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1. Abstract

This study presents a novel method to
analyze the vibration of an viscoelastically
mounted concentrated mass supported on the
joint of crossed beams with viscoelastic
foundation. The frequency responses of the
displacement of the mounted mass and every
beam are derived. Moreover, the force
transmissibility from the vibrating mass to
the foundation and the frequency equation
are obtained. The derived results are
expressed in both analytical and closed
forms.

K eywor ds:. viscoel astic structures, wave
propagation, structure dynamics

2. Introduction

The  vibration  behavior  and
transmissibility of a concentrated mass
mounted on single and multiple
degree-of-freedom lumped isolator systems
have received considerable interest [1].
Anayticak and numerica methods for
obtaining the fundamental frequency and
mode shape of a single beam carrying a

1 92 7 31

concentrated mass in free and forced
vibrations have also been presented [2-4].
Although previous studies commonly
considered the single beam structure,
vibrating engines supported by multiple
crossed beams are normally used in practical
design. The vibration behavior of a system is
affected by the dynamic interaction not only
between the mounted mass and supported
beams but aso between one beam and
another. Moreover, the flexibility of the
foundation for each beam is combined into
the dynamics of a system.[5]

In this project, forced vibration
analysis of crossed beams with flexible
boundary carrying an viscoelastically
mounted mass is investigated using a graph
method [6]. Viscoelasticaly foundation for
the support of these beams is also considered.

3. Theory

An viscoelastical mounted concentrated
mass (the primary system) supported on the
joint of N symmetricaly crossed beams
structure is considered. As assumed herein,
each beam is uniform and joined at the
midpoint. The ends of each beam are
supported by viscoelastic foundation, which
is modeled as the combination of the linear
spring and dashpot damper. For the ith
beam, since no load acts between the
midpoint and the end of each beam, the
governing equation for small amplitude
vibration of the beamisgiven by [7]
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where w;(t) is the beam’s displacement at the
cross-section x;, Ej is Young's modulus of
beam i, I; is the moment of inertia of the
beam, m is the mass per unit length of the
beam, and b is the half length of the beam.
The solution of Eq. (1) can be calculated by
separation of variables. Thus, the amplitude
of the response of the beam can be expressed
in the following form:

Wi(x)=4q,snaXx +a ,CcosaXx )
+8 ,5inha X +a ,coshax

where W is the complex amplitude of the
displacement response at location X. &; 1, & 2,
a3 and a4 depend on the boundary
conditions, and & is a function of the forced
frequency w given by a =(ma?/E1;)Y*.
Notably, the slope at the midpoint of the
beam is zero since the vibration response of
the beam is symmetric. In addition, only
trandational flexibility for both ends of the
beam is considered, while the reaction
moment at both ends is zero.Moreover, the
shear force around the center of the beam
equals half of the summation forces acted by
the primary system and other beams, denoted
as fei(t). If the complex amplitude of the
displacement at the end of the beam W; is
given, the constants a; 1, @i 2, @3, and a4 In
Eq. (2) can be expressed by Wh,; and F;

1=~ 4&315 Fo ©
g5 = Z_:Wb,i +ﬁ Fei (4
a5 = 431_315 Fo ©)
84 = Flhiwb’i _ﬁ Feis (6)

where ¢;, s, ch;, and sh; are the symbols of
cos(aihi), sin(aiby), cosh(abi), and sinh(ab),
respectively.

Substituting Egs. (3)-(6) into Eq. (2)
yields the displacement response of the beam.
According to the results, the complex
amplitude of the displacement response at the

center of the beam can be represented by W
and F;. The boundary condition at the end of
the beam reveals that the shear force at the
end of the beam equals the force acted by the
flexible foundation fy,(t). Thus, the complex
amplitudes Fp; and F¢; are expressed as
follows:

F, _  2cch __Gtch
28°El, sch-csh © sch-csh
(7)
Foi _ c+ch 1+cch
o= - W, .
a’El; sch-gsh sch —gsh
(8)
According to Egs. (7) and (8), the

relationships between Fpi, Fci, Wh; and W,
can be described by a two-way state-flow
graph model as shown in the upper part of
Fig.1. For the flexible foundation, a
combined model of massless spring and
dashpot damper is assumed. The relationship
between the displacement and the force
responseis given by

W = Foi
bi =
jaky; +ky;

)
Equation (9) can aso be represented as a
graph model as shown in the lower portion of
Fig. 1.

