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ABSTRACT

To classify all finite p-groups is an important problem in group theory.
A standard strategy to construuct a p-group P is as follows: Consider a
maximal abelian normal subgroup A of P then P/A —Aut(A ), P/A can be
regarded as a p-subgroup of Aut(G).Hence to investegate the p-strructure of
the automorphism groups of abelian groups is important.

In this note, we want to determine the structure of Sylow p-subgroup
of Aut{G) for some abelian groups. This note is organized as follows: In
§ 1,we find the order of Sylow p-subgroups of automorphism groups of abelian
p-groups. In § 2, we detemine the structure of the Sylow p-subgroups of
automorphism group of some abelian p-groups with small order. In §3, we
generalize the results in §2.

Keywords Abelian groups, p-groups, Homocyclic groups, Automor-
phism. -
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AUTOMORPHISMS OF ABELIAN GROUPS

§ 0

To classify all finite p-groups is an important problem in group theory.
A standard strategy to construuct a p-group P is as follows: "Consider a
maximal abelian normal subgroup A of P ,then P/A —Aut(A), P/A can be
regarded as a p-subgroup of Aut(G).Hence to investegate the p-strructure of
the automorphism groups of abelian groups is important.

As for p’-automorphisms of p-groups, there are some important results
in [3,chap.5):

Theorem 0.1 Let A be a p’-group of automorphisms acting indecom-
posably on the abelian p-group P. Then P is homocyclic.

Theorem 0.2 Let A be a p’-group of automorphisms of the abelian

p-group P.Then
P = Cp(A) x [P, A].

Theorem 0.3 Let A be a p'-group of automorphisms of the abelian
p-group P which acts trivially on ;(P). Then A = 1.

Other related results about automorphism group of ablian groups can
be found in [1,2,5,6,7].

In this note, we want to determine the structure of Sylow p-subgroup
of Aut(G) for some abelian groups. This note is organized as follows: In
§ 1,we find the order of Sylow p-subgroups of automorphism groups of abelian
p-groups. In § 2, we detemine the structure of the Sylow p-subgroups of
automorphism group of some abelian p-groups with small order. In §3, we
generalize the results in §2.

§ 1
let G be a finitely generated abelian group. Then
G=GiaG & - DG
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2 AUTOMORPHISMS OF ABELIAN G ROLPS

where (Tp is a free abelian group of finite rank £ aned G are finite p; —groups.
pi &= p, for i # j0 I o is an antomorphism of G.then it is obvious that
(G =G, forall e =01, ... .m. Hence

Aut(G) = Aut(Gg) x Aut{G) x -+« x Aut{Gp,).

If Gy =Z'.then Aut{Go} = GL;(Z). Thus we just need to determine
Aut(G,) for p-group G;. Thus we may assume that & is a finite p-group.

Notations: For a € Z ,we denote the image of a in Z/p"Z as ,a. [f
m > n,there is a natural epimorphism x :Z/p™Z—Z/p"Z. we write w(,nt) =n
(mat) =, a .We also identify ., (ap™) = (m_na)p™, m > n. We denote a cyclic
group of order n as C},. For a group & and .y € G, we write x¥ := yry L.

Let G be a p-group, write G = (e} & - - - G {e,,),where {e;} = Cpni,n1 <
ns S T S Ny, -

If 0 €End(G),we may represent ¢ as a matrix

n, @11 n, %12 Ces n; &lm
g a’?l ‘1’7.20'22 T n.ga2m

a =
m@ml  fm@m2 - - o, Omm

Define Q(G) = {g € Glg? = 1}. Then UG) = pM7ler) @ - &
{p"m lem). .
Consider the restriction map p :End(G} — End{Q(G)). It is easy to
check that ,for ¢ €End(G), p(o) = [b;;] where
| { 1ap™ T i < g,
bi; = o
1@ig, if 4 2> J-
For the sake of convenience, we write

G:GIEBG?@"'@GHL

where G; = (Cp-nl)'i"- is a homocyclic group.We also assume that n; < ng <
-+ < gy For ¢ €End(G), o can be represented as

n A1 ny AL2 cor o Aim
g —1 s
ny (P27 Agy) ns 22 oo mp Ao

e (pn"'- n ‘47-”' l) Ton (pn'”"- e Am? )

Thoe A'm'm



AUTOMORPHISMS OF ABELIAN GROUPS 3

where o, A;; € My 1 (Z/p"™ Z). Then

- 1A (PP ALY 1 (p™ ™M AR L 1(pTtm T Ay,
olo) = L’!-El 1 A2 1(‘P”‘3-_.""" Aaz) .0 1 (ptm '”2 Agpy)
].A--ml lAm2 114m2 e lAm.l
140 0 0
_ | 1421 1A 0
lAml lAmQ e lAmm

since n; < n, for 4 < 7.
Now we determine the kernel of the map p: Since ¢ €kerp if and only if
1A;; =0 for i > j and 1Ay = I for all 4, hence we have that

A;; can be chosen arbitrary, ifi<j;
Ai; = 0(mod p ), if ¢ > 7;
A;i = I{mod p ).

