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MOLECULAR PHYSICS, 1983, VoL. 49, No. 6, 1341-1352 

On nuclear magnetic  relaxation due to slow molecular  
reorientation and fast internal rotation interference 

by LIAN-PIN HWANG 

Department of Chemistry, National Taiwan University, 
Taipei, Taiwan, Republic of China, 

and Institute of Biological Chemistry, Academia Sinica, 
Nankang, Taipei, Taiwan, Republic of China 

(Received 9 December 1982 ; accepted 23 March 1983) 

Spin-lattice relaxation arising from modulation of the dipole-dipole inter- 
action by slow molecular motion together with fast internal rotation inter- 
ference is investigated. The magnetic interaction for the internal rotation 
is treated as a perturbation and a modified stochastic Liouville equation, 
which is exact in all orders of the residual perturbation for the overall re- 
orientation of the molecule, is derived after averaging over the internal rotation 
modes. The resultant equation is solved by the eigenfunction expansion 
method to study the spin-lattice relaxation. Results show complicated 
damping oscillations which Donskaya's work has failed to predict. Such 
oscillations in the relaxation are found in the slow motion region. Effects 
due t9 jump diffusion and brownian diffusion in the internal rotation are 
also considered. 

1. INTRODUCTION 

For a complex molecule, internal motions and overall rotation are present 
simultaneously, so that the correlation time relevant to relaxation may be a 
composite of the individual times. In 1962, Woessner [I] derived a theory 
for isolating methyl group rotation from overall rotation on the basis of second 
order perturbation theory by considering small dipolar interactions and fast 
rotational motions. Several years ago, Donskaya [2] presented a theory for 
nuclear magnetic dipolar relaxation due to slow molecular reorientation and 
fast internal rotation interference. The starting point was based on the ob- 
servation that the consideration of the relaxation processes with the help of the 
ordinary Bloch equations is inadequate since the condition of the fast motion 
is not fulfilled by the slow reorientation motion of the molecule. Thus, the so 
called 'Woessner equation'  for dipolar relaxation with internal motion is 
inapplicable to this case. In Donskaya's theory, a longitudinal relaxation 
rate which is of molecular orientation dependence is incorporated into the 
stochastic Liouville equation (SLE) which contains the prescribed relaxation 
part and the term describing the diffusion change of the magnetization due to 
overall reorientation of the molecule, e.g., 

dMz(~, t )=  Mz(~ , t ) - M z ° ( ~ ) _ F n ( M ~ ( ~ ,  t)_MzO(~)) ' (1) 
dt T~( f~ ) 
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1342 Lian-Pin Hwang 

with 

02 

where R is the rotational diffusion coefficient and 0 is the polar angle between 
the molecular reorientational axis and the direction of the Zeeman field. 
Furthermore, we consider the case in which the proton-proton dipolar inter- 
action has a constant separation distance r while the internuclear vector rotates 
inside the molecule with a constant angle fl between the internuclear vector 
and the molecular z-axis. We may assume that this fast internal rotational 
motion occurs independently of the slow overall reorientational motion. In 
the limits of small dipolar perturbation and fast motion, i.e., oJz~-~l, where 
co x is the Larmor frequency of proton, the molecular orientation-dependent 
spin-lattice relaxation rate, at the instant of molecular orientation specified 
by the Eulerian angle f~, gives 

T-l(~'~) = ao z ~['qo(fl) + r/2(fl) cos2 0], (2) 
with 

~/o(fl) = ~ [5  sin 2 2 3 + 2(~'21r ) sin 4 fl] (3) 
and 

7/2(fl ) = ~[2(~-dT ) sin 4 f l -  sin z 23], (4) 

where r and r~ are the correlation times for internal rotation, with rz = r for 
120°-jump model and T~=r/4 for the brownian diffusion model [3, 4]. a 0 -  
yzyz./r 3 is the strength of proton dipolar interaction. However, if we examine 
equation (1), the residual dipolar interaction, after averaging over internal 
rotational modes, is missing in the expression and it is important to note that the 
missing term plays the main role in spin relaxation. It may be seen from the fact 
that as we take f l=0  the first term on the right hand side of (1) drops out. As a 
result, the system does not show spin-relaxation. 

