MECI'gIl:HICS
. MATERIALS

ELSEVIER Mechanics of Materials 24 (1996) 175-198

The stress intensity factors of regularly and singularly
perturbed-interface cracks

Chao-Hsun Chen *"', Jinhon Hsu 2

Institute of Applied Mechanics, National Taiwan University, Taipei, Taiwan

Received 25 September 1995; revised version received 18 July 1996

Abstract

As we know, many composite failures occurring at interfaces, such as between thin-film and substrate or fiber and
matrix, are mostly induced by the crucial far-field lateral stresses parallel to the interfaces. Among various mathematical
models representing real cracks, the ‘thin cut’ model is of special interest, since it requires the simplest mathematical
methods in its study. This model, however, can not reflect some properties of real cracks. Especially, when the crack is
uneven. In this case, the far-field lateral stresses may dominate the fracture mechanism of uneven interface-cracks. But using
the thin-cut mathematical analysis can just show zero stress intensifying phenomenon at the tips. The present paper adopted
a modified mathematical model of an interface crack with smoothly perturbed surface to study the different mechanism
between the flat thin-cut and the perturbed-interface crack. The Hilbert’s problem presented in this paper enables us to
describe the different perturbed-interface cracks. Via this representation the perturbed-interface crack problem then can be
solved in a unified manner. A perturbation analysis technique based on the idea of Muskhelishvili’s potential formulation in
conjunction with the homogeneous and general Hilbert’s problems to derive the solution is presented. The asymptotic
solution for the title problem under the general uniform far-field stresses is obtained for the first order of unevenness. When
the far-field lateral stresses are much larger than the others, due to the above mentioned reasons, the corresponding solutions
are most concerned and explicitly presented to analyze how the lateral stresses affect the stress intensity factors as the crack
face is uneven.

1. Introduction

The impetus to undertake this work came from the recent experimental and theoretical investigations of
several research groups, 1o one of which the writers belong, on fracture behaviors of taking unevenness of crack
face and local geometry behind crack tip into account. These phenomena observed in many studies always exist
of an interface of bimaterial and perform an imperfect bonding. The effects of unevenness and local geometry
are therefore emphasized in this paper.

* Corresponding author. Tel.: +886-2-3630979; fax: + 886-2-3639290.
! Associate Professor.
? Graduate student.

0167-6636 /96 /$15.00 Copyright © 1996 Elsevier Science B.V. All rights reserved.
PII 80167-6636(96)00036-1



176 C.-H. Chen, J. Hsu / Mechanics of Materials 24 (1996) 175-198

Another fact motivating the present work is that the interface structures of fiber—matrix composites or thin
film—substrate composites mostly fail or debond under certain crucial far-field lateral stresses. This fracture
phenomenon is impossible to analyze, if the interface crack is traditionally assumed to be a flat thin-cut,
mathematically, the stress intensity factors are never affected by the lateral stresses. For these reasons, the effect
of unevenness of the crack faces must be taken into account to determine the practical stress intensity factors
and to predict the real interface fracture behaviors. A modified interface crack with smoothly perturbed surfaces
ensures not only good agreement with reality, but also can retain mathematical simplicity. Therefore, the present
paper is mainly using this mathematical model to study the different mechanisms between the flat thin-cut and
the perturbed-interface crack. As the main problem we consider the two-dimensional elasticity problem of a
perturbed-interface crack lying along the interface of two bonded dissimilar half-planes. In contrast to other
approaches in the literature, the Hilbert’s problem presented in this paper enables us to describe the different
perturbed-interface cracks. Via this representation the perturbed-interface crack problem can be solved in a
unified manner.

When cracks grow in non-uniform stress fields, the path of the fracture is generally curved, or a new crack
will initiate at an angle of the old one. Much effort has been put to crack initiation at an angle to a pre-existing
crack. Lo (1978) presented a convincing solution that models the crack as a continuous distribution of
dislocations, in a manner that can handle both finite and infinitesimal kinks. Cotterell and Rice (1980) proposed
a solution for the elastic stress intensity factors at the tip of a slightly curved or kinked two-dimensional crack.
Their solution is accurate to the first order in the deviation of the crack surface from a straight line and is carried
out by perturbation procedures analogous to those of Goldstein and Salganik (1974). Karihaloo et al. (1981)
presented an approximate description for the slightly out-of-plane growth of a straight crack under mixed-load-
ing and in the presence of an in-plane stress. They concluded that the influence of the in-plane stress on the
stability of the crack growth is the same as those reported by Cotterell and Rice. For a finite body the crack
branching, curving and path stability can be referred to Sumi et al. (1983); Sumi et al. (1985). Movchan et al.
(1987) used asymptotic methods to compute the stress intensity coefficients at the tips of a thin cut with
smoothly closing edges and the asymptotic form of the potential energy. Wu (1994) defined perturbed cracks in
a homogeneous medium with y = £Y + (x) where | x| < 1 land & is a small parameter, which denote the upper
and lower surfaces of a hole in a nondimensionalized rectangular Cartesian coordinate system ( x, y). For £ not
equal to zero, the hole is called a regularly (singularly) perturbed crack if Y, (+ D =Y. (£ D (Y (£1)#
Y' (+1)). In Wu’s work, unevenness of crack face was considered in both regular and singular cases, and its
effects were shown in the stress intensity factors. The notch-tip singularity associated with a singularly
perturbed crack is also obtained by the method of matched asymptotic expansions.

In this paper, regularly and singularly perturbed-interface cracks are analyzed. The problem configuration is
depicted in Fig. 1, which shows the upper and lower surfaces of a hole, the interface, the loading at infinity, and
the nondimensionalized rectangular Cartesian coordinate system (x, y). In the upper half-plane, the shear
modulus is , and Poisson’s ratio is v,. In the lower half-plane, the shear modulus is u, and Poisson’s ratio is
v,. The interface could be described with two straight bonded lines and a perturbed-interface hole, which are
defined by

Cy: y=0 x € (—=, —1} U [1, =), bonded lines, (1.1)
C,y=¢eY,(x) x€ (—1, 1), uppersurface of hole, and (1.2)
C: y=e¢eY(x) x € (—1, 1), lower surface of hole, (1.3)
where

Y. (x)—Y_(x)=0, (1.4)

Y,(£1)=Y_(+1)=0, (1.5)
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and ¢ is a small parameter. As & tends to zero, the perturbed-interface crack degenerates into a straight crack of
length 2. The functions Y ., together with their derivatives, are continuous.
A perturbed-interface crack is called ‘regular’ if

Yo(+1)=Y_(£1)Y=0, (1.6)

which ensures the existence of cusps at x = + 1. For such cases, the perturbation procedure used is a regular
one in that all asymptotic expressions are uniformly valid throughout the region of interest. If Eq. (1.6) could
not be satisfied, then the perturbed-interface crack is called ‘singular’ and the required singularities of stresses
around the tips can not be determined from the regular perturbation procedures. For this reason, the asymptotic
expansions must be constructed for different local geometries of the tips and the coefficients of the asymptotic
expansions can be determined by matching the near-tip asymptotic expansions and the global perturbation
solutions. The condition defined in Eq. (1.6) to distinguish the regular cracks from the singular ones is more
stringent then the one has been used in Wu (1994). That is because the crack exists in the bimaterial interface,
rather than in a monolithic material. In a monolithic material, the crack remains regular provided that
Y. (£1)=Y'(£1), ie. the crack has close-type tips. But, for the interface crack, its upper and lower faces
must have vanishing derivatives at the tips, then it can be called regular. When the two materials become the
same in the bimaterial problem, the solutions of the selected regular case, as we present in this paper, reduce to
the ones shown in Wu (1994), and the regular condition also changes to be the one used for the crack existing in
a monolithic material. :

