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Abstract: A finite-element methodFEM) is used to simulate water wave propagation with large angle incidence at exterior boundaries.
In this paper, the radiation boundary condition is expanded to a second-order approximation and a quadratic shape function is used in tt
FEM wave model. Cases used for verifications include wave scattering around a vertical cylinder and wave propagation over a submerge
circular shoal with concentric contours. Numerical calculations based on this second-order radiation boundary condition are found to be
in good agreement with theoretical and experimental results available. The numerical predictions show that this model has made a vel
good improvement over the first-order radiation boundary conditions for oblique wave incidence in coastal engineering.
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Introduction tion perpendicular to the open boundaries at a far distance.
) ) ) However, the open boundaries are chosen artificially for conve-
For coastal engineering problems such as a beach nourishmenfionce of numerical computations and usually are not very far
project or a countermeasure of beach erosion control, it is desir-fom scatters due to concerns of numerical efficiency. Further-
gble to get the information of wave conditions in the reglon.of more, variation in depth and existence of coastal structures near
interest. The wave data are normally collected offshore and it is the boundaries affects wave direction, most scattered waves do
necessary o transfer these wave data on wave heights and wavgq; 54y leave the open boundaries as assumed. Recently, sev-
propagation directions to the nearshore region. In recent years,, .| techniques have been proposed to handle this probllem.

many numencal wave models have been Qeveloped to CalcuIateBerkhoff (1972 solved the elliptic mild-slope equation using the
the combined wave transformations, resulting from wave refrac- FEM and boundary integral techniques. Chen and Ki&i74)

tion, diffraction, reflection, and shoaling. These models usually developed a hybrid finite-element modelFEM), upon separat-
er!countered two problems: the treatment of irregu.lar boundarying the computational domain into two regioné in which the in-
grids and large oblique wave incidence at the exterior boundary. terior was covered by a finite element grid, while the exterior of

Finite dlﬁgrence method~DM) was one of the popular numeri- constant depth was modeled by analytical forms. Adopting the
cal techniques. Not only can its orthogonal rectangular meshes.

hardly match the irregular boundaries, but also the use of roughIdea ?jf a hybrl'_?FEathOda Blettgss ano_l %le_nklelw(dzﬁ) su?]- di
boundary grid near a structure reduces the accuracy of the Iocalg(aSte anew modet using an In |_n|te-e emem method in
wave field near the boundaries. Recent development of the finite-the exterior region. Inste_ad .Of the analytical expansions of scat-
element methodFEM) is advantageous over the FDM in han- tered waves in the exterior field, Chen and T¢2990 proposed

dling the complicated boundaries. The grid treatment for the FEM a local radiation boundary condition to describe the scattered
is more flexible than that in the FDM waves at the open boundary in the interior region.

Earlier FEM for water wave propagation with oblique inci- The differences resulting from using the standard and local

dence generally employed the standard radiation boundary condi-r"’w""’mc.)n boundary copdition§ were studied by §imulating waves
tion. which assumes scattered waves leave the domain in a direcScattering around a circular island. The numerical wave models
’ mentioned above require special treatment for the open bound-
aries with analytical forms or other numerical techniques, to-
Cheng-Kung Univ., Tainan 701, Taiw&gorresponding authpr E-mail: g-ether with artificial bou.ndaries in the fprm of a circle or sem?-
twhsu@mail.ncku.’edu.tw ' circle. Constant depth is usually required beyond the exterior

’Research Assistant, Dept. of Hydraulic and Ocean Engineering, boundary. In reality, the water depths outside the exterior bound-
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National Cheng-Kung Univ., Tainan 701, Taiwan. ary in computational domain are hardly constant. Furthermore,
SProfessor, Dept. of Civil Engineering, National Taiwan Univ., the propagation direction of scattered waves is not always normal
Taipei 106, Taiwan. to the artificial boundaries. To overcome this problem, Panchang
“Master, Dept. of Hydraulic and Ocean Engineering, National Cheng- (2000 developed a technique that was based on a one-
Kung Univ., Tainan 701, Taiwan. dimensional representation to better simulate the effects of the

