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Approximate Analytical Expressions for the Electrical Potential in a
Cavity Containing Salt-Free Medium
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Pen-Chun Liu and Jyh-Ping Hsu*
Department of Chemical Engineering, National Taiwan dé¢msity, Taipei, Taiwan 10617

Receied June 13, 2007. In Final Form: July 30, 2007

The electrical potential in a closed surface such as a cavity containing counterions only is derived for the cases
of constant surface potential and constant surface charge density. The results obtained have applications in, for
example, microemulsion-related systems in which ionic surfactants are introduced to maintain the stability of a
dispersion and electroosmotic flow-related analysis. An analytical expression for the electrical potential is derived
for a planar slit, and the methodology used is modified to derive approximate analytical expressions for spherical and
cylindrical cavities. The higher the surface potential, the better the performance of these expressions. For the case
where the surface potential is above ca. 50 mV, the performance of the approximate analytical expressions can further
be improved by multiplying a correction function.

Introduction solution to a PoissenBoltzmann equation for surfaces of various
types and geometries under various conditibris.

Adispersed systemin which the ionic species in the dispersion  For a salt-free dispersion, although the corresponding Poisson
medium come mainly from the dissociation of the functional Boltzmann equation becomes simpler because only counterions
groups carried by the dispersed phase is called a salt-freeare presentin the liquid phase, deriving an exact analytical solution
dispersion. Typical example in practice includes a reverse micelleis still nontrivial. Ohshim& was able to obtain a surface charge
system where ionic surfactants are introduced to maintain its density-surface potential relationship for a spherical colloidal
stability. In this case, counterions are released to the liquid mediumparticle, the potential near a charged spherical colloidal pafficle,
inside a reverse micelle and its inner surface becomes chargedand the potential around a polyelectrolyte-coated spherical
the conditions of which are key to the determination of its structure particle!#Alfrey et al1®discussed the counterion distribution in
and thermodynamic properties. Dispersions containing natural solutions of rod-shaped polyelectrolytes. Taking the effect of
polyelectrolytes such as DNA, RNA, filamentous actin, and ionic size into account, Hsu et Hlderived the distribution of
microtubules and synthetic polyelectrolytes such as poly(acrylic ionic species in areverse micelle and solved the electrical potential
acid) can also be salt-free. in planar, cylindrical, and spherical reverse micelles based on

. e a series expansion approach.
Knowledge about the electrical potential distribution near a P PP

charged colloidal entity is essential to the determination of the  (2) ysu, 3. P.; Kuo, Y. CJ. Colloid Interface Sci1994 167, 35.

basic properties of the corresponding dispersion. Under ap- (3) Sader, J. E.; Lenhoff, A. MJ. Colloid Interface Sci1998 201, 233.
propriate conditions, this distribution is described by a Poisson Eg; gﬁgfkg)\/spk;ijLE’ E'.Tgﬁﬁ]?ﬂo'g "gef’”;\jicsehcsﬁl'”l(gg,\? 11.7’,532“3,&?1 3 H-
Boltzmann equatiofln general, solving this equation analytically ~ Czarnecki, JColloids Surf. A2001, 192, 235. T T
is nontrivial even for a simple geometry. The only reported exact ~ (8) Chen, Z.; Singh, R. KJ. Colloid Interface Sci2002 245 301.

X . LS. . . (7) Lopez-Garaa, J. J.; Horno, J.; Grosse, €. Colloid Interface Sci2002
analytical resultis that for an infinite planar surface ina symmetric 251, gs.

electrolyte solution under the conditions of constant surface  (8) Oyanader, M.; Arce, Rl. Colloid Interface Sci2005 284, 315.
. . . . (9) Luo, G; Liu, C.; Wang, H. P.; Hou, C.; Jin,Jl. Dispersion Sci. Technol.
potential. Other than this case, a Poiss&oltzmann equation 5005 26, 173.

needs to be solved either numerically or semianalytically. Many  (10) Tuinier, R.J. Colloid Interface Sci2003 258 45. .
attempts have been made in the past to derive an apprOXimat%m(_'l;.)sls__ln's' H.; Hsu,J. P.; Tseng, S.; Chen, A.Zolloid Interface ScR005
(12) Ohshima, HJ. Colloid Interface Sci2002 247, 18.