Complex variable and perturbation analysis are the basic concepts which were used to formulate and study
the problem considered in this paper. Homogeneous and general Hilbert’s problems are obtained for solving the
perturbed-interface cracks. But the functions Y, appearing in the Hilbert’s problems must be known a priori,
otherwise only integral forms can be found. Hence, some special cases simulating practical failures are chosen
to demonstrate all the solving processes and give some referable results. For regular cases, perturbed-interface
holes with cusps are selected. The explicit solutions, including local singularities, of these examples can be
determined by regular perturbation analysis without further difficulties. And the solutions can be reduced to the
same results found in Wu (1994) when the materials are the same. For singular cases, perturbed-interface holes
with notch-tips are used to demonstrate. Perturbation solutions satisfying boundary conditions and interface
continuity conditions are solved and named outer solutions to represent the global behaviors but the near-tip
singular characters. Inner solutions, the near-tip asymptotic expansions, whose coefficients must be matched out
by outer solutions, need a close form expression for the matching purpose. Hence, the numerical schemes and
results presented in Bogy (1971); Hein and Erdogan (1971) are not valid in this paper. But deriving a close form
expression for determining the singular characters in two edge-bonded elastic wedges of different materials and
wedge angles seems impossible in present days. In this paper, a small notch existing in the interface of
bimaterial is considered and derivation procedures of Williams (1959) are used to solve the near-tip problem.
This way we derived at an expression of combining leading singularity with perturbation concepts. This
expression reveals the relationship of material combination, small notch angle and leading singularity, and is
utilized to match the outer solution after neglecting the higher order terms. The coefficients of asymptotic
expansions are then obtained. Hence, the complete solution to a singular perturbed-interface crack is obtained.

2, Complex variable formulation

Muskhelishvili (1953) and others have shown that the solution to an individual problem in the plane theory of
elasticity can be reduced to finding two independent complex functions, which satisfy the boundary conditions
of the problem. In the case of two different materials, however, the elastic properties are discontinuous across
the bonded line, and a complete solution to the problem requires the knowledge of four complex functions,
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Fig. 1. Infinite bimaterial-plate with a perturbed-interface hole subjected to stresses at infinity.

W(z) and f(z) j=1, 2, of the complex variable z=x +iy. The basic equations for the two dimensional
isotropic elasticity in the forms used by England (1971) are

(0,);=i(0,),=W/(2) + W/ (D) + (2= IW/(2) ~ [ (2), (2.1)
2p(u, +iuy) ;= kK W,(2) — W(z) + (z— 2)W/(z) + f,(z) and (2.2)
iR;=W,(z) +W,(z) + (2= 2)W/(2) - f,(2), (2.3)

where (u,, u,); are displacement components, (o,);, (a,);, (0,,); are stress components, w; is the shear
modulus, k; =3 — 4,1 for the plane strain and ;= (3 — »,)/(1 + v)) for the generalized plane stress, and v,
is the Poisson ratio. Also R;=(R, +iR,); is the resultant force, W;(z), wj(z) represent the derivatives of
W(z), w{(z) with respect to z, respectively.

The infinite plane of bimaterial is subjected to uniform far-field stresses as shorn in Fig. 1. A notable
condition is that the stress ¢,” is discontinuous across the interface, i.e., (0,"), # (0,°),. Thus, it is necessary to
distinguish (o;"), in the upper region from (o,°), in the lower region. In fact, they are related to each other by
Eq. (4.21) which is derived from the conditions of continuity of stresses and displacements across the x-axis
along which the component o, has a jump. With this relation the continuity conditions along the bonded lines
are then satisfied such that this elasticity problem of bimaterial can be solved without further difficulties.

The interface between the two media involves two parts, one is the bonded part including x < —1 and x> 1
called C,; and the other is the perturbed-interface crack in —1 <x <1. x between — 1 and 1 will be replaced
by x* in the following sections of this paper to distinguish the perturbed pan from the bonded pan. It is
assumed that C, is perfectly bonded so that tractions and displacements along it are continuous. Hence, we
obtain two continuity equations as shown in Egs. (2.4) and (2.5). In particular, the traction continuity condition
may be integrated once to become a continuity condition in R (cf. Eq. (2.3))

Wi(2) + W\(2) + (2= W/(2) = fi(z) = W,(2) + Wy(2) + (2= )W;(2) = fo(2) (2.4)
and
Wi(2) = yW,(2) + 7" [Wal2) + W,(2) + (2= )W (2) — fulZ], (2.5)

where Eq. (2.4) represents the continuity condition in R, Eq. (2.5) shows condition which is simplified by using
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Eq. (2.4), and z is along the bonded interface. Two constants, y and 7y *, appearing in Eq. (2.5) are composed
of four material constants

W k- VI ORI (1—’—‘1). (2.6)
(I+x)m, I+« 1%
The constants y and y " are related to Dundurs’ constants « and 8, via (Dundurs, 1969)
vy—1 2y +y—1 1+a B—«a
Ty PTTo T TR Y T ia (27)

In addition, the traction-free condition is assumed along the crack faces Y. This assumed condition is also
integrated once to become the vanishing of R. From Eq. (2.3), we have

Wi(z) +W,(2) + (z—2)W[(2) = fi(z) =0 (2.8)
and
W,(2) + W, (2) + (z—2)W;(2) — fo(z) =0 (2.9)

where z is along the crack faces.

3. Perturbation analysis

Based on the perturbation theory, the four complex functions W/(z), f,(z) are rewritten as W/(z; ), w(z; &)
j= 1,2 after involving the perturbation variable ¢, and they can be expressed in powers of ¢ as follows:

Wz o)~ T W2, (3.
£z )~ £ Lhl2). (3.2)

The perturbed-interface crack with its upper and lower boundaries is given by
z=zi=x"+ie¥Y (x"),

where £ is a small dimensionless parameter. Y, (x,) and Y_(x*) are the upper and the lower surfaces of the
perturbed-interface crack, respectively. We assume that ¥, (x") and Y/, (x " )are smooth and continuous such
that there is no additional singularity other than the ones at x* = +1.