Thus we have
[kerpl = (Tic ;0754 ) (This p(ns kG Y (ITp(m~ D)
It is easy ;to see that
o€ Al;t(G) if and only if p(-o') € Aut(Q(G)).
Moreover, we have
p(c) € Aut(Q(G)) if and only if 1 Ay; € GLi (Z/pZ ) for all 1,

and
14 € GL,(Z/pZ) if and only if Ay; € GL(Z/p™Z).

Therefore we have that o €Aut (G) if and only if 1 A; € GLy ( Z/pZ) .Thus
we have '

Theorem 1.1



4 AUTOMORPHISAS OF ABELIAN GROUPS

S . i), i . _ H . Wy . . , .
_,.\llf((j)' = peasl 2ol p ol ) =30 e LI « I 1!GL{,_LZ/‘PZH-

i=

|.-'3Llli’-{G)]rl = pzi"=1 it i+ J“I‘:ill(*7-a+L)f'f+Ei’;1 £ _1)-‘!:,

5 2

Now we want to find the p-structure of the automorphism groups of
some abelian p-groups. o ' :

We first consider the case Gim = Cp G Cpm = {e)) ® {e2) £ < m,which
" is the abelian group of type (p’,p™) . Let ¢ €End(G) be an endomorphism.

. ! apFoip+otaip -t {coterptotept T p !
Since o(ey)? = 1,s00(e1) = """ (-1P -eé“ P =P Thys

we may write o as

ap +a1p+ -+ pt! bo+bip+- -+ b pt
Alo+ap+--+ coptVp™t do+dip+ - Fdmoip™ )

Thus |End(G)| = p¥™™ Moreover, o is an automorphism if and only if
ao,dg # 0.S0 JAut(G)| = p*™2(p — 1) and |Aut(G),| = p¥*™"? ,where
Gp denotes a Sylow-p subgroup of G.

Suppose that the order of ¢ is p-power. Since o = (‘EO Sg ) (mmod p)

, 80 ag = dy = 1.Thus there are p¥*™~? elements which are p -elements
(including 1).the number is equal to [Aut(G),|.Hence there is only one Sylow
- p-subgroup.

- Theorem 2.1 Let G = O ® Cpm,l < m. Then the Sylow p—subgrdup
‘of the automorphism group Aut(G) is normal in Aut(G).

Now let G = G1,m ,then |Aut(G),| = p™*! .We have the following

Theorem 2.2 Let P be a Sylowp-subgroup of Aut(Gym},m > 1.Let

x:(l 0) _(r 1y _( 1 ¢
01+p’y 0 1/° _pm-—ll-
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The proof of the Theorem follows by direct, verifications. -
In this case. the center Z(G) = {z}).the commutator subgroup G' =

(;Cf_i’n._:> Thus Z(G)| — p'm—11 and IGJI = p. P has a normal series
{z) C {x,y) C {z,y,2).
Theorem 2.3 Let G = G, = (Z/pZ)*>.Then Aut{G1,,) = GL:(Z/pZ).
A Sylowp-subgroup P of Aut{G; ;) is cyclic generated by ((1) i)

Theorem 2.4 Let G = G2 = (Z/p?Z)? and P be a Sylow p- subgroup
of Aut(G).Let

_f1+p O {1 0 /11 {10
=L o 1+4p) BT 0 14p) YT 0 1) FT e 1)

Then
2
_ P_ P _ _ P T2 _ Y T
P={xy,za,y,zlzl =S =9y =2"=127"=2] =z =1,

¥ o z _ z _ . p=1_2
7y = T2yt T3 = T2, y" =T Zay)

Proof. It follows from the following identities.