- (13) Ohshima, HJ. Colloid Polym. Sci2004 282, 1185.
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(@) r is the distance from the middle plane of a planar slit, and for

ot r=aaw=0 acylindrical and spherical surfaces, itis the radial distance from
the center of a sphere or a cylinder. lagtbe the distance at

0 which the electrical potentiah becomes negligibly small. The
liquid phase is salt-free, that is, the mobile ionic species
(counterions) inside come mainly from that dissociated from the
functional groups on a surface. Lethe the absolute value of

=T Y =Y, the valence of counterion€ be its molar concentration, and

€ be the permittivity of the liquid phase. Suppose tiratan be

described by the PoisseiBoltzmann equatiotd

() o dyr) _ de; p{wa(r)
dr? rodr

)

Here,w is a shape factor< 0, 1, and 2 for planar, cylindrical,
and spherical surfaces, respectively)R, andT are the Faraday
constant, the gas constant, and the absolute temperature,
respectively. For convenience, we define the scaled electrical
potentialy = Fy/RT and the scaled distanse= «kr — Okag =

— Oa, wherea = kay, k = (2IF%/eRT)Y2is the Debye-Hakel
parameter, antl = Cgb2/2 is the ionic strength. The geometry
parametef is O for a planar slit and is 1 for both cylindrical and
spherical cavities. In terms of the scaled symbols, eq 1 becomes

Ay, o dy_1
% x+adx_beby @)

Figure 1. Schematic representation of the problem considered. (a) = Constant Surface Potential.Consider first the case where
A planar slit of width 2,, wherer is the distance from the midplane ~ the surface potential is maintained at a constant level. Then the
of the slit. (b) A cylindrical or a spherical cavity of radiug where boundary conditions associated with eq 2 can be expressed as

r is the distance from the center of a cavity. In both (a) and (b), the
electrical potential becomes negligiblerat ap. y=y, atx=d—a 3)

Inarecent study, Hsu et #lshowed that the electrical potential y=y, atx=-—a 4)
between two spheres and that between two cylinders can be
derived from the result of two parallel planes. In this study, their whered = «ro, ys = FydRT, yo = FyJ/RT, s is the surface
methodology is adopted to derive the electrical potential in a potential, andy. is the electrical potential on the middle plane
cavity containing salt-free medium only. The geometry under of a planar slit or that on the center of a cylindrical or spherical
consideration includes a planar slit, a spherical cavity, and a cavity.
cylindrical cavity. Both the case of constant surface potential ~ Following the treatment of Hsu et dF we consider first the
and that of constant surface charge density are considered. Thease of a planar slit, that ig, = 0. It can be shown (Appendix)
result obtained in this study has potential usage, for example, inthat the solution to eq 2 subject to eqs 3 and 4 is
the prediction and/or interpretation of several specific behaviors,
such as clustering and electrical percolation, of lipid-stabilized _ 1I @ V2 DYpianar-o/2
water-in-oil microemulsion&-23where the electrical interactions planar ™ nfse o (x+a)e
between dispersed liquid entities is believed to play an important
role 24-25 The results derived in this study are also applicable to Whereypianaris the scaled electrical potential for the case of a
the modeling of the electroosmotic flow in a microchannel Planar slit and/pianarc is the value of/pianaron the mid-plane of

+ yplanaH: (5)

containing salt-free solutions. the planar slit which needs to be determined by (Appendix)
Theory tan*l( /ebys*byplanar—c _ 1) — Jg r eprIanar—clz (6)

Referring to Figure 1, the geometry under consideration
includes a planar slit, a spherical cavity, and a cylindrical cavity. = . _ . -
. . ; or a spherical surface,= 2, and eq 2 can rewritten by definin
Let 2ro andro be the width of a planar slit and the radius ofa _ [25)-(x/a)]y as . y g
spherical or a cylindrical cavity, respectively. For a planar slit,

2 2+ (x/a
(18) Hsu, J. P.; Yu, S. Y.; Tseng, $. Phys. Chem. R00§ 110, 25007. d—u [ ( )] (7)
(19) Bisceglia, M.; Acosta, E.; Kurlat, D.; Ginzberg, Bolloids Surf. AL996 e [2 + (x/a)]

108 137.

N E_ZE)ar"]"gorﬁi‘r' féggf'lo";"g“é’fker' G. A Cooney, R. P.; Bartlett, J. R Woolffey, 1 y/a . 1 that s, the distance at which the electrical potential
(21) Nitsch, W.; Plucinski, PJ. Colloid Interface Sci199Q 136, 338. is negligibly small is much larger than the radius of a spherical
(22) Hun, C.J. Colloid Interface Sci1979 71, 408. cavity, then [2+ (x/a)] = 1, and eq 7 can be approximated b
(23) Ekwall, P.; Mandell, L.; Fontell, KJ. Colloid Interface Sci197Q 33, ty’ [ ( )] - q pp y

215.