Thus, W, (z;) and W, ,(z, *) can be expanded as follows:

Wi(21) ~ Wi(x®) +ie¥, (x)WiT(x") +0(e?), (3.3)
Wi (ZT) ~ Wi(x") —ie¥, (2" )Wy (x°) +0(&). (3.4)

Similar expansions are also found for W, ,(z*), W, (zZ, f,{z:).f1,(Z), fo,(z5) and f,,(z7).
Let z; and z” replace z in Egs. (2.8) and (2.9), respectively. We have two equations for the traction-free
condition along the boundary of the perturbed-interface crack, which are shown in Eqgs. (3.5) and (3.6).

w(z7) +W1(Z_+r) +i2€Y+(X*)W1’(Z:)_fl(z_f)=0’ (3.5)
Wy(z5) +Wy(zD) +i2eY  (x")W;( 22 ) — fo(z7) = 0. (3.6)

Substituting Egs. (3.1) and (3.2) into Eqgs. (2.4) and (2.5) and letting z = x yield four Egs. (3.7) and (3.8),
Eqgs. (3.11) and (3.12). Four other equations are also obtained by substituting suitable expansion forms, like Egs.
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(3.3) and (3.4), into Egs. (3.5) and (3.6). Therefore, two groups of equations corresponding to the orders of &°
and &' are classified as follows:

Wih(x) + Wio( %) = fro( x) = Wi (x) + Wip(x) = fro ), (3.7)
Wis(x) = yWip(x) + v [Wa(x) + Wi x) = fo( X)], (3.8)
Wl*é(x*)+W1_0(x*)—-f,_0(x*)=0and (3.9)
Wh(x™) +Wi(x™) —fr(x")=0. (3.10)
Wi(x) + Wi(x) = fil( x) = W3 (%) + Wi (x) = fu( %), (3.11)
Wih(x) = YW (x) + 7" [Wa(x) + Wo(x) = ()], (3.12)
[Wh(x™) + Wi(x") = f(x )] +iv, (x)[Wid (x7) +2Wig (x7) = Wi5 (x* +fig (x*)] =0and
(3.13)
[Wi(x®) + Wi(x") = fa(x)] +ir_(x7)[Wig (5" +2W5e (x7) = Wio (x7) + 3 (x7)] =0,
(3.14)

where the Egs. (3.7), (3.8), (3.11) and (3.12) come from the continuity conditions along the bonded interface,
and the Egs. (3.9), (3.10), (3.13) and (3.14) from the traction-free condition on the crack faces.

4. Basic solution to the order of £°

Egs. (3.7), (3.8), (3.11) and (3.12) can be written together as follows:

Wi (x) = Wi (x) + (%) = Wii(x) — Wi(x) + £ (%), (4.1)
Wi(x) = " [Wal %) —fu(0)] = (v + 7 )IW5(x), (42)
where k=0, 1.

According to Egs. (4.1) and (4.2), new complex functions ®,(z) and ¥,(z) are designated to be
D (2) =W, (2) = Wy((2) +ful2) = Wy(2) = Wi(2) +fi(2), (4.3)
P (z2)=W,(2) -7’ [WZk( z2) = faul Z)] =(y+ 77 )Wu(2), (4.4)

where @,(z) and ¥,(2) will satisfy @ (x) = @} (x) and ¥, (x) = ¥ (x). Then, we can conclude that ®,(z)
and ¥,(z) are holomorphic functions in the whole complex plane cut along —1 to 1 on real axis.
Furthermore, the functions W, (z), W,,(2),£,,(z) and f,,(z) can be expressed with ®,(z)and ¥,(z).

1

Wlk(Z)=;j[Wk(2)—v*¢k(Z)], (4.5)

Wy(z) = Yy Yi(2), (4.6)
1 e

fi(2) =[—1——_'y— Yty Vi(2) +T:‘;ZT‘D1<(Z) and (4.7)
1 1

ka(Z)=[‘y+‘y*_l—y*]q,k(z)+l—‘y* Yi(z). (4.8)
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Manipulations between Egs. (3.9) and (3.10) will give us two relations which include one between Pi(x™)
and ®5(x"), and the other between W3 (x*) and ¥, (x*).
Eq. (3 .9) subtracted by Eq. (3.10) yields

[Wio(x™) = Wao(x7) +foo(x )] = [Wi(x7) = Wi +fio( )] =0, (4.9)

and adding the two Egs. (3.9) and (3.10) yields

[Wi(x™) + Wi(x") = fro(x )] + [Wyo + (x7) + Wp(x*) = fro(x* )] = (4.10)
With the definition in Eq. (4.3), Eq. (4.9) reveals the first relation.

Dy(x") - Py(x")=0. (4.11)

Egs. (4.5), (4.6), (4.7), (4.8) and (4.11) and the definition in Eq. (4.4) makes Eq. (4.10) give the second relation.

Yy (x")+A¥5(x")=Di(x"), (4.12)

where A=(1—y")/(y+y*).
With the same procedures used to find Eqgs. (4.11) and (4.12), manipulations between Egs. (3.13) and (3.14)
give us the following two relations:

DF (x°) = @7 (x7) = —i¥, (x")[Wig (x7) +2Wig (x7) = Wi5 (x7) +fi5 (x°)]
+iY_(x") [ Wi (x*) +2W55 (x7) = Wio (x7) +f(x7)] (4.13)
and
2[1Ifl+(x‘) +)ﬂPl‘(x*)] =(1+y)P{(x")+(1—y" )P (x")
—i(1 =y )Y, () [Wig (x7) +2W5 (x7) = Wiy (x7) +fro(x7)]
+Y_(x")[Wag (x7) +2W5 (x7) = Wis (x7) +F(x*)] }- (4.14)

Eqgs. (4.11) and (4.12) were used to find the basic solution to the order of £°, Eqs. (4.13) and (4.14) were then
used to find the solution to the order of &'. Eqs. (4.11) and (4.12) are the homogeneous and general Hilbert’s
problems, respectively. Referring to the solutions of Hilbert’s problems by England (1971), these problems can
be solved without further difficulties. After obtaining the basic solution to the order of £°, the solution to the
order of &', however, can be solved from Egs. (4.13) and (4.14) when the profile of the perturbed-interface
crack Y, (x") is given.

First, the basic solution to the order of £° must be solved because it is valid for different types of
perturbed-interface cracks, and it can be examined by the well-known results obtained in Rice and Shih (1965).

The solution of Eq. (4.11) is

PDy(z) = Bz, (4.15)

where B is a complex constant. The solution of Eq. (4.12) is

¥o(2) = 7 IABZ+PX(Z), (4.16)

where P is also a complex constant,

2z 1Y)
X(z)=(z2—1)/(§_1) and (4.17)

a= 2—17Tln( A). (4.18)



182 C.-H. Chen, J. Hsu / Mechanics of Materials 24 (1996) 175-198

Let the boundary condition at infinity be satisfied, the complex constants B and P will be evaluated and a
notable relation between (0,”),, (¢0,7), and o, can be obtained.

1—v" .

P=——r[o ~io]], (4.19)
l+’y € oc * el

B=——[(o7)2+ 0] - (1-7v")o) and (4.20)
@ 1 €K * xN

(o )z=;[(0x)‘+(1—v—4v Yoy, (421)

where the imaginary part of B is neglected, because this part will not influence the stress field. Eq. (4.21) is the
same as Eq. 19 in Rice and Shih (1965), and it reveals the relation of the far-field stresses under the assumption
of the continuity condition along the bonded lines.

Thus, the four complex functions W,(z), W,(2),f,o(2) and f,(z) are determined by Egs. (4.5), (4.6), (4.7),
(4.8), (4.15) and (4.16).

Wio(z) =A0z+ B x(2), (4.22)
Wao(2) =Ayz+ By x(2), (4.23)
f1o(2) =Cioz+ Dy x(z) and (4.24)
fo(2) = Cyoz+ Dy x(2), (4.25)
where
Y 1 1 1 2y
A10='1T;B’ Blozl_Y*P’ A2O=Ty3’ 2°=‘y+y* , C10=mB,
y+2y -1

2

(1_7*)(’y+y*)P, Cy 1+yBandD20 Dy,.

