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Abstract: Periodicites in hydrologic data are frequently estimated and studied. In some cases the
periodic components are subiracted from the data to obtain the stochastic components. In other cases
the physical reasons for the occurrence of these periodicities are investigated. Apart from the annual
cycle in the hydrologic data, periods corresponding to the 11 year sunspot cycle, the Hale cycle and
others have been detected.

The conclusions from most of these studies depend on the reliability and robustness of the
methods used to detect these periodicities. Scveral spectral analysis methods have been proposed to
investigate periodicities in time series data. Several of these have been compared to each other. The
methods by Siddiqui and Wang and by Damsleth and Spjotvoll, which are stepwise procedures of
spectrum estimation, have not been evaluated.

Two of the methods of spectral analysis proposed by Siddiqui and Wang and by Damsleth and
Spjotvoll are investigated in this study by using gencrated and observed data. Siddiqui and Wang’s
method is found to be superior to the Damsleth and Spjotvoll’s method.
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1 Introduction

Many time series in hydrology are periodic. Many others have been suggested to be
potentially periodic. One of the principal approaches to investigate such time series is to esti-
mate the spectrum of the series. A time series can theoretically be completely described by
harmonic functions although such a description would include too many coefficients. Hence,
only the significant harmonic components and frequencies that are present in a time series
are estimated. Stepwise procedures for estimation of the dominant frequencies and
corresponding harmonic components has been proposed by several investigators. The
purpose of the present study is to compare the relative merits of two of these stepwise
procedures which have been developed by Siddiqui and Wang (1984) and by Damsleth and
Spjotvoll (1982). The fast Fourier transform (FFT) is a computer algorithm for calculating
the discrete Fourier transforms which is {requently used to calculate the sample spectrum.
The FFT is also used in the present study.

A review of the literature revealed that the performance of the procedures of the stepwise
procedures by Siddiqui and Wang (1984) and by Damsleth and Spjotvoll (1982) have not
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been compared. Also there are no other stepwise spectral estimation procedures proposed
since 1984.

Estimation of spectra of time series is an active area of investigation. Of the more impor-
tant developments in spectrum estimation are the maximum entropy Spectral analysis (Burg,
1967; Marple, 1980) Autoregressive-Moving Average Spectrum (Cadzow, 1981, Friedlander,
1982-1, 1982-2, Kay 1980, Kay and Marple, 1981), estimation of Harmonics from a covariance
function by Pisarenko (1973). There is a considerable body of literature in which these
methods are discussed and compared. For example Beamish and Priestley (1981) compared
the autoregressive and window spectral methods. Rao et al. (1984) compared the maximum
entropy and maximum likelihood spectral estimation methods. Durgunoglu and Rao (1985)
compared several methods of spectral estimation although none of which belonged to the
stepwise method discussed herein. As the performance of stepwise procedures to estimate
the spectrum have not been investigated, they were investigated and the resulis are reported
herein.

After the significant harmonics are determined, they are used to either remove the period-
icity in the time series or to incorporate them in models. If the periodic component is
eliminated from the time series the residual stochastic component is modelled. The efficiency
of modeling the stochastic component depends on the estimation of periodicity. A robust
algorithm to estimate the periodic component would thus be very useful in stochastic
hydrology.

The procedure adopted in the comparison of these methods is as follows. The methods
are used to estimate the significant harmonic components. These harmonic components are
used to regenerate the series. The residuals between the observed and regenerated series
and the goodness of the regeneration of the original series are used to select the better
method. Both synthetic data whose periodic characteristics are known and observed data are
used in the study.

This paper is organized in five sections. The methods and estimation procedures are given
in the second section. The data used in this study are presented in the third section. Results
are discussed in the fourth section. A set of conclusions is given in the last section.