(24) Lemaire, B.; Bothorel, P.; Roux, D. Phys. Chem1983 87, 1023. d2 _1 bu
(25) Alexandridis, P.; Holzwarth, J. F.; Hatton, T. A. Phys. Chem1995 5 b (8)
99, 8222. dx®
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The corresponding boundary conditions are
u=u, atx=d-—a 9)

atx=—a (10)

Referring to the solution for a planar slit, the solution to eq 8

subject to egs 9 and 10 is

u= % |n[seé(§2 (x+ a)eb”ﬁ)] fu, (1)

or in terms of the original scaled symbols as

YVoprerica™ [m] %In[seé(éz (x+ a)e"”c“)] +u, (12)

whereysphericalis the scaled electrical potential for the case of a

spherical cavity and. is the value oli at its centeri(= 0). Note
that in eq 6, if exph(ys — Yo)] > 1, then tani[exp[b(ys — Yo)]

— 1]¥2 = (n/2) — expb(ys — Yo)/2], and thereforey. can be
approximated by

_2 T
U =14 In[ N e(b(2+x/a)ys)/2] (13)

For the case of a cylindrical cavity = 1, and if we definey
= y/Ko[a(2 + x/a)]ea@"¥a) then eq 2 becomes

a2z v 1
Kola(2 + x/a)le o + Kqla2 + x/a)]{ a2+ x/3)

K,[a(2 + x/a
[a@+xa) 2] R d_)f: + Ko[a(2 + x/a)]

Kja(2 + x/a)] d
1 1
{a(2 ¥ Xa) a2+ xla)| ~
K, [a(2 + x/a)]

a2ta),, 1 Rola(2 hae? s
KJa(2 + x/a)] ”

whereKj is the zeroth-order modified Bessel function of the
second kind, ané is the first-order modified Bessel function

of the second kind. Ik/a = —1 anda > 1, since{Kj[a(2 +
x/a)|/Ko[a(2 + x/a)]} — 1 and [1A(2 + x/a)] — 0, eq 14 can
be approximated by

K@ _ 1

5 . : eKo(a)eabu (15)
X

The corresponding boundary conditions are
Ko@)y = K(a)e®v,=y, atx=d—a (16)

Ko@)y = K(a)e", =y, atx=—a (17)

Referring to the solution for a planar slit, the solution to eq 15

subject to egs 16 and 17 is

Ko (a)e® = % In[sec?(\é§ (x+ a)eb”dz)] +v, (18)

In terms of the original scaled symbols, we have

Tseng et al.
ycylindrical =
K,[a(2 + x/a)]e*®"®
afal ) 1 In[seé(£2 (x+ a)eb“dz)] + v, (19)
Ko(a)e" b 2

whereyeyingrical IS the scaled electrical potential for the case of
a cylindrical cavity and is the value ob at its center(= 0).
Applying the condition that for exp[ys — yc)] > 1, tam [exp[b(ys

— vyl — 1]1¥2 = (n/2) — explb(ys — Yc)/2], it can be shown that

UC:%“']
T

Var + 2 exp- e (ySIKO[a(Z; x/a)])]e*(2 + x/a)

(20)

Constant Surface Charge DensityLet us consider next the
case in which the surface of a cavity is maintained at a constant
charge density. In a micelle, for example, the surface charge
arises from the dissociation of the functional groups on a surfactant
layer. In this case, the boundary condition for the electrical
potential can be expressed-45

—b’eyp
g—iZTXSZO atx=d-—a (21)
wherep is the surface density of dissociable functional groups,
Xsis the mole fraction of dissociated functional groupss the
effective interaction energy per molecule arising from headgroup
repulsion, and is the scaled surface charge density. Substituting
eq 21 into eq A-4 yields

1,/1.55
Vo= In50°07) + . (22)
Therefore, for a given value of ysis evaluated by this expression,
and the same procedure used to evaluate the electrical potential
for the case of constant surface potential can be followed.

Results and Discussion

Figures 2-4 illustrate the simulated spatial variations of the
scaled electrical potential for a planar slit, a spherical cavity, and
a cylindrical cavity, respectively. Both the exact numerical
results and the results based on the present approach are pre-
sented. The former are obtained from IM&lyhich is based
on a nonuniform-mesh finite difference method. The excellent
agreement between the numerical result and the result based
on egs 5 and 6 is expected since the latter is exact for a planar
slit. However, the performance of the approximate analytical
expressions for a spherical cavity and that for a cylindrical cavity
depend upon the level of the surface potential. In general, the
higher the surface potential, the better the performance, and the
deviation of the analytical expressions for a spherical cavity is
larger than that for a cylindrical cavity. The former is because
we assume >> 1 in the derivation of the electrical potential for
a spherical and a cylindrical cavity, since the higher the level of
ys the larger the value &, and therefore, the more appropriate
the assumptioa > 1. Note that although the present result for
a planar slit, eqs 5 and 6, has a different appearance than that
of Hsu et al18 both are exact and lead to the same numerical
value.

