Natural Frequencies and
Stability of an Axially-Traveling
String in Contact With a
Stationary Load System

The natural frequencies and stability of a string traveling between two fixed supports
and in contact with a stationary load system, which contains such parameters as
dry friction, inertia, damping, and stiffness, are investigated both numerically and
analytically. After establishing the orthogonality properties between the eigenfunc-
tions of a freely traveling string, the eigenvalues of the coupled system are calculated
by a numerical procedure based on eigenfunction expansion method. It is found that
the stiffness in the load system tends to increase the natural frequencies of the
traveling string, while the inertia tends to decrease the natural frequencies. When
the load system contains both inertia and stiffness elements with natural frequency
W, inertia effect is dominant for the modes with natural frequencies higher than w,,
and stiffness effect is dominant for the modes with natural frequencies lower than
w,. Large dry friction causes flutter instability in the high speed range, which cannot
be suppressed by the damping element in the load system. The expressions for the
derivatives of eigenvalues with respect to various load parameters are derived to
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verify the numerical results.

Introduction

The dynamics of axially-traveling strings has been a research
topic of interest because of its important applications in such
fields as magnetic and paper tapes, textile fibers, aerial cable
tramways, power transmission chains, and band saws. Excessive
vibration of axially traveling structure is generally undesirable.
In magnetic tape drives, vibration leads to signal modulation
and accelerated wear of the tape. In band saws, the transverse
vibration of the blade results in poor cutting quality. Following
Skutch’s (1897) work, extensive literature has been devoted to
the study of linear, planar vibration and stability of a string
moving between two fixed supports, Comprehensive survey and
fairly complete references on this subject can be found in the
review paper by Wickert and Mote (1988).

Early investigations focus on aspects of free vibration includ-
ing the nature of wave propagation in the moving string (Sack,
1954; Mahalingam, 1957; Miranker, 1960; Swope and Ames,
1963) and the relations between the system natural frequencies
and the traveling speed of the string (Archibald and Emslie,
1958). The natural frequencies of the translating string decrease
monotonically as the traveling speed increases. The correspond-
ing mode shapes are transverse waves traveling upstream within
a stationary envelope (Rhodes, 1970). At certain traveling
speed, called critical speed in the literature, all the natural fre-
quencies reduce to zero and the associated stiffness operator in
the equation of motion becomes singular. Hwang and Perkins
(1992a, b) studied the vibration and stability of an axially mov-
ing beam in the supercritical speed range with nonlinear formu-
lation. They observed bifurcation phenomena and multiple equi-
libria in the supercritical speed range with the traveling speed
as a control parameter, which are similar to the buckling insta-
bility of a column with axial compressive loading as a control
parameter.
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In some applications the traveling string may interact with a
stationary load system. This stationary load system may repre-
sent the read/write head in magnetic tape drives, or the guide
pad in band saws. Schajer (1984) studied the dynamic response
of a rotating circular string subject to a fixed elastic constraint,
with an aim toward demonstrating the phenomenon of eigen-
value ‘‘veering’’ often encountered in complex rotating sys-
tems. Cheng and Perkins (1991) studied the stability of a travel-
ing string subject to large dry friction and reported that dry
friction induces flutter instability in the high speed range. Often
the inertia of the stationary load system is small and may be
neglected, as have been done in the above two papers. However,
there are some problems of physical importance in which load
inertia is not negligible and may alter the dynamic behavior of
the system significantly. Besides, the role of the damping ele-
ment in the load system in stabilizing the traveling string is
not clear. A thorough investigation dealing with the interaction
between the axially-traveling string and various dynamic ele-
ments in the stationary load system is still not available in the
literature.

In the present paper we consider a string traveling between
two fixed supports and in contact with a stationary load system,
which contains such parameters as dry friction, inertia, damping,
and stiffness. The dimensionless equation of motion is first
cast in first-order form and the orthogonality properties are
established. The effects of various load parameters on the natu-
ral frequencies and stability of the system are then investigated
through a numerical procedure based on eigenfunction expan-
sion method. The derivatives of eigenvalues with respect to
various load parameters are also derived to verify the numerical
results.