Note. Associate Editor: Henry K. Stolarski. Discussion open until ayterior bathymetry. The results of the one-dimensional model
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ing Mechanics Vol. 129, No. 12, December 1, 2003. ©ASCE, ISSN when a wave train crosses the boundary. B&bg81) developed
0733-9399/2003/12-1429-1438/$18.00. a numerical model, based on the original parabolic equation of
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Radder(1979 to handle the approximate boundary with variable 8

water depth and large wave incidence angles at the open bound- Incident Wave/o\ =
aries. Dingeman&1983 made use of the first-order Padpproxi- s 1" s
mation for the radiation boundary condition, thus extending the Radiation boundary ;

angle of wave incidence to 56.5°. With a second-order Rgue Radiation boundary
proximation, Kirby (1986 improved the applicability of the

model to a large angle around 70°. Later, Dalrymple and Kirby

(1988 developed a wave propagation model valid for incidence

wave angles up to 90°, based on the assumption that the bottom

contours were straight and parallel in a direction normal to the

assumed direction of propagation. Additionally, Dalrymple et al.

(1989 developed a “wide-angle” wave model for irregular

bathymetry by a spectral Fourier method separating the contribu-

Radiation boundary
n

Partially or fully
reflected boundary

Absorbing

tion from component waves. Hsu et §1998 developed a FEM boundary
by adopting a binomial approximate to third order for the radia-
tion boundary condition. The linear shape function used in their Fig. 1. General geometry and regions of computation

model was not suitable for differential terms in the second- and
the third-order radiation boundary condition. Despite the short- ) .
coming to improve its applicability for large wave incidence, CD), shoreline (Curves AB(_:' DEF, anc_j st_ructure boundaries
Hsu's FEM model was helpful in treatment for open boundary, (Curves H. The computational domairf) is surrounded by
In addition to coastal engineering, there are a large volume of d2Shes. Cartesian coordinate systeny) is used, and the local
existing papers dealing with the subject of RBC in computational coordinate systemy(s) is adopted on boundaries in whichand

physics, fluid dynamics, and applied mathematics. Gi(t8i9) S, respectively, dgnote the normal and tangential direction. Coup-
reviewed corresponding researches on the use of nonreflecting{erCIOCKWIse rule is obeyed on the outer bounda_ry of the domain
boundary conditions in wave problems. He also discussed bound-1© Pe solved and opposite rule observed on the internal boundary
ary conditions, which are nonlocal in space, in time or both, and (Curve H’ . i i
addressed some near future research directions in RBC problems, COnsidering wave propagation over slowly varying water
Givoli and Keller (1994 developed special two-dimensional fi- d€Pths, Berkhoff(1972 derived a two-dimensional mild-slope
nite elements for use near a boundary or an interfate The equation in the form
construction of the elements guarantees high-or@&y) (regular- V. (CCgVn)+CCgk2n =0 (1)
ity along 9A and C° regularity elsewhere. Their improvement
shows that all the elements in the hierarchy are proved to be fully
conforming. Tsynoko\ 1998 proposed an approach which can
obtain highly accurate RBC in the form of certain nonlocal
boundary operator equations. The new boundary conditions ar
geometrically universal, numerically inexpensive, and easy to
implement along with the existing solvers. Hagstr¢®99 ad-
dressed a theory of exact boundary conditions for constant coef-
ficient time-dependent problems. The calculation shows that the
constant coefficient equations of wave theory on unbounded do-*".”". . - )

similar to the full absorption boundary condition, which allows

mains with sufficiently simple tails can be accurately solved at the e . . .
same cost as solving a standard problem on the unbounded Sub§pe0|f|c wave trains transmitted through the boundary without any