(26) IMSL, Compag Visual Fortran, 6.6.0, Compaq Copmuter Co., U.S.A.,
2001.
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Figure 2. Spatial variation of the scaled electrical potential in a Figure 3. Spatial distribuitons of the scaled electrical potential in

planr slit at various levels of scaled surface potentiaR = (x +

a)/krois the scaled distance. (g~ 3, (b)ys=15, (C)ys=7. Curves:

a spherical cavity for various combinaitonsygndb ata = 1000,
R = (x + a)/«ro is the scaled distance. ( = 3, (b)ys = 5, (c)

exact numerical results, discrete symbols: present results using eqys = 7. Curves: exact numerical results; discrete symbols: ap-

5 and 6.

proximate analytical expression based on egs 12 and 13.

Figures 3 and 4 reveal that the maximum deviation of the whereR= (x+ a)/«ro. The coefficients in the correction functions
approximate analytical expressions occurs atthe center of a cavity Fsphrica@ndFeyiindricaiare estimated through aregression analysis.
For example, ifis= 3, the deviation is 38% for a spherical cavity ~ First, for eachys =1, 2, ..., 6, the exact numerical values of
and 25% for a cylindrical cavity. Also, the higher the surface YsphericslR) @ndyeyiinarica(R) at 50 mesh points generated by IMSL
potential, the smaller the deviation is. The large deviation at for Rin the range [0,1] are obtained. Then, the coefficients of
the center of a cavity arises mainly from using the approximate Fsphricaiin €9 24 are chosen based on the minimum sum of square

expression. for a spherical cavity, eq 13, angdfor a cylindri-

difference, ¥ > [YsphericsR) USINg €q 12ysphericlR) USiNg eq

cal cavity, eq 20. The performance of the approximate ana- 23] The coefficients in the correction functiofyindricai are
lytical expression for a spherical cavity and that for a cylindrical estimated in a similar way. Figure 5 shows the simulated spatial
cavity can be improved by multiplying a correction function as Variations of the scaled electrical potential based on these

below

ysphericaI=

1 |2 V2
Fspherica[M] B In[se8(7 (X + a)eb‘k’z)] + Ue (23)

I:sphericaI= (0-05/5 - 0-88)8) + (_O-OAVS'}_ 1-83),
25y, (24)

expressions. This figure reveals that the performance of the
approximate analytical expression, eqs 12 and 19, can be improved
appreciably by using the modified approximate analytical
expressions, eqs 226. For example, ifs = 3, the deviation
at the center of a spherical cavity reduces to 3.4% and to 2% for
a cylindrical cavity. Equations 2326 are applicable for Z s,
that is, the surface potential exceed ca. 50 mV. If the surface
potential is low, eq 1 can be solved directly.

In the derivation of the electrical potential for spherical and
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3 Figure 5. Spatial distribuitons of the scaled electrical potential in
a cylindrical cavityycyinarica, (), and a spherical cavifipherica (b),
2 for various levels ofs atb = 1 anda = 1000,R = (x + a)/kr is
1k the scaled distance. Curves: exact numerical results; discrete
) ) ) : ) symbols: modified approximate analytical expressions, eqs 13 and
0.0 0.2 0.4 0.6 0.8 1.0 24 for a cylindrical cavity, and egs 20 and 26 for a spherical cavity.
R
Figure 4. Spatial distribuitons of the scaled electrical potential in Whereysn andysa are respectively the scaled electrical potential
a cylindrical cavity for various combinaitonsygandb ata= 700, for a spherical surface based on the numerical solution of eq 2
R = (x + a)/«kry is the scaled distance. (8 = 3, (b)ys = 5, (c) and that based on the approximate expressions, egs 12 and 13.

ys = 7. Curves: exact numerical results; discrete symbols: ap- Similarly, for a cylindrical cavity, we define an overall percentage
proximate analytical expression based on egs 19 and 20. deviationEr. as

1
K,[a(2 + x/a)]e*@™ Jo Yon— Yed dx
y Er =0 0 70f

KO(a)ea j(;l |yc,n| dx

1 2 v
b In[se@ (% (x+ a)e’ 012)] + v (25) wherey.,andy. sare the scaled electrical potential for a cylindrical
surface based on the numerical solution of eq 2 and that based
Feyidrincal = (0.04y, — 0.58)R) + (—0.03/,+ 1.53), on the approximate e.xpressions, egs 19 and 20, respegtively.
< Figure 6 reveals tha is on the order of 1000 for a spherical
2=y (26) . - .
cavity and 700 for a cylindrical cavity.

