fig. 7, there is an observable difference in the veloc-
ity profile for both Stokes flow regimes with Re=0
and Re=1. A comparison of the vorticity profiles for
Re=0 and Re=1 also shows a difference, although the
pattern is almest the same. The nonlinear convective
effects have an obvious tendency to increase the vor-
ticity and velocity intensities. Hence it can be con-
cluded that when low Reynolds number Stokes flow
is to be considered, for accurate solutions, Navier-
Stokes equations should be employed.

The merit of the present model is that, it pro-
vides the best way to treat the velocity-vorticity for-
mulation for two-dimensional Stokes flow by
DRBEM without domain discretization. Hence the
computational domain of the problem reduces by one,
that is, the two- dimensional problem is solved in one
dimension effectively. In general, the boundary con-
ditions of vorticity are not known a priori, so that
the solution of vorticity transport equation is rather
difficult. However the DRBEM solution of the ve-
locity Poisson equations will automatically render the
necessary vorticity boundary condition. This study
demonstrates that even with a relatively coarse mesh,
the solutions are very stable and accurate.

VI. CONCLUDING REMARKS

A dual reciprocity boundary element method
(DRBEM) model has been developed for solving the
velocity-vorticity Navier-Stokes and Stokes flow
equations. The vorticity boundary conditions for the
solution of vorticity transport equations are exactly
obtained directly from the DRBEM solution of ve-
locity Poisson equations. The use of DRBEM enables

G0 010 020 030 0us 080 080 OF0 08 QK L0

Fig. 6 Vorticity profile (@} in the square cavity for Re=1

1.00

600 — i T T T

050 0 opp0 % gso %™ o0

Fig. 7 Comparison of velocity profiles (u) on venica.i centerline
of a square cavity for Re=0 and Re=1

one to have a boundary only solution for the problem,
and the computational dimensions of the problem are
reduced by one. Here the results of low Reynolds
number Stokes flow problems, in a typical square
cavity flow are presented and compared with other
numerical models. Computational results show that
the DRBEM presented here provides a feasible tool
for numerical investigation of incompressible viscous
fluid flow in slow motion.
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NOMENCLATURE

approximating function

unit cutward normal

pressure

Reynolds number

time

velocity vector

velocities in x-, y- directions
fundamental solution of Laplace equation

Greek symbol

€ g1 OR

a set of initially unknown coefficients
.domain of the problem considered

boundary of the domain considered vorticity

vorticity vector '

vorticity in two- dimensions
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ABSTRACT

In this study, the motion of incompressible viscous fluid in a two-dimensional domain is solved by

the finite element method using the velocity-vorticity formulation.
feasibility, first of all the steady Stokes flow in a square cavity are computed.
cavity flow are comparable with the numerical solutions of Burggraff {1966, FDM) [1].
unsteady Navier-Stokes flow are computed and compared with other models {1~4].

To demonstrate the model
The results of square
Then the
The results reveal

that finite element analysis is a very powerful approach in the realm of computational fluid mechanics.

Keywords : "Velocity-vorticity formulation, Finite element method, Navier-Stokes equations.

1. INTRODUCTION

Finite element method (FEM) has been proved to be
very convenient and most promising for obtaining
spatial approximation to problems with complex
geometries. Finite element theory provides an
effective methodology for construction of discrete
andfor semi-discrete approximations to various
boundary value problems in computational mechanics,
including the different forms of the Navier-Stokes
equations in fluid mechanics. Three formuiation are
well known for the solutions of the incompressible
Navier-Stokes equations, in terms of primitive
variables of pressure-velocity, velocity-stream function
and velocity-vorticity, The first two formulations have
been thoroughly investigated by various rescarchers for
two dimensional and three dimensicnal problems using
various numerical methods such as finite difference
(FDM) [5], finite element (FEM) [6] and boundary
element methods (BEM) [7]. The third formulation in
terms of velocity and vorticity also has been explained
in the last decade, mainly in two dimensions using
various numerical schemes.

In the computational methodology of unsieady
incompressible viscous fluid flows, the fractional step
methods have been proven to be effective. However
semi-implicit FEM methods have gained some
advantages of stability and simplicity. Different time
marching methods to solve the vorticity transport
equation are another feature in this study. The

* Professor

schemes include the explicit method, implicit method,
and fully-implicit method. From the analysis of the
results, the difference between these methods is that if
we use explicit method it has the strict limitation of the
timestep, Af. On the other hand, if the implicit method
is used, although the range of A¢ is not restricted, it is
suitable to use smaller value of Af to ensure that at the
high Reynclds number, each iterative steps can
guarantee the convergence of the iterative solution.

2, GOVERNING EQUATIONS

The partial differential equation set governing
viscous, laminar flow of an incompressible fluid is a
subject class of the familiar nonlinear Navier-Stokes
equations system. Let {2 be the fluid domain, which is
surrounded by a piecewise smooth boundary I'. By
using the wvector form, the comresponding basic
equations of conservation of mass, and momentum are
[8.9]

Continuity

Momentum
o . . 1 .-
—tid -V =-Vp+—V'u 2
> u P+ ae (2)
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where # is the velocity vector, p is the pressure, Re is
the Reynelds number and ¢ is the time. Equations (1)
and (2) represent the Navier-Stokes equations in the
pressure-velocity formulation,

The vorticity vector & can be expressed as:

&=Vxi ©)

By taking the curl of both sides of Eq. (2) and using Eqs.
(1) and (3), we can obtain the vorticity transport
equation as follows:
X G VE=5-Vi+VE @)
or Re

By taking the curl of Eq. (3) and using Eq. (1) we get,
Vil =-Vxd (5

which is the vector form of Poisson equation for #
Equations (4) and (5) with i =(u, v,w) as velocity
vector and & =(wg, @,,® ) as vorticity vectors are

known as Velocity-Vorticity formulation of the
Navier-Stokes equations and can replace Eqgs. (1) and (2)
in which # and p are primitive variables.

The two-dimensional velocity-vorticity formulation
for the incompressible flows can be derived from the
Eqgs. (4) and (5) as following: :

et py—=—Vig (6)
Vig=-2 Q)

Vip=" (8)

For the Navier-Stokes equations, the solution of
vorticity transport equation in Eg, (6), in combination
with the velocity Poisson Egs. (7) and (8), gives the
velocity and vorticity distributions all over the domain
at the concerned time step.

We seek a solution in the domain © which satisfies
the initial conditions,

UsUg, V=V, 0=0, atf=0 (%)

and no-slip boundary conditions of velocity on the
boundary I of £).

As far as vorticity boundary condition is concemed,
it is not known a priori. From the Stokes theorem, the
vorticity boundary conditions can be written as,

o= ——§i.df (10)

ared

3. FINITE ELEMENT FORMULATION

The arbitrary element velocity and vorticity are
approximated as (By using indical notation and
summation convention for repeated indices)

o, =N, {11}
u,=Nu; {12}
=N;v, (13)

where N, denotes the interpolation or shape function of
vorticity and velocity. The weak formulations of Eq.
(6), is obtained by using the standard Galerkin method

i
0= [[m o 0,00 1[0, Toll g
% ‘& & Relox oy

(14)

and using a time integration for the time derivative of w,
Eq. (14} can be written as,

0=y ”NN-—fdn
+Z ”[N*uk}\f‘ %’hﬂ,‘nm fgi]mj-dg
"Z;.jquf‘ﬂq
- BN, BN

1 N, N, ON N,
RLIEE S

where ¢ -?En +E°—-n
n"ax x ay iy

For two dimensional flows, if ¢, = 0 or o is specified on
the boundary, then the surface integration vanishes.
Equation (15) can be written in the form,

T M5140,) + 151 o )+ oo Ki1 0, = (0 (16

where

M;=HN‘.deﬂ

aN
L= _U[N*u,, —L i+ N,v N, «gjjdn
ax 59: 3)’ 3}’
axl a
.;;,:E__A_'t_?._ (17

The fractional step metheds have been proven to be
effective, in the meantime semi-implicit FEM method
has rendered some advantages of stability and
simplicity.

So the Eg. {17) can be written

I « e i e n+!
{E[Mé +8 [Lg,.’ +EJ‘{'§f ’]} {o,}™

= {ﬁw;ﬂ]—(l -6) [Lf;’ +%K§,”H {o,}"  (18)
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Equation (18) confirms that the needed additional
data are integration time-step size A¢, integration factor
6, and the known data {w},” at any time ¢".

8 = 0 means explicit method (always instable)
8 = | means fully-implicit method

In this model, B = 2/3 is chosen.

Consider the Poisson type velocity equation in u and
assuming that the vorticity and its derivatives are
known, Eq. (7) can be written as follows:

Vig= e {19)
&
using the method of weighted residuals and Galerkin
criterion, Eq. (19) can be written as,

Fu Fu o

o= [[N]| 5+ +Z | 20
[ (G T ) n

_S [, , a3V,

::-O—Z”[ax = +6y ay]

BN
—ZH[N,.-GTJ]m,dn @y
= (K} + B9 (o) = 0) (22
where

\ B =-3 J‘_[ [N,. %\’;,_) 4 (23)

Similar formulation is performed for the » component.

4. SOLUTION PROCEDURE

Here an iterative scheme is used in the solution of the
velocity-vorticity formulation of the Navier-Stokes
equations. In most of the incompressible viscous flow
problems, the most natural boundary conditions arise
when the velocity is prescribed all over the boundaries
of the problem. The vorticity boundary conditions are
originated from the Stokes theorem. In the present
model, the velocity Poisson equations are initially
solved to get the vorticity boundary conditions which
are used in the solution of the vorticity transport
equation. The solution procedures adopted here
include the following iterative steps:

1. Initial condition: Letw = 0.

2. Solve the velocity Poisson Equation using FEM.

a. Calculate the velocity distribution and velocity
derivatives at all nodal points,

b. Determine the new vorticity boundary values.

3. Solved the vorticity transport equation.

a. Get the unknown vorticity values through out the
domain.

b. Calculate the derivatives of the vorticity to be used
in the velocity Poisson equations.

4. Check for the convergence of the velocity and
vorticity components in the present iteration, If
convergence criterion is satisfied, then stop and
proceed to the next time step, otherwise go to step 2.

5. In the successive time step, we use the velocity and
vorticity components from the previous time step as
initial conditions and use the iterative procedures,
steps 2 to 4. The procedures are repeated until the
prescribed time step is reached.

5. NUMERICAL EXAMPLES

The aim of this paper is to compute a
two-dimensional lid-driven cavity flow (sec Fig. 1).
The model problem consists of a square cavity of sizel:
1 (dimensionless) with a moving top lid with constant
velocity of unmity (dimensionless) in the x-direction,
totally filled with an incompressible viscous fluid.
Figure 1 shows the domain geometry and boundary
conditions of the problem.

In the Navier-Stokes equations of system, the
intensity of the nonlinearity and the convective effects,
are known to be related with the magnitude of the
Reynolds number. Therefore, the computational effort

- required for its numerical solution increases as the

Reynolds number increases. An important consquence
of this dependency is that the accuracy of the numerical
solution, at different values of the Reynolds number, is
sttongly associated with the way in which the mesh
discretisation is defined, requiring a higher density in
the regions near the pradient contpurs, where the
boundary layer is developed, as the Reynolds number
increases,

For flows with high Reynolds numbers, the use of a
coarse mesh often yvields a convergent solution without
physical meaning. By refining the computational
mesh, it is possible to improve the solution of the flow
phenomena, but at the expense of increasing the
computational cost. In the present examples, a typical
grid is shown in Fig. 2 for the fine mesh to solve the
Navier-Stokes equations.

&
¥
Iu-l,Fﬂ
A
7 I
/1 [
v A tv=()
77777 >
u=l v=0

Fig. 1 Model problem with boundary conditions
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Fig. 2 Non-uniform mesh for cavity flow

The case presented here, is for steady state Stokes
flow conditions. Figure 3 shows the velocity profiles
for Stokes flow on vertical and horizontal centerlines.
The results are compared with Burggraf (1966)[1] and
Karageorghis and Fairweather (198%9) [2]. The
streamlines and velocity vectors are shown in Figs. 4
and 5, respectively, the distribution of vorticity contour
is shown in Fig 6. The symmetric properties of the
physical features is similar to the circular cavity flow as
obtained analytically by Hwu, et al. (1997){10].

1400 1 1 L !

.04

TR T TR NN T SR S

-] 0% 1

x
Fig. 4 Streamlines for Stokes flow

In Fig.7, we plot the velocity filed, and the vertical
and hotizontal centre-line velocity profiles, respectively,
obtained with the present approach without the use of
the domain decomposition scheme for the case of Re =
100 and Re = 400. As can be observed, for this small
values of the Reynolds number, the results based upon a
velocity-vorticity formulation are in close agreement
with the benchmark values obtained by Burrggraf {1966)
[1] and Ghia, ef af. (1982}{3], using a finite difference
multigrid numerical scheme. As pointed ouwt
previously, as the flow regions near the comners, the
flow contains singularities associated with infinite
values of the vorticity and surface traction. The
distribution of vorticity contours for Re = 100 and Re =
400 are shown in Figures § and 9, respectively.

As Re is further increased, the inertia begins to play
an important role.  As a consequence, the vortex center

has shifted downstream, vorticity distribution gets more
complex, and comer eddies start to appear. As shown
in Figs. 10 to 12 which illustrates the velocity profiles,
As Re

velocity distribution and vorticity contours.

Verlidty contours

Fig. 6 Vorticity contours for Stokes flow

16 The Chinese Journal of Mechanics, Vol. 17, No. I, March 200!



1.00 L i 1 1 . ] 1 | .-J_ 1.00 1 | 1 1 | L | 1
-,x-"' . !
- L} o— = 13 -
' i '
- Pl (FMee400) ’ [ remnl Rae 10D :
050 [ S NPT TTY) S ' ‘O — '
50— ! W ggral 1905 (Aur= 10K 1 _ —
: ’ro A 050 — ! rasani {Re=1006)
1 -..___.___ vt * ha 2 Penrdy : @ Thiradein & Lsackore 199 [~
.!' s . .P = A
’.. ¥ - 1 Qi 1982 |
y 000 -4 oS Al i SR LI -
"’
. . b i [ e R L . -
. AN T v
- ) 1 " ™ ]
[ ! ‘\.L ,' :
r , 'y
v : - T 1 : ’
4.5 — 1 ' '
" - : -
4 ! o050 — ‘
) L : L
.\ 1 1
L) ]
1.0 T T T T T T T T : L
=104 450 .00 050 1.08 I
'
. . N -1.00 T | T T T T T
Fig. 7 Velocity profiles for Re = 100 and Re = 400 on 100 080 600 050 1.00
vertical and horizontal centerlines u

Fig. 10 Velocity profiles for Re = 1000 on vertical and
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Fig. 8 Vorticity contours at Re = 100

Fig. 11 Velocity distribution at Re = 1000
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Fig.9 Vorticity contours at Re = 400 Fig. 12 Vorticity contours at Re = 1000
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increases to 1000, the above-mentioned physical
characteristics become more conspicuous. In
particular, the vortex center first moves downstream,
and finally moves back to the geometric center of the
cavity. This illustrates the fact that viscous forces is
confined only to the boundary layer, and most of the
region away from the boundaries behaves like the core
of a forced vortex, as mentioned by Burggraf (1966)[1].

The formation of comer eddies, as pointed out by
Moffatt (1964) (11] is another very sitrange
phenomenonin the square: cavity simulation. It is seen
that the nonlinearity (high Re) and corner separation are
two major mechanisms to form the secondary currents.
There appear a big lower right-hand secondary eddy and
a small lower left-hand secondary eddy.

As Re increases further, the number of secondary
eddies will increase. It is observed that as many as
five secondary eddies will be formed in the upper left,
lower right, and lower left comers when Re approaches
5000. This also indicates that the inertia force is
another trigger factor in the formation of secondary

=30

eddies. Figure 13 illustrates the transformation of
vorticity in the cavity flow. Figures 14 and 15 show
the distribution of streamiines and velocity of a
recirculating flow at Re = 5000.

It is obvious that the influence of houndary layer for
driven cavity is very significant when Re is increased to
20000. As a compromise between computing resource
and accuracy, the 101 x 101 non-uniform mesh is used
in this high Reynold number. The Fig. 16 indicates
that there are additional vortices in the lower right,
lower left and upper left corners, although because of
the contour intervals they do not show up clearly in the
figure. The time evolution of vorticity at Re = 20000
will be shown in Figs. 17 and 18 at two fixed point (x, )
= (0.93, 0.5) and {x, ¥) = (0.065, 0.5) of the cavity. It
should be noted that we would not get a steady solution
for the driven cavity flow at higher Reynolds numbers,
since at such a high Reynolds number, the flow may
become ftransitional states, and chaotic or turbulent
flows are the typical flow regimes at such a high
Reynolds number.

00 N i, o,
a0 0w 030 D30 04 0E g0 070 08 S 1M

x

Fig. 13 Vorticity contours at Re = 5000
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Fig. 15 Streamlines at Re = 5000

The Chinese Journal of Mechanics, Vol. 17, No. 1, March 200!

Fig. 16 Streamlines at Re = 20000
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Fig. 17 The history of vorticity at Re = 20000
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Fig. 18 The history of verticity at Re = 20000

6. CONCLUDING REMARK

Finite element model has been developed for solving
the velocity-vorticity Navier-Stokes equations in
two-dimensions. Here the results of low Reynolds
numbet to high Reynolds number problems, in a typical
cavity flow are presented and compared with other
numerical models. Computational results show that
the Velocity-Vorticity formulation and FEM presented
here provide an efficient method for pumerical

investigation of two-dimensional incompressible
viscous fluid in motion.
ACKNOWLEDGEMENTS

The work reported in this paper was supported by the
National Science Council, the Republic of China, under
the grant of NSC 89-2611-E-002-026. It is greatly
appreciated.

REFERENCES

—

. Burggraff, O. R., “Analytic and Numerical Studies
of Structure of Steady Separated Flows,” J. Comput.
Phys., 24, pp. 131-151 (1966).

1. Karageorghis, A. and Fairweather, G., “The Simple
Layer Potential Method of Fundamental Solution for

Certain Biharmonic Programs,” fnt. J  Numer.

Methods Fluids, 9, pp. 1221-1234 (1989).

3. Ghia, U., Ghia, K. and Shin, C., “High Re Solutions
for Incompressible Flow Using the Navier-Stoke
Equations and a Multigrid Method,” J. Comput
Phys., 48, pp. 387-411 (1982).

4. Thomadakis, M. and Leschziner, M, *“A
Pressure-Correction Method for the Solution of
Incompressible Viscous Flows on Unstructured
Grids,” Int. J. Numer. Meth. Fluids, 22, pp. 581-601
(1996).

'S5, Dennis, SCR, Ingham, D. B. and Cook, R. N,
“Finite-Difference Methods for Calculating Steady
Incompressible Flows in Three Dimensions,” J
Comput Phys., 33, pp. 325-339 (1979).

6. Gunzburger, M. D. and Peterson, I. S., “On Finite
Element Approximations of the Stream Function-
Vorticity and Velocity-Vorticity Equations,” Jrr. J
Numer. Methods Fluids., 8, pp. 1225-1240 (1983).

7. Skerget, L. and Rek, Z., “Boundary-Domain Integral
Method Using a Velocity-Vorticity Formulation,”
Engng. Anal Bound Elem., 15, pp. 1355-1383
{1995).

8. Batchelor, G. K., Fluid Dynamics, Cambridge
University Press (1967).

9. Liggett, J. A., Fluid Mechanics, McGraw-Hill, New
York (1994).

10. Hwy, T. Y., Young, D. L. and Chen, Y. Y., “Chaoctic
Advections for Stokes Flows in Circular Cavity,” J.
Engineering Mech., 123, pp. 774782 (1997).

11. Moffatt, H. K., “Viscous and Resistive Eddies Near
a Sharp Comet,” S Fluid Mech., 18, pp. 1-18
(1964).

(Manuscript received Nov. 23, 2000,
Accepted for publication Jan. 30, 2001.)

20 The Chinese Journal of Mechanies, Vol. 17, No. I, March 2001



A9, FEUER - IR - 2001 - “HUE-RBEATEFIIE BT MR
- TR SE+H  pp 125 -



% B — B E kB RA
ﬁm&@ﬁ%iﬁﬁﬁﬁ

(A BH ¥R Fet=®)

h 2T 2 B M
wEREAFEEA




S L i BE HERE R
E HAR T Hii 45 & Wi B 5

BIEFE* HER

M =

AXHBRE - RENAEEEOCES TEORY - HRABDEARTRMNS
F2508 Navier-Stokes HELAES - REH—EEEM RNBEME - ERIE
FEAE « AXEAERABARBASESRESWENEREFERITARES -
LHEX AR RAR TEOBANABE « AEZARAR - bR EERET -
BRTIERERE RN AN BT E R AR -

_.,—‘ﬁ

A HrE BB ER R AERR Navier-Stokes AEAZRBHEEERER - BH
Halow §II Welch(1965) VLG RRE HEFTREEMRIIN MAC (Marker and Celi » TREZHBE
Viecelli(1969) D5 EFHF MAC 15 » Chan and Street(1970)VEIET MAC JFEIEREMBIRTZE
M7 HEEIE FMF (run up) WIER » EIEITERN MAC JTHEBZR SUMMAC

{ Stanford University Modified MAC) « SUMMAC B MAC @9 B 2RI a1E B NG
A A B R AEAs LR S B R B ST - REE AR SR S
AU o g s AR EIER A Lagrangian 877 555ENE B ERIRETEASAIERS » 40 Bellet and
Chenot(1993)2 A » $2F Lagrangian $BART + HURSHEREILARE: (node) FRZTEREEERE)
i BTSRRI « (B S AR B T s S e By, -

st - F2 1960 SEAAHIAE - BB EAZEH PR ALE & LEHEREBHHMER
FEHEERTE EME - ALE EEARN 1964 £ Nob®FriR i - HEETRARS

Tl

* GMARR IEBAR R
“* SMARLARHR




REsS  WERTRETEAEA ALE 335 % Donea(1977) @ FiS R W E HI{F
Rzt - T ALE 3947 B BRE TS 7572k Navier-Stokes KBTS -
BISs it Hirt 2 AN OLERESEFRBFRAER  SLEHF Chan(1975V R
Pracht(1975) VS R HRESERUHR » RAMERESERTEREFENHER
0 FLL ) —SSERAEASREFRNHERS S R TREETERE » BIER
Hughes, Liu & Zixr_lmermam{l%l)“” + h#%%5 Ramaswamy B Kawahara(1987)" 8@ Huerta
B Liu(1988)"'? « Choi(1996)' " A LI R R ERITE - KEL0992)""REUER
TERERE ALE B0 EHi/KEB B RM%s A2 R Navier-Stokes HEZRIH
By HEERE - HRBHBBHARIE - Thompson 2 A (1982)" V57 2 H R Bk B E B 1=
( boundary fitted coordinates method) - RAS EHBEEN N EERSEXBBEEE
MHWHEER » LARNENE  wE—BEFNAE - BHAENER > S48
(1990)" 7 & E /K E 2 BB T FHRE S EMAN Young & Lin(1990)°"ZHR
SEREER o BADE(1997)CH 27 HF) B R A A B 1T L I i SRS T B R B
I - AARARRERS - R A R B R T R AR - SRR NS
RAIRENARE—#Y  ARUEREREAMRENSRHENERTSE - i
S WHBE—BERE (GEXHEES)  REKRONBBRER—E@%RTRL -
AT ERBE i » LRI AT SEE AR - AR RE-RAK - L
EERERNRESEE (Lp)  HEAFREEE-BEE - SARENAERE - BE
FIE BRI R 2 8% LERTRERS ALE S RERSNYEE B RBE SRS EE
HARESRIEAREY  FOREEL MBS RIS AREZ IS -

- SR EX

A RIBIB AR (HEHR (Poisson) FEA - MEEKHEN) - FIAEE-®
B R B — LT E 512K » AR -R A REEE (Arbitrary Lagrangian Eulerian
Method ) FIHEREZ R & IR CEENB R - B8R - EROTER -
RERBFEG)  RERZIHREE HREZ TS -

1. AR ALE 32 B R
ALE SR EE A AR E Referential BIER + HM ALE EMEFHBRAKRHE
Referential FEHE A B2 (it Eulerian + Lagrangian FS{ZARIRHE SR - W2% Hughes

2.