GHGE )G HET)=(.5) w
GG )G D-0610)
GG DG D)

(o )T ) = ()

In this case, the center Z(G)} = (z;),the commutator subgroup G’ =

_ ; l—p 0 1}3 '
p—12 .oy — = = p2
@ity = (1o 12, ) (5 7)) Ths12(6)] =pand j6 = 57

P has a normal series

(x1) C {z1,22) C {Z1, 22,9 C P.
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Now we consider the case & = G» 3. In this case

1 +ap by + bip
) 7 ([Cl +eaplp L4 dip + dap” )
and j
=5 %)

where |
an = 14 {{T)ar + (3)boci}p,
i = b+ {(Basbo + (b1 + ()5er + (boc o,
Yo =ncp+ {(3)a1c1 + (3)boct + ez + (5)crdi }p?,
§n =14 f(m,L,n)p+ f(m,2,n)p* + (g)bﬂcm + gp?.

and

n! ' b
m"n”—‘Z- : : - ' 4w dn
flm, 7, } zllzzl...tm—lt(n—ll_“'_""m-l)! l "

where the summation is run over all the tuples {i|,...,%m~1} such that ¢; +

2 + - -+ (m = 1)ipm—1 = J.
i) 7 n n n
g = (3) arbger + (2) b%c% + (2>5101 + (E)bg@ + 2(3>bgcldl.
2

Note that all elements in Aut(G), have order at most p® because (%)=
O(mod p) for all p. In fact ,the center of the Sylow-p subgroup is

_{1+ap 0
Z(P)"( 0 1+a1p+d2p2)

. i 1+p 0
o 2 4 _
which is cyclic of order p© generated by ( 0 1 p)

Theorem 2.5 Let G = G353 and let P be a Sylow p- subgroup of
Aut(G). Let

L _(1+p O /10 {11
P50 00 1+4p) BT A0 149/ YT 0 1)
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-1

Then
2 2 2
— i e ap | P — P P o P _ .0
P={r,z2,y,z|z] =y =2 =1z, ==x7,
— Yoo P -p .z _ Pl _2-p p+l_—p
o = zoy?, 2 = w2z 7P,y =27 xy Ty 27

Proof. Tt follows from (1) and the following identities.

1 0\/1 0 1 0y _ /1 0
p 1/7\0 1+p/\—-p 1)\ —-p? 1+4+p/}’
10 1 1Yy /-
p 1 0 1
1-p 1 1 0y/1 1NTUP f1-p O
-p2 1+p/\p* 1/\0 1 T\ 0 1+4p/
In this case, the center Z(G) = {z},the commutator subgroup G’ =

_ 1— 0 1 i 0
e = (157 2 )06 1) (1) stz

p?, and |G’| = p*. And P has a normal series

($l> C ($1:$2> C (:cl}x‘z:yp) - ('Tl:l‘?ay) - (IlixQ!y! ZP) - P

In general, Let G = G m, m > 3,P =Aut(G), be the Sylow p-subgroup -
Then |G| = p™T4(p — 1)? and |P| = p™**. Let

L f1+p 0N (1 0 _(r 1y _( 1 0
1= 0 1+p L2 = 0 1+p ¥ = 0 1/ - pm—Q 1

m—2 m—1
Then it can be checked that z¥ # 1,27 = 1. It generates the
center of P. Moreover,it can be verified

m—1 2 2
— p™Th _ — — P
P = (z1,29,y,2|2] =y =2 =128 =27,
y _ —p+( B3P’

z __ - z __
T3 =Tyt 75 =222 Py = 3y )
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Let G = Gs,m and P the Sylow p-subgroup of Aut(G) .The element of
P has the form

- ( 14 a1p+ axp? bo + b1 p + bop® )

(Cm—3 + Cm—2P + Cm1p?)p™ 2 l+dip+ -+ dn—1p™ !

Let

o f1+p 0N (1 0N /11y _/( 1 0
= o 14p/)"T o 14p)Y T 0 1) \pm® 1)

Then we have

m—1 3 3 2 2
- P P 7 P = P
P = {z1,32,y,2l2f =97 =2 =lzy =77,

2 — E=ly,2
— z __ - z _ p+{ )}
1Y = zoyP, 25 = 222P TPy =13, * )

§ 3

In this section , we will generalize the result in the above section.
For any ! < m and p ,let 21,2,y be as above and z = (p"}'l ?) We
1—1 L=

PN pt _upt m ] P = P
have zj —yp-—f‘z =128 =2xp

=0 1) (6 15) 6 3 -6 %)

s (1 0y(1 0 1 0\ _ 1 0
2 — pm—t 1 0 1 +p _pm——l 1 - _pm—l+1 1 +p
] 1 0 n}—:+1 0 _— zk'P
0 1+p —'% 1/ T2

where b = —(p=2 = p=3 4 ... + (=1)1), if L # 1. If | = 1,then 23 = z».
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(1 0y (11 1 0y _ [{1-pm! 1
- ¥ = pm——l 1 0 1 _pm—f 1 - p2m 2f l+pm—£ ‘

If m > 2{, then we have

(1 1 N_{1 0 11y _ _w
9“01+pm‘ ‘01+pm*E 01‘13’

where k is an integer such that (1 + p)kp =1+p™~ E(mod p™). Note that in .