domain of interest. These achievements in different fields provide rerfll_lectlt(r)]n. ITEe fprmer IFO dn(:m(int IIS referred Ato sc;atltersd W?.Ves
many new numerical ideas and techniques to treat the RBC prob-W e the flatter IS applied to lotal waves. A partial absorption
boundary condition modified by radiation boundary condition is

lems. However, the conventional techniques for the RBC prob- . -
lems are still applied in the existing Wateqr wave models. P introduced by Behrendtl 989, giving
In this study, a finite-element wave model without the precon- an an
dition of a special open boundary grid is presented. The radiation azr+Cor=0, ondA (2)
boundary condition is expanded to a second-order approximation ) o )
using a quadratic shape function. This reduces unnecessary reflec¥herer =n cosf+ssin6=course of wave propagation, in which
tive waves numerically in the computational domain induced by 9 1S the approaching wave angle at the boundaee Fig. Z o
inappropriate boundary condition. With this improvement, the
proposed FEM offers satisfactory result of wave height distribu-
tion, subject to very large wave incidence at the open boundary.
Numerical results for wave scattering around a vertical cylinder, boundary
and waves propagation over a submerged circular shoal are stud- -
ied for verifications. The accuracy of present model is tested
against available experimental, analytical and numerical results 7

for waves with different large incident angles.

where V=(d/dx,d/9y)=horizontal gradient operator;n
=free-surface displacement in a complex for@x wave celer-
ity; C4=group velocity; and=wave number. Eq1) is of ellip-
etic type. Wave transformations such as wave shoaling, refraction,
diffraction, and reflection can be obtained by solving Hg.with
suitable boundary conditions.

There are four types of boundaries in the simulation of wave
transformation: full reflection, partial reflection, absorbing bound-
ary, and radiation boundary. The radiation boundary condition is

Approaching wave trains

Mathematical Formulation

General geometry and regions of computation in this study are

shown in Fig. 1, including the open boundari€urves AGF and Fig. 2. Sketch of waves passing through boundary
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Fig. 3. Comparisons of averaged relative errdg,f of wave
distribution versus relative axial distanceS,(h) for normal
incidence kh=m/10).
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Fig. 5. Comparisons of averaged relative errdg.,j) of wave
distribution versus relative axial distanceS,(h) for normal
incidence kh=).

=absorption coefficient defined as (R)/(1+R); and R
=reflection coefficient. Whean =0 anda =1, the above bound-
ary condition represents full reflection and full passing through
boundary conditions, respectively. 1i<0x<1, Eq. (2) becomes
the partial-reflection boundary condition.

Any free-surface displacement of chronometric wave compo-
nenty, with unit amplitude on the boundary can be assumed as

m (3

in which o (=2w/T)=wave radian frequencyf =wave period;
andk,=k cost andks=k sin6=Ilocal wave number components

= gi(knn+kes—ot)

0.20
kh=m/2
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Fig. 4. Comparisons of averaged relative errdg,f of wave
distribution versus relative axial distanceS,(h) for normal
incidence kh=m/2).

in then ands direction, respectively. Substituting E@®) into Eq.
(2), the partial reflection boundary condition @i\~ for total
wave components becomes

in
ﬁflaknn=0, on aAn+ (4)
where
. 9 kS 2
k,=k cosd =k\1-sirFo=k\/1— " (5)

4

ky/1—

2
=k[1—

Using a binomial expansion method, the right-hand-side term
in Eq. (5) can be expanded as

ks 1/ks\? (kS

k 2(k> "ok (©)
If the approaching wave trains pass through the exterior boundary
in the n direction almost perpendicular to the bounda#y, i.e.,
sind=ks/k=0, Eq. (6) becomes almost unity and E®) is re-
duced to

am

an iakn=0,

on aAn+ (7)
which is the partial reflection boundary condition to the first
order. Note that, in the traditional wave models of Berkhoff
(1972, Chen and Mei(1974, Bettess and Zienkiewic#1977),
and Tsay and Liu(1983, the radiation boundary condition is
adopted by Eq(7) with a=1 for the scattered waves.