2 The methods and estimation procedures

For a time series x, (t = 1, ..., n) showing periodic structure, the following model is usually
considered

m .
+y 3; cos .2_J_t b. sin 2t 1
j=1 n i n
Where
1 n
a, = — X

with j = 1,2, .., m. The squared amplitude at frequency jn is p} = & + bf.
The time series can be completely described when n is an odc{ number and m = (n-1)f2.
However, in natural time series, only a few harmonic cycles may significantly contribute to
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the structure of the time series. In other words, a few harmonic components might
adequately fit the time series.
A well known decision rule for determining the significant harmonics was formulated by
Fisher (1929). This rule declares a cycle k to be different from zero if
P
5 @

where c is a constant determined so that the maximum probability of claiming a spurious cycle
to have amplitude different from O is less than some preassigned significance level e.
However, if a time series has more than one harmonic component, the denominator in
equation (2) tends to be large. Kashyap and Rao (1976) and Bolviken (1982) have shown
that Fisher’s method has very low power in such cases. To improve the sensitivity of the test
in such circumstances, Bolviken (1982) modified Fisher’s test.

In Bolviken’s modification, p; < P, < ..... < P, are an ordered set of p ’s. Let p be the
expected value of p;. In Bolviken’s method it is claimed that p, is sngmﬁcantly dlfferent from
zero if

f>2
k
>c
m-a (3)
.2
Y B
j=1
where "a" is a trimming number and c is a rejection constant. For a=0 this method is

€ ulvalent to Fisher’s method. If a>0, equatlon (3) consists of trimming some of the largest
pgvalues in estimating the residual variance.
From the above tests, let L be the number of amplitudes (p;) that is considered to be
different from zero. Given values of A;, A,, ... A, and fitting the regression equation
L
X =0+ (ﬁj cos ZnAjt + Bj sin ZnAjt)
j=t

by the least squares method, the coefficients & and b; are obtained. This method can be
applied successfully when the frequencies are well separated and actual value of L is not too
large. However, when two or more frequencies are close together, the estimation may turn
out to be very unstable and may give wrong results (Damsleth and Spjotvoll (1982)). Two
methods which do not have these disadvantages have been developed. The procedures of
these two methods are briefly described next. The fast Fourier transform (FFT) method is
also discussed in the last portion of this section.

2.1 High resolution frequency analysis (HRFA) of times series

This method was developed by Siddiqui and Wang (1984), and it has been satisfactorily
applied to three geological times series. The procedure of this method is described by the
following steps:

Let x(t), —n < t < n, be a time series that has been read at equal intervals of time and
has 2n-+1 observations.

1. Compute |AZ, (f;)| where
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Azn(f,->=i e

27y sin wAft
t=n nt

x(t) 05 <f<05

with Af = 0.005 and f; = jAf,  j=1,2, ... (2an™

. Find the local maximum of |AZ, (f)| in each frequency range (f; + 0.0025). This is
achieved by performing a more refmed scanning of the interval (for example, with Af=

0.0001).

. After the ? which corresponds to the local maximum of |AZ, (f)| in each frequency
range is chosen

a. compute X, a, and bj, j=1,2,.,100. Where

X = i x()

n
a=_2 ¥ [x(t)-X] cos an‘jt

x] sin 21rft

t=-n

The squared amphtude in each frequency f 15 computed by c?“ = a + b2 i=12

~100. The subscripts j are so chosen that c1 >ci> > C%oo’ and’ the frequencies
are subscripted accordingly so that c? corresponds to frequency ?1, cZto £, and so
on.

n
b. Let$S® = Y - %]? be the total sum of squares of the x(t) series, and

t=-n

2
_2n+1 &

2 S2

g corresponds to the test statistic proposed by Fisher (1929). For large N, the value
of g, may be computed approximately by the formula

g - %I fin N - In (-l (1-a))]

c. Comparegandg,. Ifg<g, reject f,, considering it as spurious, and go to step 4.

If g > g, then f| is accepted as a significant frequency and the computation
proceeds to the next step.

d. Compute x,(t) = x(t) — a; cos 2nf, t - b, sin 2nf, t fort = —n, .., 0, 1, .., n. Use
x,(t) as an input time series and go to step 1.
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The computations are continued in this fashion until either all the 100 frequencies pass
the test and are considered to be significant, in which case L = 100, or fL 41 0<L<99
does not pass the test and T ,;, .4 .3 < fig are declared spurious.

Fit the regression equation

)y =p o+ (& cos 21&’}. 1+ fij sin Zn?j t)

L
j=1
by the least squares method and obtain the residual series e(t) = x(t) — X(t). These four
steps complete a single cycle of this procedure. The residual series e(t} is now subjected
to steps 1 to 4 to obtain any additional significant frequencies that might have been
missed in the first cycle. However, in the cases studied herein, this recycle procedure did
not detect any additional significant frequency.