A recent study of the spectral effects of combined motions has been made 
by Campbell et al. [10], who applied SLE to the study of N.M.R. lineshapes 
in a system of a decoupled I =  1 nucleus with relatively rapid internal rotation 
and slow overall motions. In this paper we develop a model which, as compared 
with those already existing, offers a more realistic physical description for slow 
overall reorientation with internal rotation as a whole. Our main interest is 
in interpreting the magnetic relaxation in the slow motion region. Results 
of this theory are compared with those developed previously. 

2. RELAXATION THEORY 

In our approach we have utilized the stochastic Liouville equation and 
considered independent motions between overall reorientation and internal 
rotation, i.e. 

p([), % t ) = ( - i A  ° - r  n - F~)p(~, ~, t), (5) 

where p(f~, ~, t) is the spin density matrix in a state (f~, ~) where c~ is the internal 
rotation angle. U~ and U a are the diffusion operators for internal rotation 
and overall reorientation respectively. Upon Fourier transformation it yields 

(oJ+ . ~ - i r n - i F = ) p [ ~ ,  o~, co] = - i p ( ~ ,  ~, 0), (6) 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
5
9
 
3
 
S
e
p
t
e
m
b
e
r
 
2
0
0
9



Nuclear magnetic relaxation 1343 

where ~ is the Liouville operator corresponding to the total spin hamiltonian H 

L~ = [H, ] _~ Aao + .Lf,(~), ~). (7) 

Here ~e o is the Liouville operator for the Zeeman term and ~l(f~, ~) is the 
perturbation Liouville operator depending on the orientation ~ and internal 
rotation coordinates (a,/8, 0). Its corresponding hamiltonian may be expressed 
as the scalar product of two tensors. That is we write Hl(f~, a) as 

H,(n,  o~)= y~ Dq, o(2)(a, ~8, O)Dq, p(')(D)Ap 
P, q 

= X exp (iqa) dq, o(Z)(fl)Dq, p(2)(D)Ap, (8) 
P , q  

where Dq, p(2)(f~) and dq.o(~)(fl) are the usual and the reduced Wigner rotational 
matrix elements respectively, and where for dipolar interaction of nuclear 
spins I and I '  A T is given by 

2b A2 = V~s 7a I+I'+, 

A1 = - V ~  b (LI ,  + + I+I',), 

) Ao= ~ I j '~+~I+l '_+~l_I '+  , 

_ V  = b 
A_, - ~ ~ (I,I '_ + I_I',), 

(9) 

b 
A_2 = V~ ~ L r _ ,  

with 
b- (3 /2 )ywvh .  (10) 

We now wish to simplify the SLE [7, 8] to obtain a distribution function 
for just the orientational space of the molecule. Since a is a fast variable and 
the internal rotation and the overall reorientation are assumed independent 
we may introduce a coarse graining in time such that the spin density matrix 
is averaged over times tc>>~- (or r2) but still small compared to R -1. Then, 
such a coarse graining in time gives the expression for p in terms of a complete 
orthogonal set of eigenfunctions. 

t,(~, o,, t ) -  ~, o.(~, t)lC.(~,)), (11) 
n 

where we have r.IG.(=)>--1/..IC.(=)> and generally let Go(O0=(l/2~r)'/= 
which corresponds to the equilibrium distribution in o~ space, on(fl, t) is the 
spin density associated with a particular value of fl and the nth internal rotational 
state. The equation of motion on the time scale associated with t~ may be 
obtained by defining a projection operator such as 

i~p(~, a, t ) - % ( D ,  t), (12) 
o r  

i~_= (Go(a)t. (13) 
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1344 Lian-Pin Hwang 

Operating with ~ and (1 - ~ )  on the SLE respectively, we obtain 

(co + Ae 0 + Z# a - iPn)%[~, co] +kAex(1 -~ )p [~ ,  % co] = - i%(~, 0), (14 a) 