Equation of Motion

Consider a uniform, flexible string of linear mass density p
that travels with speed V between two fixed frictionless eyelets
which are separated by distance L. The string slides through an
elastically supported guide at axial position X = X,, where XW -
coordinate system is fixed in space, as shown in Fig. 1. The
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Fig. 1 A traveling string in contact with a stationary load system

top and bottom parts of the guide are assumed to be identical and
can be modeled as spring-mass-damper systems with parameters
M,/2,K./2, and C,/2, respectively. The top and bottom surfaces
of the guide are assumed to remain in contact with the string
due to the relatively large normal force N applied externally,
and the resultant dry friction F, developed on the surfaces of
the guide is equal to 2uN, where y is the coefficient of friction.
The string is subject to a constant tension P to the right of X
= Xp, and is subject to P — F, to the left. The linearized
equation of motion of this coupled system, in terms of transverse
displacement W and with respect to the stationary coordinate
system, can be written as

PWar + 2VWyr + VWiy) — FWy
= —(KW+ CWr+ MW - FW)6%X — Xo) (1)

P
F =
P-F,

The standard subscript notation for partial derivative is used
here. 6*(:) is the Dirac delta function.
After introducing the following definitions

X
x=-, w=—vz, t=T i,l/=V B,
L L pL? P

6(x — £) = L6"(X — Xo)

where
when X, <X <L
when 0 < X < X,

Equation (1) can be nondimensionalized and rewritten in the
operator form

M+Mw, +(G+Gw, +(K+Bw=0 (2)
where
- e S i
M=1, G—2uax, K= (v 1)6x2
M=mb(x—§&), G=cdx— &),
N o H*
K=Mx—®<h—ﬁ5>+ﬁU%w—Hu—£ﬂ—7
X Ox

H(:) is the Heaviside function. It is noted that friction force f,
affects the natural frequencies and stability of the system
through two separate terms in the operator K. One is the term
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with Dirac delta function, which is associated with the slope
change of the deformed string at the coupling point. The other
is the term with Heaviside function, which is associated with
the tension variation along the length of the string.

Equation (2) can also be cast in first-order operator form

(A+A)y, —(B+B)x=0 (3)
by defining the state vector

)
X =
w
and. the matrix differential operators
M R .
a[M 0] Ao o],
0 K 0 K

-G ~K N -G -K
B = , B= A .
K 0 K 0
For a freely traveling string (i.e., in the absence of the load
system), Eq. (2) can be reduced to

Mw, + Gw, + Kw =0 (4)

Since M and K are symmetric and G is skew-symmetric, Eq.
(4) is a standard gyroscopic equation. The eigenvalues of the ¢!
time-reduced form of Eq. (4), together with the homogeneous
boundary conditions, are purely imaginary and occur in complex
conjugate pairs,

n=...,-2,-1,12 ... (5)

where i = V¥—1. w, is a real number and represents the natural
frequency of the traveling string. The eigenfunction correspond-
ing to A is in general complex and assumes the form

N = jw, = inn(1 — v?),

Wg(x) = 8in (nﬂ'x)ei"""-"

(6)

The eigenfunction corresponding to X3 is Wy, where overbar
represents complex conjugate. In the sub-critical speed range,
ie., v < 1, the corresponding mode shape in Eq. (6) is a
transverse wave traveling upstream within a stationary enve-
lope. This property was also reported by Rhodes in 1970.

Sometimes it is desirable to consider the mode shape in the
real domain instead of the complex domain as implied in Eq.
(6). In this way of thinking, the complete modal response for
the nth natural frequency should be a combination of w’ and
w?, each of which contains both real and imaginary parts. The
exact contributions from these two eigenfunctions depend on
the initial modal displacement and velocity fields of the siring.
With this arrangement, the imaginary part will disappear natu-
rally and only the real part (which is physically meaningful)
of the modal response exists. For a traveling string with an
initial displacement in its nth mode, the combination of these
two eigenfunctions will naturally arrive to a traveling wave
form.

In the case when the string travels in the supercritical speed
range, the corresponding mode shape appears to be a wave
traveling downstream. It is noted that the contribution of geo-
metric non-linearity increases with translating speed, and the
linear solution in the supercritical speed range is interpreted as
a first approximation only (Hwang and Perkins, 1992a, b).