2.2 A stepwise estimation procedure (SEP)

This method was developed by Damsleth and Spjotvoll (1982}, based on the theory developed
by Anderson (1971) which demonstrated that the presence of a significant frequency A will
induce large values of the amplitudes of the harmonics close to it. Thus the large values
among the amplitudes P, .., p,, indicate regions in which the true frequencies may be
found. This fact led Damsleth and Spjotvoll to develop the following procedure.

1.

2.

Calculate the harmonic coefficients and test their significance.
a. Use the {x;} series as input.

b. Calculate the harmonic coefficients (i.e. calculate a,, aj, by, and f)j, for j=1, ..m by
using equation 1).

c. Choose the largest amplitude, say p, and test whether or not it is significant by using
the equation 3 with a given c. The value of ¢ is found from the Bolviken’s tables
(1983) for a given significance level ¢ and a parameter a.

d. If there are no significant amplitudes, go to step 5. Otherwise go to the step 2.

n
Minimize Y, [% - B - @ cos 2mAt - B sin 21t]* with respect to , e, B, and A, using
t=1

k/n as a starting value for 1.
Remove the effect of the frequency closest to k/n by calculating
xf =X, -~ & cos 2rdt - P sin 2mit

where @, f, and 1 are the minimizing values obtained in step 2.

Provided a > 0, reduce the trimming factor a by one. Go to step 1 with the series {x}
obtained in step 3.
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5. Using the obtained frequencies, estimate the coefficients { aj} and {pj} simultaneously.
2.3 The fast fourier transform

The well known fast Fourier transform (FFT) is used for calculating discrete Fourier
transform (DFT) of a series. The Fourier transform (X)) of a finite seriesx,, t = 0, 1, 2, ...,
N-1 is defined as

N-1 ~i{2nkt)
X, = x e O k=012 .,N-1

Z]

1=
~i(2nkey

For computing X, it is necessary to make N multiplications of the form %, € ™ for each
of N values of X,. Consequently calculation of the full sequence X, would require N2
multiplications. Instead of calculating the discrete fourier transform of the original sequences,
the FFT works by partitioning the full sequence x, into a number of shorter sequences. The
FFT thus reduces the number of operations to N log, N. For analyzing long time series, the
FFT thus provides an enormous saving in computer processing time. The basic theory of
FFT is as follows:

Aseries x, t = 1, 2, ..., N-1, (where N is even), is partitioned into two half-series y, and
z,, where

Y, =%y Z =Xy t=0,1,2 . [g —1]

The series y, and z, each consists of N/2 values and hence have Fourier transforms

N
& (9 (4nim)
7 2 —1_N_...
Y, = N Y ye
1=0
N (- .(4mtm
() Z _j (ntm)
2 2 N N
Z = zZ € m =0, 1, 2, — -1
TR G e
N N

S &
But X{™ and Yn » Zy  are related, since

N 1 N-1 ‘iZMm
an) = xe N
N %
N N
=D _iznym (57D _i2n(2t+)m

2
™y N N
Xm - "N Z Xy € + E() X1 €
I~
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N i2nm N @
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Consequently,
(ﬁ) _2am (ﬁ) N N
e A L R R )
2| my m-3 2’2

The Fourier transform for the series x, is obtained from the Fourier series of the half-
series y, and z,. Similarly, if N is a power of 2, the half-sequences y, and z, are partitioned
into quarter-sequences, and so on, until eventually the last sub-sequences have only one term
each.

3 Data used in this study

Three different types of data are used in this study to test the methods. The first set consists
of 10 generated harmonic time series. The second set consists of data generated by 6 dif-
ferent Autoregressive moving average (ARMA) models. The theoretical spectra are known
for both of these series. The third set consists of 11 observed time series that describe
hydrologic, climatic, sunspot and economic phenomena. Among the observed series, the
sunspot and the wheat index series are well known and much studied. Details of these data
sets are presented next.