F (1981) Bibk (1992) Z#&fE - |
BHEEREE LSRR - EEF RN Eulenian 3V Lagrangian BHEURHE T

ZHREMR TR R EN R AR - TR Referential BRRHT - HREHE _#
AT YA '

%:-+(u—é)g—?+(v—ﬁ)%?-=évzw o ' (1)
ow
Vig=—-— (2)
oy
:,_G@ '
Viv= Fm (.3)

Hih @ us v STRFEZEE kRS REEEE -
mﬁﬁ;ﬁﬁﬁ%maﬁﬂ&(aRgmmwmﬁ-ghﬁﬂmﬁg-uamﬁmﬁﬁﬁm

v

B
& fl ¥ SRRAPREEESEEETRESRR

=
[

4)

b=
i

2@ @

&)

A Referential EEZHAE L h—B{LEERK » MatHER Eulerian B
Lagrangian EESEAHE @ PLEVERAMEEEE ¢ (1) SHREEERT - IEEEE - RHEER
Eulerian FEAER - (2) ESHSMEHEFRIE  RSFEMESE LR ESE - RIEER
Lagrangian BEERR - SR + B 7 B EMH#K Lagrangian A Eulerian BEAFRZERES » [ RN
BB E SR M E e H BRI EEE - EEREERNTEE
YR T A A A R -

2. EaiEME (t=0)

() B EIAILIE S
BTHREHE  SL--EHRMMII R AGEG - s s (4,) 1 #B (5,0 &
B (C) » B Grimshaw(1971)*V84EE26H% ( Potential Flow)




3 3

- 2 2 3
C=1+= A 554 t 5 s (6)

Gy =A,-sech kI:I——-AO -tanh? k+AO( tan hzk—%%l-sech k- tanh‘k):r

(7

Hep

: 1/3AO 5

k= (1——8-,4 B )(x x,) ®)
A x, REERIIIAALE - BT E LUK ISAERGR  TRESYBEIEMRF T
RIFA - |
ERRELIEE C BENIIHBE (BRIBERY) « MEARER IR  GHHERE
E8 - BN E e A R ¢

W;=C'gf - 9

LFRESERRUFSREN  BERERERAER (VY =0) - RaEBmsns
HEEBIE (v) - EATHABREENEES - WTFFHUR - BIAIRSFES TR EES -

oy _
== (10)
“To
vﬁ_%g (11)
) KB B A

DEAHARZEERE]  FUSEI A - HGRBCEEERREEERE -

3. BRI RS

(1) B e TS 58 7 {4 (K FSBC)
B R i AR A A S TR R AR AR - ARIERE LA
IR EEWEAITE - 8 B PN T ACRER AL B a8 E) - BRRESE
¢ BENUREMMEES = ()  MEER,FEIEERFTETR Y = ¢(x,1)
DABEB F= y — {(x,t)=0 = » ILAR AR RK ALE B - BD




O _ . a0 2

(2) i8R (DFSBC)
RBREHRENBIRFAILARSEAEAERERIFE MTRENRNLES

( Wehausen and Laitone,1960) @+ Z#H SIS EERKHTEFA (&) Hikg
HE () B aﬂﬁ%amﬁﬁmﬁﬁﬁmwmghﬁﬁﬁsﬁﬁ (R et EIR

BB o~ B 1 B
A7
>
. A&
¥ _ n
x . 4
(a) BRI (by FTEI

B RN R ERRR TR R

dp, 0P, & OB, &

dE  ax 0F oy 0f ‘ o

e P, /AN TEERRECRS | ﬁﬁﬁﬁ%ﬁﬁjﬂ% Pgs

5 RyFRHETHRE -
(1+¢;)
7¢ Navier-Stoke equations #EXZ{k @ WEMNFHEEU = Jg_h (h B EBIATRYKEE) B

W, = PR/ somaniem = REEAER k=

TR

du Su u  OPw (621,; azJ
+ +

2
o oy (14




# Navier-Stokes equations £ A (13)A] 5 :

{u, T +uﬂ)].x;

€

(15)

+{v, +uv, +wy+I—Ri(vn+v”,):|-y; =—F, ), +Hf

€ e

B %ﬁtéﬁaf&ﬁﬁr&ﬁﬁbi&ﬁﬁﬁ:ﬂ’ﬂﬁﬁgﬁh FERARE - (B - EE - B
B SMIERER - REERIECEHN - 5 (15) A ALE REERHRITR -

ux; +v,y, +l(u—f£)4g +(v-f')vgj+w[(u—ﬁ)y¢ —(v—f')x;J+ Ve

] x; +y§ XX, + Y, Y, k, (16)
+—|| — o, | "L |w, |=~(P, ) +
R,[[. J J =Rty

o
J =y, = yex, }=Tacobian » By x - y EEEEREEE & — 7 BERRSEL OHLBRRSS -

EXBRE (o) EREAEH - MARNEEE (uvv) RRE - FUAEEREEAER
LGSR - BB (uyv) FRSEEE - 4 81T T—SERE B - T EMERTR T

ou  ov *u v
—+—=0 = +—=0 (17
& ay axdy oy’ .
ERRREREFEEATRRR
P —yguq)+ (V”.tg —Vex, )=D (18}

4, RESRHSEHRAEAT S
ASCGHENBRRRRIETEEERS - FIRE BB - u,v, 0 KIRBEIER—
BBl - IKIBAEREENIG, - BRNOREEEER TR (EEAE 2) ¢

i1, jr¥i-1, f Y j Uisl, j2Vie) §
A

I
A§

Wi, j-1r ¥4, j-1

B2 AEAREEESTRE




A 4 L AL %4y - 4w e i s . PRI

RTHAEHE TS AL=An=1-

5 EAR

CERERETER L SESRMNAREN RN W N AR E B TR B
(non-slip condition) - FEIRASEEFRIEFI ERERRITISRERMBEIEIE (slip condition) « FIA
AR EIRTTRERE TR E R R EA S S AN E MR 2R (non-penetration) -

=BG 3

AR LA RCRE R ARSI 5 - IR R R T R SRR Y

- REFEEE - RN SEER SRR AR ALE RREBRIRY A - DG HKEE

BHEEE - EtH R AR N RREESAF RN - SR REREN
B R B B RE B R A RES R - S0 TFEIRREERT
REME > OF—EAMDEE - AR ERIREMETRY - FRLNETEER MR - &
AERARARENGE - RRRIEBEGL T ETHE - MEREBEFESRZMA
HRTEAMLUERER B il e SRt -

1. RERAFEERERAEGIRSIEN
F BRI R R D AR R R A T R TR ERE = A

ﬁ P

E#EER{ELE (Method of Weighted Residuals) HEYE 84 HI| (Galerkin Criterion) » ]

1 (1) @y

ow .. 00 ) 1{&w Jw
0=1{In|l= 4= B Sutadll ELI le) 20
jjﬂa+m W2 +(v=5) ]&iﬁfﬁ&ﬂ @0)

$w=axy)=y No, u=) Nu, v=) Ny, >8] (20) Xk :




bw, )
0=y '”N‘.Nj%d.{2+z fi (Nk(uk ~zz,()N,._"‘_r_
- (0 oN, ON, oN,
- fenary [ 22 2

ox ox ay oy
% (21) RMREEHER

The )2l sl fol 2 Tl Jol-o

Hrh
My = |[N,N,dQ
© .. 0N, oN,
= Ny =2 )N, — L+ N, v, - v")N"aT dQ
oN, oN, N,
K© = j oN, N Q
ox & 6y dy
6(0 _a™
at At
Heop

o R ¥R ¢ = n ZENES{E
o' By o ZERFE ¢ = n+1 Z HEAE
At BRIEERFE ¢ = n ¢ = n+1 ZFRFEE -

BEL (22) ATk -
1 . < 1 & n+
e lod] 2L o
1 ¢ ] 1 L "
={-A—t-[M; )]-(1—9)[1';-) "'E'K;;(r' )]}{‘DJ}

¢ FRERTEF (implicit factor)
8 =0 ForREREE (explicit method)
6=1 FRRBATEMTE (fully-implicit method) -

BREAEREHERRGRE - BEHARERETRENRS - IBRTEAETRERENE

21)

(22)

(23}

(24)

(25)

(26)

27

lBl

SIS, Tt



25 FLIAEAIEIR (27) ARERABTE O = “i-)_ °

2. BERAREREBEENBALER
EEEREE (Method of Weighted Residuals) iR 8 & #8 || (Galerkin Criterion)
i (2),(3) ABEK

9% u 6 u 6&: '
0= .[_[N,.(vzu + --—}sfg H ( 62y 5 )dQ (28)
dw a*v v Bw
0= HN{vzv - -a-;)dg [_[N (a’ o ]dn (29)
Hp ‘
N:=N; (x, RIGIRER ;
QEE LR A/ T ENR -

saTRAu= Nu, u, RICELIBNEEQE & (28) RESWRY - ATH
1(30) % :

oN, ON; oN, N, N,
pIN]] e 240 Ju; = [fINiTa;—/—-del-mj (30)
BREEARA RGO
Z[&H“;FZM] | 31
Hr
oN, 8N, &N, ON,
) =H ot ayfdn (32)
_[IN%Q].Q (33)
i ay F

B - W1 (29) K Lok ERRaR -

3. BEAEATEGIBRESRNIEN
(1) B BIVRIETRY 73 SR R AF(DFSBC) ZRIRES Z B
T PR L e T B T TG 2 TR R CRE B - ERETRARE - RH - E1E -




 NBERESEREEE 12 &Y (DFSBC) TR AERBAORRERICEE
p=

ux.;'*‘";yg‘*'l(“"“‘)“c V- v)v§J+&)l(u —i#)y, —(v- v)x¢J+y¢

t
2+2 + 34
L MQ_MQ‘::(} (34)
RIL 7.7 - J

- EAREEE ERERE - B ARKRATREES (hRES)  tHIRARES (BRE
=5 ) AR - ATTRREA -

af" =[ f:‘+l.j _‘fi-l.j r afn =[ f:'.j _f},j—l ],I Qf_= fﬂl f;nJ (35)
o& 2A¢& © on An S .Y

BTHEHE  T¢ Al =An=1 At FRERANIRTHRERE -
R (R R ()R TR R E A () - AR ENEEH
BEEARACHRETERERREE R, -
(2) B BRI E RS 57 B (KFSBC) ZHRRETZBEEL
B A R S AT R ©

;I_m-l = At '[Vl' _(u u )( g:+l gu—-l )} + gin (36)

4, HRiEEE _
B (4) 71 (5) ﬁ?iﬂ*?ﬁ%ﬁ%ﬁﬁﬁ

s ’ 37
“EH T Ar @7

AHRCP R IERS - OIS ol FRER/KEREE X BT MAVAIRRESE n IFEHIkER
I X B E - REERLEIRRZE - IR/RPAVEREER - HFrRERGEEAL
BFERIR - ALRFREN K PRREERT -

b= = (38)

- 10 -



i b Ak A B

ST HEEMIEER - BB RRErESS TR S BRENINE - REESE
Hris AR BB - TSR o] RERIE o BRI SE (U BATEERR DR R R R
%= FEIEERENBEEE -

M RS

. HHRREEE 2 5 - Tt MRt L

SHm—MTENEEHE KARSR - A RAMAGEBERTMARERES
HEg - ELRHRREMEERSTERTE R (FENARG TR EME 3 FR) -
BB « TSR 20 - AR EIIRGE - EATIEE 10 B 02 5
STEHIREHER 10020 » SERAFE K FRAEEREY - BE Kk EARRENE S AN

Z u:n — Uy SIO_S, v:+l ""v: 510'5, w:ﬂ —&J: $10-5, S'fu -g: <107 > AT —
x=0 x=20
1 ,. |
- E |
g N
g \
g N
d \
7 d \
1y \

A A S S S S S

B3 ASEIRNTESSUREE

11



FERIBEHE - HREIEEELER 1,000 B 50,000 » H—hRRERERELRIS -
BERRNREER 25 - SRESENEARG RO AR ESS A SRS e R
(u=0) - EEKRBAEHFREREBAGE==0)  FTEREWENRBSELRNER
(v=0) RERSBR (v=0) > TEENERERHEIELEENEEEREA ESER e
e -

BHEFB R IER L - BRI S R R R FIATEE - & =10 B 5
SBRBAERE LR B AL - FTLUEHY SR - AUE 2 fSOAB B » T
EBSTERE - £8 Byatt and Smith(1971)°° 2 BERHE: - BB HAGAOHERNIEER - Byatt
and Smith(1988)* Rt 8 — A R I B E TS AMASEN SRS

_Rn_m_= .{I_ l_I':r.? .113 :
o 2d+2(d) +0(d) (39)
H R, BEXEASE:
d BBl LIKEE

H RN -

FEHCEEEE (H=0.1,0.15,0.2,0.25, 0.3, 0.35, 0.4, 0.45, 0.5) HEAHASE (R) e
RY W S0B 4 BT - TORCEASERHA RS REET - 2 R B 50,000 B » HLESAORSBIEIEAIN
k(AN EHRAREH SR ENEASEREE /| TR R BERtNE
SEEEME - RS EEET - WHAANERIEOT - BB Maxworthy,1967)° S B
S ERS R (Sung et al, 1999 B—IL8s - HIEABHERIT » RRAMAMBTER CRE-H
B ) BB R TR - (A AATRIRRAT -

B 5(2) R 5b) Rl HREERML - MERERERANEL - () BRBEER
RS E SRR - A E MRSk - (b) HIEERR 50,000
BT - PRSI SR/ b B AL N e TR B O B R A T A RO e RIS I
B DER AR RBERSE - (o) BB 1,000 BHHE - KEREFHREY
ST EE - SRR ERAEEN - Sa DR ELER - A LR R
BRI - R EEIERAETHOR, 0.3 - TSRS BABAHR 041 + 0%
FARASHY A B -

-12.



it sl Lo, Pl g e g

2.00 | I . | 1
present study

Byaut-Smith{ 1974 ):{1st order approx}
Byatt-Smith(1971):(2st order approx)

®
O Sung(1999):numerical
*
FAN

L60 — - L
- - Maxworthy(1976):exp. |
Chang{1597):exp. o
120 — . —
Rid

(R: Max run-up height)

0.80 —

040 —

0.00 1 | | I 1 1
0.00 .10 0.20 0.30 (0.40 0.50 0.60 0.70
Hrd {H: wave height , d: water depth)

4 BE—ATHNEETRZAASKER

HRNEHEZHR 1,000 MERESHETFREHATEREN - NIRRT ERS
% - BRRASEE - WHEEBE TRRNREER - B =5 RHSNEREEIR
6 i MEFERERMIIEINRGE - MR ESNIaRESL -~ —& - 82
R BRI RIS A RN RN SR - AMmERB VR EIRE - =10 &
MR E ST LR o SRR IR R B - HIREB RS =5 BRRE
BRRETARHEGR - B =15 ¥ - BEETERY - HREV SR RERARESE - IF
EABHERITRE L -

.13 -



.14 -

1.60

1.40

1.20

1.00

1.60

1.40

1.20

1.00

R.=1,000
- —  R.=50,000

inviscid

0.00

B 5(a) HMIUERHEEESZFSER{CEEHRER T LR

R=1.000"
— R=50,000

inviscid

20.00

0.00 12.00 16.00

X

5(b) IMIIFRIIEEESZRESMCE (RMEREET L)

20.00




ok s SR

-
o
-]

LARRERARAY RAARS RASay panis

]
~
»

§ o
w
o Illl"1vrrn|||

=]

2
. 3
1.5 E-
138 ::_-
™ i E
ors |
os |
o.as -
°1

3 t=15

i s E Re=1,000
? 3

1.28 f—

|

o
"
TIFTTYTITYTrT rTTeTT

a
T
§q
e
80
=

L]
[
LARNRARRT RRRRDRRRRS RAASS ALl

» 1 /——
. > %
: 0.78
1
. 4.5 =
.
025
a S — [ 1 . L L
- 5 "0 15 20

6 MirREE T ERAFIE R LE (R.=1,000)

minanat e e

-15-



2. EAMAKEZAERE
| B (seiche) MEMBEIKE - WEREE - R—REATKE  ANBEIEE
FSEEIZEE (uninode standing wave) ZUMBAGTEIE - W 7 RECAA0VEH ELAFIGE: - BRUKRE
L=98 m - V4K d=5 m - EARHEETE (RERORVETE) - BRRAPER -

TR ERIG R R —IRIER A ROBRTERRL : v, = ACOS(%) - FEuRYyERE- L

Mz B R AR R R R R BRI E.L(1992) e g3l 8 - (BER A
EH AR RARRYER - FUEAN R RSFRTERcE RGO ERaHHR
REMRAZ MR - AR ERRE e SBEHRITAGE (0 1 s ym

®):

4’_

AOUONNONUNNNNN

WSS S S S S

- d=5m
v=0
J S S S S S S S S S
L=9m

B7 ESHABHERSZHEERBMMEL

-16-

g U PR




Hep

t t

=it=

ﬁﬁ%§1r=%

14 ® t =0.71428¢

J ~ 071428

B o =gd == , v =\gd ="
d REMUKE (Bfrm) - h BRI EKE ;
¢ BRESESR (EfI sec) + t BAEEKESE

u By RRIERSN /A PRESHE (B ms) ;

u B v RARE LAk FREEEE -

£ 1 MERARWRRFRZDER

(40)

(41)

(42)

RE R BHEA (T) HHEE (u)

B (v)

RS P By 1 1 392 1

FERYER 5 (m)

0.71428 (sec) 28 (sec) 7 (m/sec)

7 (m/sec)

(1) ARIERELTRE
EETHREINN  STHEAETRNRERITE  UEEURBHEBER
AT ERE - ERMEENEMERIFEEZE (B DFSBC TTAITEREERR -

o¢

(u—wyu, +(v- i')u; +u—-ayw, +(v- ﬁ)vy » KFSBC f99EstE sl : (u—)=2>) -
ARBEEEITRR -

ox

-1?-




u = AG, sm(E)sin(EC°tJ 44
d L L . ( _)

v == ACory cos(EJ sin( nCot] - (45)

B2 EARBRE C, =gd =7 misec » RHBRAMAMEE L - AHBAR
KB 250 =28 sec HERBREEKAKERR 196 AEB | BHR

1 FDA—ERAeY AR 39.2 - 1NE 8 RTAEE - thR - GRI/KEWMLER - #4548
B DR /K 2 A TCEAER) - PREBREESSUKERGTE  BRERRERIHRETEEH
ERTE R GRS TERRRIE R B0 E8) - HISERAVRRIERRRER A IRE
/b (A=0.]1 m) AEER (BUMEES) - FILESHSNTIARIEEAR - SIEREATE
B GERM R RIS - SARBRRIER ML -

Present numerical: (non-linear effect)

5.20

. Linear analysis solution

Right (x=G8 m)

5.10

yim) 500

4 .90

480 A L L E R LA B L
0.00 1400 2800 4200 5600 70.00 8400  98.00
t (sec)

8 RAMKERE A=0.1 m: FFREUEHERRGUERARLLE - KEKBER

0180

o A A e Rt R Sk o e, L B A

PRNEPRIV TSI

e [N T T D TTR e I R Ty




For

Ty ) A F

(2) FERRPE R (ERE
ERFERARZGERTE - ZEIEEERE  EFFAEEER (BRTRUVMRERLL
540 - T EFISRPIATRE AR - HIFEHEREREE (ERERME+3HIEE
A FEUNEINRIEZAE L) - 2RI EFI R By - BB RS - R
BIEHEEE A RREE KHRBRITUB 2T -

ER—REE - FHATEENLIERAREXATER - ST MEAER AT R LR
T BEE - KEERREAAERCAIS  DFREBIE - TY(2508 o BB b KE

HERRE ML - |

a. EES
EHRER 2 m B HRIRSATT RSB RA - R SAN (=14 sec) R—EHH (28
sec) IR - FUBMBESY IR EREES (EFERE) - E—AH 28scc
¥+ RITRPREARA R M FER—KEREZEA ZAGHEEZ 5B (surge) » 20
9 BR - TEAEERETAE - 200 10 FrRRAS ISR BIBER MR -

b. ZKEBRIEE _
LI 11 BRER 1| meyKEEER) - WHE 12 HEER 2 mPKEREMEA - R¥ER
BEA - EER—EERE% - LR SEEEER R R ES KERE R
MHEE  AERBEESEFFRERENBE TEELTTHET - EVHIRESR
0.5 m AUSRMEEENEEE & 200 13 AR « 438 R.=50,000 SRAERAIE L8RS - BB
BB RHEES SR - AEEEFRBERRFHMEBEMERETIER
BREEREANER - MEKFEENE (R.=50,000 - SEEIAHE) ERERL
(Lin » 1992)" HEMERF HARSMESR « (BERMRMEEEITRRAELE - BRAHEREE -

- AR

. &

() IREEGEGRET SRR HERBEX  BFX b WG TREAIRSRERRIR
g - HRBEANSEEES - BEANHBESERERAVER - £5 L - HEEH
R EREREE - A EER A REEEE - frll - AEREEIESTERY)
B —RUHSRE SN RCTEREEINE - NIRRT S X E R
¥ -

2 10 .



-20-

a 2AT/A = 1T. 5 mws -

DTS = T ma

- = (m)
(m) -
1 I 510 - 7’5 I V (m)

1T = 2B Swa

¥
N @ 08 N W

-

1(m)

0
N
]
o
[+]
N
Q

(=]

9 RAWKERRRS  A-2.0 m » JERMERIER - FEBZBEE




ol et )

P I

i 1"
Wi i !‘ III|
IIIIII!II |||‘|'|||||||‘ SIS

iy
i ||||i<

|||II|H ||III1 |u||1“

n:
;;;;:‘j "', o k)
it |||!III'“III P T
il ¢ Rt I|||||I|\ T

TERET RN T TR NS T T Hlllw

G |||i|‘..n||||||.

[+]

=
-
-
F -]
.3
e
2
Il
1 1 IIIIN-III abhe lin - |
1 T TR T T TR T Iii 1 b FINEG Eae i HIII Hil
[FRUTIRBOTT AT T LIINENTT i .IIIIIIiI [INLTEER T TEEPRTTITIT IiIIIi LLEER T TR
o

(

g
X

i
Y
I ||: AT T H“:'::' J\:;m i
i |H|||“ A i 'H:?H”Hu*l
u 111 \IIIII.- HIIIII! mum finn -

HE
o u::. Hmuw P LG STHEIPL T onmnesaninnes SONAEHT

1
‘|\||||||1 QLTEHTHTITH
VNI SRR AT L)

1N g
‘IIII'l Eilll ITOOUEE O FERNOCGEDOEERRRG OIS OO i SR LB )

TR TR TR T TR e

“THERIY 1 H
JLBRIITTN PIIIIIHII l IIIII!EIIIII EIIII.HIIIIII LR e T T T T T

]
il
1t H\IIIII‘-
i T - 1 St T T
PN N B g - A e

s IIIIHI mlm i
T ENE F e gy

II , 1t
| i | | ‘:m: ;”m"mm‘:;:m: Hm“ ;u:mu HIIIIH'IIII::! :I:::l! IIIIIII
.H'IIIHHIIH i SRR ST e s g
P ||||' lIIIHi |||IIH N Illllllillllll‘lllllllll = |||||n |-|||||||| uum mm LIES LIS ENLEFL NS LSRRG LOER 4R DE

2R OO O DO DS DO RN S0 o0 REAE GO RGO SO L 0L AN L

o
a
r
-
=
-
THILE. I
3 hide i 1l
0L NG |||
2 s el
IHHIT[LS 1T Hlllli'llll
4
Ca 28 S0
S

k4] 100

10 RAMKERERRS » A2, 0 m JEGIEBIERR - IRBW L ZERE

« 21



.27

7.00 -

.00 —1 righ m
¥ | middie
5.00 — {x=A3m)
- left{x=0Jrm}
4.00 T T T I T T T . I T B T T T |

0.00 14,00 28.00 42.00 §6.00 70.00 84.00 98.00
1 (sec)

W11 RARKEERRE - A=1.0 n « FEEURIES  KEHBZBE

10.00 —

8.00 —

yim)

2.00 T | | T 1 T T | | T T I T |

0.00 14.00 28.0Q 42.00t (“c}SE.OO 70.00 B4.00 88.00

W12 RAMKERFRE »A=2.0 m - JFEBHRER » KBSz B2

— inviacid fow (Potential Mow)
——— Vot Re=S OO0

Lo Lm (13920

£.00 — ] Linasc analysis solutien
right{x=08 m)

5.50 —4 t
[/ N

y{m} 5.00 —4

4.50 —

et x=0 m)

B L L L LA L BRI BN
0.00 14.00 28.00 42.00t =y §6.00 70.00 8400 9800
13 RAMKEEE  A=0.5 m+ JHGERIER  KEIFENER
(RMERBSRBIERBZ )




QBRI THECENBRREEE TR RN TRERMEHRBCHEFTERNEERTE
ZREHT - BER BB TN » FUEREA R/, - RIEEREVREEERE  BER
PRSI IR - RIRERRAAT - W SRR AR EToms - Bxsmn

B AR S B EET S -

O)EF KRS BER + ETISVIEIEE/ B » FUBLUEH 28 sec REW
¥ HEESESARE - ERSNTREEIAR - S SRS BN R
R ERSHEL R - EHREERESESET « MEKERDRERES 8
B, - ERBERRMFMARCESERT - MEAKEED R R - 4
R R ARSI - |
@) ASERBEEWE 7S FIAMEER - — RO (REENS - FURERIS

| WEEREEEEOCE) - B REE-BERAE (BRI - SRR -
WBER B RENE ) REERNEERBSERA SR T
PAEHEGS | HHABRER R EE - QBRI A R - LS S ERErES
REI BN LIRS ERRESE « EREMR SR RERIETS - BTESER
TR BB R S RN P SR B SR R -

HE- R HEOEREERE AR TR » S-SR AR
W R A - BN e - RIS AR R A AR
BEETBRATS - ‘

() AR TIREE B SRR EE T E BRE 25 - BRI -
R RATISEES () FE-BEERLSRE A GE T A R
HEEAN  ERSBENSH 0 HE-REEEEREREFIS N - BBk
FisY (Vortex Shedding) BOERE ; (ii) SEEE-MMEFEERLL Navier-Stokes SiEsUE B HE
F ¥ (Turbulence) FIFEES - MEERFEEWENSGIE - HBEWE L « $U N EERSL
FeH® (eddy) MERAMEEEEYNMG - BEEFEARHERE  EEFRER
WATBOIEREE (i) FERAHEERTENS  EREELE REERS
B (iv) SREE TH#AY Navier-Stokes HIZR T RFUKEHHEEE HANBIR 12
R - AR AERERERS T ES  SHERCENECEE : (v) HE-REE
SRR ST - LT A KORG24 SR R AR IER » i ELO By e T = a3t
BT L b Bt e R B PR AR e BB 00TRE BT 5 RO R R
V- R B -

-23-



2.