The influence of the geometry of a cavity on the spatial
Iplistribution of the scaled electrical potentials illustrated in
Figure 7. This figure indicates that for a fixed surface potential,
the rate of decreases jnasx declines for various geometries
ranks as follows: planar slit cylindrical cavity < spherical
cavity, which is consistent with the result of Hsu et&or the
electrical potential between two planes, two spheres, and two
0 cylinders and can be explained by the same reasoning.

1 x 100% (27) Figure 8 shows the influence of the valence of counterions
ﬁ) 1¥s,rl X on the spatial distribution of the scaled electrical potential in a

F x 100% (28)

ycylindricaI= cylindrical

cylindrical cavities, a length scadas defined where the electrical
potential can be neglected if the scaled distance from the cente
of a cavity exceeda. To examine the order of magnitudeaf

an overall percentage deviati@s is defined for the case of a
spherical cavity as

1
./(‘) |ys,n - ysal dx
Er,=—7—"—"—
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Figure 8. Spatial distributions of the scaled electrical potential in
a spherical cavity for various combinationsygndb ata = 1000,

R= (x+ a)/ryis the scaled distance. (@)= 2, (b)ys= 3. Curves:
exact numerical results; discrete symbols: approximate analytical
expression based on egs 13 and 23.

Yeylindrical @SX varies are similar to those observed in Figure 8 for
a spherical cavity.

Conclusions

The electrical potential in a planar slit is derived analytically
and the same methodology used to derive an approximate
expression for the electrical potential in a spherical cavity and
in a cylindrical cavity. The results obtained have practical
applications, for example, in the evaluation of the properties of
an emulsion system in which knowing the electrical potential
inside amicelle is necessary. The performance of the approximate
expression for the electrical potential in a spherical cavity and
that in a cylindrical cavity is satisfactory if the surface potential
is sufficiently high. If this is not the case, the performance can
be improved appreciably by multiplying a correction function,

spherical cavity at various levels of the scaled surface potential Which depends on the level of the surface potential and the radius

ys. This figure reveals that the smaller thiéhe higher thespherical
and the slower the rate of decayyanericai@sx declines. Also,

of a cavity. The present analysis is applicable to both the case
of constant surface potential and that of constant surface charge

the smaller theéb the more accurate the modified approximate density.

analytical result, eqs 13 and 23. These arise from that for a fixed

cavity size; the larger thb, the higher the ionic strength, and
the thinner the double layer, the smaller &end, therefore, the
more inappropriate the assumptionao® 1. The behaviors of

Appendix

For a planar slitw = 0, eq 2 becomes
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iy —1 by
o b € (Al)
Integrating once gives
g—y=%¢eby+c (A2)

whereC is an integration constant. Applying the conditions

dy

ax =0 andy= Yplanar-c atx= —a

(A3)

C can be determined. Substituting the value€Cahus obtained
into eq A-2 yields

d_y—£2 by bylanar—c
b ver+ e

(A4)

Integrating this expression from=d — a andy = ysto x =
—d — aandy = ys, we obtain

ebyfb)’planar—c — tar?(%—z ebyplanar—clz(x + a)) —+ 1 (A5)

Solving this expression forgives the scaled electrical potential
in a planar slitypianar

/s
Yplanar = In[388(_ (x+a)e enard2) | Ypianar-c (AB)

which is eq 5 in the text.

Tseng et al.

Integrating eq A-4 from the lower plane to the upper plane
yields

da\/_
e X%

whered = «rq is the scaled distance from the mid-plane of a
planar slit. This expression can be rewritten aswhich becomes,

(A7)

f '/‘Yplanarc dy —
Yplanar-c \/m /ey _ erIanar—c
242

5od (A8)

after performing the integration

tan—l( /ebYS_byplanakc _ 1) — % eb)’planaH:/2

(A9)

Thisis eq 6 inthe text. If exjp{ys —

= Yol — 112 = (/2) — explb(ys —
approximated as

yo)] > 1, then tan*[exp[b(ys
yo)/2], and eq A9 can be

JT
(e o

yplanahc = 6 In
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