3.1 Harmonic time series

Ten sets of simulated data are generated in this category. The data are generated by the
formula

L
X =p+ Y, (acos 2mk t + by sin 2mk 1) + €, 6
jo

where p is a constant, a, bj are coefficients, . is the frequency, and ¢, is a normal random
variate with zero mean and a given variance. Tiw first five time series are generated by using
a single low frequency (&; = 0.01), and the last five are generated by using two frequencies
which are close to each other (2; — 4; < 0.0002). Table 1 gives the coefficients, frequencies,
means, variances and the means and variances of €, of these data. These data were used to
investigate the ability of the methods to identify the frequencies in time series which have a
single low frequency component or which have two frequency components which are close

to each other.
3.2 ARMA time series

Six different ARMA models were used to generate the test data. The models used to gen-
erate the data are given below:



Table 1. The coefficients for generation of harmonic time series
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No. g b; f; mean variance €

1 15.30 10.20 0.01 47 168 no noise

2 1530 10.20 0.01 47 205 N(0, 6.2V1)
3 15.30 10.20 0.01 46 240 N(0, 0.4V6)
4 15.30 10.20 0.01 47 276 N(0, 0.6V1)
5 15.30 10.20 0.01 46 346 N(9, V1)

6 15.30 10.20 0.0552 46 341 no noise

7 15.30 10.20 0.0552 45 416 N(0, 0.2V6)
8 15.30 10.20 0.0552 45 487 N(0, 0.4V6)
9 1530 10.20 0.0552 44 559 N(0, 0.6V6)
10 1530 10.20 0.0552 44 701 N(0, V6)

V1 = 167.78 V6 = 340.59

Table 2. The results of harmonic time series

Variance HRFA SEP

Case a® oi oibz ai‘ oﬁbz
1 168 0.605 0.004 5.28 0.0315
2 205 334 0.163 43.7 0.213
3 240 71.7 0.299 833 0.347
4 275 105 0.382 122. 0.442
5 345 171 0.497 187. 0.541
6 REN 11.2 0.0328 7.10 0.0208
7 416 79.8 0.192 812 0.195
8 487 147 0.302 166 0.340
9 559 279 0.50 234 0.418
10 701 419 0.597 386 0.550

Model No. Model

Model I:  x, =04x 4, +045%, + ¢
Model 2:  x, = 2.7607 x,; —3.8106 x,, + 2.6535 x,, —0.9238 x,, + €,
Model 3:  x, = —1.7 x4 ~2.4 X, —1.634 x, ; —0.878 x_, —0.168 x, 5 + ¢,
Model 41 x, = —025%,4~0.5%_, ¢, 075¢., + ¢
Model 5:  x,=095¢_4 + ¢
Model 6:  x, =y, + z,

=05y, +¢

z, = 0.4 cos (0.2xnt) + 0.7 cos (0.5nt) + cos (0.67xt)

In each model, €, is a zero-mean, uncorrelated normal sequence with unit variance.
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From each of these models, series consisting of 50, 100, and 200 samples were generated.
Sequences consisting of more than these number of points were generated. The initial 200
points in each set were ignored so that the transient effects of the initial conditions are not
significant. The variance of the series for each model with different sample sizes is given in
Table 4. The notation used in Tables 3 and 4 and in the figures is as follows: case 1.50 indi-
cates model 1 with sample size 50.

The true spectral density functions of models 1-6 are known. These are listed below.

a. Model 1: A single spectral peak at f=0 cycle per time (CPT) and little power elsewhere.
b. Model 2: Two sharp, close spectral peaks near £=0.1 CPT.

c. Model 3: A sharp spectral peak near £=0.32 CPT.

d. Model 4: A wide band spectrum with a single peak near £=0.25 CPT.

€. Model 5: A high spectrum value at £=0 which slowly decreases to zero at £=0.5.

f. Model 6: A mixed harmonic and AR(1) process.

The theoretical spectra of these ARMA models are calculated by the well known formula,

) !1 - 91 e—i2ﬂf - =0 e—ilan|2
p(f) = 24} - 9 0<f<05
[1 - 4)1 e-thrf — e - (bp e—xZﬂpf12
where oﬁ is the series variance, 8, ....., 8, are moving average coefficients, and ¢y, ...., ¢p are

autoregressive coefficients of ARMA models. The intensity of the spectrum at frequency f;
is calculated by using:

N 2 .2.
I(fj)=7(aj +b)ji=12.,9

where N is the number of data points in the series, a; and b; are the significant harmonic
coefficients which are picked up from each method. The intensity I(f;) is compared with the

theoretical spectrum.
3.3 Observed hydrologic fime series

Eleven observed time series are used in this study. The observed data series consist of
sunspot number (SN1) series; series of double (Hale) sunspot cycle (IDSN1); and three
drought area index (DAI) series and three flood area index (FAI) series from India. The
three DAI series are the percentage areas of India corresponding to mean monsoon index
for a given year. These data were collected and analyzed by Bhalme and Mooley (1981) who
studied the dependence between DSN1 and DAI and FAI series by using the spectrum, cross
spectrum and harmonic dial analysis. The severity of drought or flooding increases from
DAI1 to DAI3 or FAI1 and FAI3.

The SN1 series are coded as being positive or negative according to the polarity associated
with sunspot numbers and these constitute the double sunspot series. The details of the
derivation of double sunspot series are found in Mitchell et al. (1979). All the series are
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Table 3. The peak theoretical and sample intensities of ARMA time series

Case True SDF FFT HRFA Z SEP %
1.50 128 128 130 1.0 78 0.61
1.100 206 206 172 0.83 142 0.69
1.200 487 487 338 0.69 329 0.68
2.50 58840 58840 55990 0.95 58839 1.0
2.100 99150 99150 95786 0.97 96440 0.98
2.200 139800 139800 139100 0.99 106719 0.76
3.50 846 846 783 0.93 567 0.67
3.100 935 935 820 0.88 839 0.90
3.200 5584 5584 4615 0.83 658 0.12
4.50 185 185 167 0.90 59 0.32
4,100 365 365 280 0.77 246 0.67
4200 957 957 512 0.54 62 0.07
5.50 83 83 73 0.88 0 0.00
5.100 154 154 110 0.71 24 0.16
5.200 380 380 201 0.53 0 0.0
6.50 95 95 87 0.92 0 0.0
6.100 179 179 162 0.91 33 0.19
6.200 359 359 176 0.49 35 0.15

Table 4. The results of ARMA time series

Variance HRFA SEP

Case o? o? oZo* o? o2lo*
1.50 2.61 0.165 0.0632 1.03 0.394
1.100 2.08 0.371 0.178 0.656 0.315
1.200 2.45 0.713 0.291 0.795 0.325
2.50 1200 0.473 0.0004 0.0986 0.00008
2.100 1000 5.29 0.0053 27.40 0.0274
2.200 702 21.0 0.030 33.00 0.0471
3.50 17.3 0.228 0.0132 5.70 033
3.100 9.44 0.616 0.0652 0.997 0.106
3.200 28.1 3.41 0.1213 248 0.882
4.50 3.77 0.278 0.0737 2.58 0.683
4.100 3.69 0.826 0.224 1.21 0.327
4.200 4.81 2.18 0.453 4.49 0.935
5.50 1.69 1.202 0.120 1.69 1.00
5.100 1.56 0.41 0.263 1.31 0.844
5.200 1.91 0.981 0.514 1.91 1.0
6.50 1.93 0.132 0.0684 1.93 1.0
6.100 1.81 0.423 0.234 1.47 0.813
6.200 1.80 0.780 0.433 1.53 0.847

annual observations starting from 1891 A.D. and ending in 1979 A.D. with 89 observations.
The statistical characteristics of these data are given in Table 5.
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Table 5. Statistical characteristics of observed times series

Skewness
Series Period N Mean Variance Coefficient Source
SN1 1891-1979 89 5587 1973 1.04 Schonweise (1978)
DSNI v " 5.39 5066 032 Mitchell et al. (1979)
DAl v " 27.20 432 0.85
DAI2 "o " 10.58 191 1.82 Bhalme and
DAI3 "o " 2.67 49 4.16 Mooley (1981)
FAIl "o " 24.97 342 0.73
FAI2 "o " 11.58 128 1.23
FAI3 o " 4.12 34 1.77
BWPI1 1727-1869 143 99.19 328 1.28 Anderson (1971)
CEAR o ! 34.13 20.43 0.30 Met, Magazine (1971)
CEAAT " " " 9.16 0.42 -0.35 Lamb (1977)

From the elementary statistics given in Table 5 the DSN1 series may be inferred to be
approximately normally distributed. The SN1, DAI and FAI series are highly skewed. A 22--
year cycle is present in the DSN1 series (Mitchell et al. (1979)) and in FAI series (Bhalme
and Mooley (1981)) whereas the DAI series show a weak quasi-periodicity of 2.7 - 3 years
{Bhalme and Mooley (1981)). The sunspot series SN1 has a well known periodicity of 11
years.