(DARMRBIAMEE _nE R EiUR s - £BETEANT ISR RARE=
#WEO - DB R ] -
Q) BERTREH R RETRRSRER: - BHERREEARERN > HERERERY
B > BT - AR R AT o RS I R o R AR R A e 75 LA 4 S SR

() AR AR F I RS RYRN AR - WRESETRERYRIRELS - DL .

- REABTREEEE TR - LT ROKERBRATS ({7185 ( Vortex Shedding) 2K
FE KRBT TRECE RSB ERER R R TI D AMM UAESEHAE - rhat - HEEER
EROE DR SR ARFITERR—£2% -

(4) BETRRAIBE RS RRERREREE AN BRI HIE N - H#®TALS Lagrangian EES
HEREEROR S  MAEE BN IERMEBIEZ AT - EAETRAERES -

2EXR

1.Halow, F. H., and 1. E. Welch, “Numerical Calculation of Time-Dependent Viscous Incompressible Flow of Fluid
with a Free surface”, Phy. Fluids, 12, pp. 2182-2189, 1965.
2. Viecelli, J.A., “A Mthod for Including Arbitrary External Boundaries in the MAC Incompressible Fluid
Computing Technique.”, J. Comput. Phys. 4, pp. 543-551, 19569.
3.Chan, R.X,, and R. L. Street, "A Computer Study of Finite Amplitude Water Waves.”, J. Comput. Phys., 6, pp.
68-94, 1970.
4. R - A - NEH, HREETRRERNRE"  PELAKH TR A% - BN 5
625-636 H - 1996 «
5.3 - I e, "EREAKREREIEE”  PRIKKAILRSH - F+E - S &
773-782FH + 1998 -
6. WIET - BAMN, “‘FREARESIAEERBEZTR” » PRIAKFTIEERN 1+ % B=
Hi - 2597608 - 1999
7.Bellet, M., and J. L. Chenot, “A Lagrangian Approach to Fluid Flow in Metal Casting Processes.”, Computational
Methods for Free and Moving Boundary Problems in Heat and Fluid Flew., pp. 287-316, 1993.
8. Noh, W. F., “A Time-Dependent Two-Dimensional Coupled Eulerian-Lagrangian Code™, Methods in
Computational Physics, 3, pp. 117-119, 1964.
9.Donea, 1., p. Fasoli-Stella and S. Giuliani, “Lagrangian and Eulerian Finite Element Techniques for Transient
Fluids Structure Interaction Problem"”, Trans. Of the 4th Intermational Conference on Structural Mechanics in
‘Reactor Technology, Paper B1/2, 1977.
10.Hirt, C. W., A. A. Amsden and J. L. Cook, “An Arbitrary Lagrangian Eulerian Computing Method For All Flow
Speeds”, J. Comp. Phys., 14, pp. 227-253, 1974,
11.Chan, B. K. C., “A Generalized Arbitrary Lagrangian-Eulerian Method for Incompressible Flows with Sharp
Interfaces”, J. Comp. Phys., 17, pp. 311-331, 1975,

l24l

o DO

i b £




12.Pracht, W. E., “Calculating Three-dimensional Fluid Flows at All Speeds with an Eulerian-Lagrangian
Computing Mesh”, J. Cemp. Phys., 17, pp. 132-159, 1975.

13.Hughes, TJ.R, W. K. Liu and TK. Zimmerman, “Langrangian Eulerian Finite Element Formulation for
Incompressible Viscous Flows”, Comput. Meths. Appl. Mech. Eng. 29, pp. 329-349, 1981.

14.Ramaswamy, B., and M. Kawahara, “Arbitrary Lagrangian-Eulerian Finite Element Method for Unsteady,
Convective Incompressible Viscous Free Surface Flow”, Int. J. for Num. Methods in Fluids, 7, pp. 1053-1075,
1987.

15. Huerta, A., and W. K. Liu, “Viscous Flow with Large Free Surface Motion”, Comput. Meth. In Appl. Mech. And
Eng., 69, pp. 227-324, 1988. _

16. Choi, H. G, “A Study on Segregated Finite Element Algorithms for the Navier- Stokes Equations.” Ph.D. Thesis,
Seoul National University., 1996.

17.48L . “ERITRESITRBEER AN EISRARLATHBHAM SR 1992 -

18. Thompson, 1. F., Z. U. A. Warisi, and C. W, Mastin, “Boundary-fitted Coordinate System for Numerical Solution
of Partial Differential Equations ~-A Review™, I. Comp. Phys., 47, pp. 1-108, 1982.

19.BHEE > “JEEERMNRMZIHE"  BUERALIATERMRRN LR PEEE 794 -

20.Young , D. L., and Y. S. Liu, “Finite Element Analysis of Free Surface Flows”, in Computationd]l Techniques and
Applications, ed. By W. L. Hogarth and B. J. Noye, Hemisphere Pub., Washington, DC, USA, pp.461-468, 1990.

2. BEE . “NUNESRYENERMPEHERZHR - BURhARAHZEE TRAAMREL
W PERERE B -

2. BESE - EHRY AT HRERSREEERIRESN" FEIAKALIESRN 558 B2
B B3935 R PREERSIF - )

2. BEE  "IUHEKTERNEEST - BURSIASKFIREE TEARFRLE PER
Kl 81 &£ -

24. Grimshaw, R., “The Solitary Wave in Water of Variable Depth, Part 1" ].Fluid Mech, Vol. 46, pp. 611-622, 1971.

25. Wehausen, J. V., and E. V. Laitone, “Surface waves”, In Handbuch der Physik, Vol.9, Stromungsmeehannik III.
Berlin, Springer., 1960,

26. Byatt-Smith, J. G. B., “An integral Equation for Unsteady Surface Waves and a comment on the Boussinesq
Equation”, . Fluid Mech., Vol. 49, pp. 625-633, 1971.

27. Byatt-Smith, J. G. B., “The Reflection of a Solitary Wave by a Vertical Wall", J. Fluid Mech., Vol. 197, pp. 503-
521, 1988. ‘

28. Maxworthy, T., “Experiments on Collisions between Solitary Wave”, J. Fluid Mech., Vol. 76, part 1, pp. 177-185,
1976. '-

29.5ung, J., H. G. Choi., and J. Y. Yoo., “Numerical Study on Fluid Flow and Heat Liquid Film Involving a
Hydraulic Jump”, Heat Transfer., Vol. 28(1), pp. 18-33, 1999.

« 25



Al0. Young, D.L.2001,°Finite Element Analysis of Stratified Lake
Hydrodynamics”in one of the chapters of the ASCE Environmental Fluid
Mechanics Monograph, (In press)



Chapter ??

FINITE ELEMENT ANALYSIS OF STRATIFIED LAKE
HYDRODYNAMICS

Der-Liang Frank Young!

ABSTRACT

The detailed formulation of laterally averaged two-dimensional stratified
lake modeling with free surfaces by the finite element analysis is given in this
chapter. The Galerkin finite element method with arbitrary Lagrangian-Eulerian
(ALE) computing mesh enables us to treat the Navier-Stokes equations of stratified
flows with free surfaces under the assumptions of fluid incompressibility,
hydrostatic pressure distribution, and the Boussinesq approximation. The model is
first tested for the laboratory data of the gravitational underflows of the
Generalized Reservoir Hydrodynamics (GRH) flume model taking at the
Waterways Experiment Station, U.S. Army Corps of Engineers. After the
successful verification with the laboratory scale, the model is then applied to
simulate the field scale of two-year annual cycles of the stratified man-made lake of
the Te-Chi reservoir located at central Taiwan.

! Professor, Department of Civil Engineering and Hydrotech Research Institute, National Taiwan

University, Taipei, Taiwan-10617, Republic of China, email: dlyoung@hy.ntu.edu.tw
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1. INTRODUCTION

A lake can be considered as an open system with an upper free surface
boundary exposed to the atmosphere and a solid boundary, called the basin, made
of minerals. Various geological processes such as weathering, mass wasting,
erosion and deposition by streams are responsible for the existence of these basins
of natural lakes. Artificial lakes are also created for storing water obtained from
rain and other natural streams. The stream-eroded valleys serve as basins for most
of the reservoirs that are built behind dams. Apart from serving as reservoirs for
storing water, lakes and lake sediments provide useful information about
environmental changes. The analysis of fossil pollen provides information about
the changes that have taken place in the nearby vegetation. The changes in the
shoreline elevations can be used along with the pollen records to study the recent
changes in the environment. The variations in lake levels also serve as an indication
on the amount of rainfall or evaporation. Some geologists have discovered that
lakebeds are a common source of petroleum. Hence the study of old lake deposits
has become a major research activity.

Lakes serve as a major source of water supply for human activities. The
demand for water is continuously increasing with growing population and
civilization. In recent years there is much concern about the quality of lake water,
since the lake water is contaminated due to different kinds of interactions of a lake
with its surroundings. These interactions vary widely as listed below:

(i) Lake water absorbs heat from solar radiation and also from power plant cooling

water while released to the lake; it also loses heat to the atmosphere.

(i) Lake receives water as inflow from strears and also in the form of precipitation;
water leaves the lake as outflow for various purposes.

(iii}y Lake receives contaminated water and liquids in varying densities.

{(iv) Wind blowing over the lake surface changes the wave pattern of water surface

and thus the surface roughness thereby increases the momentum and energy

transfer.

(v) Lake interacts with the ground water table; this may affect the mass and

momentum balances of the lake.

Many of these interactions result in coupled activities, affecting the
balances of mass, momentum, heat and concentration of water in the lake.
Furthermore, the flows associated with lakes are always turbulent and the
turbulence varies with time and space at different scales. In order to have control
over the quality of lake water, knowledge about the dynamics of lake water is
essential. The study of variation of velocity, temperature and concentration of lake
water due to various kinds of interactions of a lake with its surroundings is cailed
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'lake hydrodynamics', also called the 'physical limnology'.

2. MASS, MOMENTUM, HEAT AND CONCENTRATION TRANSPORTS
IN LAKES

One important characteristic of a lake is its density stratification (Harleman,
1961, and Yih, 1980). The density stratification in lakes takes place both by means
of thermal effects as well as by the inflow of liquids with varying densities. The
thermal stratification in a lake is formed primarily by solar radiation. The heat
transfer mechanism at the water surface together with solar radiation plays a major
role in deciding the surface water temperature (Verevochkin and Startsev, 2000).
Consequently, the temperature of water in a lake varies seasonally. In spring the
water temperature increases due to heating of surface water by growing solar
energy. The resulting thermal stratification becomes strong in the late summer. The
various thermal regimes developed inside a lake due to thermal stratification are
~ shown in Fig.1. The warm upper layer is called the ‘epilimnion’ and the cold lower
layer is referred to as the *hypolimnion’. The region of the
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Fig. 1. Schematic diagram of a stratified lake or reservoir showing the transport
processes of mass, momentum, heat, and sediment.

largest temperature gradient is often denoted as the ‘metalimnion’. When the
continuous stratification is idealized by a two-layer model with a light upper layer
and a heavier lower layer, the plane of separation is called the ‘thermocline’. This is
usually taken to be the position of the strongest vertical temperature gradient. The
stability of thermal stratification is characterized by the Richardson number,
defined as



WAF
Ri=- P/ &
Ou
&)
The stability of thermal stratification increases when Ri increases.

Apart from thermal effects the density of the incoming flow into the lake
also affects the stratification. The inflow of liquids with varying densities results in
different types of flow within the lake. When the density of the incoming flow is
lower than that of the water in the lake, a layer of flow will move along the free
surface. This type of flow is called ‘overflow’. When the density of the incoming
flow is greater than that of the water in the lake, then a layer of flow will move
along the reservoir bed and this flow is called ‘underflow’. When the density of
water in a lake is not homogeneous due to thermal stratification, the incoming flow
will move towards an intermediate layer and this is called ‘interflow’. When a flow
with sediment reaches the backwater zone of a reservoir, the suspended sediments
start to deposit at the bottom of the lake. When the sediment-laden flow plunges
beneath the free surface under certain circumstances, the layer of underflow formed
is called ‘turbidity current’ (Lee and Yu, 1997). The nature of density current also
depends on whether the flow is steady or unsteady and continuous or instantaneous.

Thermal stratification plays a vital role in water quality modeling. When
thermal stratification exists for a longer period, the water in the hypolimnion layer
is cut off from contact with the atmosphere with respect to oxygen supply and this
will have an adverse effect on the quality of water. A lake can be destratified by
artificial means to overcome this problem. However, sometimes nature also helps
us to weaken the stratification by turbulent mixing. The flow into a lake is always
turbulent. When such flow enters the lake, there will be turbulent exchange of
momentum across the interface of the density current. The low momentum liquid
easily enters into the density current by interfacial mixing. The interfacial mixing is
an important process for destratification to maintain water quality. This depends on
the shear stress and hydrostatic pressure gradient at the interface. Hence knowledge
about density stratification is essential for water quality modeling. The study of
lake hydrodynamics mainly concentrates on the determination of various types of
density currents developed for the imposed conditions on a lake.

3. MATHEMATICAL MODELING OF LAKE HYDRODYNAMICS

The hydrodynamics of lakes has been studied by collecting field data and by
conducting experiments on laboratory scale models. Since the hydrodynamic
processes are in general transient, coupled and non-linear in nature, pure
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experimental approach will demand enormous amount of tests. The physics of the
phenomena can be well understood by representing the various physical processes
and interactions by suitable mathematical model and making use of the field data
(Hutter, 1984, Hutter, 1987, and Mortimer, 1974}, A mathematical model can be
built to represent various interactions such as (i) heating of water in lake due to
solar radiation, (ii) heat exchange at the air-water interface, (iii) vertical mixing of
water due to wind action, (iv) convective water movement due to density currents,
(v) turbulent nature of flow within the lake and (vi) interaction of lake bottom with
the ground water movement. Developing a mathematical model including all the
above effects is very complex and difficult. Moreover, the study of lake
hydrodynamics may vary depending upon the applications. Hence a suitable
mathematical model for lake hydrodynamics is problem dependent.

In all the mathematical models it is assumed that the principles of
conservations of mass, momentum, energy and concentration provide the basic
equations for describing the hydrodynamics of lakes. With respect to the size of the
lakes studied, in general, the Coriolis parameter is neglected in the study of lake
hydrodynamics except for the Great Lakes. Most numerical models assume
hydrostatic approximation (due to small vaiue of depth to length ratio, i.e. H/L <<1),
Boussinesq approximation and incompressible flows. The hydrostatic
approximation implies that any change of pressure due to the movement of
air-water interface, is transmitted through the entire water column instantly. The
Boussinesq approximation (Gray and Girgini, 1976) treats density as constant
throughout the governing equations except those associated with gravitational
terms (Turner, 1973). With the above approximations, the variation of density is
only explicitly included in a limited way. The additional influences of density
gradients will appear in the turbulent mixing coefficients (Cheng, 1977). With the
above assumptions a mathematical model can be developed to study the
hydrodynamic behavior of a lake. Depending upon the topography, meteorological
conditions and the nature of inflow and outflow into a lake, the hydrodynamic
model may be used to focus on specific phenomenon such as thermal stratification,
density circulation, wind-induced circulation etc. With an aim to make the reader
appreciate the on-going research in various fields of lake hydrodynamics, an
overview of some important literatures are highlighted in the following sections.

3.1 Thermal stratification

The water temperature in a lake is affected by the phenomenon of stratification.
The development of thermocline and erosion of thermocline have been studied
using mathematical models (see Csanady, 1975, Graf and Mortimer, 1979,
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Hutchinson, 1957, Kawahara, 1977, Spalding and Svensson, 1977, and Street et al.,
1977). Herleman (1982) gives a review of vertical temperature structure of lakes
using different models such as diffusion models and mixed-layer models. The
thermal stratification can be studied using simple models like cavity flow mod s
{Young et al., 1976a and 1976b). Sundermann (1978) discusses circulation in lakes
using barotropic one-layer model, barotropic Ekman type model and baroclinic
multi-layer model. Three-dimensional transient models also have been used to
study lake hydrodynamics (Bauer, 1978, and Wittmiss, 1978).

3.2 Density-driven circulation

Mass, in the form of suspended sediments, algac or nutrients such as
phosphorus, is distributed in lake water by the action of hydrothermal processes.
They also undergo biogeological transformations simultaneously. Density currents
may be created either by dense or lighter inflows into stratified or unstratified lakes
and reservoirs (Alavian et al., 1992). Turbidity currents are generated by
sediment-laden flow into the reservoir (Lee and Yu, 1997). The contaminant
dispersion in lakes (Salmon et al., 1980) also creates density currents giving rise to
different flow regimes such as plunging flow, underflow and interflow (Chung and
Gu, 1998). The migration of plunge point in reservoir affects the hydraulic
characteristic of the reservoir.

3.3 Wind-driven circulation

The wind-driven circulation in lakes has been studied using different types
of numerical models (Cheng, 1977). Commonly used models include layered
models, Ekman type models and three-dimensional models. Wind acting on the
surface of a stratified lake gives rise to large changes in the distribution of pressure.
These pressure changes cause circulation gyre and modify the position of the
interface. The shear stress exerted by the earth on the atmosphere slows down the
air currents. In response to this resistance, the water surface generates a drift current
and a wave pattern (Simpson, 1995, and Stoker, 1957) as a result of boundary layer
effects. The drift velocity profile and wave pattern evolve with space and time
(Cheng, 1977, Hansen, 1975, Hansen, 1978, Plate and Wengefeld, 1978, and
Ramming, 1978) and this causes changes in the airflow pattern. Due to the drift
current, a “slip” condition prevails at the lower boundary of the airflow. Finally the
shear stress is altered resulting from the above phenomena. Another effect due to
wind is the deepening of upper layer caused by the entrainment of water from the
lower denser layer (Hansen, 1975). The earth rotation also affects the changes that
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are taking place in a stratified lake in addition to wind effects (Mortimer, 1984).
3.4 Interaction between lake and ground water systems

Surface water bodies such as lakes, ponds, streams etc. are all integral parts
of groundwater flow systems. The interaction of a surface water body such as a lake
with ground water flow systems, affect the distribution pattern of hydraulic head,
specific discharge and stream lines. This interaction depends on the positions of the
lake with respect to groundwater flow system, geologic characteristic of their beds
and their climatic settings (Winter, 1999). Kacimov (2000) developed an analytical
model for a regional 3-D groundwater flow interacting with a lake. He found that
any lake can change its regime from gaining to losing or flow-through, depending
on the varying incident ground water flow velocity,
evaporation-precipitation-runoff rates in the lake, lake sizes, thickness of silt layer
at the bottom of the lake and other hydrological characteristics. The information on
gaining or losing of lakes is important for water budget calculation. Water quality
also can be assessed by this information because it is affected by the contaminants
present in the ground water flow systems.

3.5 Water quality

Lake is a major source of fresh water supply. The quality of lake water is
affected by the biological and biochemical reactions taking place within the water
body. In addition, inflow water also carries a number of contaminants, The mixing
of these contaminants with the lake water causes degrade of water. The degree of
degrade depends upon how well these contaminants are mixed with the water. The
hydrodynamic transport mechanisms such as convection and advection and thermal
stratification influence the mixing of these contaminants. Furthermore, these
mixing take place in different time scales. A numerical model developed by
Imberger et al. (1978) incorporated all the dominant physical processes taking
place at different time scales. Imberger and Patterson (1981) used a
one-dimensional model for daily prediction of salinity and temperature for small
lakes. The hydrodynamic processes within a lake are also influenced by the thermal
stratification.  Markofsky (1978) suggested that a coupled thermal
stratification-water quality model has to be used in order to correctly predict the
quality of water.

3.6 Numerical methods



The governing equations used to étudy the lake hydrodynamics are transient,
coupled and non-linear and hence they are solved only by numerical methods.
Finite difference method (FDM) has been widely used to solve such complex
equations. In the case of FDM, the governing equations are reduced to difference
equations using Taylor's series expansion. Hence the governing equations are
modified by representing the differential terms in terms of finite values of the
variables at fixed nodes. The approximation can be made either by using forward
difference, backward difference or central difference schemes. The difference
equations are obtained for all nodes in a computational domain, resulting in a
number of simultaneous algebraic equations.

In the case of finite element method (FEM), an approximate solution for the
nodal variables of the finite element is assumed. In addition, the piecewise
variation of the given variables between the nodes is represented by means of a
function called the shape function, When the approximate solution is substituted
into the governing equation, a residue is obtained in the case of weighted residual
method. The residue is minimized with the help of a weighting function. The shape
function itself is taken as the weighting function in the case of Galerkin's weighted
residual method. The residue is minimized in the entire computational domain.
This procedure also results in a number of simultaneous nodal equations.

It is very difficult to represent irregular geometries by FDM. This is a major
disadvantage of these models (Bauer, 1978). As it is well known, the boundaries of
the basins of lakes or reservoirs are highly irregular in geometry. The problem of
representing irregular geometry is overcome by FEM. Thacker (1977) proposed an
irregular grid FDM by combining the advantage of a smooth geometrical
representation using FEM and the advantage of fast execution using FDM.

3.7 Application of finite element method for lake hydrodynamic model studies

With the advancement of high-speed computers, FEM has become the most
powerful method to treat irregular boundaries. FEM provides the user with
flexibilities with respect to the computational effort and accuracy by appropriate
discretization of the computational domain. In addition the spatial variations of
physical properties can easily be taken into account by FEM. Moreover,
isoparametric elements can be used to effectively map curvilinear boundaries. This
is another attractive feature of FEM compared to other numerical methods. Since
the boundary of a lake is of irregular geometry, FEM is found to be an efficient
numetrical tool to handle such situations. FEM has been used successfully by a
number of researchers to solve the governing equations of lake hydrodynamics.
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Detailed study on the application of finite element method for lake hydrodynamics
using different types of models may be found in the literature (Gallagher et al.,
1973, Gallagher and Chan, 1973, Young, 1980, Young et al., 1976(a) & 1976(b),
and Young and Liggett, 1977).

4. DERIVATION OF GOVERNING EQUATIONS

The governing equations for lake hydrodynamics are obtained by applying
the conservation laws of mass, momentum, energy and species concentration to an
elemental control volume. These equations differ from the general conservation
equations in certain aspects: the general conservation equations are derived based
on the assumption that the control volume is uniform. In the case of lakes, the width
varies both in vertical and in longitudinal directions. In order to make the reader
appreciate the application of conservation laws to a real system such as a lake, the
important steps in the derivation are discussed in the following section. The
coordinate system used to represent different dimensions of the lake is shown in Fig.
2a.

Fig. 2a. The coordinate system and geometry layout of a stratified lake or

reservoir with free surface and moving bed.



Fig. 2b. Elemental control volume.