(co+ ~ o + ( 1  - k ) ~ x - i Y n - i / ' ~ ) ( 1  - k ) p [ ~ ,  co, co] = ( ~ a -  Ae~)%[~, co], (14 b) 

where 
~a% - [Ha, %] = ~ 1 ° ' o  • (15) 

It is noted that F~(1-/~)p does not vanish so that this term suffices to ensure 
the fast motion condition, (H1-Ha)%~ 1. We may simplify equations (14) 
in analogy with the usual second-order perturbation theory and obtain 

(co + Z~°o + &Va - iI'n)%[f~, co] + P  ~I(CO + ~ 0  -- iFn-- iI'~) -1 

x ( ~ a -  -L~ax)%[ ~, co] = - i%(~, 0). (16) 

The second term on the left may be simplified further to give 

(co+ ~o+ ~a-iFn-iK[co])%[ ~, co] = - i%(~, 0), (17 a) 

where we define 

K[co] = I d~(Z:l-£?a)(ico+i'~o+I'n+r,)-x(z?l-£:a)" (17b) 
0 

If we transform (17) back to time space we find 

~%(f2, t )=  
- i (£#  o + £~°a)%(~/, t ) - r n % ( a ,  t ) -  i K(t-tx)%(~), tx) dr,. (18) 

~t 0 

It is important to notice that the kernel K(t) is the memory function [6] which 
describes the magnetic relaxation due to the internal fast processes. Since the 
internal rotational mode is considered a priori to be relatively much more 
rapid than the overall reorientation, K(t) may decay appreciably while %(f~, t) 
remains almost unchanged. Thus, it seems quite satisfactory to single out 
the relaxation process arising from the internal rotation mode. So we obtain 

Oo(f~, t) : [ -  i ( ~  o + ~ e )  - r n  - g]%(f~, t), (19 a) 
where 

1 ~ dt }~d~(~l-Z#a) exp( - i~o t -P~t ) (~x-~a) .  R= ~ K(t) at~_ 
o o o 

(19b) 

This is the stochastic Liouville equation for the present model. An alternative 
to this derivation may be obtained by invoking the van Vleck method [11] in 
conjunction with the approach outlined in the Appendix of [10]. We now 
note that the first term in (19 a) gives the dynamical motion of the spin degrees 
of freedom preaveraged over internal modes. It was missing in Donskaya's 
formulation (cf. equation (1)), while, for spin-lattice relaxation, the second term 
has its usual meaning as described in his equation except that axially symmetric 
diffusion is considered in this work. For a two spin system of identical spins 
( i =  1) with dipolar interaction and fast internal rotation, the third term in (19 a), 
after some simple manipulation [5] may be identified as 1/T1(~2) in Donskaya's 
formulation. Moreover, the second and third terms have real parts which are 
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Nuclear magnetic relaxation 1345 

responsible for relaxation. In the rigorous treatment of the stochastic Liouville 
equation in the limit as t-~oo, %(fl, t) may achieve its equilibrium value Oeq(~ ) 
by including a ' spin torque ' term which has the property of tending to restore 
the spins to their thermal equilibrium value [7]. However, for convenience, 
and also for retaining the physical significance, one may have an ad hoc assump- 
tion by substituting 

c~(~, t) - Oo(~], t) - O'eq(~ '~ ) (20) 

for %(~, t) in SLE [7]. Here ~eq(fl) is the equilibrium density matrix whose 
dependence is Fn%q(~)=0  in order to assure the solution approaching 

%q in the limit as t-+oo. For isotropic distributions we have %q-=( J dfl) -1. 
Quantities of interest in the calculation may be expressed by 

M,(t)  - Mfl = (((I= + I',)o(~), t))> 

1 
=8~2 J df~ ¼(<+ + I~(~, t ) l+ + > - < -  -lo(f~, t ) l -  - > )  (21) 

where M~ ° is the equilibrium value of z component magnetization. Then, 
it is clear that from the knowledge of the population difference between I + + > 
and I - - > states, one may deduce the rate of the spin-lattice relaxation. This 
may be solved by using the expansion method due to Freed et al. [8] in their 
treatment of E.S.R. lineshapes for calculating (M~( t ) -M~ °) from SLE (19), 
for example 