Z/p™Z the set {1 + pala €Z/p™Z} is a subgroup,and it is cyclic generated
by 1+ p.Hence such an integer % exists.

Ifl<m<?2l, setting h:=m—I[<!land k:=1+p" +p2h+ 4 plRIA
,and note k(1 — h) = 1(mod p™),then

(1—;'5? 1+1p"-) (é _1k) (pz‘h(ll—ph) (1])
- (8 D (e 3

_ {1 —_ph X 0 ‘ ;
- 0 1 _|_ph .if- . + p[%]h‘ !

since k(1 — p") = l(mod P ) Thus we ha.ve proved the followmg

Theorem 3.1 Let G = Ggm = C’ ! @C’pm,l < m, and P be the Sylow

p-subgroup of Aut(G). Let

_(l¥p Oy (1 0 /11y _ /1t 0y
Y200 149" o 1+p /YT 0 1) T \pmt 1 )

Then
(i) # 1 and m > 2I:

) e —1 i i I—-1 I—1
P={z1,z2,y,2lz] =¢F =2 =128 =2zf

Yy o___ - z _ .-k z k:gj.\'.‘l'é
T3 = T2y’ x5 = 22277, y° = 277" y)

N ¥ !
.3,

——
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where k; = —{(p=% — p"3 + - + (—1)%), and kg, satisfies (1 +p)ke? =14
p™ ! (mod p™)

(i) #1land I <m < 2:

1

1 t L I—-1 I —
P
1 1

P = (z{,x2,y, 2|z} = =z

|
w2
=
i
&~
~
I
rﬂ
ok

z _ k z . pka ke, ks, —p"{(1-p")
2§ = zoy?, 23 = 32" P YT =t ayty 2 )

where h = m — Lks = 1+ p" + p* + - + pl¥)", &y satisfies (1 + p)** =
1 — p"(mod p*) k4 satisfies (1 +p)™ = (1 — p*)*(mod p™) .
(i)l = 1:

-1 - _
=P =2F = l,yzy ' = zx2” ! =z, 2y2

P = (5321 Y, Z|$g

Let { = m. Since kerp is a p-group and p(Aut{G))= GLi(Z/pZ), so we

1 0
may choose P to be the preimage p™* ({ ( [1} i ) }). Define z = (pm“" 1 ) .Then

. {1 0\/1 0 1 0\ _/1 0
I2_p1 0 1+p/\'=p 1/ \ —p? 1+4p

{1 0 10\
_(0 l-l—p) (—kp2 1)_—5:2;-:

where k=1 —p+p? 4+« + (—=1)}"1p'-3,

w00 DG -5 L)

1-p 1 10\ (1 -+ _(k O \_ 1o
-p* 1+p/\kp* 1/\0 1 =\0 1+4p/ =1 T

Thus we have proved the following

Theorem 3.2 Let G = Gy; = (Cp)?, and P be the Sylow p-subgroup
of Aut(G). Let

R . . TP M“*;‘f
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po (L0 {1 0 j o (b 1) {1 u)
b 0 L+p/ 777 A\0 L+p 'J_(U L/ T \p 1)

s

Then
(i) > 2

-1

' ' 5 !
_ -1 -
P = {:Ul,;cg,y,ﬂﬂ:‘? = J;‘Z =3P =2zF L 1,

i p-

’ . - — ] i —_fe -
T4 = ToyP, wd = 202" Y7 = g7 lady TP

where k =1 —p+p* +--- + (-1){"1p! 3.
{ii}ﬂ =1:
P={yly*=1)
(i)l = 2:

o

2
%
P = ($1:$2,y:3|$§=$g=yp =zF = 1,.’1.‘12 = :m'f =1,

p—1_2
T8 = zoyP, x5 = T2, 3" = 27 23Y)

Using the same arguments as given in the proof of Thoerem 2.1.we can

generalized as follows.

Theorem 3.3 Let G = Cpny & -+ @ Cpam be an abelian p-group with
ny < ng < --- < Ny, Then the Sylow p-subgroup of Aut(G) is normal in
Aut(G).
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