4.1 Assumptions

The following assumptions are made in the derivation of conservation
equations.
(1) The fluid is incompressible.
(if) Boussinesq approximation applies.
(iii) The flow in the lake satisfies hydrostatic approximation.
(iv) Surfaces perpendicular to the y-direction are impermeable for any mode of
transport (laterally averaged).

4.2 Continuity equation

The continuity equation is derived based on the conservation of mass
principle applied to a small elemental control volume as shown in Fig.2b.
We know from the conservation of mass principle,

rate of mass rate of mass rate of mass
increasein the | =| enteringthe |- leaving the +
elemental volume elemental volume ] | elemental volume
rate of mass
addition by
lateral flows
x-direction:

Rate of mass flow into the elemental volume is given by
(ou)| Bn2)az = (pub) 42
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Rate of mass flow out of the elemental volume is given by

(pu){ﬁmb(x,z)&z:(mb)‘ngdz

z-direction:
Rate of mass flow into the elemental volume is given by

(ow) blx,2)ax = (pws ) Ax

Rate of mass flow out of the elemental volume is given by

(), e )

Rate of mass increase in the elemental volume is given by
(%)b(}c, z)Ax&z

Rate of mass addition to the elemental volume due to lateral flow ig
Pq,AxAz

Hence the application of mass conservation principle gives

(pu) 82- (oup) _az+( pwh) ax—( pwb)imaﬁ pg,AxAz = [%Jb(x,z)&rﬁz

Dividing throughout by AxAz and applying the principle of differential equation

we get
_8 2 _ op
ax(pub) az(.owb)wq, b(x,z) 5

Since the fluid density is assumed to be constant except when associated with a
gravitational term, the term on the right hand side of the above equation becomes
zero. The final form of the continuity equation can be written as follows:

a(ub) o(wb) _
o +__52 =, (1)

4.3 Momentum equation

The momentum equation is also derived based on the principle used in any
fluid mechanics texts. The only difference in the present formulation is the
variation of lateral width of the lake b(x, z). Since this term is used frequently in the
derivations, henceforth only ‘b’ will be used in place of ‘b(x, z)’. Only the
x-momentum equation is derived. The z-momentum equation is represented by the
hydrostatic equation and the gravity term. The shear stress on the x-z plane is
neglected.
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x-momentum equation:
From Newton’s second law of motion we can write the force balance for the
elemental control volume shown in Fig.2b as follows:

rate of momentum net efflux of
increase within + [ momentumoutof |-
the elemental volume the elemental volume

rate of momentum rate of external
entering the elemental volume | =| forcesacting on
due to lateral flow velocity the elemental volume

Net efflux of momentum of the elemental volume=rate of momentum leaving the
elemental volume — rate of momentum entering the elemental volume
Rate of accumulation of momentum within the elemental volume is given by
b} penz 22
o ot

Rate at which x-momentum enters the element at x =( puub){ Az
Rate at which x-momentum leaves the element at x+ Ax =( puub)[ - Az
x+Ar

Rate at which x-component of momentum enters the element at z=( puwb){ Ax

Rate at which x-component of momentum leaves the element at ,

Z+ Az =(mb1=+yﬁx

After dividing by AxAz, the net efflux of momentum from the elemental volume in
the x-direction can be written as follows:
A pubu) . opubw) _ o Bl(ub) + pub B(u) v o a(wb) + b A(u)

ox oz ox &x oz oz
Since the density is constant, the above equation can be rewritten as

oub) o(wk) Bu au] [ Bu 6u:}

—— —+w— | = pugq,+ pbl y— + w—
p"[ar o TP T T PR
Because the total external forces acting on the element is the sum of forces due to
liquid pressure and due to shear stresses, we next derive all external forces as

follows:
Forces due to liquid pressure:
The net pressure force acting on the element in the x-directions is
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After dividing by AxAz we get the differential form of the equation as
3(bp)

ox

o

Forces due to shear stresses:
The forces due to the shear stresses in the x-direction are:

(et L] poe{ead o Jo
After dividing by AxAz we get the final form of the equation as
albr,) N &bz, )
ox oz
For turbulent flow the shear stresses can be written in terms of eddy viscosities and
velocity gradients as

out Su
=pKM Zlandr_ = pK* _)
‘Z'“ px[ Jan sz pz(

-t b -t b
x+4r XX T+Az ZX

where K, K* _ longitudinal and vertical eddy viscosities respectively.
The final form of the equation for forces due to shear stresses is written as

of . . ou\ af .., ou
a(ﬂbe E]‘*g[lﬂbfz 5;]

Now we derive the inertial terms as follows.
Rate of momentum entering into the elemental volume due to the lateral flow:

Rate of x-component of momentum entering at X = pyp| Azy,
x

Rate of x-component of momentum leaving the elemental volume at

x+Ax = pub[z+ﬂ.x'&zu‘

Rate of x-component of momentum entering the elemental volume at z= pwb]z Axu,

Rate of x-component of momentum leaving the elemental volume at
—+ =
z+Az pwh ks Axu,

where u, is the lateral inflow velocity component parallel to the longitudinal

direction.
Following similar steps used in the derivation of x-momentum equation, the

differential form of the rate of change of momentum due to lateral flow velocity is
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given by
E; (w0) + -;;(wb)]pur = pug,

By substituting various force termswin the momentum conservation equation, we

get finally
Au Bu  Bu (bp] a( y ] a( o O
—+ —+w— [+ - =—-—"1 K, — PK] —
pba: pb(uax wazJ pug, — pug, T pb P PhK o

Dividing the above equation throughout by pb the final form of the x-momentum
equation is obtained as follows:

L 1 alep) 1a(be@J+l£(be§‘i)+i(u,~u)(2)
& & &  ph X "o &) baz dz) b

4.4 Energy equation

The energy equation is derived based on the conservation of energy
principle as postulated by the First law of Thermodynamics. The First law for an
open system like the one shown in Fig.2b states that

dE,_dQ, dw., * _*
dt dt dt MEeouw — MEin

which means that
rate of storage of rate of heat rate of work
internal energy in | =| transfer into the | — done within
the elemental volume elemental volume the elemental volume

net efflux of rate of energy
+| energy fromthe |+ inputdueto
elemental volume lateral flow

Rate of internal energy storage within the elemental volume= ;35? (e pAaxAz

Total internal energy leaving the elemental volume is given by

(peubjﬂﬁxﬁz * (pEWszm:ax

Total internal energy entering the elemental volume is given by

(e, e )

Hence the net efflux of energy leaving the elemental volume is obtained by
dividing the differences of the above two expressions by AxAz . The final equation
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obtained is

%Cﬂeubﬁ%(pewbﬁ pf[ (“b)+_(w£’)]+pb[”“+ ng

de de
= + —+
P pb{“ax waz]

{where equation (1) is used.)
The net rate of heat flux entering the control volume is given by

qb[x+$xﬂz - qutﬁZ + qb[”&ﬁx - quAx
After dividing by AxAz the differential form of the above expression is

0.0+ 2(a.0)

oT ar

where ¢ =k, ™ and ¢, = k, = and k_,k, are the thermal conductivities in the x

and z directions respectively.
The energy input to the elemental control volume due to the lateral flow is

(..., ~ ] e, + o

where e, is energy per unit mass due to the lateral flow.
After dividing by AxAz , the differential form of the above expression is

m,[gx-(ub) + g;(wb)] = peg,

The internal energy for an incompressible fluid is given by e=CT, where C=specific

7+Az

heat capacity and T= temperature.
By substituting the respective expressions in the energy balance equation we get
ar ar or d ory o eT
C =+ pbC +w— |+ T bk, +— bk, — |+ 'q,
pre e ol u e | perg = 20 S )+ 2 on, L)1 perig
By dividing the above equation throughout by bpC', we get

Q?—H+ugz+w£ 16 bk or li biu—@-E +i‘-(1';—T)
ot ox oz pCé?x baz pC oz b

For turbulent flows, the thermal diffusivity terms are replaced by means of

eddy diffusivity coefficients. That is
k.

oC

coefficients respectively. After substituting these coefficients, the final form of the

= K7 ,:C = K where K K[ = longitudinal and vertical eddy diffusivity

energy equation is reduced to the following form
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+Lr-ry  ®

o, o7 ?I_ = _l,_a_(b}(ff .‘?_ZJ+ _I._a{bj(ﬁ Q_T_J i

—— [ W =
o8 & & bax\ baz\ T &z
4.5 Sediment transport equation

Applying the principle of conservation of mass principle to sediment
transport through the elemental control volume, we get

rate of storage of rate of sediment rate of sediment
sedimentin the | = entering the - leaving the
elemental volume ¢lemental voiume elemental volume
diffusive flux of rate of sediment

+| sediment entering into | + | input dueto
the elemental volume lateral flow

Rate of storage of sediment in the elemental volume = [%Cr-—)b&xzﬁz

The net efflux of sediment from the elemental volume is given by
(u(:b’x+ﬁxaz B quLAZ)-F (WCb[nAz Ax WCbL ﬁx)
After dividing by AxAz we get the differential form of the above equation as

5‘1-(qu)+ g;(wa)z [ub%f— + wb%]-b c[afx_ (b )+ -a‘%(wa)}

=b(u?£ + w—a—C—) + (g,
Ox oz

(where equation (1) is used.)
Net rate of diffusive sediment transport into the elemental volume is given by

Ax—mb

mb Ax

z

b L]
Az —mb Az+m

X+Ax

After dividing the above by AxAz , we get the differential form of the equation as

] [ ]
«‘Z(m: b} + —q[m b}
ox dz| °

Applying the Fick’s law of diffusion, the above equation can be rewritten as

21,2, 2 1)
ox &x oz oz

z+Az

where the mass flux 1;1, =D£€andz;1= =Da—q.
ox oz
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It can be shown that the sediment inflow due to lateral flow is given by the
following expression using the similar steps for the derivation of lateral energy
flow in the energy equation.

C,[é?x— (ub)+ %(wb]] = C,q, where =C, = the concentration of the sediment due to

the lateral flow.
After substituting the respective expressions in the sediment conservation equation,
we get the following expression
bi€+b(u?—-c—+ w?5]+cq, ~Cg = E(be 99)+ E(w_, EC_)
or Ox oz ox ox ) 0Oz oz

For turbulent flow, the diffusion coefficients are replaced by turbulent eddy
diffusion coefficients as was done in the derivation of the momentum and energy
equations. With this substitution and dividing the above equation throughout by ‘b’,
the final form of the sediment transport equation is obtained as

LA S l—?—[blff -a£]+l—?—[be E}uﬂ'-({?, -C) @

ot ox 6z box ax) baoe oz} b
where t = time ; x = longitudinal Cartesian coordinate; z = vertical Cartesian
coordinate; u = longitudinal flow velocity; w = vertical flow velocity; w, = lateral
inflow velocity component which is parallel to the longitudinal direction; p =
pressure; b = lateral width; g = gravitational acceleration; p =ambient fluid density;
T = ambient temperature; C = concentration of suspended sediment; g, = lateral
inflow per unit area; 7, = lateral inflow temperature; C, = lateral inflow
concentration of suspended sediment; X¥, K¥ = longitudinal and vertical eddy
viscosity, respectively; K7, X” = longitudinal and vertical eddy diffusivity for
heat transport, respectively; K¢, K© = longitudinal and vertical eddy diffusivity for
sediment transport, respectively.

5. FINITE ELEMENT FORMULATION

The mass, momentum, energy and sediment transport equations can be
solved using Galerkin’s weighted residual method which is widely used for field
problems. Considering a triangular element, any field variable can be written in

terms of its nodal values and the respective shape functions as follows:
¢=Ng +Ng +NJ,

The above expression represents the form of solution assumed for the variable.
When this solution is substituted into the differential equation, a residue will be
obtained because the assumed solution is not the exact solution. The principle of
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weighted residual method is that the given differential field equation multiplied by
a weighting function will be integrated (in the case of Galerkin’s method, the shape
function itself is the weighting function) throughout the computational domain in
order to make the residue minimum. The resultant integrated equations will yield a
number of simultaneous algebraic equations. The simultaneous equations may be
linear or non-linear depending upon the type of governing equations. Details about
the application of FEM for the solution of the governing equations pertaining to
lake hydrodynamics are discussed by Gallagher et al. (1973), Gallagher and Chan
{1973), King (1982, 1982a & 1982b), Lin (1992}, Lin and Young (1995), Young
(1980 & 1999}, Young et al. (1976a & 1976b), Young and Liggett (1977), and
Young and Lin (1993). Standard textbooks on finite element method by Gallagher
(1975), Segerlind (1984) or Zinkiewicz (1983 & 1977} can also be referred.

6. AN EXAMPLE PROBLEM

The governing equations developed for the study of lake hydrodynamics
will be applied to a specific problem in order to understand the physics of the
phenomenon. Details about the application of the mathematical model are
discussed in the following sections.

6.1 Numerical scheme for moving boundary problems

Simulation of free surface flows is an interesting and challenging subject in
the realm of computational hydraulics. The boundary conditions on the free surface
or moving surface are not known a priori and hence it is difficult to numerically
model such flow situations using conventional numerical schemes. In general, there
are three approaches to deal with the dynamics of free surface or moving boundary
flow problems, namely the Lagrangian, Eulerian, and Arbitrary
Lagrangian-Eulerian (ALE) methods (Young and Lin, 1993).

In the purely Eulerian description (Harlow and Welch, 1965) the mesh is fixed
in space, and is very difficult to treat the free surfaces or moving boundaries with
such fixed mesh, On the other hand, a purely Lagrangian coordinate system follows
the movement of the fluid particle and hence it is better off to deal with the free
surface flows by a moving mesh. However, the mesh can get distorted very easily
and hence this scheme is not convenient to mode! the free surface problems. On the
contrast, Arbitrary Lagrangian-Eulerian (ALE) is based on the arbitrary movement
of the reference frame, which is continuously rezoned in order to allow a precise
description of the moving interfaces. Noh (1964) and Hirt et al. (1974) developed
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the ALE scheme for FDM and later Donea et al. (1975 & 1982) and Hughes et al.
(1981) developed it for FEM.

6.2 Justification for two-dimensional model

The lake or reservoir hydrodynamics has to be analyz using
three-dimensional models in order to obtain realistic predictions for the natural
environments. Further the numerical predictions have to be obtained over a period
of a year or more. But the cost of three-dimensional computation is too expensive to
be used for multiple year computations. Therefore, to simplify the problem, some
appropriate assumptions are employed. For lakes or reservoirs with the
characteristics of relatively narrow width and long reach, a laterally averaged
two-dimensional model in the longitudinal-vertical profile is a good choice (Street,
et al, 1977, Edinger and Buchak, 1979, Buchak and Edinger, 1982, King, 1985a,
Karpik and Raithby, 1990). Because the most important features of the stratified
lakes or reservoirs, such as the circulation gyres, density currents, as well as the
thermal structures like thermocline process, will be retained in the
longitudinal-vertical plane (Young et al., 1976a & 1976b, and Meyer, 1986). Other
depth-averaged horizontal two-dimensional model can be applied to the shallow
homogenous lakes or reservoirs, The laterally averaged two dimensional,
longitudinal-vertical model will automatically rule out the consideration of the
Coriolis forces for large lakes or reservoirs, since the Coriolis forces are relevant
only in three dimensional modeling (Pedlosky, 1982). Furthermore, since there is
o vortex stretching in two-dimensional flows, there is no need to include the
Coriolis force effect into the governing equations.

6.3 Turbulence closure model

It is visualized that flows occurring in lakes or reservoirs are highly turbulent.
One of the most difficulties in modeling the stratified lakes or reservoirs is the
choice of turbulence closure model. There are different types of turbulence closure
models such as the Direct Numerical Simulation (DNS), Large Eddy Simulation
(LES) or higher order turbulence closure models, such as the & — & models (Rodi,
1980} available in literature, for developing flows and thermal structures and its
associated transport processes. However, for the sake of economical computations
and practical engineering applications, in this example, the semi-empirical
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formulation of turbulence closure models will be used. By the consideration of the
influence of stability parameter, such as of the Richardson number, Munk and
Anderson (1948) and Mamayev (1957) were able to propose their semi-empirical
formulae of the vertical turbulent mixing for stratified flows.

6.4 Modified governing equations for moving boundary problem

The governing equations for the study of stratified lakes or reservoirs are the
conservation laws of the fluid mass, linear momentum, and transport processes of
heat and suspended sediment derived in section 4 and the equation of state, to link
the constitutive relationship between density, temperature and sediment
concentration. The equations become complete with the introduction of turbulence
closure model. The continuity equation remains unaltered. Since the numerical
model has to take care of the moving boundaries, mesh velocities in x and z
directions are introduced in the convective terms of the momentum, energy and
sediment transport equations from the ALE considerations. Due to the settling
velocity of the sediments, the vertical velocity term in the convective part of the
sediment transport equation will have an additional velocity term. With these
modifications, the governing equations developed in section 4 are modified as
follows (Lin, 1992):

a) Continuity equation (local)

3] 3]
EX—(ub)'Fé-Z—(Wb) =q, (1)
b) Longitudinal momentum equation
ot ax oz bp ox (2a)
+l.i(bK:'f @) + _l_i(bK_M fﬁ) N AC L))
b ox &X' b&E T oz b
¢) Vertical momentum equation
0=-12_, (2b)
p oz
d) Heat transport equation
ar ~ OT .0 18 g &T
_— —H)y—_t —_—Wy)— = ——— (K —
a Tt T e S (38)
r-T
+13(5K:,8_T)+q.( )
baz oz b

¢) Suspended sediment transport equation
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ot

1) Equation of state for water to determine density in terms of temperature

P, = 999841+ 659585410 7-8.45123*10> T2 + 529157+10~5 T*

Ambient fluid density
_,0=(I'C) P +Cpc

g} Turbulence closure model (Munk and Anderson, 1948)

KY =Ky (1+10R)™

Kf =KF(1+333R)™°

&
H

=
]

6.4.1 Velocity Boundary conditions

§£+(u-—ﬁ')%x€+(w—ws—ﬁ)

=12 ke &,
b ox

+—I-—a—(be§£)+———-—q‘
bdz gz

(4a)

%)

(6)

(7a)

(7b)

(7e)

(7d)

(8a)

(8b)

The above governing equations need appropriate initial and boundary conditions
for obtaining the numerical solutions. For the lake hydrodynamic simulation, the
initial conditions (IC) are unavailable in general. A more practical and feasible way
is to execute a start-up run from any accepted initial conditions, generally from a

motionless and homogeneous case or even from a potential flow condition. The

associated boundary conditions (BC) are listed as follows:

1. The kinematic free surface BC

oz,
ot

2. The dynamic free surface BC

. .0z
—= 4+ - _°'L._w =0
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=3 2, Upg|U ol (10)

3. At the bottom of lake or reservoir

92y - G2, _ 1)
a | x (
4. At the solid boundaries (no-slip BC)

- (12)

where 7, = wind shear stress on the free surface; p;= air density; py = pure water
density; p. = sediment density; 3 = an empirical constant = 0.0026 in this study; Ujg
= wind speed at 10 m above the water surface; x¥,x{ = eddy viscosity and
diffusivity for homogeneous lake and they are calculated using empirical relations,
as functions of velocity of water within the eddies, the sizes of the eddies, wind
shear and size of lakes; #,% = mesh velocity in the ALE system for x and z
direction respectively; w, = settling velocity of suspended sediment; ug, we = the
specified boundary velocity in x and z direction respectively, such as the
inflow/outflow velocity; the subscript ‘0’ stands for the physical properties
associated with the bottom of the lake and the subscript ‘oo’ stands for the physical

go| (ou 27!
properties with respect to the free surface. Ri =—gEz— p(—a;J is the

Richardson number for the consideration of density stratification, Ri=0 in a

homogeneous environment.

6.4.2 Temperature and sediment boundary conditions

As far as the boundary conditions of temperature and sediment concentration
are concerned, the most commonly used boundary conditions are, the Dirichlet BC
of specified temperature or concentration, or the Neumann BC of specified heat
flux or flux of sediment concentration. On the free surfaces, the heat transfer on the
air-water interface is specified by the Newton's law of cooling which represents the
net heat flux between the water surface and atmosphere, as

4. =h(T,~T.) (13)
where g, = heat flux on the free surface; T, = the equilibrium temperature; 7=
surface water temperature; 2 = convective heat transfer coefficient.

6.4.3 Calculation of equilibrium temperature
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The equilibrium temperature, 7, , is a calculated, hypothetical surface water
temperature obtained by assuming a balance between the incoming and outgoing
heat flux across the air-water interface. Under normal conditions at which the
surface water temperature is higher than the equilibrium temperature, the lake or
reservoir dissipates excess heat into the atmosphere and acts as a cooling body of
water. However, during calm and hot summer days when the equilibrium
temperature is higher than the surface temperature, the lake or reservoir gains heat
from the atmosphere. Initially, the water at the surface of the lake will warm up and
eventually the thermal stratification is formed in due course.

The heat transfer coefficient /2 depends on the thermo-physical properties of
water at the surface of a lake. Since the properties of water will vary with
temperature, /4 is evaluated by two different empirical formulae, one proposed by
Rimsha and Dochenko (1958) for surface water temperature below 41° F (5 ° C)
and the other proposed by and Brady et al. (1969), for surface water temperature
above 41° F (5° C) and they are as given below:

The formula proposed by Rimsha and Dochenko (1958), applicable for T.<41 °F
(5°C):

h=2.32+{1.56[8.0+0.35(, —T.)]+6.08U,}[8 +0.61] (142)
where

B=0.612-0.02047,+0.00049T,% and T, = (T, +T,)/2
In the above, T, is the air temperature and U, is the wind speed at 2 meter above the

water surface, The formula proposed by Brady et al. (1969), applicable for T2 41
F(ECx

h=157+(8+0.26)(70+0.7U,%) (14b)

where
£=0.255-0.0857,,+0.0002047,,*
The equilibrium temperature, 7,, can be obtained using the following expressing.

T =T, +-f; (14c)

where /= Solar radiation and 7, = dew point temperature.

6.4.4 Hydrostatic pressure distribution

The assumption of hydrostatic pressure distribution enables us to integrate
the vertical momentum equation (2b) to get the pressure field as:
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plx,z,t) = p (x,0)+ pglz, z)+ p(x,z,t) (15)

b= ["lo(r.2.0-p,]gdz

where p., = pressure on the water surface and is included for the consideration of
the pressure depression on the water surface; g, = the reference fluid density; p =
perturbed pressure due to the density stratification and becomes equal to zero in a
homogeneous environment. It is also related to the index for the measure of the
potential energy associated with the stability of density stratification. The first two
terms on the right hand side of equation {15) are called the barotropic or external
pressure, which is governed by the atmospheric pressure and the positions of free
surface and fluid. On the other hand, the integral term is named the baroclinic or
internal pressure, which is dependent upon the internal density distribution by
stratification.

Substituting the pressure gradient of % from equation (15) into the

horizontal momentum equation (2a), we get

du . Ou ... Ou OH 1 8bp,) 1 8(p,) 16 .,
= = —W)— =g+ Sy — =l AWl © O
o TET Gt =g Sy bp ax  bp o Tpae ke
18 ou, gq,(u ~u)

pRM 2y 3 TH 16
Yty wh b (16)

where H =z, —z, = total water depth; Sg = az%x = bottom slope.

6.4.5 Relation between water depth equation and continuity equation

In order to link the calculation of the water depth H and also to filter out the
instability caused by the gravity wave on the water surface, the local continuity
equation (1) together with the kinematic BC on the free surface of equation (9) and
lake bottom of equation (11), are used to yield the following water depth equation.

OH ub_=0H H3wh)_g,

PR )ax b, & b,

ot b an

=

in which, b = [ ubdz and § = - f Hdz , where b., = surface width; ub =
H d H a

o~

average lateral velocity flux; # = average mesh velocity. It is noted that equation
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(17) is a one-dimensional equation in x, since the z direction has already been
integrated from the lake bottom to the surface.