~(~, t )=  2~ CK..~tLDK.,,tL(n)[(8~r2)-'(ZL+ 1)] 1/2. (22) 
L , K , M  

The Wigner rotation matrices DK, ML(~) with eigenvalues EK, M z =  *L.~ -1, as 
given by 

,L .~  -~ = R+L(L + 1 ) + (R, - R+)K 2 (23) 

provide such a set for axially symmetric brownian reorientational diffusion. 
Also, R, is the rotational diffusion coefficient about the molecular z-axis and 
R+ is the rotational diffusion coefficient about the axes perpendicular to the 
z axis. Note that the difference in z-component magnetization with its equili- 
brium value may be expressed by 

(M~(t) - Mfl) = i [ (  + + IC0.o°l + + > - ( - - 

- i [Co .oO(a) -  Co, oO(b)], 

where a and b are the spin states shown in figure 1. 

ICo, o°l - - 5] 
(24) 

Then, we obtain a hierarchy 
of equations of the types given in the Appendix pertaining to the spin-lattice 
relaxation process. In Appendix A, equations (A 1), (A 2) and (A 9) can be 
decoupled from (A 3)-(A 8) in the limit IoJ1rL, h-I >> 1, [8, 11] which is appro- 
priate for slow motions. However, to treat the problems in general, the infinite 
set of equations may be written in matrix notation as 

C=AC, (25) 

where C is a column vector of all the matrix elements of the coefficients CK, M L, 
while A is seen from (A 1)-(A 9) to be a complex symmetric matrix, which may 
be recast into A -  A' - BI with ( B ) i -  B =- ao 2 r(~7o(13) + ~22(/3)). Equation (25) 
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1346 Lian-Pin Hwang 

b =l--> 

a'=l-÷ 6 4- _ _  

o.=1++> 

b'=l.-> 

Figure 1. Energy level diagram for combined spin states of two coupled protons. Numbers 
1, 2, 3, 4, 5 and 6 identify relaxation transitions. 

is solved in the standard manner [8] by finding a complex orthogonal matrix S 
to diagonalize A' such as s_1 A'S = A. Then we obtain the solution 

C = SES -1 Cto, (26) 

where the diagonalized matrix l= is defined by 

E i = exp ( - (Ai l  + B)t), (27) 

and where Cto= ¢[ t=0 is a column matrix related to the initial distribution of 
the matrix elements in ¢. The specific form of (:to depends on the method 
of creation of the initial non-equilibrium magnetization. To compare with 
Donskaya's results, we utilize the initial condition, ( M ~ ( 0 ) - M ~ ° ) = - M ~  °, 
for the magnetization after a 90 ° pulse. 

In this case, we take 

(C/o)1 - - - -  (Co, o°(a)),o ~ (1 - exp (yzhHo/kT)). m, (28 a) 

(Cto)~=(Co, o°(b))to~_(1 - e x p  (-~,zhHo/kT)). m, (28 b) 

where H o is the Zeeman field and m stands for the total magnetic moment. 
Note that other column matrix elements are identically zero as the initial prepara- 
tion of the system. The diagonalization scheme leads itself to the computation 
of the time-evolution of (M~(t)- M~ °) 

(Mz( t )  - Mz  °) = ¼ e x p  ( - Bt) ~, (S l j  - S2s ) e x p  ( - A j j t ) ( S ) j k ( C t o ) k  ( 2 9 )  
j , k  

which describes the approach of M~(t) to the equilibrium value. 