In this study, Eq(6) is approximated up to the first two terms.
Substituting the relationship @fn/9s?= — k2n from Eq.(3), the
partial reflection boundary condition for total waves to a second-
order can be expressed as
am . 1 9%y
- |0Lk( mn + W @

an
when the radiation boundary condition is used at the driving
boundaries where incident wavg is specified. Free-surface dis-

) =0, on J0A+ (8)
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Fig. 6. Wave height patterns around vertical cylinder for normal
incidence

placement of total waveg on given boundaries is equal g
+m°. The outgoing scattered waves should propagate across
this boundary and remain unaffected, which megafslso satis-
fies the radiation boundary condition in a second-order form
1 S
e ik
an

821]3

2k? 9s2?

ns+

=0 9)

(a)

X(m) 0.0]

0.5

1.4

L5

(b)

Fig. 7. Wave height patterns around vertical cylinder for wave
incidence at 30°

The traditional radiation boundary condition can be easily ob-
tained by approximating Eq9) to the first order. Thus the ab-
sorbing boundary conditions for scattered waves to the first and
second order, respectively, can be written as

61]7(81]i i

afn* W_Ik”f] )+|kT] (10)
o om : i Ozni) 5 i 9%
a*n—(a*n"k“‘ﬂ?sz ikt g gz 4D

A general type of radiation boundary conditions to the first and
second order for any arbitrarily chosen open boundaries is intro-
duced in this study and can be expressed, respectively, as

om _[om' )

an—((:)n— OLk'r] +|0¢k"r] (12)
om [om' . aZni\) ) i 9°m
an—(anl(xkn *ﬂiasz + Iakn+ﬂ@ (13)

Shouldm' become zero, i.e=n°, boundary condition$l12)
and (13) will be reduced to the partial absorption boundary con-
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Fig. 10. Comparisons of relative errors of wave distribution in axial
direction across vertical cylinder for 30° angle of incidence

X(m) 0.0

dition given by Eqgs(7) and(8), respectively. The boundary con-
0.51

ditions (12) and(13) can also be reduced to the radiation bound-
ary conditions(10) and(11) by settinga=1.

form as
1.01

It is noted that the radiation boundary conditions of E&s,
(11), and(13) can be reduced to the special case of the general

1.5

N+1

am 9l dlm ]

a? + 1_21 m m) 70, on dA (14)

A O whereN (N=0 in this study represents the minimum degree of
higher-order regularity @V) on the open boundar¢Givoli and

(b)

Fig. 8. Wave height patterns around vertical cylinder for wave

incidence at 80°

Keller 1994. We notice that our treatment posses€8sontinu-

aj(n)

ity everywhere when evaluating the corresponding integrals. In
principle, one is able to apply a higher-order RBC aleg by
using the appropriat€" element. In fact, the present work is
0.10 0.10
8i=0° ------ the first-order radiation condition 6=80" || ------ the first-order radiation condition
the second-order radiation condition the second-order radiation condition
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Fig. 9. Comparisons of relative errors of wave distribution in axial
direction across vertical cylinder for normal incidence
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Fig. 11. Comparisons of relative errors of wave distribution in axial
direction across vertical cylinder for 80° angle of incidence
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v o 1 2 3 4 s s 1 s Fig. 14. Comparison for calculated wave heights and experimental
X/L results atX/L=2 (@ : Experimental data; &— : Numerical solution
_ ) ) for first-order radiation boundary condition; and]— : Numerical
Fig. 12. Arrangement of circular shodlto and Tanimoto 1972 solution for second-order radiation boundary condition

strongly related to coastal engineering. The proposed scheme
does differ from available schemes in the element formulations
associated with RBC problems.