Finally, to assure a better imposition of boundary condition for the vertical
velocity, w, we have to differentiate the local continuity equation (1) with respect to
z and get the following differentiated form for the continuity equation (King,
1985a):

2 2
8 (ub)+6 (v:b)__:_ai (18)
xoz oz oz
In summary, equations (15), (16), (17), (18), (3a), (4a), (5) and (6) are the
final governing equations to be solved for the unknown variables ¥, w, Horz- p,

7. C andp.

6.5 Numerical scheme

The Arbitrary Lagrangian-Eulerian (ALE} finite element method (FEM) is
employed to discretize the space domain for obtaining the solution of the nonlinear
partial differential governing equations (15-18) and (3a-6). To avoid the time step
constraint of numerical instability, or the so-called Courant-Friedrichs-Levy (CFL)
condition, an implicit finite difference method (FDM) is used for the time and finite
element method (FEM) is used for the space domain, for solving the
one-dimensional water depth equation (17). On the other hand, to achieve the most
economic computation, other governing equations used to solve the longitudinal
velocity, temperature, and sediment concentration equations (16), (3a) and (4a) are
all discretized by the explicit finite difference scheme in time domain and by finite
element scheme in space domain. The existence of free surface not only gives
complicated boundary condition, but also restricts the severe time step used for the
numerical computation. By this implicitness in one dimension and explicitness in
two dimensions, we have circumvented the difficulty of the excessive computation.
The advantage of this modeling strategy will become more obvious when a three

dimensional modeling is undertaken.

To further increase the accuracy, consistency and stability of the numerical
solutions, the coneept of the so-called artificial balancing tensor diffusivity (BTD)
is introduced in this study (Dukowica and Ramshaw, 1979). The objective of
introducing the BTD model is to overcome the negative numerical damping caused
by the advection dominated flows when the Gelerkin FEM is adopted (Gresho et al,,
1984). As mentioned before, the variations of lake or reservoir storage and the
corresponding fluctuation of free surface as well as the deposition/erosion of the
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lake or reservoir bottom, are easily taken care by the ALE moving boundary
technique.

In the computational aspects of hydrodynamic processes of stratified lakes
oI reservoirs, in order to avoid the numerical instability caused by the internal
gravity wave, the procedures used by Sun (1980) are adopted in the present study.
Namely, the temperature and sediment concentrations are computed first, after that,
velocity field and water depth or free surface are obtained. It is worthwhile to
observe that the matrix equations for 7, C, and « are all time-invariant as far as the
matrix inversion is concerned. In addition, they all have the same property of
symmetric matrix equation solver, except the calculation of water depth, A, which
is nonlinear and needs Newton-Raphson iteration technique. All other variables are
uncoupled and can be calculated in a similar way.

The final governing equations after time discretization are solved using
Galerkin’s weighted residual method of FEM. The resultant simultaneous algebraic
equations are solved using available standard routines to obtain the variations of
temperature, velocities, concentration, density and free surface, in space and time.

6.6 Model verification

The mathematical mode! developed has to be verified for accuracy so that it
can be employed for hydrodynamic analysis of real lakes. The U.S. Army Corps of
Engineers has carried out a number of experiments on the Generalized Reservoir
Hydrodynamics flume, which is designed to test the behaviors of reservoir
hydrodynamics for gravitational underflow. The reservoir data generated in this
flume have been used to verify a number of models (Johnson, 1980 & 1981, King,
1982, and Karpik and Raithby, 1990). Hence the two-dimensional model developed
in the present work is used to simulate the Generalized Reservoir Hydrodynamics
flume experiments for the verification of the model.

The length of the flume is 24.39 m and it varies in depth from 0.3 m at its
inflow end to 0.91 m at its outflow end. It has two different cross-sections; the
upper section 1, which is 6.1 m long, has a horizontal bottom and linear variation in
width from 0.3 m to 0.91 m; the lower section 2 has a constant width of 0.91 m, and
a bottom dropping of 0.61 m over its 18.2 m length. Refer Figs. 3a & 3b for the
general layout and Fig. 3¢ for the associated FEM mesh, which contains 612 linear
triangular elements and 342 nodes in the longitudinal-vertical profile.
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Fig. 3. Schematic diagram of Waterways Experiment Station GRH flume (a) plan view,

(b) side view and (c) the finite element mesh.

In order to simulate the underflow type of density current due to the inflow
of water at 16.67° C , the flume is filled with water at a uniform temperature of
21.44 " C. The water is introduced under a baffle and allowed to flow into the
system over the lower 0.15 m region. The outflow of water is removed from the
outlet located on the dam 0.15 m from the bottom. The inflow rate of water is the
same as the outflow at 0.00063 =/,
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Fig. 4. Structures of (a) density current, and (b) temperature distribution of GRH
flume at t=4 min,

Because the inflow temperature is lower than the ambient temperature, the
underflow type of density current is expected from simulation. The velocity and
temperature fields obtained by numerical simulations at time t=4 min. are shown in
Figs. 4a & 4b, respectively. 1t is striking that the velocity and recirculation gyre in
the inflow are established quickly, as compared with the other homogenous region
where the velocity is very low. Thus the model is capable of predicting the
establishment of a density underflow. As time goes by, the density current advances
along the bottom with the recirculation gyre moving rapidly towards the dam.
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Fig. 5. Structures of (a) density current and (b) temperature distribution of

GRH flume at t=14 min.

Figure 5 depicts the transient processes of the structures of density current
at t=14 min. Because the vertical turbulent mixing is reduced by the buoyancy
effect, the temperatures vary only in the region near the bottom. Afier the density
current arrives at the dam at t=50 min, the flow field becomes more stable and the
recirculation gyre occupies the entire region of the flume, as illustrated in Fig. 6.
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Figure 7 shows the comparison between the numerically calculated and
experimental results of the progress of the propagation speed of the density current
front. It is interesting to note that the simulated and observed results are very
consistent. The numerical results show much smoother variation than the
laboratory measurements. However the general trend shows good agreement even
for very small velocity in the order of 107 m/s.
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Fig. 7. Comparison of propagation speed of density current front of GRH flume.

6.7 Model application to Te-Chi reservoir

In this section we will present the application of the model to a real
reservoir problem.

6.7.1 Description of the Te-Chi reservoir

The usage of measured field data is to test and verify the merit and
credibility of the present model to the practical engineering applications. After
having the model calibrated and verified with the laboratory data, now the model
can be used for the simulations of hydrothermal characteristics of real reservoirs.
The Te-Chi reservoir, located at central Taiwan is chosen as a pilot test site. The
Te-Chi reservoir surrounded by high mountainous basins in an isle is a very long,
narrow and deep reservoir, as shown in Fig. 8a. Due to these topographic

29



characteristics, it is found to be an ideal reservoir suitable for a laterally averaged
two-dimensional stratified lake model simulation. Its longitudinal length is about
13 km, with a major inflow coming from the upstream of the Ta-Chia River and
nine other river tributes. These rivers have been considered as the minor lateral
inflow sources. Figure 8b shows the longitudinal-vertical profile and its variation
of lateral width. The bottom of the dam is located at 1268 m above the sea level and
the maximum water depth is 140 m, with a total storage capacity of 2.5x10°m".
The intake of selective withdrawal for water utilities is located at a height of 75 m
above the bottom of the dam. Numerical simulations for a total period of two years,
from 1984 to 1985, are performed and compared with the measured field data,

6.7.2 Hydrological input data

The hydrological input data required for the numerical simulation of the
1984 annual cycle of the reservoir are: the rate of major and minor lateral inflows,
outflow rate, and the comresponding inflow temperatures and sediment
concentrations. The annual inflow into the reservoir and outflow from the reservoir
for the year 1984 are depicted in Figs. 9a and 9b respectively. In dry seasons, that is,
in autumn and winter seasons, the inflow rate is very smail. On the other hand in
spring and summer seasons due to the storms or typhoon rainfalls, the inflow rate is
very high. The maximum inflow of 300m° /s occurs at 156th day of 1984 (January
1 corresponds to day 1 of the year) when the reservoir was assaulted by a typhoon
storm of nine days from 150th to 158th day. The watershed lies in the area of vast
high mountains, which lie 3000 m above sea

Dam site

Z-AX18
0 40 80 120 140

0 20 40 60 80 100 120 140

x-axis- 10"
Fig. 8(a). Plan view and (b) longitudinal-vertical profile and width contour of the Te-Chi

reservoir.

level. The surface temperature, inflow temperature, as well as intake temperature
for the year 1984 are depicted in Fig. 9c. It is interesting to observe that the inflow
temperature is always lower than the ambient surface temperature of the reservoir,
since the Te-Chi reservoir is located on a high mountain area. Furthermore, by a
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regression analysis from the measured data, the sediment inflow concentration has
been correlated to the inflow discharge by an exponential function, which will
provide the boundary condition for the sediment concentration equation.
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Fig. 9 (a). Inflow, (b) outflow and (c) surface temperature, inflow temperature and intake

temperature in 1984 of the Te-Chi reservoir.

6.7.3 Metecrological input data

In addition to the hydrological data, the meteorological data such as the
cloud cover, dry bulb temperature, dew point temperature, wind speed, wind
direction and solar radiation are also required as input data. The heat flux on the
water surface can be obtained by using a thermal equilibrium model from the
meteorological data. This model is conceptually based on Newton’s law of cooling,
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assuming convective heat transfer at the water surface. This law states that the
convective heat transfer at a surface is the product of a heat transfer coefficient and
the difference between the surface water temperature and the equilibrium
temperature obtained from equation (13). The heat flux received by the Te-Chi
reservoir for the year 1984 is calculated using the equilibrium temperature modei.
The heat flux thus calculated is used as the boundary condition at the water surface
for the solution of the heat transport equation. Finally, the wind shear stress at the
water surface, which is one of the boundary conditions for the momentum equation,
is computed from the wind speed by an empirical formula given by equation (10).

6.7.4 Computational domain of the Te-Chi reservoir

The computational domain of the Te-Chi reservoir is discretized into 950
linear triangular elements with 522 nodes. The finite element mesh will move
along with the variations of reservoir storage including the free surfaces, with the
usage of the ALE method. The types of meshes used at the highest and lowest water
levels are shown in Figs. 10a & 10b, respectively.

6.7.5 Results and discussion

Figure 11 shows the comparison between the variations of water levels
calculated using the present numerical model and the measured values for the year
1984. The calculated water level is very consistent with the observed one, thus the
mass conservation in this model is very well proved. The selective comparisons of
the calculated and measured daily water temperature profiles at different cross
sections for the year 1984 during the months of January, February, March, April,
May and September are illustrated in Figs. 12 & 13. The matching between the
calculated and the measured results is excellent except for the month of May,
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Fig. 10. Moving adaptive finite element grid system of (a) highest water level and
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where some small deviations are observed. This discrepancy occurs both at the
layers of epilimnion and thermocline and more at the layer of epilimnion.
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Fig. 11. Comparison of calculated and measured water level in 1984 of the Te-Chi

reservoir.
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reservoir.

As can be observed from Fig. 9¢, the inflow temperature of water into the
reservoir is always lower than that of the reservoir for the year 1984, Hence an
underflow type of density current is expected. Later, the layer of underflow is
transformed into turbidity current, due to the presence of suspended sediments in
the inflow. When the inflow rate is very small, the strength of turbidity current is
very weak. However, while the inflow is very high, as occurring in the event of
rainfall during storms, the turbidity current becomes very strong. The heavy
rainfalls due to storms occurred from 150th day to 158th day for the year 1984.
Figure 14 shows the density currents, temperature and sediment concentration
distributions for the 150th day of the year. For the 150th day as depicted in Fig. 14b,
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the highest temperature is about 18 °C located at the water surface and the lowest
one is about 12 ° C occwring near the bottom of the dam. The river inflow
temperature is about 15° C which lies between the temperature of the epilimnion
and the hypolimnion of the reservoir.

The sediment concentration of the river inflow is about 300 ppm. This
results in a higher concentration range near the bed of the reservoir about 6 km
away from the dam, The other sediment concentrations are lower than 50 ppm as
shown in Fig. 14c. It is worth noting that the boundary condition of complete
deposition at the reservoir bed has been used for the sediment transport equation.
That is, for any sediment particle being carried into the reservoir, it will deposit at
the bed with its settling velocity whenever it touches the bed and does not have any
opportunity to be picked up again. Therefore, the sediment concentration decreases
along the downstream direction. Due to the higher concentration and lower
temperature of river inflows, the density of river inflows is higher than the density
of upper layer of reservoir water body. Hence, buoyancy induced plunging
phenomenon occurs after the river inflow comes into the reservoir and the
underflow density current travels very fast downstream along the bed. Due to the
sediment deposit at the bed, the concentration decreases along the downstream
direction and the strength of underflow also decreases. Moreover, the selective
withdrawal and the type of temperature distribution will affect the density current
also. Therefore, the density current leaves the bed about 6 km away from the dam,
and then the interflow occurs and advances horizontally to the intake of the
selective withdrawal. Besides, due to the underflow and interflow of density
currents, there are two circulation gyres generated, in which the upper circulation
gyre is stronger than the lower one, as indicated in Fig. 14a.
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7. PERSPECTIVE RESEARCH AREAS IN LAKE HYDRODYNAMICS

Real lakes or reservoirs do not satisfy the conditions of laterally averaged
two-dimensional models. Hence three-dimensional lake or reservoir model is
inevitable when we consider lakes or reservoirs with similar longitudinal and
lateral scales, or large lakes or reservoirs, such as the Great Lakes in the northern
America. In such models the Coriolis forces have to be included. Also a
three-dimensional stratified lake or reservoir model (Simons, 1973) is generally
desirable when water quality modeling is concerned.

7.1 Three-dimensional modeling

As far as the sophistication of the level of three-dimensional modeling is
concerned, there are two types of models, the 3D Ekman hydrostatic model and the
complete Navier-Stokes model. In the 3D Ekman hydrostatic model, the nonlinear
inertial force terms as well as the horizontal diffusion terms are considered as
secondary effects and are neglected in the model development (Young et al., 2000a).
Boundary element method has also been used to reduce the dimension of the
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three-dimensional stratified flow modeling. For more details, the work of Young et
al. (2000a) can be referred. Another alternative is the extension of the present
model to the 3D stratified lake or reservoir model. Of course, the inclusion of
Coriolis force in the horizontal momentum equation is necessary. In the mean time,
one more horizontal momentum equation has to be added. Three-dimensional
modeling is triggered by the need for more accurate predictions of water quality
constituents and a better representation of the higher order hydrodynamic
Processes.

7.2 Improved version of turbulence closure models

In the complete Navier-Stokes 3D stratified lake or reservoir model, the
primitive variable approach using the velocity and pressure as major unknowns, is
commonly used. The semi-empirical formula or higher order parameter like £ - &
model (Spraggs and Street, 1975, and King, 19835b) can be used for the turbulence
closure model. However, it is observed that due to the advancement of modeling
techniques and cotmnputer capacity, more comprehensive turbulence closure models
such as DNS or at least LES are becoming more popular and feasible nowadays.

7.3 Velocity-Verticity formulation

The concept of using velocity and vorticity as primary variables or the
so-called velocity-vorticity formulation has been proposed by the author as one of
the methods to analyze lake hydrodynamics and some promising programs are
underway. For further details the work of Young (1999) and Young et al. (2000b)
can be referred. Both finite element and boundary element methods are employed
to perform the three-dimensional homogeneous, as well as stratified flow modeling
by the velocity-vorticity formulation.

Compared to the traditional 3D primitive variables, the velocity-vorticity
formulation allows for an easier three-dimensional modeling. Initially, the Poisson
type of equations are considered as the governing equations for the velocity field
and once the vorticity field is known, the same equations can used for both
homogeneous and stratified environments. The velocity field is governed by the
following Poisson velocity vector equation, which is derived by taking the curl
operator of the definition of the vorticity through the usage of the fluid
incompressibility.
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Vii=-Vxd
where & = V x i = vorticity.
The vorticity transport equations are obtained by taking the curl operator of
the momentum equation of the Navier-Stokes equations and are given as below:
0@

-aT+[(a-a‘)-¢]ca -wis+a+0 E)-ﬁ}ﬁ-ﬁ)-ﬁx(!igﬁ)

¥

where @ = earth rotational speed. The vorticity transport equation provides a

clear and thorough picture about the generation, advection, diffusion and
dissipation of all the vorticity in the stratified environments. For example, the

Coriolis force effect, Q & and the density stratification effect V ,{ﬁ gEJ can be
easily compared with the homogeneous and the non-rotating systems. Therefore, a
better dynamic feature can be obtained from this approach. Finally, if the DNS
mode] can be achieved as turbulence closure model, there is no need to provide
those turbulent exchange coefficients and DNS will render all the necessary
information for the stratified lakes or reservoirs. Even if we cannot afford a DNS
model, a LES mode! may not be a bad substitute at the present stage. It is hoped
that in the near future, the DNS model will become available, to be incorporated in
a complete 3D stratified lake or reservoir model. With such models, the
assumptions and approximations to be made will be reduced and a much better
understanding of the hydrodynamics of 3D stratified lakes or reservoirs can be
achieved, for both academic research and engineering applications.
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8. NOMENCLATURE

N"‘eszidgmzzzﬂﬂ”o&@ﬁm . " T FW me A o

lateral width (m)

concentration of suspended sediment (kg/m™; specific heat capacity(J/kgK)
specific internal energy (J/’kg)

total internal energy (J)

acceleration due to gravity (rnfsz)

convective heat transfer coefﬁcient(mezK)

water depth (m)

solar radiation (mez)

mass flow rate (kg/s)

turbulent parameter (eddy viscosity or eddy diffusivity) (m%s)
pressure (N/m? )

perturbed pressure due to density stratification (N/m?)
lateral flow(m*/m?); heat flux (W/m?)

total heat energy (J)

time (s)

temperature (K)

flow velocity in the longitudinal direction {m/s)

mesh velocity in the longitudinal direction (m/fs})
average mesh velocity (m/s)

average lateral velocity flux (m%s)

wind velocity (m/s)

flow velocity in the vertical direction (m/s)

mesh velocity in the vertica! direction (m/s)

total work done (J)

longitudinal Cartesian coordinate (m)

vertical Cartesian coordinate {m)

Non-dimensional numbers

R, Richardson number
Greek letters

B constant

P density (kg/m®)

T shear stress (N/m?)
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3 an empirical constant (0.0026)}

Subscripts

a air

c sediment

cy control volume

d dew point temperature -

e equilibrium

f inflow/outflow

in into the control volume

o0 free surface condition

0 bottom condition

out out of the control volume

s settling

t lateral flow

w pure water

X longitudinal direction

2 at 2m above the free water surface
10 at 10m above the free water surface
z vertical direction

Superscripts

C eddy diffusivity for sediment transport
H eddy diffusivity for heat transport
M eddy viscosity
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Abstract

A two-dimensional laterally averaged hydrodynamic model is developed to study the
density currents developed in a reservoir due to inflow with sediment concentration. The
two~dimensional Navier-Stokes equations are simplified for the stratified flow with free
surface under the assumptions of fluid incompressibility, hydrostatic pressure distribution
and the Boussinesq approximation. The goveming equations are solved using the
Galerkin’s weighted residual finite element method. The change in the mesh pattern of the
computational domain during simulation is taken care of by using Atrbitrary Lagrangian-
Eulerian method (ALE). The model developed was validated with the experimental results
obtained for gravitational underflows of GRH flume of US Army Corps of Engineers. The
model is then applied to simulate the field scale of one-year annual cycles of the stratified
man-made lake of the Te-Chi reservoir located at central Taiwan. The different regimes of
density currents such as, turbidity current, underflow and interflow are predicted for
sediment-laden inflow during the days of heavy rainfall due to storm. The numerical results
compare favorably well with the observed field measurements.

Introduction

The study of density currents in stratified reservoirs plays an important role in fresh water
supply from a reservoir. A reservoir is naturally stratified due to its interaction with
atmospheric conditions by means of heat, mass and momentum transport. The inflow water
may contain suspended and dissolved solids. Depending upon the temperature and strength
of stratification, the sediments or contaminants will be transported to various portions of the
stratified resetvoir. The outflow from the reservoir is taken at various heights depending
upon the applications. In order to ensure the quality of water, the knowledge about the
response of density current for various external conditions is essential. The hydrodynamics
of stratified lake is a complex phenomenon. Because, the interaction of a reservoir with its
surroundings results in turbulent nature of flow circulations varying with space and time in
different magnitudes. The salient characteristics of the stratified flows are hydrodynamic
instability problems associated with the generation of circulation gyres as well as the
formation, maintenance and erosion of thermocline between epilimnion and hypolimnion.



Mathematical modeling of lake hydrodynamics supported by experimental data, has
enabled the researchers in this field to understand the physics of the phenomenon in a better
way over the years. :

In the present study, a laterally averaged two-dimensional model has been used for the
simulation of different flow regimes due to the inflow of sediment-laden water. The model
is capable of simulating the moving free surface of water during the density current -
dynamics. The model developed has been validated with the experimental results of GRH
flume at the U.S. Ammy Corps of Engineers. The model is applied to study the
hydrodynamics of Te-Chi reservoir situated in central Taiwan. This reservoir is chosen for
the present analysis since it satisfies the characteristics of a laterally averaged reservoir.
Focus is concentrated on the study of density currents generated in the reservoir due to
maximum inflow during the period of heavy rains due to storms. During summer, the
inflows to the reservoirs in Taiwan vary widely due to heavy rains caused by storms. Hence
knowledge about the response of the lakes is essential during these heavy rain periods for
taking the precautionary measures.

For lakes or reservoirs with small aspect ratio (Height/Length), a laterally averaged two-
dimensional model (Street, et al., 1977; Edinger and Buchak, 1979; Buchak and Edinger,
1982; King, 1985a; Karpik and Raithby, 1990; Gu et al., 1996; Chung and Gu, 1998; Choi,
1998) can be used to study the density currents. The difference between the density of
inflow water and the reservoir water results in a density current. The density current
produces different flow regimes such as underflow, plunge, interflow and overflow during
the inflow of water into the reservoir. Density flows have been studied for various
applications (Akiyama and Stefan, 1984; Alavian et al., 1992). The intrusion or interflow in
a linearly stratified reservoir caused the transport of contaminants closer to the surface near
the diurnal thermocline, in contrast to the expectation of transport to the bottom of the lake
(Fisher and Smith, 1983; Alavian et al., 1992). When the stratification in a reservoir exists
for a longer period, the deeper water, i.e. hypolimnetic water is cut off from the atmosphere
for any type of interactions. Situations may arise wherein the stratification needs to be
altered in order to meet the required outflow conditions (Schladow and Fisher, 19935),
Alavian and Ostrowski (1992) proposed a method to control the inflow and outflow from
the TVA reservoir in order to meet the stringent condition of outlet water temperature for a
power plant. They used a simple two-dimensional model calibrated with field data. If the
objective of the study is only to determine the vertical temperature of the lake, where
neasurements are not available, a simple one-dimensional model can be described using
the energy equation for the water column (Hondzo and Stefan, 1993).

The sediment-laden underflow is sometimes called turbidity current. There exists a
difference between the density of suspended sediment and the lake water. This causes a
reduction in the gravitational acceleration resulting in the motion of turbidity current (Choi,



1998). Lee and Yu (1997) conducted a detailed experimental work to study the
characteristics of plunge flow due to turbidity current, without temperature stratification. It
is the density difference, which affected the plunge phenomenon rather than the presence of
the suspended particles. Chung and Gu (1998) used a laterally averaged two-dimensional
hydrodynamic model to study the density currents due to contaminant dispersion in a
stratified reservoir. They used hydrostatic pressure equation in the place of vertical
momentum equation. They observed that the processes such as plunging, separation, and
intrusion occur as a result of contaminant dispersion and they are affected mainly by the
negative buoyancy and ambient stratification. .

The wind blowing over the water surface of a reservoir also affects the density current
stratification. The wind shear acting at the surface causes vertical turbulent mixing of the
upper layer. This results in the entrainment of the lower denser fluid into the upper layer
(Chu and Soong, 1997; Spigel and Imberger, 1980). This in turn affects the buoyancy and
the horizontal velocity at the layer of themocline (Kranenburg, 1985) such that the
turbulence is suppressed below the layer of thermocline. Hug and Stretch (1995) suggested
that the vertical transport could be expressed in terms of dissipation rate of the flow, which
is a function of the kinematic viscosity of the fluid and buoyancy frequency. They also
found that there might be a critical dissipation rate below which all scales of turbulent
motion will be suppressed by buoyancy forces. Sullivan and List (1994) conducted
experiments in a laboratory water channel to study mixing at a density interface embedded
in a turbulent shear flow. Based on the value of local mean shear Richardson number, the
mixing is dominated either by Kelvin-Hlmholtz instabilities or shear driven wave breaking.