3. RESULTS AND DISCUSSION 

In the procedure of diagonalization, convergent solutions may be obtained 
by terminating the expansion of orthogonal functions (cf. equation (22)) at a 
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Nuclear magnetic relaxation 1347 

sufficiently large value of L. For  the cases s tudied for ao ~ y/R+ < 1, the magnet i -  
zation decays exponentially.  T h e  T 1 values are obtained by  the least square 
fitting of ( M ~ ( t ) -  Mz °) vs. In (t) with correlation coefficients bet ter  than  0.998. 
T h e  variat ion of T 1 with respect to ao/R + for brownian diffusion and j u m p  diffu- 
sion are shown in figures 2 and 3, respectively, where a o = ylyx./r 3 is the s t rength 
of proton dipolar interaction. T h e  angles between the internuclear  vector  and 
the molecular  z axis is set to equal rr/2. I t  is observed,  f rom the figures, that  
the Donskaya  model  gives constant  values in this region and fails to show the 
effect of change of motion.  For  comparison,  we deliberately calculate 7"1 f rom 
Woessner ' s  equat ion which is based on the second order  per turba t ion  theory 
and is invalid in the region where ao/R+> 1. However ,  the result f rom 
Woessner ' s  equat ion achieves excellent agreement  with the present  calculation 

bq 

% 

b-: 

/ / J  

10 

5 

. . . . .  ~ . . . . . .  d . . . . . . . .  I . . . . . . . .  t 
10 .qz 10 J 10' 10 s 

0 o / R ,  

Figure 2. Calculation of 60 MHz proton T1 versus ao/R+ for proton-proton dipolar 
relaxation with r = 1-78 A and fl = 90 ° in a methyl group based upon the brownian 
rotational diffusion with ~-= 1 x 10 -la s. The solid curve is obtained in this work. 
The dashed curve is the result of Woessner, while the broken line is the result of 
Donskaya, R+ =Rz is assumed in the calculation. 

/×  
4 /z z 

~3 
% 
× 
~2 

I 

10 10 2 10 ~ 10 ~ 10 s 

a./R÷ 

Figure 3. Calculation of T I versus ao/R+ for proton-proton dipolar relaxation in a methyl 

group based upon the jump diffusion model. Curve description and parameters 
used are the same as given in figure 2. 
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1348 Lian-Pin Hwang 

even for ao/R + as large as 10. The main difference between Donskaya's results 
and present theory is in the preaveraged dipolar term. This has the effect of 
significantly reducing the magnitude of T1 predicted in the region ao/R + > 1. 
Furthermore, the T 1 value obtained from Woessner's equation begins to increase 
and reaches an asymptotic value B -1 as indicated in Donskaya's model. The 
difference between our model and Woessner's result becomes less pronounced 
at higher magnetic field. As can be seen from figures 2 and 3 the spin-lattice 
relaxation times are rather sensitive to the diffusion model used. Also, the 
brownian diffusion model yields longer T 1 values than does the jump diffusion 
model. 

For a molecule undergoing anisotropic rotational diffusion, one may expect 
that the effective diffusion coefficient parallel to the molecular axis may be 
interpreted as 1/r while the overall motion may be represented by a weighted 
average of R~ and R+, that depends upon the angle, fl, chosen. For the cases 
demonstrated in figures 2 and 3, if R ~  R+ and R ~  1/~- the results are unaffected 
by the variation of R~ and all motional effects are characterized by R+ and 1/r 
(1/%). The conclusion is parallel to the result obtained by Campbell et al. [10]. 

In figure 4, we show the slow motion effects on M~(t) as %2 z/R+ >> 1. Even 
at the initial stage, it is observed that the decay of (Mz(t) - M z  °) follows neither 
a single exponential function nor a composite two-exponential-function as 
predicted by Donskaya, but complex damping oscillations are obtained. This 
is characteristics of a non-markoffian relaxation effect due to the modulation 
by slow reorientation motion of a magnetic interaction when the motion beeomes 
slow (H12 ~'/R+ > 1). It can be seen that the curve corresponding to fl= 90 °, 
shows stronger damping than the curve with fl = 45 °. This may be interpreted 
in terms of a larger magnitude of magnetic interaction (%(fl)+%(fl)(cos 2 0)) 
for the case with f l=90 °. As the motion of overall reorientation gets slower 
the results show only a slight influence on the behaviour of M~(t) at times 
t < R+ -1. Also, it is interesting to know that in contrast to the results found for 
%2 z/R+~ 1, the relaxation processes for those cases with a02 z/R+>I are 
insensitive to the details of diffusion model chosen for internal rotation. 