When the four functions Egs. (4.22), (4.23), (4.24) and (4.25) are obtained, the solution to the order of £° is
finished. All of the physical quantities, such as stresses and displacements, can be derived from these functions
to the order of £°. In the following sections the solutions to the order of &' for the regularly and singularly
perturbed-interface cracks are then considered and solved with their given crack profiles. Their corresponding
stress-intensity-factors are also determined.

DIO

5. Solutions to the order of £! for the regular case

With Egs. (4.22), (4.23), (4.24) and (4.25), expressions of W,,(z) and f,(2) j=1, 2, Egs. (4.13) and (4.14)
can be used to find the solution to the order of &' for any interesting perturbed-interface crack if the profiles of
crack Y, (x™) is known.

5.1. Holes with cusps (Y, —Y_2=0)

In this case the profile of the perturbed-interface crack will be simulated with

Yolx ) =(1-x)"andy_(x*)=56(1-x"2)", (5.1)

where —1 <6< 1.
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8=0.5A

-1 1
0

-0.5

Fig. 2. Schematics of holes with cusps.

Some of such holes are depicted in Fig. 2. The functions selected in Eq. (5.1) have some characteristics. The
power 3 /2 ensures that the crack faces have vanishing derivatives at + 1, and makes such cracks regular. The
parameter & involved in the expression of Y~ can create some different configurations of regularly perturbed-
interface cracks with its changeable values. And the expressions, which are used here to simulate the regularly
perturbed-interface cracks for the purpose of demonstration, are essentially simple and useful to make the
desired solutions easy to carry out, without loss of generality.

With the selected functions in Eq. (5.1) and the obtained zero-th order solutions, Eqs. (4.13) and (4.14) can
be presented as

. R 3/2 ) . vy 1+x* ia
PH(x") = D7 (x7) =1A4,(1 —x"?)" " +i[By(1 = x") + Co(1 +x)] (1 - x"2) P
_ o , 1+x* —~ia
+i[By(1—x") +C,(1 +x7)](1—x"") o (5.2)
— X
and
28y —6— 28y —6+1
2[1I’f'(x*)+)\‘[f,‘(x*)]=<Df(x*)+<D{(x*)+i4———‘yB(1—x*2)3/2+i—1——*—
-
14+x*\@
></\‘/2P[(201—i)(1—)c"‘)+(2cr+i)(1+x")](1—x"2)(1 *)
- X
26y —8+1
+i—z—*A'/2P[(2a+i)(1—-x*)
I—vy
1+x\'®
+Q2a-D+x)](1-x )| —=] . (5.3)
— X
where
46— 2(8+1 2(6+1
¢=M3, B=(—*ly”'/z(a—i%)PandC¢=(——)y_]/2(a+i%)P.
1+ 7y y+vy v+
The following functions will appear in the solutions of Eqgs. (5.2) and (5.3):
K(2)=(z2-1)"", (5.4)
/\1/2 Z+1)ia1 5 | | _1 Z+1)—ia o
L(z)= —(z+2a+ + , .
(2) ==\ 7=3 (z+i2a+1)(z+1) 1) (5.5)
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/\1/2 z+1 —ia . » z+1 i
Lz(Z):‘/\_l z~—l) 1—(z—Ra+1)(z+1) =1 , (5.6)
1 , 1 _ L fzye
M(z)=1_/\(z -1) 1—(z—12a+1)(z+1) p— , (5.7)
1 [z+1)\"
Nl(z)=2—)‘17 ;—_—1 and (5.8)
/\1/2 z+1 —ia <o
N = — . .
A(2) 1+A2(z—1) (59)
They satisfy the following conditions:
K*(x") =K (x*)=2i(1-x"2)"", (5.10)
14+x* tia
LT.z(x*)—Lf,z(x*)=(1_ ) , (5.11)
x
M*(x")+AM~(x°) =i(1 —x*2)""* and (5.12)
l+x* +ia
N1+.2(X*)+AN1_.2(X*)=(1_X*) (5.13)

With the above functions, the solutions to Egs. (5.2) and (5.3) can be found.
A2 z+ 1\ z+i2a+l
-1 z+1

D(2) = — 1A, = 1)""" +i[By(1 - 2) + Cy(1 +2)] —(1-2%)

+ s+ 20 + bz

S . A2 5 2+ 1V s —DRa+1
B0 -9 G0l 0 - )| [) -

(5.14)
and
1

211,](2) =A<P/\_

z—2a+1{z+1)°
z+1

1 (ZZ - 1)3/2[1 -

e
7 +[B¢(1—z)+D¢(1+z)](1—zz)(—§-i—l)

z+ 1)
+[C,(1-2) +E,(1+2)](1 —zz)(-z_—l) +i[B,(1-2) +C,(1+2)](1~2%)

A+1 z4+ 1\ 20 (z+2a+1)
X_z/\‘ﬂ()\—l)(z—l) (B =1)(z+1)
—i[B,(1-2) +T,(1 +2)](1 - 2?)
[ AZ(A+1) (z41)C 20 (z—2a+ 1) 2 3 2
X_()\Z-I-l)()\—l)(z—l) ERCED N R
+ 1\
+(Zz_1)1/2(§——1) (e222+ @2+ ), (5.15)
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where
l—v*
A,=(28y" —6—y){[(cr_f)2+0';°] -4 Ty Uf},
28y —6+1 . o~ . .
B,= W[(2aq\,y+ay ) +1(2ao'y - o;.y)],

M28y" —5+1)
°T T+ A)(+11%)

28y  —6+1
L= =0 n

A28y —6+1)
°T (1 +A)(1 +A2)

and the polynomials ¢5z> + ¢,z” + ¢,z and ¢,z” + ¢,z + @, are so chosen that both @'( z) and ¥{(z) tend
to O((1/z%)) as z tends to infinity. The coefficients of these two polynomials are therefore determined as
follows:

[(—2a0';; - oy“) + i(2a0’y°° — 0';;)] R

[(2aa.°° — a'ym) + i(2aay°° - xi)] ,

[( —2a0],+0,) +i(2a0, + 0';;)] ,

)\1/2 4a2/\l/2

$3=344, $,=0, ¢l=—%A¢+ﬁRe[B¢—C¢,]—ﬁlm[Bd,—Cd,],
1 A-1] 1 AV
¢,=(D,+E,—B,)— 1+AA¢—i/\+1 2A1/2(B¢—c¢)+;\2—;—1-(3¢—3¢),
2o A—1 A2 (A=1)
gol=(B‘P+C‘P+D¢,+E¢)—i4a(E¢——C¢)+1+)\A¢+i2Al/2()\+l)(B¢+C¢)+ DY)
X [(—4a+i)B, + (4a +1)T,)]

and

2a(a+i)

eo=12(1+4a?) g, —i2ap, — A, +(2a’+2a+1)(B, - E,)

+
T+ A-1

, 2a(A+ 1) +R2a(A—6A+1) +(A—1)°
+(2C! “120+1)(C¢—D¢)+1 2AI/Z(A2_1) ¢

2a2(A+1)°

C+i2a(3A2 =24 +3) —(A—1)°

_ 2a(a—=i) A+ D +(A=1)?
. N ( ) ) +( )

A =1 ¢ 2A2 (A% = 1) ¢

2a(a+i)(A+1)° = (A—-1)°
+i Y
AT—1
where Re[ "] and Im[ " ] represent the real part and imaginary part, respectively.