Falconer et al. (1991) studied the wind-driven circulation of a small lake using a three-
dimensional hydrodynamic model, neglecting the inflow and the outflow. The drag
coefficient C,, in the wind-shear stress expression was assumed to be constant and equal to
0.0026 as given by Munk (1955), since many complex non-linear relationships between C,
" and wind speed, gave unrealistic results. They also suggested that future research should
concentrate on the development of a more precise and less empirical model for the
description of vertical transfer of turbulent momentum. Hsu (1986) also observed that
although C,, increases with wind speed, the variation is not linear and C, depends upon the
wave characteristics. Guting and Hutter (1998) used a first order k-¢ closure model in their
study on wind-induced circulation in lakes. They felt that the assumption of constant
vertical eddy viscosity does not reflect the true turbulent activity with sudden change in
wind speed. The wind blowing over the water surface is not constant. The flow
characteristics at the water surface that is caused by turbulent mixing, varies depending
upon the strength of the wind. The continuous variation of the flow pattern with varying
wind strength cannot be modeled by assigning a constant value for the vertical eddy
velocity. With the use of first order k- model, the turbulent kinetic energy and dissipation



can be computed using the turbulent viscosity obtained by solving the transport equations.
In all the works on lake hydrodynamics till now, the temperature regimes of lake sediments
has been neglected. Fang and Stefan (1998) has found from their analysis that the heat
fluxes between lake water and sediments can be substantial to such an extent causing the
shallow lake water warmer by 1-2 °C in the absence of atmospheric heating, i.e. under thick
winter cover, Even though number of works is carried out on lake circulation taking into the
effect of higher turbulent closure model, three-dimensional effect etc. not much research
has been carried out to study the effect of sediment-laden density flow including the energy
equation. During a later inflow into a lake, mass, momentum, energy and concentration are
also transported into the lake. The interactions of these quantities with the stratified lake
completely alter all the transport mechanisms. The present work aims at studying the effect
of these transport mechanisms on the density current in a stratified lake. The approach
followed for the present analysis is discussed in the following sections.

Mathematical model

A real lake or reservoir is a three-dimensional entity, having complex geometry at the basin.
The real physical processes that are taking place in a lake are highly complei and non-
linear due to its interaction with the surroundings in varied magnitude. A mathematical
model is just a description of "how things work” with our knowledge of physical systems
and our understanding. Making assumptions in building models are very common in order
to attack a problem starting with a simple tool. In the case of mathematical description of
lakes, a lake can be treated as a two-dimensional system when the depth to length ratio is
very small and the lake is narrow. The hydrodynamic variables in the vertical and
longitudinal directions are significant compared to the lateral directions. In the present work
alsc a mathematical model is developed for the case of a laterally averaged lake or reservoir.
The schematic diagram of a lake with the coordinate systems is shown in Fig.1. The
conservation equations are obtained by applying the conservation principles of mass,
momentum, energy and concentration (sediment) for a contro! volume of the lake (Lin,
1992).

The vertical momentum equation is replaced by the hydrostatic pressure equation. The
Boussinesq approximation is assumed to hold good in the present study. That means the
variation of density will appear only in the gravity term, otherwise water is assumed to be
incompressible. Laterally averaged vertical and longitudinal velocities are used in the
present study. In order to take care of the moving boundaries, mesh velocities in x and z
directions are introduced in the convective terms of the transport equations. The governing
equations will become complete with the inclusion of equation of state for water, giving the
relationship between the density, temperature and sediment concentration and finally the
turbulent closure model, Since the major objective of the present work is to solve the



continuity, momentum, energy and concentration as moving boundary problems for
sediment-laden flow, a simple turbulent closure model is assumed (Munk and Anderson,
1948). The dependent variables in the present study are u, w, H, T, C, p and p and the
independent variables are x, z and t. The resulting governing equations are given below. For
detailed derivation refer to Young (2002).

Governing equations

Continuity (local)
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Equation of state for water
P, =999.841+6,59585*10°°T-8.45123*10°T*+5.29157*10°T* (6a)
Ambient fluid density
p=(1-C)p,+Cp, (6b)
Turbulent closure model (Munk and Anderson, 1948)
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Mesh velocities
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Velocity Boundary conditions

The above governing equations have to be solved with appropriate initial and
boundary conditions. In the simulation studies of lake hydrodynamics, it is seldom to
have the initial conditions, in general. The computations can be initiated with any
accepted initial conditions or homogeneous conditions or even potentia] flow
conditions.

Kinematic free surface

~ 07, _
Bt RIS =0 ?

Dynamic free surface
7.=Cop, U,Uy (10)

Bottom of reservoir
——Uy—=0 (11)

Solid boundaries (no-slip)

Temperature and sediment boundary conditions

Dirichlet boundary conditions are assumed for temperature and concentration at the
solid surfaces of the lake (the basin). The specification of temperature at the lake
surface does not pose much problem compared to the specification of sediment
concentration. In the present work, the sediment concentration in the flow has been
correlated to the inflow as an exponential function, instead of a power law relation
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used by Cesare et al., (2001), by means of a regression analysis using measured data.
Using this cormrelation the Dirichlet boundary conditions for the sediment
concentration equation are specified.

On the free surface, the heat transfer at air-water interface is specified using Newton's
law of cooling as given by the following equation.

4. =K, ~T.) a3
where T, is the equilibrium temperature of water surface.
The water surface temperature, T, varies depending upon whether it loses heat or
gains heat based on the atmospheric conditions. A hypothetical temperature called
equilibrium temperature T, is assumed to exist during the energy balance of the solar
radiation and the convective heat transfer at the air-water interface. The expression for
the equilibrium temperature is given by equation 14a.

T, =T, el (14a)
h
In the above expression, h is the convective heat transfer coefficient. This is a
function of temperature and flow characteristics at the water surface. The empirical

formula proposed by Rimsha and Dochenko (1958) and Brady et al. (1969}, are used
in the present study.

h=2.32+{1.56[8.040.35(T..-T,)}+ 6.08U,}[ 5 +0.61] (14b)
for T.<41" F (5 °C) (Rimsha and Dochenko, 1958)

where 8 =0.612-0.0204T,+0.00049T,’
and T, =(T,+7_)/2, T,=air temperature, U,=wind velocity at 2m above the free
water surface

h=15.7+( 8 +0.26)(70+0.7U,%) (14c)

forT.2 41° F(5 °C) (Brady et al., 1969)
where [ =0.255-0.085T,+0.000204T,}
and T, is calculated as in the previous expression.

Hydrostatic pressure distribution

The baroclinic internal pressure can be obtained by integrating the vertical momentum
equation (3) with the assumption of hydrostatic pressure distribution as given in
equation (15).

p(x,2,0) = p (x.)+ pg(z.. ~ 2) + p(x.2,1) (15
The internal pressure is the sum of the atmospheric pressure acting at the free surface
of water, the hydrostatic pressure due to the position of free surface and the pressure
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due to the difference in density of water because of stratification. The pressure due to
density stratification is called perturbed pressure and is given as,

pP= J?' [p(x,z.t) —p,1gdz

Now the horizontal momentumn equation (2) can be rewritten by substituting the

expression for pressure gradient % from equation (15) as,

Ou . % du__ 3H 1 afpp.) 1t a(bp,) 10, . 0u
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Where H =z_ -z, = total water depth; S, = az%x =bottom slope.

Water depth equation

The variation of water depth H depends on the changes in the free surface, lake
bottom and the lateral flow of water into the lake. Hence for the time variation of
water depth, an equation can be obtained as given by equation (17), by combining
continuity equation (1), kinematic free surface equation (9) and lake bottom equation
(11). Also the equation can be made one-dimensional by substituting vertical
averaged values of velocity and volume flow rate per unit lateral width.
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For applying the boundary conditions for the vertical velocity w, the vertical
momentum equation is ceased to exist, as it is replaced by a simple hydrostatic

equation. Hence the local continuity equation (1) is differentiated with respect to z to
get the following equation (King, 1985a):

o*(ub) 0°(wb) _ 3,
dxdz dz° oz

Now, equations (16), (17), (18), (4), (5), (6), and (15) are the final governing

equations to be solved for the unknown variablesu, w, Horz_, 2, T, C, and p-

(18)




Numerical scheme

The final governing equations (16}, (17), (18), (4), (5), (6), and (15) are solved using
the Arbitrary Eulerian-Lagrangian finite element method, which is found suitable for
solving moving boundary problems. The variations of reservoir storage and the
corresponding fluctuation of free surface as well as the deposition/erosion of the
reservoir bottom can be easily captured by the ALE moving boundary technique. The
ALE finite element method (FEM) is employed to discretize the computational
domain in space.The advantages of Eulerian method such as capturing large distortion
of fluid, handling outflow walls and the advantages of Lagrangian method such as
exact prediction of material interface, handling free surface boundary condition and
curved rigid boundaries, are combined together in the above method {Noh, 1964; Hirt
et al., 1974; Donea et al., 1975, 1982; Hugehes et al., 1981; Ramasamy and Kawahara,
1987; Ramasamy, 1990; Choi, 1998). The existence of free surface causes a severe
constraint on the time step while calculating the water depth using equation (17) and
hence the time derivative of this one-dimensional equation is discretized using an
implicit scheme. Thus the numerical instability condition, called the Courant-
Friedrichs-Levy (CFL) is also overcome. The time derivatives of the longitudinal
velocity, temperature, and sediment concentration equations (16), (4) and (5) in two-
dimensions, are discretized by an explicit scheme. Thus by following the implicitness
in one dimension and explicitness in two dimensions, the excess computation is
avoided.

While solving the Navier-Stokes equations for lake-hydrodynamic applications two
types of numerical instability arise, one is the negative numerical damping caused by
the advection-diffusion dominated flows solved by the Galerkin’s method and the
other one is due to the internal gravity waves. The first numerical instability is
overcome by introducing an artificial Balancing Tensor Diffusivity (BTD) (Dukowica
and Ramshaw, 1979). The second numerical instability is avoided by adopting the
numerical procedures used by Sun (1980) while solving the governing equations. That
is, the temperature and sediment concentrations are computed first, after that, velocity
field and water depth or free surface are cobtained. It is worthwhile to observe that the
matrix equations for T, C, and u are all time-invariant as far as the matrix inversion is
concerned. In addition, they all possess the property required for symmetric matrix
equation solver, except the water depth equation (17), which is nonlinear and needs
Newton-Raphson iteration technique. All other variables are uncoupled and can be
calculated in a similar way,

The equations (16), (17), (18), (4) and (5) are integrated using Galerkin’s



weighted residual method. Time discretization and application of the BTD technique
for the above equations are discussed in detail in the appendix.

Validation of the numerical model

The mathematical model developed in the present study is validated by comparing the
simulation results with the experimental results of the U.S. Army Corps of Engineers
{(Johnson, 1980, 1981) in the Generalized Reservoir Hydrodynamics (GRH) flume for
gravitational underflow, which is designed to test the behavior of reservoir
hydrodynamics. The reservoir data generated by this flume have been used to verify
a number of models by earlier researchers in this field (King, 1982; Karpik and
Raithby, 1990).

The length of the test flume is (Refer Figs. 1a and 1b) 24.39 m and it varies in depth
from 0.3 m at its inflow end to 0.91 m at its outflow end. It has two different cross-
sections 1 and 2. The upper section 1, which is 6.1 m long, has a horizontal bottom
and linear variation in width from 0.3 m to 0.91 m, whereas the lower section 2 has a
constant width of 0.91 m, and the bottom dropping down to 0.61 m over its 18.2 m
length, as shown in Figs. 1a & 1b. The associated finite element mesh for the test
flume is shown in Fig. lc. The computational domain is discretized using linear
triangular elements with 612 elements and 342 nodes.

Initially some numerical experiments are conducted in order to simulate the density
current. For this purpose, the actual data comresponding to the test flume is used as
input in the numerical simulation and are given in Table I. The inflow enters the flume
under a baffle and allowed to flow into the system over the lower 0.15 m portion of
the flume. The outflow water is removed from the ontlet located on the dam, 0.15 m
from the bottom. Because the inflow temperature is lower than the ambient
temperature, the underflow type of density current is observed. Figs. 2a & 2b show
the velocity and temperature fields obtained at the end of 8 min. The striking feature
observed is that the fluid near the inflow attains high velocity quickly and a
recirculation gyre in the inflow is established as seen from Fig. 2a. As the temperature
of the inflow water is different from that of the flume water a temperature gradient is
set up at the inlet of the flume. This has been predicted exactly as shown in Fig. 2b.
As the penetration of momenturn of fluid takes place into the neighboring regions,
with advance in time, the density current moves forward along the bottom line with
the recirculation gyre moving rapidly towards the dam.

Table I

Input data used in the numerical solution for validation of the model
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Initial temperature of water in the flume : 2144 °C

Inflow water temperature : 16.67°C
Volume flow rate of inflow : 0.00063 m*/s
Volume flow rate of outflow : 0.00063 m’/s

Figures 3a, 3b & 4a, 4b depict the structures of density current and temperature
transients at t=16 min and 28 min. respectively. The development of an elevated
density front is clearly observed in Figs. 3a and 4a. This front leads the density
current down the slope as also observed by Karpik and Raithby (1990). Though the
density transients are set up very fast, the temperature variation is slow as seen from
Figs. 3b and 4b. This is because the vertical turbulent mixing is reduced by the
negative buoyancy effect and hence the temperature varies only in the region near the
bottomn as seen from Figs. 3b and 4b. It should be noted that the inflow takes place
into a flume, which is not stratified, and hence the temperature variations are observed
only in the underflow regions. It is the underflow, which causes the energy exchange
to take place between the inflow and the reservoir water near the bed. After the
current arrives at the dam say after an hour, the flow field becomes more stable and
the recirculation gyre will occupy the entire region in the flume. The longitudinal
distance traveled by the density front with time is computed until the density front
reaches the end of the flume. The simulated results show good agreement with the
measured values and are discussed in a contributed chapter by the author in ASCE
nomograms (Young, 2002). The horizontal velocity at the central line near the center
of the flume is computed and compared with the experimental results of Johnson
(1980 & 1981) and the numerical results of Edinger and Buchak (1979) as shown in
Fig. 5. The present numerical predictions show much smoother variation of velocity
than the measured values. Even though the present model over predicts the velocities,
the difference is less compared to the results of Karpik and Raithby (1990). However
the general trend shows good agreement even for very small velocity in the order of

1072 m/,

Application of the numerical model to Te-Chi reservoir
Description of the Te-Chi reservoir

After the model is validated and verified with the laboratory data, the moedel is used
to simulate the hydrothermal characteristics of a real reservoir, the Te-Chi reservoir,
located at 1268m above sea level in central Taiwan. This reservoir is a major source
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of fresh water supply with a storage capacity of 2.5x10°m*. The Te-Chi reservoir
surrounded by high mountainous basins in an isle is a very long, narrow and deep
reservoir, as shown in Fig. 6a. Its longitudinal length is about 13 km, with maximum
water depth of 140 m. The bottom slope of the Te-Chi reservoir is only around 1%
and hence the assumption of hydrostatic pressure equation for vertical momentum
equation is valid (Chung and Gu, 1998). Hence a laterally averaged two-dimensional
model can be used to study the hydrodynamic characteristics of the reservoir. The
major inflow to the reservoir comes from the upstream of the Ta-Chia River and
besides there are nine other river tributes, which have been considered as the minor
lateral inflow sources. Figure 6b shows the longitudinal-vertical profile and its
variation of lateral width as width contours. Numerical simulations of the
hydrodynamics of the above reservoir are carried out for the annual cycles of 1984
and 1985.

Hydrological data used as input in the simulation

To simulate the 1985 annual cycle of reservoir hydrodynamics, the required input
hydrological data includes the rate of major and minor lateral inflows, outflow rate,
and the corresponding inflow temperatures and sediment concentrations. Figures 7a
& 7b show the annual inflow and outflow discharge respectively for the year 1985.
During dry seasons, that is, in autumn and winter, the inflow rate is very small.
However in spring and summer seasons, the inflow rate is very high because of heavy
rains due to storms or typhoons. The maximum inflow during 1985 was 245 m’/s
and that occurred at 237" day of the year (taking January 1 as Ist day of the year).
Figure 7c shows the surface temperature of water in the reservoir, inflow temperature,
and intake (withdrawal} temperature for the year 1985. The watershed lies in the area
of vast high mountains, which is 3000 m above the sea level. As can be seen from the
figure, the inflow temperature is always less than the surface temperature of water in
the reservoir throughout the year and hence an underflow or density current is
expected during 1985 (Gu et al., 1996).

Meteorological data used as input in the sinudation

In addition to the hydrological data, the meteorological data, such as the cloud cover,
dry bulb temperature of air, dew point temperature, wind speed and direction and
solar radiation are also required as input data for the simulations. The dew point
temperature, wind speed and direction and solar radiation that are used for the present
simulations for the year 1985 are shown in Figs. 8a, 8b & 8¢ respectively. The heat
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flux on the water surface can be obtained by using a thermal equilibrium model. This
model is conceptually based on the assumption of Newton’s law of cooling. That is,
the surface heat flux can be estimated as the product of a heat exchange coefficient
and the difference between the water surface temperature and the equilibriom
temperature obtained using equation (13). Figures 9a, 9b & 9¢ show the calculated
values of heat transfer coefficient, equilibriumn temperature and heat flux for the year
1984, Finally, the wind shear stress at the water surface, which is one of the boundary
conditions for the momentum equation, is computed from the wind speed by the
empirical formula given by equation (10).

Discussion on the simulation results of Te-Chi reservoir

The numerical model is calibrated using the data for the year 1984 of the Te-Chi
reservoir. Then the model is used to predict the results using the data for the year 1985.
The computational domain of the Te-Chi reservoir was discretized using linear
triangular elements with 950 elements and 522 nodes. The use of ALE technique
enables the finite element mesh to move along with the variations of reservoir storage
including the free surface, during compnutation. The types of mesh used for the highest
and lowest water levels are shown in Figs. 10a & 10b. The information about the
variation of water level in lakes can be used to estimate the evaporation and rainfall
(Nicholson et al., 2000} rates in that region. Figure 11 shows the comparison between
the computed and the measured values of water levels for 1985. As can be seen from
the figure, the caiculated water levels are very consistent with the observed values
throughout the year. This means, the present model fully satisfies the mass
conservation of the reservoir. It should be noted that the model could predict the water
level variations accurately even when the inflow and outflow vary widely over the
year (Figs. 7a & 7b). The comparisons of the calculated and measured water
temperature profiles at different cross sections of the reservoir, at selective days of the
months of January, July, August and November, 1985 are illustrated in Fig. 12. The
computed results generally show good agreement with the measured data except the
under-prediction for the month of July. In general, the present model is able to predict
quite well the hydrothermal structures of the large-scale motion for the real reservoirs
or lakes.

The temperature data of inflow to the Te-Chi reservoir shows that the inflow water
temperature is always less than that of the reservoir water and hence underflow is
formed in the reservoir. The underflow becomes turbidity current due to the presence
of sediment particles in the inflow to the reservoir. Since the density of inflow water
depends on the sediment concentration in the flow, the strength of turbidity current is
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very weak, when the inflow is small. However, while the inflow discharge is very
high during heavy rainfall due to storm, strong turbidity currents are formed. It is
found from the measured data that the river inflow concentration is about 300 ppm
and this resuits in a higher concentration range near the bed of the reservoir, about 6
km away from the dam. Due to the higher concentration and lower temperature of
river inflows, the density of river inflows is higher than the density of upper layer of
reservoir water body. Hence, by the effect of buoyancy force, the plunging
phenomenon occurs after the river inflow comes into the reservoir and the underflow
density current travels very fast to the downstream along the bed. Hence, for any
sediment particle being carried into the reservoir, it will deposit at the bed with its
settling velocity whenever it touches the bed and does not have any opportunity to be
picked up again. As the turbidity current moves downward, the sediment
concentration will decrease due to continuous deposition of sediment particles in the
reservoir. The decrease in concentration results in the decrease in the impelling force
acting on the turbidity current, making the current decelerate. Moreover, the selective
withdrawal and the type of temperature distribution will also affect the density current.
Therefore, the current leaves the bed about 6km away from the dam and the interflow
occurs and advances horizontally to the intake of the selective withdrawal. As far as
the thermal stratification of the reservoir is concerned, in the absence of any density
current, the reservoir will attain a perfect vertical thermal stratification, having a
constant temperature in a given horizontal layer of water. But due to the presence of
interflow and underflow type of density currents, the thermal stratification is not
straight in the horizontal direction near the sloping portion of the reservoir bed, where
the effect of density current is significant.

As time goes by, the flow pattern also changes due to the varying inflow to the
reservoir. The predictions of density currents are critical especially for peak inflow.
By observing the data for the years 1984 and 1985, it is found that a maximum inflow
of 315 m/s occurs on 156" day of 1984. Hence the simulation results of density
currents are obtained for the 156" day of 1984 and are shown in Fig.13a. We are
analyzing the density current patterns generated during the period of heavy rain due to
storm. Hence when the inflow increases, the underflow density cument becomes
stronger and travels a long distance along the bed to the neighborhood of the dam.
However, when the current leaves the bed, the interflows do not move in the
horizontal direction but moves towards the intake of the selective withdrawal, which
results in an inverse circulation gyre near the bottom of the dam. Due to the erosive
effect of interflow, the temperature distribution (Fig. 13b) becomes more uniform in
the hypolimnion of the reservoir except near the intake of selective withdrawal, which
is located at 75 m from the bottom of the reservoir. In the meantime, a strong thermal
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stratification is also observed, with a lower temperature region called hypolimnion
and a high temperature region called epilimnion. It is also found that the epilimnion
and hypolimnion regions become narrower with time, due to the effect of density
currents. Figure 13¢ shows the sediment concentration distribution on 156" day. Due
to the presence of high sediment concentration in the flow, the impelling force acting
on the turbidity current increases, thus forcing it to move downwards faster. Since
some of the sediment particles leave during selective withdrawal, the sediment
concentration in the downstream of selective withdrawal decreases. The similarity of
distribution patterns in temperature and sediment concentration observed in Figs. 13b
& 13c can be appreciated. This is expécted as the energy and sediment concentration
equations consist of similar terms of advection and diffusion.

Conclusion

A two-dimensional density current simulation model was developed to predict the
various density flow regimes like, underflow, interflow and turbidity current for a real
reservoir. The model was validated with the experimental results obtained for
gravitational underflow in GRH flume of US Army Corps of Engineers. The model
was successfully implemented for the annual cycle simulation of Te-Chi reservoir
located in central Taiwan. The salient characteristics of the stratified lake
hydrodynamics, such as the formation, maintenance, and erosion of thermocline as
well as the gyre circulation, density current, are captured using the model. The
circulation patterns of gyres and the thermocline structures and sediment
concentration profiles are all well simulated. The present model accurately predicts
the lake water level variations, which are highly useful for estimating evaporation and
rainfall data. The model’s capability is tested during heavy rainfall conditions in
Taiwan. Hence the present model will be a useful tool to predict reservoir
hydrodynamics, which will be essential to take precautionary steps during heavy rains
due to storms, which is a common feature in Taiwan during summer.
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Appendix

The longitudinal velocity u is decomposed into two parts, u,and Az in order to
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reduce the treatment of water depth coupling with the longitudinal velocity. This
method saves lot of computational effort. Hence the longitudinal velocity u can be

written as

a0+l

™' =y +Au™ (Al)
After performing the time discretization by the mixed implicit/explicit finite
difference schemes and with the introduction of BTD method, the equations (16), (17),

(18), (4) and (5) take the following forms:
Horizontal momentum equation:

e ntl
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8z p, x p, Ox

14d ") 10 ) g —u")
~o T pgM O S g™ _4; t - BTBu" A2
bax[ * ax] baz(b £ az) b * (82)
a+l ] '
Au™ = —Atg| 6, oH +(1- Bl}aiﬂb (A3)
ox x
Water depth equation:
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Differentiated form of continuity equation:
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Heat energy equation:
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Sediment concentration equation:
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ox
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Balancing Tensor Diffusivity:
BTD:_E_[ (““‘~")2—+—-("—anan'-ﬁ}")%
+-a—(w — " )—+—( “-ﬁ")’i] (A8)

oz oz

Where BTD is the operator of balance tensor diffusivity, and w is replaced by
(w—w,) in the sediment equation; Ar=time step at present n+l, and previous n
states, (< 8,,0, =1 are the integrating factors for the implicit finite difference

scheme,

It is further noted that H and Au are now one-dimensional equations, while «, T,

and C are two-dimensional equations. Therefore, we need only one-dimensional

elements for computing the free surface effects. The discretized equations for u , T,
and C are all very similar. Besides, the explicitness of these variables suggests that a
very simple and efficient algorithm is possible, since the matrix formed from the finite
element analysis is almost identical. After the free surface or the water depth ié
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determined, and the position of longitudinal movement is assigned, the mesh

velocities are implemented by the following definitions:

enel xI'H-l _ Xu
i = — A9
AL (A9)
n+l n
mpel _ & —Z
o = Al0
At (A10)

Since the system is coupled and nonlinear in nature, the Newton-Raphson iterative
method is adopted. The iterative process will be much benefited from the time

marching procédures, which provide a better initial guess for the calculated

parameters.