I.C 

O,C 

Z 
,~ -o.~ 

-I,( . . . . . . . .  t , . , , i , i d  , , , , i , , , I  , , ,  . . . . .  i . . . . . . . .  t 

10 0 101 10 2 10 3 10 4 

t 5~c 

Figure 4. Plot of (Mz°-Mz(t))/Mz ° versus time for proton-proton dipolar relaxation 
in a methyl group based upon the jump diffusion and the overall reorientational 
diffusion coefficient R+=Rz=10-3s -1. The dashed curve is for fl=45 ° while 
the solid curve for B = 90°- Other parameters are the same as given in figure 2. 
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Nuclear magnetic relaxation 1349 

4. CONCLUSION 

The purpose of this paper has been to formulate tractable models for mole- 
cules with slow overall reorientation and fast internal rotation. Of particular 
significance is that the missing term in the previous theory is effective in causing 
relaxation. There is considerable current interest in the nature of the molecular 
motion in macromolecules. Thus, the modified SLE may provide sufficient 
theoretical framework so that models considered here can readily be applied 
and extended to the study of relaxation process of a nucleus in a side chain, 
containing multiple internal rotations, which is attached to a large macro- 
molecule [9]. 

We thank the National Science Council of the Republic of China for support 
of this work. 

APPENDIX 

The general equations which define the time-dependent magnetization for 
dipolar proton-proton interaction are given by 

~'o.oL(a) = -iAdo.o2([3) ~ N(L, L') x 
0 2 

~ 2 ( ~  2 _1`'1) 1 x C°'-2L'(4)-- C°'-1L'(5' 1) V'2 
1 

x Co.xL'( -- 5, -- 1 ) -- 
--1 --2 

x Co.,L'(--4)] - [ I / , L , o + B + C ( L ,  L ; O, O)]Co, oL(a) 
] 

- C(L, L -  2 ; O, O)Co.oL-2(a) 
- C ( L ,  L + 2  ; 0, O)Co, oL+2(a), (A 1) 

Co.oL(b)= -- iAdo,02(•) ~ N(L, L') x 
0 2 

x Co,_2L'(4)-- Co,_,L'(6, 2) X/2 
1 

x Co.IL'(-- 6, - -2)+ 
--1 2 

x Co ~L ' ( - -4 ) / - [1 / .L ,o+B+C(L,  L ; O, 0)] Co, oL(b) 

.J 

- C(L, 1 . -  2 ; O, O)Co.oL- (b) 
- C(L, L + 2 ; O, O)Co, oL+2(b), (A 2) 
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1350 Lian-Pin Hwang 

Co _2L(4)= --iAdo, o2(3) ~ N(L, L') \ 
L" 0 0 

X (Co,_IL'(5, 1) + Co _~L'(6, 2)) 
--1 

+ 2 -2 (C°'°L'(a)-C°'°L'(b)) 

- [2ioJ~+ 1/ZL,_2+B+C(L , L ; O, --2)]Co,_zL(4) 
- C(L, L - 2 ; 0, - 2)Co._zL-2(4) 

- C ( L ,  L + 2 ; 

O°'-lL(5'l)=-iAd°'°2(3)~N(L'L')(~ 2 L ,  0 

x C°'-~L'(4) + C'(~) (~  2 0 

-1  

- 2  

O, - Z)Co,_~L+2(4), (A 3) 

' 
Co, -1L'(5'1 ) X/2 

~')(Co, oL'(a)--Co, oL'(m)) 

-[imI+ I/TL._I+B+C(L , L; O, --1)]Co,_1L(5, 1) 
- -  C(L, L -  2 ; 0, - 1)Co,_IL-2(5, 1) 

- -  C(L, L + 2 ; 0, - 1 )Co,_xL+2(5, 1 ), (A 4) 

~'~O,_1L(6, 2)= --iAao.o~(3) E N(C, L') ~v/2 
L' 0 

× ( ~  : _L'2) Co.-zL'(4'- '~/({'(~ : _L'I) 