When the two materials are the same and the parameter § = 0, the solutions Egs. (5.14) and (5.15) can be
reduced to the solution of Wu (1994).

Al/2c_¢’

z+1 5
" )—22 ] (5.16)

1
@(z2)=3(07 — U'yw)[( 2t = 1)3/2 -2+ %z] + ;afy[z( 7t l)ln(
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()= 2—2;(0:’ - (ryw)[( 22— 1)3/2 ln(—i—;i—) -2z(2* - 1)1/2]

« - 3/2
GRS | R SR LR TES Vi

+iogg[ a2 =)+ (2= 1) - 1] +;1;i<f.fy[Z(z2— 1)1n(iJ_rl

-0

—iog[a( - ) - (2= 3)( - -1"7. (5.18)

The solutions Eqs. (5.14) and (5.15) are therefore accurate to describe the physical quantities for this case, a
hole with cusps, to the order of &'. The stress intensity factor at the tip of the cusp is then determined with Egs.
(4.15) and (4.16) to the order of £° and with Egs. (5.14) and (5.15) to the order of £'.

The stresses at the immediate vicinity of the tip can be expressed as

and

2W,(2) ~ @(2) = 5= (07 ;)[< 21 m( :

~(1/D+ia

k
oy+io,, = ‘/Z—wr , (5.19)

where the complex expression of K is K; + K.
For the sake of using Eq. (2.1), we take the complex conjugate of Eq. (5.19).

K, —iKy=V2mr/P% [0, ~ia,,]. (5.20)
With the solutions obtained in this section, the complex conjugate of K is

K,—iK,=Vm[cos(aIn2) +isin(aIn2)](1-i2a)
1+A
X [(ry —1ay] + e

~ (@ + @1+ ¢5)

In view of Eq. (5.21) there are only ¢, + ¢, + ¢,, which are the coefficients of the polynomial multiplied by
x(2) in Eq. (5.15), and material constants appearing in the &' term. Hence, the stress singularity at the tip to
the order of ¢ is provided by x'(z).

For some special fracture-mechanisms in which the lateral stresses dominate, the results derived in this
section can be reduced to some simple forms for revealing the effects of the lateral stresses. When the far-field
stresses 0,% and o, are neglected in the present determinations, the complex functions @,(z) and ¥\(z) are
given below with concise forms.

- +0(82)}. (5.21)

3/2
®(2) =34,(2 - 1)+ 0 + bz, (5.22)
3/2 Z_12a+1 z+1 ia z4+1
211’1(1)=A+1A¢(zz—1) [1— p— — (¢3z +¢1z)+(z —1) _—
X(¢, 2% + ¢, Z+ @), (5.23)
where
S—vy 5—y 3(6 y) 286y —6—

Yo o
A¢=T(0’w)1’ ¢3=2—y(‘7w)1’ ¢ = ———— (o)) A<p=_—,y—_(0})1’
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-y _Ra(s-vy)
(Pz—')’(‘)""l)(UX)l, @y ,y(,y+1) (Ux)land

_ a2+ 1)(8—1v) 2a(a+i)(26y* -6~ ) (07)
& y(y+1) y(A—1) o

Another important expression which must be carried out is of (A +1)/(1 — y* X ¢, + ¢, + ¢,) existing in
Eq. (5.21). With the concise results shown above this expression can be found.

A+1 da(a+i)(1+98)
l—y*((p2+¢l+¢0)= 1—y—2y"
Based on the result obtained in Eq. (5.24) and the assumption that o,” and a,, are neglected, the complex
expression of the stress intensity factors in Eq. (5.21) becomes
da(a+i)(1+98)
l—y—2y"

(7)) (5.24)

KI—iK”=sx/;[cos(aln2)+isin(aln2)](1—i2a)[ (07), +0(&%). (5.25)

6. Singularly perturbed-interface cracks

In this section, the upper and lower surfaces of a singularly perturbed-interface crack may be conveniently
defined by

Y. (x*)=(1—x"*)and Y_(x*)=8(1—-x"?2), (6.1)

where —1 < 8 < 1. Some of such examples are depicted in Fig. 3.

In view of Eq. (6.1)), Y. (£ 1D #Y_(£1) if §+#1; and Y,(+1)=Y'(+1)# 0 when 8= 1, hence the
crack is called singular. The solutions to the order of £°, shown in Eqgs. (4.15) and (4.16), are also valid for
singular problems, and the solutions to the order of &' would be determined from Eqs. (4.13) and (4.14). But,
based on the singular fact, the solutions soived from Egs. (4.13) and (4.14) is the outer solution which satisfies
only boundary conditions. Therefore, in this section, the inner solution representing the local behavior of
near-tip structure is also constructed. It has a general expression for different perturbed notch angles and
material combinations, and it is suitable for matching purposes. Hence, in solving singularly perturbed-interface

Fig. 3. Singularly perturbed-interface cracks for different wedge angle parameters.
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cracks, three main studies including the outer solution, inner solution and matching are approached and shown
below in detail.

6.1. Outer solutions to the order of &' for singular examples

With the given functions Y, , Eq. (4.13) becomes

" o - , e A2 142V (T—x\ 1 +xm |
PH(x")y— DT (x")=i(1—x ){A¢1+B¢, T (l—x*) +B¢1(1+X* (l—x*)
T4\ 2 1 +x7 VY 1+ +xr
+C¢'(]—x* (l—x* *Co, l—x*) (I—X*) }’ (6.2)

where
L o8 RS NP R .
d>|__—_1+7 R a 1)PandC¢l—‘y+ —A (2a+i)P.
The solution @ (z) is

_ 1/2 o\ (/D—ia FTH1/2 _ U D+ria
e R U ) IR ot =y

C /\1/2 7+ 1 (1/2)+ia T)\I/Z z+1 (1/2)-ia
Ll 2 ?, 2 2
- 1— -2 (- + @, + .
A+l Z)(z—l) A+l ¢ ( ) ne+Puz (63)
where the constants @,, and ®,, are chosen such that @ (z) tends to O((1/z%)) as z tends to infinity
Ay 2N/2 2A72 S
Pp= = Re[By = Co].  Pu=—7g Re[1 —i2a)(By, +Cy)|-

Moreover, Eq. (4.14) becomes

*

A
2[1Pr(x*) +Awr(x*)] =1A‘I,](1 _x*Z) -{-_‘pL(l _x*Z)ln
w

-y (1/D~ia
+iBy(1—x"?) )

1+x” T+x”
|+ x7 \(I/D+ia [ —x* \(/D-ia
+iC, (1 —x*? +iDy (1 —x*?
W(1-57%) 1_X*) v )(HX*)
142" (1/D+ia
+iE.1,1(1—x*2)(1 *) +2(@,x" P+ @ x7), (6.4)
- X
where
426y —6— v A—1 28y —8+1
q,( )B, BW=B¢——+A—‘/2(2a—i)———*lP
j 1+ y ' A+ Yty
— 28y " —6+1
Cp =Cop———+ A7 (2a+i) -
' A+ y+y
— 28y —6+1 _
D, = —B, —— +A7'?(2a +1i) -
l A 1 ‘)’+’Y
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The solution ¥ (z) is