Orthogonality Relations and Eigenfunction Expansion
Method

The orthogonality relations among the eigenfunctions of a
gyroscopic system, when the stiffness operator X in Eq. (4) is
positive definite, have been established by Meirovitch (1974),
D’Eleuterio and Hughes (1984), and Wickert and Mote (1990)
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Fig. 2 Effects of inertia m, = 0.2 (solid lines) and 2 (dashed lines) at £
= 0.5 on the natural frequencies of the traveling string, compared to the
results for a freely traveling string (dotted lines). All other parameters
are zero.

in various forms. Chen and Bogy (1992) extended the validity
of these theorems to the case when K is no longer positive
definite. They showed that as long as all the eigenvalues of the
gyroscopic system are purely imaginary, the following orthogo-
nality relations exist:

(x%, Ax%) =0, (x%, Bx2) =0 if N, =X (7)
where the inner product between two vectors X,, and X, is defined
as

1
(Xs X,) = f XX dx (8)
0
x? is the transpose of the state vector X,,. In addition,
x?, Bx?
N = o Bx) )
(X, AXy)

To obtain the eigenvalues of Eq. (2) or (3) for the string-
load system, we represent its eigenfunction solution as an
expansion in terms of 2N eigenfunctions of the freely traveling
string,

(10)

where, h, are complex numbers. It is noted that modes xJ and
x?, are complex conjugate pairs, and are orthogonal in the
complex inner product space with inner product definition (8).
Substituting Eq. (10) into (3) and taking the inner product
between x2, and both sides of Eq. (3), with use of the orthogo-
nality properties (7) and Eq. (9), we get

N
2 (Br+ NADR =0 (11)

n=—N

N
N2 AT+ AR, —

n=—N

where
A'=0 when m=*n and A7 =dm*n?*(1 —v?)

Al = (wowam, + K)Wa(HWHE) -

n{f G
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ow,,

: }
x=¢

ox

dx — —m(g)
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= [~ wuwac, + ik (wy + W) ]WH(E)WR(E)

13
+if,,(w,,,+w,.){f w,‘i,a“;”dx—
0 ox

ow?

X x=€}

Equation ( 11) represents a generalized eigenvalue problem with
both matrices being complex. The eigenvalues can be readily
extracted by any available eigenvalue solver.

Wi (€)

Numerical Results

Figure 2 shows the relation between the natural frequencies
(imaginary parts of the eigenvalues) and the traveling speed of
the string. The solid and the dashed lines represent the natural
frequencies of the coupled system with m, = 0.2 and 2, respec-
tively, at position £ = 0.5. The frequencies of the freely traveling
string are presented as dotted lines for comparison. The number
of modes N used in the eigenfunction expansion (10) is 6. The
accuracy and convergence of the numerical results are examined
by comparing the calculated eigenvalues with those obtained
by taking N = 12. For simplicity and clarity, however, only the
eigenvalues of the modes with » = 3 are shown here. It is
observed in Fig. 2 that the added inertia in the stationary load
system tends to decrease the natural frequencies of all modes,
unless the added mass happens to be at the nodal point of the
stationary envelope of a particular mode. The real parts of all
the eigenvalues are not affected by the added mass and always
remain zero. In other words, inertia in the stationary load system
does not affect the stability of the system.

The solid and the dashed lines in Fig. 3 represent the natural
frequencies of the coupled system with &k, = 20 and 1000, re-
spectively, at position £ = 0.3. Dotted lines represent the natural
frequencies of the freely traveling string. Apparently, the effects
of k, are exactly opposite to those of m,. The solid, dashed, and
dotted lines in Fig. 4 are the envelopes of the mode shapes of
the first three modes, with natural frequencies 1.59, 3.16, and
3.64 respectively, when the string is traveling at v = 0.8 and
is constrained by k, = 20 at £ = 0.3. It can be seen that the
vibrations are localized in the right section of the string for the
first two modes, and in the left section for the third mode. As
k. approaches infinite, the vibrations in the left span of the first
two modes and the right span of the third mode diminish, and
the corresponding natural frequencies approach nm(1 — v?)/
(1—¢),n=1,2,and m(1 — v?)/¢, respectively. These proper-
ties are in agreement with the expectation that the left span and
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Fig. 3 Effects of stiffness k, = 20 (solid lines) and 1000 (dashed lines)
at £ = 0.3 on the natural frequencies of the traveling string, compared
to the results for a freely traveling string (dotted lines). All other parame-
ters are zero.
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Fig. 4 Envelopes of mode shapes for the first three modes of the string
traveling at » = 0.8 and constrained by a spring k, = 20 at £ = 0.3

the right span of the traveling string are decoupled into two
independent sections with the same tension.