Other observed series are the Beveredge Wheat Price Index (BWPI), Central England
Annual Rainfall (CEAR) and Central England Annual Air Temperature (CEAAT) series.
All these series start from 1727 A.D. and end in 1869 with 143 observations. The statistical
characteristics of these series are also given in Table 5. These data are not periodic but can
be fitted by small order AR models. These data are also approximately normally distributed.

4 Results and discussion

Three methods (HRFA, SEP, and FFT) are used to estimate the significant spectral inten-
sities and corresponding frequencies of the time series. The series are reconstructed by using
the significant components. These are called the regenerated series. The theoretical spectra
and the estimated spectra obtained by each method were also computed. In the case of FFT,
the regeneration is exact. The variance, residual variance, and the ratio of the variance of
the series to the residual variance were computed as a measure of the goodness of fit
between the computed and observed or generated data. The results from the three different
types of time series are separately presented below.

4.1 Harmonic time series

t

The results for the harmonic time series are shown in Table 2 and examples of the results are
given in Figures 1 and 2. These results indicate that the FFT method can perfectly fit the
observed data in all cases as it should. However, when the frequency of a series is not equal
to an integer times the inverse of the sample size (ie. /N, N = the sample size, j = an
integer between 1 to N), the estimated amplitudes and frequencies are spread over a small
range. Both the HRFA and SEP methods can fit the series very well when the series do not
have noise (cases 1 and 6, Table 2). The goodness of fit decreases as the noise increases,
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Figure 1. Original and reconstructed time series for case 1 in Table 1 (1op). Original series and
those reconstructed by using FFT (solid line), HFRA (+) and SEP (*) estimates are shown.
Theoretical and FFT, HRFA and SEP spectra are shown in the bottom row.
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Figure 2. Original and reconstructed time series for case 5 in Table 1 (top). Original series and
those reconstructed by using FFT (solid line), HFRA (+) and SEP (*) estimates are shown.
Theoretical and FFT, HRFA and SEP spectra are shown in the bottom row.
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although the computed series can still match the harmonic trend in the original data. In all
cases, both methods are able to pick up the significant frequencies in the series. The HRFA
and SEP methods can identify low frequenc1es (0.01), but not two very close frequencies ().
— A; £ 0.0002). An example of the difficulty in identifying two low frequencies is shown in
F1gure 2. The HRFA can identify two close frequencies which have a difference greater than
0.005. However, this result can be modified by simply selecting a smaller value of Af. The
SEP method can identify two close frequencies which have a difference that is larger than
1/N, N = number of sample points. Therefore when the sample size is large, the SEP
method can identify two close frequencies.

4.2 ARMA time series

The results of analysis of ARMA time series are shown in Tables 3 and 4 and Figures 3
through 5. From the results in Table 3, it is seen that the HRFA method, in most cases, can
explain about 80% of the peak intensity of the spectrum. The SEP method can explain about
65% of the peak intensity of the AR series, and i fails to explain the variance of the MA
process (Case 5). Table 4 shows the series variance (0?), the residual variance (o2) and the
ratio of residual variance to series variance (02 o“) in the HRFA and SEP methods. The
HRFA method has smaller residual variance and the ratio (6%/6?) than the SEP method in
all except case 2.50. The HRFA method can estimate the spectra of the ARMA process
better than the SEP method. Comparing the values of 0%/6? between AR models 1, 2, 3 and
ARMA models 4 and 5, the AR models have smaller values of ¢%/c? than ARMA models
which shows that both methods can characterize periodicities in AR processes better than in
ARMA processes.

Figures 3 through 5 are examples of the goodness of fit between the generated data and
simulated results for AR and ARMA models. The theoretical spectrum and estimated
spectra from each method are also shown in these figures. The FFT method misses the two
peaks present in the data in Figure 3. The HRFA and SEP estimates indicate these peaks.
The HRFA estimates are superior to the SEP estimates in Figure 4 where the FFT has a
spurious second peak. The FFT and HRFA estimates indicate a wideband spectrum in
Figure 5 whereas the SEP estimate shows a single spike and thereby completely misrepresents
the true spectrum.