N
-21 Kiymj=Fi, i=1~N (17)
=

whereF;=F;+F,+F;, and

N
Finite-Element Model Kij= >, (CCg)mf f Vo VbidndA
m=1 Q
The boundary value problem described above is solved using a N
finite-element method. Using a weighted residual method and the _ 2 J J’ o
divergence theorem, the elliptic type mild-slope equation of Eq. mzl (0%Cq/Cm Qd)'d)'d)mdA
(1) can be written into the weighted residual equation as
N
(’) .
J J“[CCgVn~Vd)i—kZCancbi]dA: LACCQG_:""dS —mE:l (Ia)(kCCg)mLAd>i¢;d>mds
(15) N i
where ¢;=weighting function. In this study, Galerkin finite- - 2 (7)(ch/k)mf bidj ssbmds (18)
element method is employed. E@.5) contains the domain inte- m=1 A
gral in ) and the boundary integral ohA. Because of the am
second-order partial differential terms in E@8), (11), and(13), F1=J CCgmqnds
JA

a quadratic shape function is required to describe the free-surface
displacement, in each element. Six-point triangular elements are N
used to discretize the computational domain. In the numerical =S
formulation, the physical variableg (q=v, andCC,, etc) is =1
expressed as

N
> <i><kccg>mf ¢i¢j¢mds}
m=1 aA

5 Xcog0'—0");m; (19)
q=2, ¢;q; (16) , .

=1 F,= ] (—Ia)kCan'(bidS
Substituting Eqs(16)—(15), after some algebraic manipulations, "

we finally obtain a system of simultaneous dispersed weighted N [ N
residual equations for free-surface displacement :j—l [mEl (—ia)(kCCg)mLA¢id>j¢mds n} (20)
3 3
X/L=3
2¢ o
HH, |°
1 -
0 1 1 [l 0 1 1 Il 1 1
1 2 3 4 5 6 7 8 0 1 2 3 4 5 6

X/L Y/L

Fig. 13. Comparison for calculated wave heights and experimental Fig. 15. Comparison for calculated wave heights and experimental
results atY/L=3 (@: Experimental data; &—: Numerical solution results atX/L =3 (@: Experimental data; &— : Numerical solution

for first-order radiation boundary condition; andJ]—: Numerical for first-order radiation boundary condition; and1—: Numerical
solution for second-order radiation boundary condition solution for second-order radiation boundary condition
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Fig. 17. Wave height patterns behind submerged circular shoal for

Fig. 16. Wave height patterns behind submerged circular shoal for i
30° of wave incidence

normal incidence

_ . triangular elementQ®(x,y) and a master elemer®(&,m) of
= J’ 7'70‘CC a—ndyds simple shape is introduced in the model. The development of
37 A 2k 79982 T shape functions for a six-point quadratic triangle in natural coor-
dinates referred to a master element is a standard FEM technol-
ogy which can be found in the Becker et €198 literature.

m=1

N N i
=2 {E (;)(kccgmfﬁ@@mds

x[sin(eife’)]zn} 1) Results and Discussion
in which 8'=incident wave angle§’=angle betweem axis of To verify the applicability and validity of the new approach, the
local coordinate and axis of the fixed Cartesian coordinate. The present finite-element wave model is applied to two test cases.
matrices resulting from the last term of Ed.8) apparently de- The first is a simulation of wave scattering around a vertical cyl-
stroy the symmetry of the finite-element matrix equations. How- inder surrounded by a sea of constant depth. The second one is for
ever, the problem of asymmetric matrices in numerical scheme waves propagating over a submerged circular shoal. A fixed com-
can be approximately ignored by the recent computational capac-putational domain is used with variable wave incidences for nu-
ity. merical computations. Since water depths outside the shoal or
Each of the integrals in Eq§18)—(21) can be calculated as the  surrounding the cylinder are constant, changes of wave incidences
sum of contributions furnished by each element in numerical with respect to the computational domain must not affect wave
meshes. The numerical meshes in this study are constituted byfield. Comparisons using the first-order and second-order radia-
triangular element$)®(x,y) with the quadratic functiorb{. For tion boundary conditions are then discussed in details. All tests
convenience, an invertible transformation between an arbitrary are conducted for nonbreaking waves.
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Fig. 18. Wave height patterns behind submerged circular shoal for Fig. 19. Wave height patterns behind submerged circular shoal for
45° of wave incidence 80° of wave incidence