1 B z—1 (/2)-ia Z__l
2?’1(2)=—A+1[(2¢]2 i Ay )2 +2<D”z+1A,,] )\‘/2( ( ) =
z+1 (/D+ia Z_l '1’/\]/2 —1 (/D+ia 741 i2a
v tte] e IR P R -
277)\ z—1 z+1 1-A +1 z—1
z—ida —1 E.,,)\‘/Z 2+ 1){I/D+ia 2+ 12z~ ida—1
x| — ~(1-2?) 1- )
z—1 z—1 z—1 z—1
P SRR - W, 4+ W 6.5
— (1~ + :
(1+/\)( Z) Z+l l+/\ X(Z)( 1< 10) ( )
where the constants ¥, and ¥, are chosen such that ¥|(z) tends to O(-%) as z tends to infinity
1 Ap(A—1) 2 By —Cp 24V,
W, = ——(iAy — 20 ,) + i 2 —— i N —i2a¥,,.
= (A ) +i (A+1) R T TIA T T IT T (e ¥

The solutions @ ,(z) and ¥,(z) shorn in Egs. (6.4) and (6.5) will then be taken to calculate the stress and
displacement fields. Their derivatives @(z) and ¥ (z) with respect to complex variable z, which are directly
related to the stress field, have additional singularities except the traditional singularity existing in x’(z) as z
goes to the right crack-tip, and the additional singularities are much stronger. For this reason, the stress field
derived by @'(z) and ¥[(z) is exact but not valid in the extreme vicinity of the crack-tip.

6.2. Inner solution to singular problem

A general expression of inner solutions will be constructed for different perturbed notch angles and different
material combinations, and this expression must be explicit for matching purposes. The formulation of the inner
problem and the processes of derivation are shown below in detail.

The local geometry of the crack-tip of a slightly open crack is depicted in Fig. 4. The inner problem will be
solved by following the same procedures described in Williams (1959). Two straight lines with slopes of —&
and 8¢ describe the traction-free boundaries of the material 1 and material 2, respectively. Here & is a constant
of O(1), which can be assigned any value between 1 and — 1 for different types of free boundaries, and ¢ is a
small parameter used to let the geometry behind the crack-tip be a slight opening.

Ca

M1 Vi X, 6)

slp,
Pe = ~ 2 v
? &;
!

o =0E "

H2 V2 x3(r,0)
Fig. 4. The crack-tip geometry.
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Based on elasticity, two biharmonic stress functions )(‘.( r, @) i=1, 2, are the fundamental solutions in the
upper and lower half-planes, respectively. Then all physical quantities such as stresses, strains and displace-
ments can be derived by these two stress functions with some usual relations which are available in common
books of elasticity. While these two stress functions are the solutions of

V“Xi(r,0)=0, i=1,2, (6.6)
where

a2 1 @ 1 8?2
Vie — + ——

+——.
ar>  rar  r? oo’
In Williams (1959), typical solutions of Eq. (6.6)) were chosen of the form
x:(r. ) =r"*'@,(0) =r*'"{A,sin(s+1)8+B,cos(s+ 1)+ C;sin(s—1)0+ D,cos(s — 1)8}.  (6.7)

The usual relations between stresses, displacements and stress functions are given as

5/ =r7'[07(0) + (s+1)O,(0)], (6-8)
a'=r"ts(s+1)0,(0), (6.9)
oh=—sr’"10/(0), (6.10)
Up = 2%;4.”{‘@;(9) — (1 +&;)[C;cos(s—1)0—D,sin(s — 1)6} and (6.11)
= 5= (s +1)0,(8) + (1 + 1) [Csin(s = 1)6+ D cos(s = 1)), (6-12)

where the prime denotes differentiation with respect to 6, and let s, =5, in order that the four continuity
conditions at § = 0 are independent of r.
With Egs. (6.9) and (6.10), the first four boundary conditions for free edges at 6 = a, —b become

6 ,(a) = 0;(a) = @,(—b) = O3(—b) =0. (6.13)
Along the bonded line 8 = 0, there are four continuity conditions

6,(0) = 6,(0), (6.14)

01(0) = 6,(0), (6.15)
1 1

7[00 =1+ k)] = - [~ 65(0) ~ Ci(1 + 1)) and (6.16)
1 1

2—”—1[—(5+ 1)0,(0) +D (1 +«,)] = 572[—(H 1)0,(0) +D,(1 +«)]. (6.17)

Substitution of @ (6) and @,(8) in Egs. (6.13), (6.14), (6.15), (6.16) and (6.17)) leads to the following eight
homogeneous and linear equations with eight unknowns A, A,, B,, B,, C;, C;, D, and D,

A,sin(s+ 1)a+B,cos(s+1)a+Csin(s—1)a+D,cos(s—1)a=0, (6.18)
A(s+1)cos(s+1)a—B(s+1)sin(s+1)a+C(s—1)cos(s—1)a—D(s—1)sin(s—1)a=0,
(6.19)

—A,sin(s+1)b+B,cos(s+1)b—C,sin(s—1)b+D,cos(s—1)b=0, (6.20)
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Ay(s+1)cos(s+1)b+B,(s+1)sin(s+1)b+Cy(s—1)cos(s— 1)b+D,(s~1)sin(s—1)b=0,

(6.21)
B,+D,=B,+D,, (6.22)
A +1C =A, +1C,, (6.23)
D =¢B,+(q+v)D, and (6.24)
Ci=—q4,—(gqt=7)C,, (6.25)

where t=(s—1)/(s+ 1D and g=(s+ Dy".

A nontrivial solution for the constants will exist, if the determinant of the matrix of coefficients vanishes. It
is easy solved numerically finding eigenvalues with the vanishing determinant. In this paper, however, the crack
is modeled as an extremely sharp notch by defining a = 7 —tan"'¢ and b = 7 — tan™ '8&. Because — ¢ is the
slope of the free edge of the upper half-plane, and it is a small number such that the crack is somewhat different
from the conventional straight-line crack. Without loss of generality, neglecting the higher order terms of & in
processes, an explicit form of leading singularity could be obtained.

In Egs. (6.18), (6.19), (6.20) and (6.21)), a and b are replaced by 7 — tan~'s and 7 — tan™ 'S¢, respectively.
Then four equations for the slightly open crack are discovered and shown below.

A{sin 57— &(s — 1)cos sm+ O(&?)} + B,{cos s7 + (s + 1)sin s7+ O(&?)}

+ C\{sin sm — &(s — 1)cos sw+ O(£?)} + D {cos sw+ &(s — 1)sin sw+ 0(£?)} =0, (6.26)
A{—cos sm— (s + 1)sin sm+ O(&?)} — B{—sin sm+ &(s + 1)cos sm+ O(&2))

+ Cyf{—cos sm— &(s = 1)sin sw+ O( &%)} — D t{ —sin sm+ (s — 1)cos sm+ O(&2)} =0, (6.27)
Ay{sin sm— e8( s+ 1)cos s7+ O( &%)} + By{ —cos sm— £8(s + 1)sin sm+ 0(&?))}

+ Cy{sin sm— £8(s — 1)cos sm+ O( &%)} + D,{—cos sm— £8(s — 1)sin sw+ 0( %)} =0, (6.28)
and

Ay{—cos sm— £8(s + 1)sin s+ O(£2)} + By{ —sin s7 + £8( s + 1)cos sm+ 0( &%)}
+ Cyt{ —cos sm— £8(s — 1)sin sw+ O( &%)} + D, t{ —sin s+ £8(s — 1)cos sm+ O(&2)} =0. (6.29)

Egs. (6.22), (6.23), (6.24), (6.25), (6.27), (6.28) and (6.29) are combined to find the characteristic equation for
eigenvalues by vanishing the determinant of the matrix of coefficients.