4.3 Observed time series

The results are shown in Table 6 and Figures 6 through 10. From the results in Table 6, it
is found that the SEP method fails to represent adequately the time series in most cases,
whereas the HRFA method is able to explain at least a part of the variance in most cases.
In fact, the HRFA method can reduce the ratio of variances to values smaller than 10% for
the DSN and the SN series. For the serics CEAAT, CEAR, DAI1, DAI3 and FAI2, the
HRFA method fails to detect any periodicity. However, these series are close to being
random and their intensities seem equally distributed in the frequency domain. In other
words, these series do not have significant periodicities.

5 Conclusions

Based on tests on 10 harmonic times series, 6 ARMA time series, and 11 observed time series
on two methods of estimation of significant harmonic component, we find that the HRFA
method is superior to the SEP method. However, in both the methods, the algorithm had
to be changed to obtain good results.



Table 6. The results of observed hydrologic time series
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Variance HRFA SEP
Series Data num. o2 o? a%o? a? oZo*
BWPI 143 3300 49.7 0.151 304.0 0.922
CEAAT 143 0.419 0.306 0.73 0.419 1.0
CEAR 143 20.6 17.7 0.862 20.6 1.0
DAIL1 89 437.0 305.0 0.698 437.0 1.0
DAI2 &9 193.0 21.6 0.112 1936 1.0
DAIL3 89 49.9 49.9 . 1.0 49.9 1.0
DSN.1 89 5120.0 112.0 0.0218 3890.0 0.76
FAL1 89 346.0 299 0.0864 346.0 1.0
FAIL2 89 130.0 88.8 0.685 130.0 1.0
FAL3 89 347 18.4 0.531 34.7 1.0
SN.1 89 2000.0 112.0 0.056 903.0 0.452
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Figure 3. Original and reconstructed times series for Model 2 with 50 samples (top). Original series
and those reconstructed by using FFT (solid line), HFRA (+) and SEP (*) estimates are shown.

Theoretical, FFT, HRFA and SEP spectra are shown in the bottom row.



Intensity

CASE3.50

800 TTHEORETICAL 207 300 TreR 4075Em
250-
6004 150 300
200-
400 1004 150 2004
100
200 501 100-
50-
0 N 0 o\ ) 0 L
0 20 40 60 0 20 40 60 0 20 0 0 20 40 60
Frequency

Figure 4. Original and reconstructed times series for Model 3 with 50 samples (top). Original series
and those reconstructed by using FFT (solid line), HFRA (+) and SEP (*) estimates are shown.
Theoretical, FFT, HRFA and SEP spectra are shown in the bottom row.
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Figure 5. Original and reconstructed times series for Model 5 with 100 samples (top). Original series
and those reconstructed by using FFT (solid line), HFRA (+) and SEP (*) estimates are shown.
Theoretical, FFT, HRFA and SEP spectra are shown in the bottom row.
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Figure 6. Original and reconstructed Beveridge Wheat Price Index series (top). The original series
and those reconstructed by FFT (solid line), HRFA (+) and SEP (*) estimates are shown. FFT,
HRFA and SEP spectra are shown in the bottom row.
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Figure 7. Original and reconstructed Central England Annual Air Temperature series (top). The
original series and those reconstructed by FFT (solid line), HRFA (+) and SEP (*) estimates are
shown. FFT, HRFA and SEP spectra are shown in the bottom row.
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Figure 8. Original and reconstructed Central England Annual rainfall series (top). The original
series and those reconstructed by FFT (solid line}, HRFA (+) and SEP (*} estimates are shown.
FFT, HRFA and SEP spectra are shown in the bottom row.
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Figure 9. Original and reconstructed Flood Area Index (FAIl) series (top). The original series and
those reconstructed by FFT (solid line), HRFA (+) and SEP (*) estimates are shown. FFT, HRFA
and SEP spectra are shown in the bottom row.
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Figure 10. Original and reconstructed Drought Area Index (DAI1) series (top). The original series
and those reconstructed by FFT (solid line), HRFA (+) and SEP (*) estimates -are shown. FFT,
HRFA and SEP spectra are shown in the bottom row.
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