The range of the computational domain is tested first in this
study. The distance in the direction between the vertical cylin-
der and the artificial boundary is defined®s The wave height
A vertical cylinder set in constant depth that causes radial scatter-pattern will approach to a constant value as the disteBce
ing is simulated to make a comparison of different approxima- reaches a sufficiently large value. An averaged relative &gds
tions of the radiation boundary condition. There was an analytical used to determine the range of the computational domain and
solution to the problem of waves diffracted around a vertical cyl- defined as
inder in water of constant depttMacCamy and Fuchs 19h4 N -

Analytical solutions are symmetrical to wave propagating direc- E :Ez [Hi—Hil 22)

tion regardless of computational domains. The solution is used as " N2 .

the first test case, where the incident wave helgfis 0.053 m, '

diameter of cylindeD is 1.0 m, and water depth is 0.35 m. A where A =wave height calculated from analytic solution; add
fixed square computational domain rather than a conventionally =value calculated from the numerical model. Three kinds of
circular one is chosen for severe tests by changing wave incidentwave conditionskh= /10 (shallow water wavg w/2 (interme-
angles. The first-order and second-order radiation boundary con-diate water wavg andw (deep water wave are chosen to calcu-
ditions, respectively, are implemented in the FEM wave model. late the averaged relative errBr, versus the relative axial dis-
The radiation boundary condition is applied to boundary where tanceS, /h. The calculated results of the three cases are showed
waves are incoming and the absorbing boundary conditions arein Figs. 3, 4, and 5, respectively. F8;/h=4, the values oE,,
applied to boundaries where waves are outgoing. The circumfer-are small than 6% for all calculated wave cases. A reasonable
ence of the cylinder is set to the full reflection boundary minimum off-scatter distancg,/h=4 is thus used in the follow-
condition. ing computational cases.