In the process of solving the vanishing determinant, each row which is a linear combination is decomposed.
Hence the result of determination is

det[ M]=det[ M,] — &(s + 1)det[ M,] + £8(s + 1)det[ M,] + O( &%) = 0. (6.30)
where M coefficient matrix of Egs. (6.22), (6.23), (6.24), (6.25), (6.27), (6.28) and (6.29),
[ o 1 0 i 0 -1 0 -1 ]
1 0 t 0 -1 0 -t 0
0 0 0 1 0 —q 0 —(g+y)
0 0 1 0 q 0 qrt—y 0
Mi=| sin(sm) cos(sm)  sin(sm)  cos(sm) 0 0 0 0 .
—cos(sm) sin(sw) —tcos(sw) tsin(sm) 0 0 0 0
0 0 0 0 sin( s7) —cos( s7) sin( s7) —cos(s)
i 0 0 0 0 —cos(sm) —sin(sm) —tcos(sm) —tsin( sw)J
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[ 0 1 0 1 0 -1 0 -1 ]
1 0 t 0 -1 0 —t 0
0 0 0 1 0 —q 0 —(g+7v)
0 0 1 0 q 0 qt—ry 0
M, = sin(sw) cos(sm)  sin(sw) cos(s7) 0 0 0 0
sin(sm) cos(sw) t%sin(smw) 1*cos(smw) 0 0 0 0
0 0 0 0 sin( s77) —cos(sm) sin( sm) —cos(sm)
i 0 0 0 0 —cos(sm) —sin(sm) —tcos(sm) —tsin(s7r)_
[0 1 0 1 0 -1 0 -1 ]
1 0 t 0 —1 0 -1 0
0 0 0 1 0 —q 0 -(g+vy)
0 0 1 0 q 0 qt—y 0
M; = sin(sm)  cos(sw) sin(s7r) cos( s7) 0 0 0 0
—cos(sm) sin(sw) —tcos(sm) tsin(smT) 0 0 0 0
0 0 0 0 sin( s77) —cos(sm) sin( s7) —cos(s)
{ 0 0 0 0 —sin(sm) cos(sm)  —tZsin(sw) t%cos(smw)
The expressions of each term in Eq. (6.30) are determined as
det[ M,]= (= 1+1)°[(1+7) col sm+ (—1 +y+2y")], (6.31)
det[ M,]=(—1+12)°(1 +)cot sw[y(1 + y)cot? sm— y(3—y) —4y (1 —y—y*)] and (6.32)
det{ My]=(—-1+ 1)*(1 + r)cot s'n[3y— 1+4y"(1—vy—79")—(1+ y)cot? 577']. (6.33)
With Egs. (6.30), (6.31), (6.32) and (6.33), the characteristic equation can be obtained
G,escot® s+ G, cot’ sm+ Gyescot sm+ G, =0, (6.34)
where

Gi= =21 +y)(y+8). G=(1+7),
Gy =2[y(3-7) - 8GBy—1) +4y (1 —y=—y ) (8+1)]
and G, = (— 1+ y+2y*).
Eq. (6.31) is the same as the result obtained in Williams (1959). Egs. (6.32) and (6.33) indicate the effects to the
order of T. Eq. (6.30) is reduced to Eq. (6.34) after neglecting the higher order effects. Eq. (6.34) can not be
solved directly and explicitly without taking advantage of the knowledge of eigenvalues which have been found
as £=0.
Accordingly, the leading singularity here would be decomposed to s, and s,
$=5,+ €s,. (6.35)
In Eq. (6.35), s, is the well-known eigenvalue for the conventional line-crack, s, represents the induced
effect by the slight opening behind the crack-tip, and no influence by the higher order terms is included.
After finishing the substitution of Eq. (6.35) into Eq. (6.34), the expression of s, is then acquired in an
explicit function of s,
s;=F(y,y", 8)sy,cot sym, (6.36)
where

(1+[Gy=1)8+yB-y) +4y (1 —y=y )+ D] + (1 +8)(—1+y+2y")
dr(l+y)(y+ry )(1—v") '
which is a constant related to material constants -y, ¥y * and notch angle parameter &.

F(y,y",8)=
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6.3. Matching asymptotics

The Inner solution will be matched with the outer solution to determine the coefficients of the leading
singularity A,, B,, C;, and D,, k=1, 2. Inner complex variable { is defined as

z—1 .
= —= L +il, =rel. (6.37)

According to the inner solution obtained in this section, the displacement field near the crack-tip in material 2
can be derived with the inner complex variable {. Define a suitable matching variable {, to match the inner part
and the outer part.

6.3.1. Suitable matching variable

ikl 6.38

50"' 81/2’ ( )
1/2 4o

z=1+e"%,, {= vk (6.39)

The required matching is to be conducted for ¢, fixed and £ — 0, i.e.,

outer inner

(uy + i) o v vz, ~ (uy Fiuy) " =12, (6.40)

In terms of suitable matching variable {,, the displacement field of material 2 in the vicinity of crack-tip can
be expressed as

mner

1 _ s
(u, +iuy), 2 (28)_3/2[_(5"‘1)(32+iA2)§o+Kz(Dz“icz)fos_s(Dz'*'icz)gofo L (6.41)
2

where the eigenvalue s dominating the singularity determined in this section is
s=(%iia)+28sl. (6.42)

A simple substitution shows that to the order of &'/2 the outer displacement field is dominated by @,(z) and
¥,(z), while the inner displacement field is not affected by s, in the powers of &£ and ¢,. Hence, the inner
displacement field is described by

|nner

(2e)~"*

() +iuy), 24,

([~ G+ 1B +14))(22) 75 = G+ 1)(B, + &) (26) T, |5
+[kx( D, —1C,) (26) T2 4% + 1y (D, — iC)(26) 7 85 %] ¢4

+[=s(D, +iG,)(28) TS = 5(D, +iT)(26) T, ) ¢k Y- (6.43)

In deriving the inner displacement field, Eqs. (6.41), (6.42) and (6.43), from the results obtained in this
section, the small parameter & must be replaced by 2¢ and A is changed to —A for the defined
perturbed-interface cracks.
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The outer displacement field derived by @(z) and W (z) is

(1/2)+i
outer _ 1 B 1 174 #1/2) —ia/2r—ia K, P2 -
(u) +iuy),; (K2+ ) +e ML e

2u, Y+’
_ . P2(l/2)—ia ' . P2(1/2)—ia 1
£ 5 e 4 1 —————| S +ia
1—v y+y 2
i ) . _ﬁz(l/Z)—ia 1
+§0§0 / 81(1/2&()”’ " (_+1a) . (644)
Y+ 2
In Eq. (6.44),
B
(k,+1)
Y

means rigid body motion which is not necessary to be considered in matching.
Finally, We obtain from Egs. (6.43) and (6.44) that