The Galerkin finite element discretization is used to integrate the space domain.
First the one-dimensional linear element are chosen to solve Ax and H variables of

equations (A2) and (A4), while the two dimensional triangular linear element is

adopted to solve the u, w, T and C variables from equations (A1), (AS), (A6), (A7).

The resulting FEM matrix equations are listed as follows:

Matrices for 1-dimensional equations to determine Au and H:

MPAum™ = _oatle GPH™ +(1-6, )GIOH, + MS,.. | (All)
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n+l .
+mgg{&_ (A12)
by |
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Matrices for two-dimensional equations to determine v, T and C:
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K; isobtained by K,,if w"isreplacedby w" —w,.

Where N, N, =shape functions, g, = sediment flux on the boundary.

M F',.., etc can be computed from

The stiffness matrices, such as M,7,...M ..., F,

the standard procedures of finite element analysis, once the shape functions,

N,N_.N, NN ; are determined. The details can be obtained from any FEM text,

such as Gallagher (1976), Zienckiwicz (1977). Since the water depth equation is
nonlinear, Newton-Raphson method is used to compute H and all other variables are

decoupled and hence can be calculated in a segment way.

Nmﬁenclature

b lateral width (m)

C  concentration of suspended sediment (kgfm”) specific heat capacity (J/kgK);
coefficient

g  acceleration due to gravity (m/s?)
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h  convective heat transfer coefficient (W/m?K)
H  water depth (m)

I solar radiation (W/m®)

J;z mass flow rate (kg/fs)

K turbulent parameter (eddy viscosity or eddy diffusivity) (m%s)
P  pressure (N/m®)

P perturbed pressure due to density stratification (N/m?)
q lateral flow (m*m?’s); heat flux (W/m?)

t time (s)

T temperature (K)

u  flow velocity in the longitudinal direction (m/s)
#  mesh velocity in longitudinal direction (m/s)
) average mesh velocity (m/s)

ub average lateral velocity flux (m%s)

U  wind velocity (m/s)

w  flow velocity in the vertical direction (m/s)
w mesh velocity in the vertical direction (m/s)
x  longitudinal Cartesian coordinate

z  vertical Cartesian coordinate
Non-dimensional numbers

R, Richardson number

Greek letters

B constant

p  density (kg/m®)

T shear stress (N/m?)

Subscripts

a air

c sediment

d dew point temperature

e equilibrium

f inflow/outflow

oa free surface condition

0 bottom condition

s settling
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t lateral flow

W pure water

X longitudinal direction

2 @ 2m above the free water surface
10 at 10m above the free water surface
z vertical direction

Superscripts

C eddy diffusivity for sediment transport
D drag

H eddy diffusivity for heat transport
M eddy viscosity
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The main purpose of present study aims at the establishment of a numerical model
for the moving boundary free surface flow problems. In order to comprehend the
motion of the fluid flow, the Navier-Stokes equations through the velocity-vorticity
formulation are adopted to deal with free surface flows. It is should be noted that the
pressure field can be eliminated by taking the curl of the Navier-Stokes equations.
This paper proposes a new velocity-vorticity method for solving the unsteady free
surface flow problems. The governing equations for the velocity field are deduced to
the linear Poisson equations and the vorticity field is the vorticity transport equation
which will be solved by the finite element method. The free surface kinematic
boundary condition is imposed on the free surface position, while the velocity on the
free surface are solved by using the free surface dynamic boundary condition and
continuity equation. In the numerical techniques, the interior flow equations are
basically treated by finite element, free surface boundary conditions are solved by
using the Crank-Nicolson finite difference scheme, Present study naturally gives more
reasonable results on problems including the maximum run-up of a solitary wave
reflected from a vertical wall, the interactions between solitary wave and the seiche
phenomenon in a rectangular reservoir, These applications reveal that the finite

element is very powerful approach in the realm of computational fluid mechanics.



KEY WORDS: arbitrary Lagrangian-Eulerian; free surface flow, Velocity-Vorticity
formulation; free surface kinematic boundary condition, free surface dynamic

boundary condition.

L. INTRODUCTION

In many fluid mechanics problems the boundary is not contained in a fixed domain
just as free surface flow. Finite element method (FEM) is very convenient and most
promising for handling mechanics problems with complex geometries. The arbitrary
Lagrangian-Eulerian method is adopted so that the irregular computational domain
can be easily discretized and the moving mesh technique. For flows with a free
surface the computational mesh is fitted to the free surface boundary at each time step,
with the free surface elevation and velocity satisfying a kinematic and dynamic
boundary condition.

Numerical methods to simulate the flow with a free surface can be classified into
three categories, namely, the Eulerian, Lagrangian, and arbitrary Lagrangian-Eulerian
(ALE} methods. The Eulerian method uses a fixed grid system which is generated
over the entire domain and is not changed until the completion of computation. The
methods known as volume tracking methods are based on marker quantities which are
used to indicate the state of the cells used to discrete the domain of interest They
have the advantage of simplification and economy to deal with a free surface
boundary conditions but gives a rather free surface. A method known as the MAC
method has been developed [10, 24]. In the Lagrangian method, the free surface is
tracked by a coordinate system which moves with a fluid particle. The mesh
boundaries agree with the free surface, it qualitatively gives accurate free surface
shapes and easy to implement the free surface boundary condition. However, the

mesh is twisted overly due to the change of fluid domain may result in numerical



errors. As with the Lagrangian approach, the implementation of this method in three
dimensions would be very difficult indeed. The Lagrangian formulation has been used
by many authors for solving fluid flow problems [2]. Combinations of Lagrangian-
Eulerian methods with different modifications are in common use. One of the most
efficient Lagrangian-Eulerian methods in practice is arbitrary Lagrangian-Eulerian
(ALE) technique, based on the arbitrary movement of the reference frame, which is
continuously rezoned in order to allow a precise description of moving interfaces. In
the ALE method, the nodes in the interior of the domain are displaced in an arbitrary
prescribed way to obtain a mesh of proper shape to avoid mesh crossing. The ALE
method can be considered of as a moving deformable control volume problem. It is
noted that in the ALE, the node velocity is difference of the fluid velocity The ALE
formulation has been used by various investigators for solving moving boundary
problems [4, 7, 11, 12, 18, 19, 20].

Numerical simulation of viscous free surface flow are well known for primitive
variable of pressure-velocity. This formulation have been thoroughly invested by
various numerical method such as finite difference (FDM) [23], finite element (FEM)
[6, 9, 17, 25] and Finite volume method {FVM} [13]. The velocity-vorticity form of
the Navier-Stokes equations pioneered by Fasel [8] has been established as an
effective formulation for the solution of incompressible viscous flow problems. The
velocity-vorticity formulation which eliminates pressure calculation, is well
developed and established viscous incompressible flow with a stationary domain by
many investigators [26-27]. In tradition, the most investigators solve free surface flow
problems using primitive variable method or Vorticity-Stream function method.
Present developments primarily concern the solution of the free surface flow problem.
Moreover, the governing equations are not necessary to compute the pressure field no

matter interior equations or free surface kinematic and dynamic equations. The ALE



scheme 1s employed to deal with the moving boundary, such as the motion of a
solitary wave run-up and run-down from a vertical wall. Using the present model, by
Crank-Nicolson scheme FDM is adopted to deal with boundary conditions and FEM
using ALE scheme for the moving boundary.

In the computational methodology of unsteady incompressible viscous fluid flows,
the fractional step methods have been proven to be effective. In the present study, a
new computational procedure is developed to solve the incompressible viscous free
surface flow problems. This model is based on the velocity-vorticity method of the
Navier-Stokes equations. Each time step the free surface position and velocity are
satisfied the FSKBC and FSDBC. The Semi-implicit FEM and by using ALE scheme
for moving boundary, such as the motion of two opposite solitary waves interactive
processes, a solitary wave maximum run-up from a vertical wall

The free surface flow problems are simulated using the present model. The contents
of the paper are organized as follows. Section 2 presents the free surface governing
equations, the main variables of the equations is velocity, vorticity and free surface
elevation. In Section 3, we employ a semi-implicit FEM for interior field of velocity
and vorticity distribution. Moreover, the free surface boundary conditions is moving
at each time step, we transform a physical coordinate to computation coordinate
system, then using the FDM to calculate free surface boundary conditions. Section 4
outlines the flow chart for the numerical model. The feasibility and accuracy of the
developed numerical scheme has been verified in section 5, by comparing with other
numerical schemes available in literature. Section 6 contains our main conclusions.

2. GOVERNING EQUATIONS
2.1 Incompressible Viscous Flow
The partial differential equation set governing viscous, laminar flow of an

incompressible fluid is a subject class of the familiar nonlinear Navier-Stokes



equations system. Let (2 be the fluid domain, which is surrounded by a piecewise
smooth boundary I'. By using the vector form, the corresponding basic equations of

conservation of mass, and momentum are [19-20]

Continuity
V-i=0 (1)
Momentum
o L ) R
—+i#-Vu=-Vp+—V 2
ot “ p Re “ @

where # is the velocity vector, p is the pressure, Re is the Reynolds number and t is
the time. Equation (1) and (2) represent the Navier-Stokes equations in the pressure-
velocity formulation.
The vorticity vector @& can be expressed as:

&=V xi . (3)
By taking the curl of both sides of Eq. (2) and using Egs. (1) and (3), we can obtain

the vorticity transport equation as follows:

98 V=6 VitV @
ot Re

By taking the curl of Eq. (3) and using Eq. (1) we get,

Vii=-Vx& (5)
which is the vector form of Poisson equation for .
Equation (4) and (5) with # = (u,v,w)as velocity vector and @ = (w;,w,?,wg) as
vorticity vectors are known as Velocity-Vorticity formulation of the Navier-Stokes
equations and can replace Eqs. (1) and (2) in which # and p are primitive variables.
The two—dimensional velocity-vorticity formulation for the incompressible flows can

be derived from the Eqgs. (4) and (5) as following:

w2 - v (6)
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For the Navier-Stokes equations, the solution of vorticity transport equation in Eq.
(6), in combination with the velocity Poisson equations, (7) and (8), gives the velocity
and vorticity distributions all over the domain at the concerned time step.

We seek a solution in the domain € which satisfies the initial conditions,
u=1uy,v="vy,@=dag at t=0 )]
and no-slip boundary conditions of velocity on the boundary T of 2.
2.2 Free Surface condition

Free surface flows can be considered two-phase flows and assumption that both
density and viscosity of the adjacent fluid is impermeable at the interface. An
interesting effect of the displacement of the free surface is that the position of the
upper boundary is not known a priori in the free surface flow problems. The
mathematical expression for free surface kinematic boundary condition can be derived
from the equation which describes the surface that constitutes the boundary. An
moving surface can be written in terms of a mathematical expression of the two-
dimensional form as following.

Flx,y,0)=y-m(x,5)=0 (10)
Rewrite the equation (10), the height method used the kinematic condition as the
governing equation of the free surface position as follows:

O\ _u 2 a1
o &

where 7is the height of free surface.
The dynamic boundary condition represent the continuity of stress on the free surface.
Neglecting the surface tension on the free surface, the free surface dynamic boundary

condition is as follows



[ur tuuy + vy, - Ri(un, + uyy)}
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which are also valid for rotational and viscous flow
The above equation (12) have two unknown variables of velocities(u & v), in order to
solve velocities(u & v}, s0 we add continuity equation to iterative the FSDBC and

continuity equation, The continuity equation can be written as follows:
—_—t e = 0 (13)

As far as vorticity boundary condition is concerned, it is not known a priori. In
general, as the velocity filed is determined, the bottom velocity distribution may be

approximated to high order approach. It can be written as follows,
_ 2 3 4
#V)=ag +ajy+ayy +azy” +agy” +....... (14)

From the vorticity definition, the vorticity boundary conditions can be written as,
w=%—%}u- (15)

2.3 Arbitrary Lagrangian-Eulerian description
The arbitrary Lagrangian-Eulerian method originally developed by Hughes et
al[12]. In ALE, let Q(X;,f)represents the material domain (Lagrangian),
Qx;,t)represents the spatial domain (Eulerian) and Q(&;,f) represents  the
referential domain. Then the Lagrangian-Eulerian mapping can be described by
*; = x;(X;,¢) and the Eulerian-referential mapping can be described by x',- = x;(&;,1).

Consider a physical property f(x;,f) expressed in a spatial domain. We can write the

time derivative of fas

Z (x,.00 %@,-,of@,- re, %(x,-,r) (16)

¢; 1s the convective velocity described as

C; =u; ‘—ﬁf (17)




Where #; is the material velocity and #%; is the mesh velocity. In the Lagrangian
description, u; = #;, In the Eulerian description, the mesh velocity #; = 0.

For the numerical analysis of a moving boundary, the ALE method is adopted in this
paper. The governing equations of incompressible flow with free surface considering

mesh velocities are given by following:

dw ~ O ~ow 1 2
-+ - - - =¥
(u-)—+(v-¥) . W (18)

where u and # are the particle and mesh velocities in x-axial direction,
vand ¥ are the particle and mesh velocities in y-axial direction.
(u —4#) and (v —+¥} mean the convective velocity defined by the difference between
the particle and mesh velocities.
In the ALE form, the height method used the kinematic condition as the governing

equation of the free surface position as follows:

n .. 01
N tu—in 19
A R a9
where nis the height of free surface.

The equation (12) can be written as:

[u, +(u—iu, +(v—ﬁ}uy —é(uxx+u_w)i|
(20)

+Tt'x|:vt + -y, +(v—vw, +1—é(vxx +vw):| =0
3. NUMERICAL FORMULATION
As mentioned earlier, in the solution of two-dimensional free surface flow using the
velocity-vorticity formulation, the vorticity transport and the Poisson-type velocity
equations are solved using the finite element method. The free surface boundary
conditions and vorticity transport boundary condition are solved by finite difference
scheme. In this section, the numerica'l formulation is briefly described.

3.1 FINITE ELEMENT FORMULATION



The linear triangular element is easily discretized by the finite element method, in
this study the linear triangular element is employed to calculate the local element. The
geometry of quadrilateral for substructuring is shown in fig.1. The arbitrary
quadrilateral can be divided into four triangular elements. In order to add the accuracy
of calculation and keep the element symmetry, we can eliminate the central point of
arbitrary quadrilateral, the equation (21-a} can be written as the form of equation (21-

b} is shown following

KU¢J =_f:|,' i= 1,5 } =15 (21-&)

Kpdj=f; i=l4 j=14 (21-b)
The arbitrary element velocity and vorticity are approximated as ( By using indical

notation and summation convention for repeated indices )

o, =N o, (22)
#,=Nu, (23)
v, =N v, (24)

where N, denotes the interpolation or shape function of vorticity and velocity. The

weak formulations of equation (18), is obtained by using the standard Galerkin

method

o e
0= HN‘(-—+(” u)——"'( - )‘é;’ié‘(g-; E‘;))dﬂ (25)

and using a time integration for the time derivative of @, Eq.(25) can be written as,
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For two-dimensional flows, if g, =0 or @ is specified on the boundary, then the

surface integration vanishes. Equation (26) can be written in the form,
sheifo. ko, g bl =0 @7
where
= [[N.N a0

oN j anN ;
L —U[Nk(“k - dg )N ‘é;“*Nk(Vk‘Vk)N —é;‘}dﬂ

__H[aNaN aN, oN,
ox & & oy

(28)
The fractional step methods have been proven to be effective, in the meantime semi-
implicit FEM method has rendered some advantages of stability and simplicity.

So the Eq.(28) can be written as follows:

1 @ o 1 " +o_ 1 (e) {e) 1 (¢)
{E W; )]"‘ 9[‘5(‘#) + E;K:;(- J]}{"’: }n - {EW:; I‘ (- 9)[1:& + E;Kif {‘”.r' }F
(29)
Equation (29) confirms that the needed additional data are integration time-step size
P

At , integration factor &, and the known data {m}f at any time #”.

# = 0 means explicit method (always instable)

¢ =1 means fully-implicit method

In this model, & =% is chosen.




Consider the Poisson type velocity equation in u and assuming that the vorticity and

its derivatives are known, Eq(7) can be written as follows:

Vig=_92 (30)

&

using the method of weighted residuals and Galerkin criterion, Eq. (30) can be written

as,
Zu a
0= HN(ax &> a)dﬂ | 31)
oN, N, N, GN
~o- T 2 S omy o
:>[K§“’)1{,J} [:P(e)]{:uj}= o} (33)
where
B = (34)

Similar formulation is performed for the v component.
3.2 FINITE DIFFERENCE FORMULATION

The free surface boundary conditions are solved in Velocity-Vorticity variables
using a finite difference method based on boundary -fitted coordinates. Using
boundary-fitted coordinates , it means that mapping the arbitrary physical space(x y;t)
to a uniform computational space(£,#; 7 ). In this study, the boundary conditions are
imposed on the body-fitted coordinates. The fig. 2 shows the body-fitted coordinate
system of physical space and computational space. However, the grid space Ax and
Ay are both non-uniform everywhere, and the grid is not orthogonal. This problem
can be eliminated by transforming the non-uniform non-orthogonal physical space
illustrated in Fig. 2a into the uniform orthogonal computational space illustrated in
Fig.2b. In the finite difference scheme, the & direction is adopted by central

difference scheme, but the time of ¢ and space of 7 are solved backward difference

scheme. For example as following,



[ £ - Fij-1] & _Jij
An R At
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the computational rule of equation (35), the second order accuracy of the Crank-
Nicolson method is adopted to solve the free surface boundary conditions, the free

surface kinematic condition ¢an be written as,

n+E —_

i A
7+ 0.5 (u, 4 Eﬂﬁ;’i}uaf-[w—o.s-m—ﬁi)(ﬂ'f;—ﬁx’h)}m: (36)

similar formulation is performed for the FSDBC,
Using the boundary-fitted coordinate system, the equation {20) can be written as

follows ;
UpXg +Vo Vg + [(u ~ g +(v - ]+ w[(u —d)yg -(v- ﬁ)x§]+ Ve

2 2
Li| Y™ e Xgxy + YEVy (37)
+R_e — @y —(———J———- @ ={

where / = (:u:‘f Yo = yfxq) is the Jacobian coefficient,

The continuity equation can be written as follows,

(ynui —yfuﬂ)+(vﬂx€ _v-fxrr)'_'o (38)
As far as the velocity are solved by Poisson equations, the vorticity boundary
condition must be concerned, From the vorticity definition, the vorticity boundary

condition can be written as, fig. 3 shows the coordinate system of computational

space.

by - vev, ); ey, ~ue, )| (39)

4, SOLUTION PROCEDURE

ov ou
H=——— =
x gy

Here an iterative scheme is used in the solution of free surface flow using the

velocity-vorticity formulation of the Navier-Stokes equations. In most of the



incompressible viscous flow problems, the most natural boundary conditions arise
when the velocity is prescribed all over the boundaries of the problem. The vorticity
boundary conditions are originated from the Stokes theorem or vorticity definition. In
the present model, the velocity Poisson equations are initially solved to get the
vorticity boundary conditions which are used in the solution of the vorticity transport
equation. In free-surface part, the position of free surface is tracked by FSKBC, while
the free surface velocities boundary conditions are solved by combination the
continuity equation and FSDBC. The solution procedures adopted here include the
following iterative steps:

1. Get initial condition and boundary condition.

2. Solve the free surface 7 by FSKBC and allocate new mesh distribution .

3. Calculate the mesh velocity.

4, Combination the continuity equation and FSDBC to solve the unknown of free
surface velocity until the velocity is iterated to converge.

3. Solve the velocity Poisson Equation using FEM.

a. Calculate the velocity distribution at all nodal peints.
b. Determine the new vorticity boundary values.
6. Solve the vorticity transport equation.
a. Get the unknown vorticity values through out the domain.
b. Calculate the derivatives of the vorticity to be used in the velocity Poisson
equations.

6. Check for the convergence of the velocity and vorticity components in the present
iteration, If convergence criterion is satisfied, then stop and proceed to the next
time step, otherwise go to step 2.

In the successive time step, we use the velocity and vorticity components from the

previous time step as initial conditions and use the iterative procedures, steps 2 to 6.



The procedures are repeated until the prescribed time step is reached.

5. NUMERICAL EXAMPLES |

5.1 Analysis of a solitary wave propagation
The proposed free surface model has been applied on a test problem to confirm the
feasibility of the model. The test problem is a solitary wave reflected from the vertical
wall, for which many numerical results are available in the literature. In this model
results are compared with the results of a series solution, such as a analysis solution of
Byatt-Smith (1971) [3], experimental result [5,15] and the numerical simulation (Sung,

1999} {21]. Calculations are performed for a time increment Af=0.02 and for initial
heights of the wave g =01,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5 Byatt-Smith (1971) [3]

obtained the maximum run-up height analytically by the method of superposition
R — H

1, H, _H.,
+ () o= 40
d d 2(d ) o(d ) (40)
The wave reaches the highest run-up along the right side vertical wall will be

computed as shown in Fig. 4, the calculated values are agreed exactly with the results

of investigators. The Fig. 5 is shown the numerical simulation were carried in from

t=0 to 25 with Re=103, 5x10* and inviscid flow. For Re=5x10% the amplitude

decay rate was found to be smallness, and the wave height approach the inviscid flow.
Because of viscous effect, the lower Reynolds number may cause viscous damping.
The vorticity contour was shown in Fig 6. This illustrates the fact that viscous forces
is confined only to the boundary layer and free surface, and the wave height was
caused viscous damping and phase delay. It is noted that the Reynolds number for the
example in this section is more significant when Re is higher or lower. This is due to
the characteristic lengths taken for Reynolds numbers,
3.2 The interaction of two opposite solitary wave

In this section, collisions between two solitary waves are simulated using a



numerical scheme. The previous investigators of Su & Mirie (1980) [22] considered
an inviscid and incompressible fluid of two solitary waves head-on collisions by a
perturbation method up to the third order of approximation. In 1982, Mirie & Su [16]
calculated the collisions of two solitary waves to confirm the generation of secondary
waves as predicted in former paper. They found that the solitary waves having
experienced changes of their phases and were trailed by a dispersive wave train while
two solitary waves head-on collisions. The maximum amplitude run-up during the
collision is obtained by their verification was shown as follows.

Maximum run-up = 4; + B +%ALBR +%(ALB§ +BpA? ) (41)
Where the Ay, ,Bp is the initial amplitude of solitary waves in left and right hand
side,

We consider the collision of two solitary waves with different amplitudes. The
initial amplitudes of two solitary waves are equal to 0.4 ( left hand side) and 0.2
( right hand side). The two solitary waves interactive process is shown in Fig. 7. The
grid size was Ar=0.2,Af=0.02 and the range consisted of 4000 grid points. In this
moving grid, the Ax is fixed but Ay is changed by free surface dynamic condition.
The maximum run-up calculated is (0.641) while equation (37) gives (0.652). The
calculation of this example is equal to second-order accuracy. The Fig. 8 and 9 show
that the velocity distribution of two solitary waves interactive processes. The results
are in agreement with the analysis and numerical solutions of Su & Mirie. We also
found that after the collision of two solitary waves, the solitary waves recuperate
almost all of their original amplitude for the length of time in cur computation.