Wave Scattering around a Vertical Cylinder
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Three obliquely incident wave angles, 0°, 30°, and 80°, are incident wave angles ranging from 0° to 80° are used. A fixed
used as the input wave conditions in the study, where the waverectangular computational domain, in which the and
periodT is 1.0 s kh=0.49r). It should be noted that the case of y-coordinates are in the range of7.5<x/L< 8.75 and
90° wave incidence is equivalent to the case of 0° wave inci- —5.125<y/L<11.125, respectively, is chosen for severe tests by
dence as far as fixed square computational domain is concernedchanging wave incident angles. The absorbing boundary condi-
The computed wave height patterns are shown in Figs. 6, 7, andtions are used on the lower bottom open boundary, and the radia-
8. Fig. 6 gives the computed wave height patterns around a cir-tion boundary conditions are use on the upward and lateral ones.
cular cylinder for incident waves in negatixeaxis direction and Solutions of wave field must be also symmetrical to wave propa-
perpendicular to the lower bottom open boundary. The results gation direction.
show that the wave height pattern based on the second-order ra- Comparisons between the calculated wave heights and the ex-
diation boundary conditiofFig. 6(c)] becomes identical to that of ~ perimental results for normal incidence are presented in Figs. 13,
the analytical solutioniFig. 6(@)]. The results given by the first- 14, and 15, respectively. It is shown that both numerical results
order boundary condition are different apparently near the artifi- using first- and second-order radiation boundary conditions, re-
cial boundaries. Due to the axisymmetry of the vertical cylinder spectively, agree very well with the experiment results. Further-
in constant water depths, predictions of the wave-scattering pat-more, wave height patterns in a fixed computational rectangle for
tern around the cylinder should be independent of the incident 8'=0°, 30°, 45°, and 80° calculated by first- and second-order
wave angle. Figs. 7 and 8 for the wave pattern computed from radiation boundary conditions are shown in Figs. 16, 17, 18, and
incident angle of 30° and 80° with respect to thaxis, respec- 19, respectively. Owing to the axisymmertic nature of the sub-
tively. The results using the second-order radiation boundary con-merged circular shoal, predictions of the wave-focusing pattern
dition appear symmetric to propagating direction of incident behind the shoal should be independent of the incident wave
waves|Figs. 1b) and &b)]. However, the patterns for the first- angle. Although both the first- and second-order radiation bound-
order radiation boundary condition, as in Figéa)7and &a) are ary conditions reproduce the axisymmetric wave height contours
asymmetric near the lower bottom open boundaries. From Fig.for 0° wave incidence, as in Figs. and B, respectively, the
8(a), the first-order radiation boundary condition seems to pro- first-order radiation boundary condition displays unnecessary
duce a more reasonable wave pattern than the case of 30°. This isvave reflection near the lateral open boundaries, while the
because that wave incidence of 80° from #axis is equivalent second-order one does not. Similar trend of lateral reflections for
to wave incidence of-10° from they-axis. The numerical in- 6'=30°, §'=45°, and®'=80°, respectively resulting from the
consistency revealed in Figs(aJ, and &a) is due to the first- first-order radiation boundary condition approximations are, re-
order radiation boundary condition, which assumes the scatteringspectively, shown in Figs. 1&, 18(@), and 1%a). It is worth
waves perpendicularly propagate across open boundaries. Thenoting that wave patterns due to the first-order radiation boundary
second-order radiation boundary condition is thus demonstratedcondition are distorted, even though it predicts a favorable focus-
to allow waves to obliquely propagate through open boundaries. ing wave pattern. The distortion of wave height patterns increases

Comparisons of the relative error of calculated wave height in with increasing incident wave angle for the first-order radiation
the axial direction across the cylinder and analytic results for boundary condition approximation. From Figs. 16 to 19, it indi-
different incident angles are presented in Figs. 9, 10, and 11,cates that the wave patterns based on the second-order radiation
respectively, wherdH—H|/H, is the error of relative wave boundary condition really allow wave transmitting so as to reduce
he|ght It is shown that numerical results based on first-order ra- wave reflection from the lateral and artificial boundaries back into
diation boundary condition are quite different from the theory. the limited computational domain.

With a fixed computational domain, the larger incident wave
angle the bigger the difference between the theory and that of theConclusions
first-order approx_im_ation to open bour)(_jary conditions. For the A FEM model is proposed for water wave propagation under
second-order radiation boundary condition, the calculated wave ompined refraction, diffraction, and reflection incorporating
heights are in good agreement with the analytical solutions. large wave incidence. The governing mild-slope equation is of
elliptic type, subject to a second-order radiation boundary condi-
tion for arbitrarily chosen open boundaries to improve perfor-
mance of strong wave obliquity in numerical calculations. A qua-
Waves propagating over a submerged circular shoal resting on adratic shape function is used to represent the physical variable in
flat bottom are simulated using the first-order and the second-model development. In this paper, the present results using the
order radiation boundary conditions, respectively. This experi- first- and second-order radiation boundary conditions are verified
ment was first carried out by Ito and Tanimdfi®72. Geometry in two typical tests: wave propagation around a vertical cylinder
of the shoal is given in Fig. 12. The water deptlis expressed as  and wave passing over a submerged circular shoal. It is found that
the second-order approximation for the radiation boundary condi-

Waves Propagating over a Submerged Circular Shoal

h=h+ ho_zhm 12 for r<R _tior_1 improves the FEM performa_mce_, as well as extends ranges of
R incident angles of waves at arbitrarily chosen open boundaries.
h=hg for r=R (23)
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