A =i 1L+ c/D+ianB/4-ia/2 i (6.45)
(1=y)(y+7v") 34+i2a
_ y+2y* ~1 g(/D+ianB/4-ia/2 . (6.46)
(=) (v+yT) 3+i2a
C,=—i _ g/D*ian(/9=ia/2p ang (6.47)
vty
D,= gl /D+ian=(1/9—ia/2p (6.48)

y+vy’
With Egs. (6.45), (6.46), (6.47) and (6.48), we can find A,, B,, C, and D, from Egs. (6.22), (6.23), (6.24)
and (6.25) for physical quantities in material 1. Hence, the solution to the singularly perturbed-interface cracks
is complete.
As the considerations in the regular cases, also concerned for these singularly perturbed-interface cracks. In
this special mechanism the complex functions representing the outer solutions become that

1 z—1
Pi(2) = A1~ Zz)‘“( Py

) + ¢, 2% (6.49)

1 . 2 : 1 2 21 i ——-——1_A
Wi(2) = 7 [dn—ia )2 +id, [+ oA (1-2) ln(z )_”’

+1 1+A

+x(2)(Pnz+ ey, (6.50)
where
A, =6_Z( Y., ¢12=——627r—; o), A¢]=¥_y(cf:)l,

1 S—vy 1- "
‘P1|=y(1+A){ —— if28y" - 8- v—m(S 7)}}((&)1

2 —A S—vy .

and¢1o=m{ 26y" — 8-y~ (8 —7)]—(1+1a) }(Ux)l‘
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Fig. 5. Three different configurations of bimaterial problems.

Following the same matching procedures presented previously, the coefficients in the inner solution can be
determined again for this lateral stresses dominating mechanism.

A2 =2~ 6/9-ia/2,(3/)+ia ((3/2) " il)(l — Y*) [1 + )\(1/2 + ia)](?ll-+¢_l())’ (6.51)
B, =2"6/9-ia/2,03/D+ia G+ icll)(] — [1+A(1/2+ ia)](qo_“+_<ﬁ'1—0), (6.52)
C,=—1i Tty 2_(5/4)"i“/28(3/2)+i“($1-1+<p_m) and (6.53)
D, - y+1y 2=(5/4~ia/2 3/2+m(¢ +<P10) (6.54)

7. A simple application

In this section we use the results obtained in the regular case, perturbed holes with cusps, to demonstrate a
practical application. In general, the roughness of bimaterial interface is usually examined with the schemes as
shown in Fig. 5a or sometimes Fig. 5b, regardless of the unevenness of the interface crack. With some
experimental approaches the critical values of the stress intensity factors can be determined and used to be
referred in many practical purposes. From Eq. (5.21) the critical values X, and K ILeri an be found with
respect to the maximum opening stress (0,")M and shear stress (o, M.

For the opening test in Fig. 5a, the crltlcal values K| ; and Ky ; are presented as

K, o=V A(a)),, and (7.1)
Kyei=—VmB(a)),, (7.2)
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For the shear test in Fig. 5b, the critical values K|, and K, are presented as
I ,cri f_B( ) and (73)
ll Lcri J_A( xy) (74)

The constants A and B appearing in Egs. (7.1), (7.2), (7.3) and (7.4) are
A=cos(aln2) +2asin(aIn2 and B=sin(aIn2) — 2a cos(a In2).

And the interesting perturbed-interface problem concerned in this paper has its configuration as shown in Fig.
5c. Without considering the higher order terms, the critical values K| ; and K induced by the lateral stress
can be derived from Egq. (5.25).

Ko BF[M(“‘ —B)

I,cri

(o) 1n and (7.5)

4a(l+6)

Kijen =~ 8‘/_[—'_—(A Ba)|(0) - (7.6)

Compare Eq. (7.5) with Eq. (7.1), when the critical value K, ; is approached, the required lateral stress can

be computed by the opening stress which has been determined from the test scheme in Fig. 5a.

4a(l +6) !
_I—T';/T‘y*( Aa——B)] A((Tym)M (7.7)

(67 ) m= [3

In contrast to Eq. (7.7), if the critical value K, ; is approached, then from Eqs. (7.6) and (7.2) the required
lateral stress will be

M B(Uym)M- (7.8)

(O'xm)lM=[‘91_y_2,y*

The same method can also be used to determine the required lateral stress when the critical values of the
stress intensity factors are obtained from the shear test scheme in Fig. 5b.

(A-Ba)

8. Conclusions

The purpose of interfacial fracture mechanics is to define a measurable and usable material property,
toughness, to quantify fracture resistance of interfaces. The basic notions of interfacial fracture mechanics are
summarized in Rice (1988). The theory is always used to analyze a fiat thin-cut of semi-infinite or finite length
in interface of bimaterial. Here we try to extend the theory to include perturbed-interface cracks. Due to the
agreement with reality, the concept of interface fracture mechanics now involves treating a crack with smoothly
perturbed surfaces. The basic techniques for this purpose are Muskhelishvili’s potential formulation and
perturbation analysis that have been demonstrated in this present paper with selected examples. The perturbed-
interface cracks are categorized regular and singular types by their different local geometries around the tips.
Regular perturbation procedure provides the solution to the regularly perturbed-interface cracks. Boundary layer
theory, however, is used to solve the singularly perturbed-interface cracks. First order solution for stress
intensity factors at tips of regular examples, hole with cusps and smoothly undulating-interface crack, have been
presented. The dominating effect in the first order term is the summation of coefficients of homogeneous
polynomial solution multiplied by x(z) of complex function ¥ ,(z). This result comes from the fact that
Y, (+£1)= —Y.(+1) = 0. The singular character at tip obtained from x'(z) is the same as the one determined
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for the conventional thin-cut interface crack of bimaterial because they have the same local geometry around the
tip. That is the reason why the regularly perturbed-interface cracks are so defined. A simple substitution shows
that the summation of coefficients of the homogeneous solution involves the longitudinal load o,*, although
Y (£ 1) =0 in regular examples. Outer solution to the singular examples is determined by following the same
method used to solve the regular ones because the surfaces of singularly perturbed-interface cracks are so
defined that their derivatives at x= +1 can not vanish simultaneously. The singularity at tip is not only
provided by x'(z) but also by the other terms existing in the complex functions @'(z) and ¥/(z). The singular
characters at tip, except the one derived from x’(z), are not reasonable such that the outer solution is not valid
in the extreme vicinity of tips. For this reason, inner solution is then constructed for satisfying the local
singularity. A general expression of inner solution for different small notch-tips was derived from the
conventional Williams’ asymptotic expansions. This expression needs to be matched by the outer solution for
determining the unknown coefficients. The matched asymptotic expansions, however, represent the local
behaviour of notch-tip structure of bimaterial.

There are some interface—fracture mechanisms of composites under the ignorable 0, and o, and the
crucial o7, such as in the interfaces between thin-film and substrate or fiber and matrix. This type of fracture
phenomena is very critical in many practical problems. When the lateral stress ¢, is much greater than other
stresses 0,” and o, the zero-th order solution with only o," and o, can be ignored and the first order
solution is then notable because it still retains the dominating stress ¢,”. In this type of interface fractures, the
unevenness of the crack faces is the reason to introduce the lateral stresses into the stress intensity factors. If the
crack is assumed to be a fiat thin-cut in its study, then the lateral stresses will not be taken into account for the
fracture behavior and gives zero stress intensity factors, due to the vanishing 0," and o;;. Obviously, it can not
be solved under the simplified thin-cut assumption. In this paper, we have presented several explicit results
derived for this mechanism by considering the unevenness of the interface crack, those solutions give the insight
of the effects induced by the lateral stress in composites.
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