It is of interest to examine the combined effects of inertia
and stiffness in the load system. The solid lines in Fig. 5 repre-
sent the results for a coupled system with m, = 0.2 and k, = 3
at position ¢ = 0.3. The corresponding natural frequency in the
load system is w, = vk,/m, = 3.87. The dotted lines represent
the frequencies of the freely traveling string again. It is found
that for the modes with w, > 3.87, the inertia effect is dominant.
For the modes with w, < 3.87, on the other hand, the stiffness
effect is dominant. The eigenvalues of the modes with natural
frequencies exactly equal to the natural frequency of the load
system will not be affected by the addition of the load system.

Figure 6 shows the effects of damping ¢, = 1 at position §
= 0.3 on the eigenvalues of the system. It is observed that
damping in the stationary load system tends to stabilize all the
modes in the sub-critical speed range. The effect of damping
on the natural frequencies is minimal.

When the traveling string is subjected to a large friction force
fo = 0.75 and is constrained by a spring k, = 20 at position £
= (.5, Cheng and Perkins (1991) reported that flutter instability
was induced for traveling speed v higher than 0.5, as shown in
the middle and the lower graphs of Fig. 7. The string in this
case can be divided into two sections; the tension in section 0
< ¢ < 0.5 is 0.25, while the tension in section 0.5 < £ < 1

Im(\)

0.0
0.0

0.2 0.4 0.6 0.8 1.0

Traveling speed v
Fig.5 Combined effects of m, = 0.2 and k, = 3 at £ = 0.3 on the natural

frequencies of the traveling string, compared to the results for a freely
traveling string (dotted lines)
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Fig. 6 Effects of damping ¢, = 1 at £ = 0.3 on the eigenvalues of the
system, compared to the results for a freely traveling string (dotted
lines). All other parameters are zero.

remains 1. When the translating speed v > 0.5, it is beyond
the critical speed for the section 0 < £ < 0.5, and flutter instabil-
ity is induced. In the low speed range, Cheng and Perkins
(1991) observed frequency loci veering and the associated
mode localization phenomena. Since damping alone can stabi-
lize the traveling string, it is of interest to see whether damping
can suppress the instability induced by large friction force. The
upper graph of Fig. 6 shows the real parts of the eigenvalues
for a traveling string subject to tension f; = 0.75, k, = 20, and
damping ¢, = 1 at position £ = 0.5. The natural frequencies
are very close to the case without damping. It is noted that
while damping can indeed stabilize all modes when v < 0.5,
it cannot suppress the flutter instability induced by large friction.
A careful inspection on the eigenvalue loci reveals that the
modes whose natural frequencies increase with traveling speed
(i.e., the modes traveling downstream) are destabilized, in spite
of the fact that they are originally stable when damping is
absent.

Derivatives of Eigenvalues

While the freely traveling string is a standard gyroscopic
system and all the eigenvalues are purely imaginary, the string-
load system is not necessarily gyroscopic or stable. The
matrix differential operators A and B in Eq. (3) are func-
tions of certain parameters p, (k = 1, 2, . .., [) in the stationary
load system. It was shown in Chen and Bogy (1992) that ex-
pressions for the derivatives of the eigenvalues with respect to
various parameters in the stationary load system, which renders
the system non-gyroscopic, can be derived and used to predict
the change of eigenvalues for small values of the parameters.
The first order derivative of the eigenvalue A, with respect to
pr can be calculated by the formula

APRIL 1997, Vol. 119 / 155

Downloaded 16 Oct 2008 to 140.112.113.225. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



0.4 T T Y T T T T T T

Re()\)

0.0

Re(\)

0.0 \’}%}

0. 4 L 1 L | A ! 1
7.0 T T Y . T T T T T

6.0 |- _
5.0 F j
4.0 4

2.0 1

Im(\)

0.0 R | | { —L . L 1
0.0 0.2 0.4 0.6 0.8 1.0

Traveling speed v

Fig. 7 The middle and the lower graphs show the eigenvalues of the
system with f, = 0.75 and k, = 20 at position £ = 0.25. The upper graph
shows the real parts of the eigenvalues when additional damping ¢, = 1
is introduced.