5.3 water oscillation in a rectangular reservoir
In many reservoir or lake has often the seiche phenomenon. The oscillating free

surface computation is further tested by uninode standing wave shown in Fig 8. In this



study, the mean water level d equal to 5m and the half wave length L is set to 98m and
the amplitude of the wave is set to many situation. The initial conditions of wave
velocity is equal to zero and wave position can be written the curvilinear oscillating

free surface.

ys =4 cos(—’f-) +d (42)
Were A is the initial amplitude, L is half wave length, d is the mean water level, y,
1s the free surface position. The flow is considered to be inviscid so that the exact

linear solution can be easily to verify. The flow velocity of analytical solution can be

written as following,

= —-—AJEE sin( Ex—-) sin ————x@t
d L L
?r\[g?t
L

u
(43)

AJgd
L L i d cos(’—zxw) sin
dL L

In this paper, the governing equations are all dimensionless. However, the case of
water oscillating in a reservoir shown in dimension. In order to exchange the
dimensionless for dimension, the programming output data must be satisfied the
follows stipulation( Table 1. shows dimension physical quantity in exchange for

dimensionless).

e * d tl tl
Characteristic time § = —=—>=¢

Jgd 1 ~d

J¢ ( Jgg)

Ifd=5m, g=9.8 ™. 7 = z‘=1.4r'
M)

Characteristic length H * =f:_

u v

Characteristic velocity u = Jgd = > v = gd

Where d is the actual water level(unit: m), h is the non-dimension of static water level

¢ is the actual time(unit: sec), t is the non-dimensional time
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6. CONCLUSIONS

A numerical solver of the incompressible Navier-Stokes equations using the
Velocity-Vosticity form for flows with free surface has been developed and verified.
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u is the actual velocity(unit: "% ), u is the non-dimensional velocity

similar formulation is performed for v and v

Length Time Period(T) | Velocity(u) | Velocity(v)

Dimensionless 1 1 392 1 1
Dimension 5(m) |0.71428(sec)| 28(sec) 7% . 7%&:

Table 1: The dimensionless physical quantity is transformed into dimension

The amplitude of the wave_is set to 0.1 m is confirmed the accurate of the medel. The flow is

considered o be tiny ﬂscou.{ of fluid ( Re=5x10% } so that the oscillation in the reservoir is
agreement v;ith linear analysis a.ud has a little decay as shov;fn in Fig, 10. While the initial amplitude is
equal to 0.5m ér 2m, the nonlinear effect in the free surface flow is more significant. Fig 11 and 12
shows the history of water wave oscillating in middle, left and right wall free surface position. Because
of the initial wave shape is so sloping, the nonlinear effect on the flow is very obviously. Fig. 13 shows
the free smface profile and velocity vectors of fluid in a reservoir due to a surge motion while the
initial amplitude is equal to 2 m. Fig. 14 shows the moving boundary and moving mesh for the seiche
phenomenen in a rectangular reservoir. It is found that due to the effect of gravity from free surface
dynamic condition, the fluid velocity is urged by gravity and msma force. It is noted that the boundary
condition can introduce velocity and vorticity into the flow.
6. CONCLUSIONS

A numerical solver of the incompressible Navier-Stokes equations using the
Velocity-Vorticity form for flows with free surface has been developed and verified.
The Poisson-type velocity equations and vorticity transport equation are-sol_ved using
the finite element fechnique, then interior domain velocity and voﬁicity are
determined. The velocity and position of free surface are solved by FSKBC and

FSDBC. For flows with a free surfa_cje an arbitrary Lagrangian-Eulerian (ALE) is



adopted to calculate the flows with free surface at every time step. The free surface

flows using Velocity-Vorticity formulation has been found to be feasible and

adequate.

10.
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Effect of mass lumping in the study of Three-dimensional diffusion
problem using isoparametric elements
D.L.Young and K. Murugesan
Hydrotech Research Institute
National Taiwan University, Taipei, Taiwan, ROC
Abstract
The transient three-dimensional diffusion problem is solved using Galerkin finite
element method to study the temperature variation at the center of a cube during sudden
cooling, Linear and parabolic three-dimensional isoparametric elements are used using
mass lumping for the capacitance matrix. A convergence study is also carried out to verify
the effect of mass lumping on the temperature predictions using 8-node linear and 20 nodes
parabelic elements. The limitation of mass lumping with 20-node elements has been

discussed by comparing the predicted results with analytical solution.

Introduction

In the study of transient field problems, the time derivative is normally
approximated using finite difference methods resulting in various schemes such as
Crank-Nicholson, explicit, implicit and Galerkin. The use of above techniques will result in
consistent capacitance matrices. Except for the explicit scheme, all the other schemes
require matrix inversion while solving the simultaneous equations for getting solutions with
time. When solving multi-dimension problems with higher order isoparametric elements,
the size of capacitance matrix increases and hence use of matrix inversion results in higher
computation effort. Mass lumping has been found to be an alternate to avoid the matrix
inversion for certain type of problems, The name is derived from the original usage of mass
lumping analysis used in mechanics [2]. In mass lumping procedure, all the nodal values in

the given row of a capacitance matrix are added and assigned at the diagonal of the row.



Hence the capacitance matrix is reduced to a diagonal matrix. A derivation using a local
shape coordinate shape function for time derivative has been discussed by Segerlind [9].
With mass lumping the simultanecus equations can be easily solved without matrix
inversion for diffusion type of problems and this procedure results in an explicit time
marching scheme. Whenever the given problem demands the use of an explicit time
marching scheme, the mass lumping technique can be exploited in order to reduce the
computation. Even though mass lumping reduces the computational effort very much, the
suitability of the method has to be studied for a given problem.

Fried and Malkus [4] have found in their studies that mass lumping does not affect
the accuracy of numerical computations. Gresho et al. [5] observed that mass lumping is
gives reasonable results for pure diffusion but the presence of advection the results may
become unstable. and Mizukami and Tsuchiya [8] used mass lumping technique for the
solution of three-dimensional Navier-Stokes equations. The authors have solved the
transient Three-dimensional Navier-Stokes equations using fractional step method. The
capacitance matrix for the transient velocity terms are mass lumped in both the time levels.
The entrance flow in a square duct has been studied using 8-node isoparametric brick
elements. Mass lumping is also applied successfully for solving multidimensional
advection-diffusion equations. Wu [13] in his work on the use of wave equation model,
solved the three-dimensional advection of Gaussian cylinder and a sphere using finite
element method with mass lumping. Their results indicate that mass lumping has not
degraded the numerical solution in contrast to the view expressed by Strang and Fix [10].
Moreover lumping reduces the computational effort. Hence wherever possible the
capacitance matrix can be mass lumped in order to reduce the computational effort. Since
the mass lumping assumes uniform capacitance within an element, a numerical test has to
be carried out in order to verify how far this assumption holds well when higher order

elements are used for discretizing the computational domain. The present work aims at

)



performing numerical experiments on the limitation of use of lumping technique as far as
the type of elements are concerned. The problem of sudden cooling of a cube is considered
as a test problem in the present work. Carlslaw [3] reports the analytical results for such
problem and Zienkiewicz and Parekh [12] report the numerical results. The above transient
three-dimensional diffusion problem is studied using 8-node as well as 20-node
isoparametric brick elements. Numerical results are obtained to understand the suitability of
lumping technique with respect to convergence of results with mesh size as well as for the

type of above mentioned isoparametric elements.

Governing equations
The following linear transient heat conduction equation in three-dimension is

considered for the numerical experiment.

2 2 2

T T 3T
—E}’T=-:::§1+a 1-t—a2 (1)
a  |ox a8y oz

where T- temperature, t-time, ¢ -diffusion coefficient
The solid is subjected to dirichlet boundary condition as given by
T=T; on part of the boundary (2)
Where Ty, temperature at the boundaries
The governing equation (1) is integrated using Galerkin weighted residual finite element

method. Let the variable T be represented by a shape function as follows:

T = Z]: M(x, ».z¥T.®) €Y
where Ni are the shape functions defined for the spatial discretization. Since isoparametric
formulation is concerned in the present work, the above it shape function will be used to
discretize the variable T also. The index n takes value of 8 for an 8-node isoparametric

element and 20 for 20-node isoparametric element. Applying the Galerkin weighted
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residual technique for equation (1) using the shape function defined in equation (3), we get

the following equation.

j,aTaTadxdydzo (@)

2

ax ay az

After integration by parts [], we can write the final equation in matrix form as follows:

[C]{f'} +[kKT}+{Fl =0 (5)
where C& = f N INJ_a‘V and

(6)

aN,-aN; ON,®N, 8N.°N,
K= & * o | % e

- load vector. The detailed denvatmn of the above equations can be obtained from

references 6,11 and 12.

Numerical Solution
The final equation (5) is solved to obtain solution for temperature at different
time levels. The time derivative is discretized using Crank-Nicholson scheme. This scheme
is used to validate the code for the problem of sudden cooling as discussed by Zienkiewicz
and Parekh [12]). Later results are obtained for the same problem by mass Iu:ﬁping the
capacitance matrix. Two types of isoparametric elements with 8-node (linear) and 20-node
(parabolic) are considered in the present study. This is in order to verify how lumping is
effective when isoparametric elements with center nodes, such as in 20-node elements are
considered.
The cooling of a cube initially at unit temperature is taken as a test problem [12]. The
linear and parabolic three-dimensional isoparametric elements are used to study the

temperature variation inside the cube. The cube initially at unit temperature is suddenly
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exposed to zero surface temperature. It is required to study the temperature variation at the
center of the cube side ‘a’ (x=y=z=0).
The boundary conditions are:

At t=0, -a<x<a, -a<y<a, -a<z<a, T=1.0
at 0, -a<x<a, -a<y<a, -a<z<a, T=0.0
The surface boundary conditions are applied by considering the symmetry of the element in
Xy and z directions. That means adiabatic boundary conditions are considered on the

surfaces of the slice of the element considered.

Results and discussion

Initially the code developed for the study of three-dimensional transient
diffusion problem using 8-node and 20-node isoparametric elements is validated with the
results obtained by Zienkiewicz and Parekh [12]. Figures 1 and 2 show the comparison of
the present results with the results of the above authors and the analytical solution, for
8-node and 20-node isoparametric elements respectively. It can be observed from both the
figures that our predictions are in good agreement with the predictions of Zienkiewicz and
Parekh [12]. The temperature variation during sudden cooling of cube is non-linear in
nature. Hence linear isoparametric elements (8-node) are not sufficient to trace the
temperature variations accurately. With the use of parabolic isoparametric elements
(20-node} the temperature predictions are almost coinciding with the analytical solution as
seen from Fig.2. All the above results are obtained using Crank—Nicholson scheme for
discretization of time domain.

Now the capacitance matrix is lumped by adding all the elements in the row and
assigning the result at the diagonal of the respective row. This process reduces the original
consistent capacitance matrix to a diagonal matrix. Hence the solution procedure is much

simplified. Without matrix inversion, the temperature can be predicted in an explicit time

s
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marching method. Adding all the elements in the row does not pose any problem for the
case of 8 nodes element, but in the case of 20-node element having mid side nodes, this
technique does not work because of some negative entries in the capacitance matrix. Hence
the alternate lumping procedure suggested by Hinton et al. [7,1] is followed for lumping in
the case of 20-node elements. Before getting the results for temperature evolution, a test for
the rate of convergence is carried out for both 8-node and 20-node elements. The results
reported by Zienkiewicz and Parekh [12] correspond to *a’ and ‘a/2’ cases. The subdivision
of the elements is continued further to ‘a/3’,’a/4’...up to ‘a/1¢" for the case of 8-node
elements. For the case of 20-node elements the element length is subdivided only up to
‘a/5’ since there is a mid side node. The temperatures are predicted with time for different
element length sizes. The difference between two consecutive set of element length size is
taken as a criteria for convergence. When this difference becomes very small, then the
results obtained will be consistent. These results are plotted in Figs. 3 to 6 for 8-node and
20-node elements for the complete transients. Figures 3 shows the rate of convergence for
8-node elements for time intervals from 0.1 to 0.5 and Fig.4 show the above results for time
intervals from 0.6 to 1.0. For the initial transients up to the time level 0.5, the difference in
the results become closer to zero beyond 343 elements (a/6). But for the later part of the
transients, little oscillations in the difference are observed as seen from Fig.4. The
difference is initially high with less number of elements and this decreases with increase in
number of elements, in other words with finer mesh, for all the transients as expected.

The convergence results for ZG-nodé elements are shown in Figs.5 and 6. The
difference in temperature between two consecutive elements decreases as the number of
elements increases up to 125 elements (‘a/5”) and beyond this the difference increases as
against the trend observed in the case of 8-node elements. Moreover, the diﬂ'ereﬁce does
not approach minimum for all the time levels from 0.1 to 0.5, as the time increases the

difference also increases as seen from Fig.5. But in the case of 8-node elements the
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difference becomes minimum for all the transients. For the time levels from 0.6 to 1.0, the
difference becomes minimum up to 125 elements. When the mesh becomes very fine
beyond this (a/5), the results diverge. These results indicate that mass lumping for
capacitance matrix has some limitation when higher order elements are used. In order to
have completeness in the convergence test, results are also obtained using Crank-Nicholson
scheme for 8 nodes elements for all the transients. Figure 7 shows the results for time levels
from 0.1 to 0.5 and Fig.8 shows the results for time levels from 0.6 to 1.0 It can be
observed from both the figures that the convergence is obtained even from 8 elements itself
and also the difference continues to decrease from the maximum for one element and
reaches almost zero for 27 elements for all the transients. This behavior is expected since
the time derivative is approximated with second order accuracy in the case of
Crank-Nicholson scheme.

From the convergence test results it is observed that 8-node element are found to
be suitable for the prediction of transient temperatures for a sudden cooling of a cube,
compared to 20-node elements using mass lumped capacitance matrix. The temperature
variations with time for different mesh sizes are shown in Figs. 9 and 10 for the case of §
nodes elements. With one element, the temperature variations could not be predicted as the
behavior of the analytical solution as seen from Fig. 9. When the number of elements are
increased beyond one, the temperature transients follow the path of the analytical solution
and the results deviate from the analytical solution when the mesh is coarse. With increase
in number of elements, the numerical results become very close to the analytical results as
indicated by Fig. 10. This trend is observed for 125 elements itself. Figure 11 shows the
temperature transients for the case of 20-node elements. With one element, a temperature
beyond the initial value of 1.0 is predicted at the beginning of the transient and with the
highest number of elements, the latter part of the transients is observed to reach even

negative values. In between the very coarse and very fine meshes, the temperature
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transients follow the analytical solution with some differences. Unlike in the case of 8-
node elements, even with finer meshes, the results do not become very close to the
analytical solution for 20-node elements as seen from Fig. 11. The reason for getting
negative temperature values for the finest mesh may be the lumping might have resulted in

too much softening of the material.

Conclusion

Numerical experiments are carried out to study the effect of lumping for the case
of sudden cooling problem of a cube using three-dimensional 8-node and 20-node
isoparametric elements. The code developed has been validated with the results reported by
Zienkiewicz and f’arckh. A convergence test with different finite element meshes shows
that 8 nodes lumped system predicts consistent results for all the transients; whereas the 20-
node lumped system predicts consistent results only in the latter part of the transients.
During the initial part of the transients, the results are not consistent. The 8-node lumped
system predicts the temperature transients in accordance with the behavior of the analytical
solution as the mesh becomes fine. Even though it is expected that 20-node lumped system
should predict the results with more accuracy compared to the 8 nodes elements, the present
study shows that 20-node lumped system give less accurate results because of over

softening and hardening of the system with 20-node elements.
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Nonlinear 3D Mathematical Modeling of Pollutant
Transport in Estuaries

Der-Liang Young' Sheng-kai Yang® Ying-Hong Liu?

~ Abstract

The main purpose of present study zims at the establishment of a mathematical model for
predicting the pollutant transport in a nonlinear 3D estuary. To reduce the handling of nonlinear
partial differential equations, the concept of velocity-vorticity formulation is adopted to model the
estuary hydrodynamics. Thus the governing equations for the velocity field are deduced to the
linear Poisson equations. As far as solution of vorticity is concerned, we have successfully
developed an Eulerian-Lagrangian Boundary Element Method (ELBEM) to attack the advection-
diffusion-reaction equation. To further lower the dimension, the BEM is again applied to solve the
velocity Poisson equation. The distribution of pollutant, temperature, as well as salinity are all
solved by the ELBEM algorithm as well as the the feasibility of the concept of velocity-vorticity
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formulation,

To test the basic methodology, we choose the 2D Stokes and Mavier-Stokes equations for
simpie flows as a firm starting. The results reveal that the Stokes and Navier-Stokes flows with
Re as high as 2,000 have both rendered very encouraging outcomes. Even in very lower Re flows,
the periedic, aperiodic and chaotic flow structures have been obtained. The nonlinearity has
demonstrated to play a vital role in the estuary hydraulics, as comparing with the linear model.
The more complex flow structure is not found in the linear model. We are now in a position to

investigate the 3D veloeity Poisson equation.

The 3D stokes cavity flow is again used te illustrate the sumerical simulation. The
reasonable outcomes also convince us that the velocity-vorticity method will become an
innovative algorithm to model the pollutant transport in a nonlinear 3D estuary.

{ Keywords : Estuary hydrodynamics, Pollutant advection-diffusion, Velocity-Vorticity method,
Boundary element method, Finite element method, 3-dimension, Nenlinear model )
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Velocity-Vorticity Method For
The Three-Dimensional
Incompressible Viscous Flows

Ying-Hong Liu , Der-Liang Young

Department of Civil Engineering and
Hydrotech Research Institute
National Taiwan University

Abstract

In this study, we use the velocity-
vorticity method, in combination with
finite element method, boundary
element method and Runge-Kutta method
tosolve the 3D incompressible Navier-
Stokes equations. The correctness of
the model is verified by a simple
driven cavity flow by comparing with
existing literature. By the process of
verification, the velocity-vorticity
method has shown much better control in the
physics of the flows and also the accuracy in
the process of computation than the
velocity-pressure method.

Keywords: three-dimension, velocity-
vorticity method, finite element
method, boundary element method,
2nd-order Runge-Kutta method, cavity
flow
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Three-dimensional mathematical modeling of pollutant transport in stratified
estuaries

Der-Liang Young, Bor-Chou Her & Yeng-Fung Wang _
Department of Civil Engineering and Hydraulic Research Laboratory, National Taiwan University, Taipei,
Taiwan, China

ABSTRACT: This study, in the flow computation, uses a three-dimensional shallow water
BEM(Boundary Element Method) model. However, to investigate the temperature distribution, we
adopt a three-dimensional advection-diffusion ELBEM{(Eulerian-Lagrangian Boundary Element
Method) model. The advection part of ELBEM model is treated by the concept of Eulerian-
Lagrangian scheme, which overcomes the limitation of traditional BEM scheme which is incapable
to deal with the arbitrary velocity field. The linkage of three-dimensional shallow water BEM
model and advection-diffusion ELBEM model enables us to deal with the fluctuation of free surface
and density stratification in a stratified estuary. The simulation results are satisfactory through the
comparison with analytical solutions and the results from other numerical schemes. Furthermore,
this model is applied to simulate conditions which flow field is effected under different boundary
conditions such as surface wind shear or heat flux. The simulation results, as comparing with those
of homogeneous flow field, show the phenomenon of overturn under the condition of unstable
density stratification. As far as stably stratified flow fields are concemed, the phenomena of
multiple circulating gyres and the thermocline are also captured.

1.INTRODUCTION

With the advent of computer technology, such as the efficient computation of parallel computing
and high-performance computers of main frames, work stations or even PC, the numerical
modelling of large scale three-dimensional flow felds becomes more feasible nowadays. The
- purpuse of this study is to establish a three-dimensional boundary element model to analyze the
pollutant transport in the stratified estuaries, bays, or coastal waters. Under the assumption of
shallow water theory, an Ekman boundary layer model is developed with the consideration of
- dersity stratification due to temperature and salinity or even the pollutant concentrations. The wind
shear effect will also be taken into account as far as flow mixing mechanism is concerned.

We have successfully developed a 3-D boundary element model to investigate the pollutant
transport in 2 homogeneous ( non-stratified ) estuary, Young and Wang (1995a), Young and Wang
(1995b), Young and Wang (1995c). With the framework of the previous studies, we are able to
extend the homogeneous bodies of water into the more complex and realistic stratified basins.
However, with the consideration of stratified effects, the phenomena of circulating gyres and the
associated formation, maintenance of thermocline in a stably stratified environment, as well as the
overturn and the hydrodynamic instability in a unstably stratified estuary will highly enhance the
degree of difficulty of numerical simulations.
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2.GOVERNING EQUATIONS

Under the assumptions of (1) shallow water approximation, that is, the vertical scale is much less
then the horizontal scale ,and hydrostatic pressure distribution in vertical direction, {2) small
Rossby number, (3) ignoring the horizontal diffusion in the momentum equations, (4) constant eddy
viscosity and eddy diffusivity, (5) constant Coriolis parameter, and (6) Boussinesq approximation,
we obtain the following governing equations

G L ' (1)
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p = p{l-[T =T, - 7504]x10%} )

Herein, v=eddy viscosity, f=2assing=Coriolis parameter, o =angular speed of earth rotation,
@=the latitude, g=gravitational acceleration, p=density, p’=density deviation form the standard
water density, p,=water density at 4'c=999.972Kg/m’, T =temperature in degree Celsius,
p' =pressure variation due to p', @=salinity , in parts per thousand, X],K;,K;=eddy diffsivity
for temperature. .

3. NUMERICAL MODEL

After the non-dimensional procedure, and the discretization of difference scheme in time, together

with the boundary element method, we obtain the following boundary integral equation for the
hydrodynamic equations for the flow field. It

R R R R O R

'fr.{ ""'[E Z"; -]-ﬁ+v"+'l:E*%£:| J»a!l" +j’r { ,[E,%gifjl-ﬁ-r ir,[Ex a"a:] E].Fi}dl"o ((:3)
,,M&)qn,{a,[-[g)“‘-[g;]“+S,,n]+;,[_[%]"' (&]Svﬂm

_]n.{ ""'[E Z‘i* ]ﬁ + v"*’[z, %E].ﬁ}m +1 {ﬁ,[zl a:;:' E] F+ fry|:Ex a"; E} . ﬁ}dﬂ, (9
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where

p=llpd , p=t
Ao
After the introduction of Eulerian-Lagrangian boundary element method (ELBEM), the corresponding non-

dimensicnal-diffusion equation for temperature is written as follows:

als, )=, PR 2 G, - ([ TR glE g + [T ] 407 E (R T
. (10)

Furthermore, we use the constant element to deal with the temperature domain, and obtain the following
equation
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11
where, (D
7" = F’:K_’]e’ﬁ.(q.) (12)
&= [4;1]%’[- Fexpl-r - erfely ) )

4 (14)
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The boundary element methods will not be presented here due to the limitation of space, and the previous

papers of the writers are recommended for the details.
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Fig.1:Comparison of Concentration evolution of exact, Salmon et al and present study (BEM)
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4. NUMERICAL RESULTS

We first calibrate a simple large and shallow lake to test the performance of the numerical models. A square
lake with the geometric sizes of 62.5km % 62.5km X 80m is undertalsen. The horizontal and vertical eddy
diffusivities are 20m%s and 0.02 m®s respectively. For the concentration of pollutant at the position of
{(45.9kan X 32.3km x 80m}, the comparison of the exact solution, Salmon et al (1980) and present model is
shown in Fig.l. The three results are all very agreeable.

We now consider another case study as performed by Davies (1983). This is a rectangular shallow basin with
the dimensions of 400km X 400km X 65m. The following physical parameters are

chosen: v = 650 cm®s ,£=0.00012222 rad/s »T,, ==~14.6341463 em’/s =shear stress in the y-direction,

Ar = 409 15 . As far as the boundary conditions are concerned, except there is heat transfer on the air-sea
interface, the other sides are all insulated. For the non-stratified ( homogeneous ) lake, the velocity
distributions at the profiles of x=0.4,y=1.0 and z=-0.5 are depicted at Fig.2a for the time-step of 50. The
corresponding figures for the time-step of 100 is also described in Fig.2b. it is concluded from the numerical
results that for the homogeneous lake, there is only one circulating gyre in the whole water body after the
long action of wind shear stress. The flow field is very simple. However, where there are both wind shear
and heat transfer on the water surface, the flow and temperature fields are more complicated, as shown in
Fig.3. This graph reveals the distribution of density and flow at the time-step of 100. The density
stratification as well as the multiple circulating gyres in the lake are very dominant. We can see very clearly
there are two circulating gyres and also the phenomenon of overturn the physics of the stratified basin in
general is more interesting and more challanging in the modeling of bodies of water. Since the present model
is able to treat the constant eddy viscosity and diffusivity only, a quantitative and vigorous comparison of
Davies model (1983) is not possible. However, the qualitative features of both models all render fundamental
fluid dynamics for the homogeneous and stratified basins.

5. CONCLUSION

We draw the following conclusions:
(1) A three-dimensional pollutant transport model in the stratied bodies of water is established after the
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Fig.2:(a)Flow field at the profiles of x=0.4, y=1.0, z=-0.5 at time-step 50'
(b)Same as (a) at time-step 100
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Fig.3:Density (top) and flow (bottom) fields at the profiles of x=0.4, y=1.0, z=0.5 at time-step 100

calibration and verification of the existing literature. The model consists of two submodels: the flow
equation is solved by the three-dimensional shallow water theory using the boundary element method,
while the density, temperature, or pollutant concentrations are solved by the three-dimensional
advection-diffusion equation using the Eulerian-Lagrangian boundary element method. The overall
performance of the present model is satisfactory and comparable to the other numerical models.

(2) The present model is able to handle both the homogeneous and stratified environments under the air-sea
interaction at the water surface to consider the mass, momentum and heat transfers. The homogeneous
circulation of water is the simplest case, however, we have obtained the physical characteristics of
thermocline for stably stratified basins and overturn for the unstably stratified environments.

This study is supported by the NSC §5-2611-E-002-005 grant of the National Science Council of Taiwan, it

is greatly acknowledged.
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