(C.,oL'(b) × C0,_1L'(6, 2)--~---~ 1 - 1 

- -  C o ,  o L ' ( m ) )  - -  Co, IL'( - 5, - 1) 
- 2  

- (ko~ + 1 ] r L _  x + B + C ( L ,  L ; O, - 1 )Co,_xL(6, 2)  

-C(L, L - 2  ; O, -1)Co,_xL-~(6, 2) 
-C(L,L+2;  O,--1)Co_xL+2(6, 2), (AS) 
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~.IL~--S, --',:-- ,~,L,L',(~ 

× C0._1L'(6, 2)--~-'~ 
1 

-- Co, oL'(m))-- %/(~) ( 
L 

\ -1  

(L2 
0 - 1  2 

2 ~ ' )  ( C ° ' ° L ' ( a ) l  

0 

I(L ] Co. L'(  _ 4) 
v/2  - 2  - 1 

-(-ioJI+ I/TL.a+B+C(L , L; O, 1))Co, lL(- -5 ,  - -1)  

-C(L, L - 2 ;  0, 1)Co.lL- ' (  -- 5, - -1)  

- C ( L , L + 2 ;  0, 1)Co.~L+2(--5, --1) ,  ( A 6 )  

Co.IL( -- 6, -- 2) = -- iAao, o'(~) ~ N(L, L') 
0 -1  2 

xCo,_I L ' ( 5 , 1 ) - ' ~  - 1  1 ' 

- Co,.L'(m)) + V/(]) Co.,L'( -- 6, -- 2) 
1 0 

Co. ,L'(  -- 4 ) 
V 2  _ 1 - 1 

-[LioJx+l/rL,~+B+C(L, L; 0, 1) ]Co.~L(-6 ,  - 2 )  

-C(L, L - 2 ;  O, 1)Co.~L-~(--6, - -2 )  

-C(L, L + 2 ;  0, 1)Co, ~L+2( -- 6, --2) ,  ( A 7 )  

' ) •  0 22 
I(L 

(Co.oL'(b) - C°'°L'(a))---'~ --2 1 X 

× (Co, IL'( -- 5, -- 1 ) + Co.IL'( -- 6, -- 2 ) ) ]  

- I  

J 

-[-2ko~+ I/rL.2+ B+C(L, L; 0, 2)]Co.~L(--4)  

-C(L, L - 2  ; 0, 2)Co.2L-2(--4)  

-C(L ,L+2;  0, 2)Co,2L+2( -- 4), ( A 8 )  
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C0,0L(m) = - iAdo, o~(#) ~ N(L, L') 
0 v/2 

x (COAL" ( -- 6, -- 2) + Co,  l L ' (  - -  5 ,  - -  1 )) 
- 1  

-[I/rL, o+B+C(L , L;  O, O)]Co, oL(m) 

--C(L, L - 2  ; O, O)Co, oL-2(m) 

-C(L ,  L + 2  ; 0, O)Co, oL+2(m), (A 9) 

where N(L, L') - ((2L + 1)(2L' + 1))l/z and the coefficients in the above equations 
are defined as 

CK ' ML(m) --_ CK, ML(a') + CK, ML(b ' ) + CI~, ML(3, -- 3 ) 
2 , ( a  10) 

ML(p, q) =--~ (CK, ML(p) + CE, ML(q)), (A 11 ) ClC, 

with 
CK, ML(p)=<jIC~,2,ILIi) for p = l  to 6, (A 12) 

where we denote the transition [i> to l j )  as p and the reverse transition as - p .  
The  details of transitions can be found in figure 1. Furthermore C2c, ML(a), 
CK,~L(b), C~,M(a' ) and CK, ML(b ') are the matrix elements of states a, b, a' 
and b' respectively. Definition of other terms in equations (A 1) - (A9)  are 
given by 

A = - X/(~)a 0 - - V(])y,~,'zl r3, (A 13) 

B = ao 2 -r(~o(fl) + ]Bz(fl)) ,  (A 14) 

C(L, L' ; K, M)----~ao 2 zy,(fl)N(L, L') x ( - )K-M 

x x (A 15) 
- K  - M  

and 
o ' i -  yiH0, 

where all terms are in angular frequency units of s -1. 
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