O\ _
Opx

_(x8, (MA, - By)xd)
(X3, Ax})

The change of eigenvalue A\, corresponding to a set of para-
metric increments Ap, can be approximated as

(12)

!
A)\n = 2 )\n,kApk

k=1

Inertia Effect.  After deriving A/8m, and 8B/8m, and sub-
stituting the results into Eq. (12), with the expressions of eigen-
value \S in Eq. (5) and eigenfunction w? in Eq. (6), we obtain

O _ —inm(1 — v?)? sin? nné
om,

(14)

Equation (14) predicts that adding inertia in the load system
tends to decrease the natural frequencies of the system. In addi-
tion, the derivative vanishes whenever n§ equals to an integer.
For ¢ = 0.5, for instance, the natural frequencies of the modes
with n = 2, 4, 6, ... will not be affected by adding m, in the
load system.

Stiffness Effect. By following a similar procedure as above,
we can get
O\, isin®nwé
— = — 15
ok, nm (15)

Clearly, adding a weak spring tends to increase the natural
frequencies of the system in the sub-critical speed range.
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(13) -

Suppose the load system contains both m, and &, with natural
frequency w, = vk,/m, . By applying Eq. (13) we obtain

im .
AN, = —% (w? — w?) sin® né
nm

In the sub-critical speed range, the load system tends to increase
the natural frequencies of the modes with w, < w,, and tends
to decrease the natural frequencies of the modes with w, > w;.
Therefore, the stiffness effect is dominant for w, < w,, and
inertia effect is dominant for w, > w,. The natural frequencies
of the modes with w, = w, will not be affected by this load
system, This phenomenon may also be predicted by an eigen-
value inclusion principle for distributed gyroscopic systems pro-
posed by Yang (1992).

Damping Effect. For the case of damping
O _ —(1 = v*) sin? nn¢
dc,

Note that this derivative is real and the dashpot will affect the
stability of the system instead of the natural frequency. Since
this derivative is negative, the dashpot tends to stabilize the
system in the sub-critical speed range. On the other hand, damp-
ing tends to destabilize the system in the supercritical speed
range.

Friction Effect. As we have discussed in the preceding sec-
tion that friction force affects the natural frequencies-and stabil-
ity of the traveling string through two avenues. One is the term
associated with Dirac delta function and the other is the term
associated with Heaviside function in the differential operator
K. The effects of these two terms on the eigenvalues of the
system can be predicted by the following two formulae,

O\, i
—2| = — —sin 2n7w€ + v sin®aw 16)
o | 3 3 3 (
6)\11 l 2 . )
=—=(3 + v¥)[2nw€ + sin 2nwg] — v sin® nwé (17)
gl 4

where subscripts 6 and H represent the effects of the terms with
delta function and Heaviside function, respectively. It is noted
by observing Eqs. (16) and (17) that transverse component of
the dry friction associated with slope change tends to destabilize
the system, while the term associated with tension variation
tends to stabilize it. These two opposite effects cancel and as a
consequence the total effect of the friction force is to change
the natural frequency of the string only. It is noted that this
conclusion is good only when small friction is involved.

Conclusions and Discussions

The natural frequencies and stability of an axially-traveling
string in contact with a stationary load system containing such
parameters as friction force, inertia, damping, and stiffness are
investigated both numerically and analytically. The results of
these analyses can be summarized as follows:

(1) The inertia in the stationary load system tends to de-
crease the natural frequencies of all modes of the system in the
sub-critical speed range, unless the added mass happens to be
at the nodal point of the stationary envelope of a particular
mode. The effects of stiffness are opposite to those of the inertia.

(2) When the load system contains both inertia and stiffness
elements simultaneously with natural frequency w,, inertia ef-
fect is dominant for the modes with natural frequencies higher
than w,. On the other hand, stiffness effect is dominant for the
modes with natural frequencies lower than w,.

Transactions of the ASME

Downloaded 16 Oct 2008 to 140.112.113.225. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



(3) The damping element in the load system tends to stabi-
lize the system in the sub-critical speed range.

(4) Large dry friction induces flutter instability in the high
traveling speed range. It is impossible to suppress these unstable
vibrations by a damping element in the stationary load system.

The traveling string may be the simplest model for an axially-
moving structure, partly because it is non-dispersive. For many
one-dimensional structure, however, the bending effect cannot
be neglected. A natural extension of this paper is to study the
dynamics of a traveling beam in contact with a stationary load
system. It is believed that the concepts presented in this paper
are valuable in studying more complex problems.
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