The graph model of beam i and its
supports shown in Fig. 1 indicate that the
paths following the state flow form a
closed-loop. There are two forward paths
from W, to F¢;. Although one forward path
touches the loop, the other one does not.
Thus, the ratio of the complex amplitude of
the displacement response W to the force
response Fc;, denoted as H,, ., can be

obtained as [6]

HWC,FQi = ZaiSEi l; (_aigEi l; (Sch - C,Sh)
+2c.ch (¢, w+k,;)) /(&'El;(1+cch) (10)
+ (Cb,ia)+ kb,i )(Sch - C,Sh))

When al of N crossed beams are
considered, the force acting on the spring and



the damper of the primary system F. equals
the summation of the force acting on al
beams. Thus, al the transfer functions
Hw,r, can be combined by directly

summation. The reduced graph mode
contains only two loops. For the combined
model, there is only one forward path from
Fe to Wy. This forward path touches one of
the loops. Thus, the complex amplitude of
the displacement response of the mass of the
primary leadsto

N
W, = ((jar, +kg)+ Y Hy, ¢ )F/

i=1
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(11)

In the same manner, the response of
the displacement at the joint W, can be
calculated. There is only one forward path
from F¢ to W,.. This forward path touches
both loops in the combined graph model.
Thus, the complex amplitude of the
displacement W; is

W, = (jary +kqg)F/(-mya’ (jac, +ky)

N
+(_md(‘)2 + jand +kd)zHWC,FCYi)

i=1

(12)

In order to calculate the response of
each beam, the graph model of the total
system can be rearranged by combining two
cascade models. the dynamic coupling of all
components of the system and the uncoupling
dynamics of each beam and its constraints.
From the rearranged model, W,; and Fy;
can be obtained

W, = a’El (c +Ch)HFe,WC F /(o (13)
+kb,i)(sch _C|Sh)+ai3Ei|i(1+C|Ch)

Foi = aigEiIi(Cl +Ch)(jwcb,i + kb,i)
HFe,WC Fe((janb,i +kb,i)(s1ch _Clsh)
+&’El,(1+cch))

(14)

If responses W, and Fp; as shown in
Egs.( 20) and (14) are substituted into EQs.
(3)-(6), the coefficients of a1, a2, &3, and
a4 can be calculated. Thus, the response at
each location of the beam is known.

3. Examples

Two identical crossed simply
supported beams carrying an elasticaly
mounted mass subjected to force load
FeSinad on the mass is considered in the
example. The damping ratio and the natural
frequency of the primary system are 0.05 and
100 rad/sec, respectively. The mass ratio of
the mounted mass to each of beam,

my /(2mb) is 0.5. If the parameter of each
beam b2Jm/El equas 1/,/g , the

frequency variable @b equals w/.[g .

The complex amplitude of the displacement
of concentrated mass can be calculated by
equation (11). Figure 2 presents the
magnitude of the non-dimensional dynamic
response of the mounted mass Y, defined as

Yzwdmd/Fe

4. Conclusions

This work studies the dynamic
interaction of an viscoelastically mounted
mass supported on the beams with a
viscoelastic  foundation. Analytical and
closed form results of the frequency response
of the displacement of each component of the
system, the force transmissibility, and the
frequency equation are derived. Numerical
examples reveal the ease in calculating the
dynamic response using the derived
formulas.
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6. Figures

2C; Chi

ci+ch;

1+cich;

Fig. 1 Graph model for beam i and its
viscoelastic support.

Fig. 2 Magnitude of non-dimensiona
dynamic response of the system.



