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Abstract

The purpose of this paper is to synthesize an optimal trace metal biomonitor control system to e�ciently manage

aquacultural water quality. A biomonitor organism of gastropod mollusc Haliotis diversicolor supertexta was chosen

to estimate zinc (Zn) bioaccumulation. The bioaccumulation dynamics of Zn by H. diversicolor supertexta from an

alga Gracilaria tenuistipitata var. liui and ambient water in aquaculture ponds is developed based on a six-com-

partment pharmacokinetic model. A linear control model based on the dynamic bioaccumulation model is developed

to design an optimal feedback biomonitor control system. Linear quadratic regulators (LQRs) with output feedback

control of a linear-invariant system are assigned for design algorithm and an optimal proportional plus integral (PI)

feedback control strategy is synthesized. Numerical results from the model implementation show that the optimal

selection of tuning parameters and the resulting costs vary with desired equilibrium state. The designed optimal

feedback biomonitor control system, when suitably tuned, gives a satisfactory monitor of mollusc Zn bioaccumula-

tion. The biomonitor control system developed accounting for bioaccumulation dynamics of Zn in the target tissues of

molluscs can be used in the future to evaluate the e�ects of suspended solid removal devices and bio®lters and/or other

control scenarios on water quality management in aquacultural ecosystems. Ó 2000 Elsevier Science Inc. All rights

reserved.
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1. Introduction

Bioaccumulation is the result of uptake chemical by aquatic organisms from and elimination to
the ambient water environment. Bioaccumulation may result in concentrations of toxic chemicals
in ®sh/shell®sh that are large multiples of those of the water in which the ®sh/shell®sh dwell.
Therefore, bioaccumulation plays an important role in hazardous assessment procedures in water
quality management. The ability to predict this bioaccumulation is thus important for improving
the risk assessment to biota and humans caused by contaminants in aquatic systems.

For the contaminant management in aquaculture ponds, it is important to be able to
predict the impact of chemical and toxic e�ects in aquacultural species. Building such a
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predictive capability requires knowledge of the transport of the chemical from its origin
into the species and of the interaction of the chemical with crucial target tissues in the
species.

The uptake and subsequent internal transport models of chemicals from water and food by ®sh
have been the subject of a number of studies and are well documented [1]. To date, however, these
types of models have not often been applied to the estimation of chemical bioaccumulation and
detoxi®cation in the molluscs such as gastropods and bivalve.

Gastropods and bivalve are excellent bioaccumulators of a wide range of pollutants and the
levels of accumulation in their tissues are considered to re¯ect the bioavailable components of
chemicals in aquatic systems [2±4]. They are either ®lter feeders, herbivores or carnivores and have
the potential to bioaccumulate contaminants that would normally be present in water or within
sediments. They are also ideal species for environmental monitoring, because their sedentary
nature does not require consideration of complex migratory factors in the interpretation of the
bioaccumulation data [3,5].

It is generally recognized that gastropods and bivalve represent the most important source of
heavy metals to human populations [6±8]. The potential hazards associated with heavy metal
poisoning, however, are not restricted to polluted lakes and rivers. Elevated heavy metal con-
centrations in shell®sh have often been reported in lakes far from direct sources of heavy metal
pollution. The health risk associated with heavy metal intoxication to humans together with the
global heavy metal contamination of aquatic ecosystems necessitates the development of models
to predict heavy metal dynamics in molluscs.

The e�ective use of a biomonitor depends on the development of models that permit us to
relate metal concentrations in the aquatic environment to those in the organism chosen as a
biomonitor, i.e., a simple relationship should exist between its trace metal content and the con-
centration of the metal in its environment. A good biomonitor should also be easy to collect,
widespread and abundant, tolerant of a wide range of chemical conditions, and to provide suf-
®cient tissue for contaminant analysis. Croteau et al. [9] and Martin and Coughtrey [10] suggested
that molluscs could be used as metal biomonitors.

Curtis [11] and Livingstone [12] reported that mantle soft tissue of gastropod molluscs is the
site of shell deposition and contains mixed-function oxidases for the detoxi®cation of aliphatic
hydrocarbons and other toxic contaminants. Walsh et al. [13] further indicated that mollusc might
utilize the deposition process of new shell material to relocate bioaccumulated contaminants from
the metabolically active soft tissue to the relatively inert shell material. The present study has
taken into account the metal transport through soft tissue wall and blood to the shell. The shell
acts as a storage matrix for trace metals.

The bioaccumulation of metal zinc (Zn) in the gastropod mollusc Haliotis diversicolor super-
texta and the red alga Gracilaria tenuistipitata var. liui was to be dynamically modeled and an
optimal biomonitor control system was to be synthesized in an aquacultural ecosystem. Zn is of
particular ecotoxicological concern where Zn accumulation and toxicity is of considerable interest
due to the carcinogenic risks associated with Zn exposure [14]. The alga G. tenuistipitata var. liui is
the major forage for culturing the mollusc H. diversicolor supertexta. These two aquacultural
species are considered to be the important economic aquatic products in Taiwan region.
H. diversicolor supertexta is appreciated for its delicacy and high market value, the aquaculture of
H. diversicolor supertexta is a promising business in Taiwan.

This aim of this paper is to investigate the water quality management of mollusc metal bio-
accumulation in aquaculture systems from the viewpoint of linear control theory and to show
how ideas from engineering sciences might be used to design an optimal biomonitor control
system for ®shery management strategies.
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2. Model structure

2.1. Model assumption

Before deriving system equations to describe the dynamic behavior of trace Zn bioaccumu-
lation in mollusc target tissues, the following assumptions are made to simplify the certain
physical and biological aspects.

(1) Finite compartmental model. There is a six-compartment pharmacokinetic model of blood ±
gill ± soft tissue ± gut wall ± alimentary canal ± shell, representing actual anatomical units of
H. diversicolor supertexta.

(2) A gill transport system. There is a gill transport system. It is assumed that the gill acts as a
continuous-stirred tank reactor or well-mixed compartment into and out of which water ¯ows,
with chemical and oxygen being transferred to the mollusc based on di�usive mass transfer. A
ventilation ¯ow rate Qw gives the input respired water ¯ow rate. The total water ¯ow is steady and
uniformly distributed among the water channels.

(3) Blood ¯ow transport system. There is a blood transport system. A ¯ow rate Qij P 0 gives the
blood ¯ow from the jth blood compartment to the ith organ compartment for i 6� j with 16 i,
j6 n. All transport occurs by blood ¯ows, i.e., intercompartment transport by direct di�usion is
negligible. The blood ¯ow is steady and uniformly distributed among the blood channels.

(4) Chemical equilibrium. There is a complete equilibrium of chemical between the blood phase
and the tissue phase of each compartment. It is assumed that there is an inert soluble chemical
with blood-chemical partitioning/binding coe�cient fi present in the amount of chemical parti-
tioned to compartment tissue i. Therefore, the transport is ¯ow limited in the sense that chemical
in the blood leaving a region is in equilibrium with the region.

(5) Mass balance of chemical substance. There is a local mass balance of chemical substance in
that for each compartment the amount of chemical substance entering is equal to the amount
leaving. Chemical with the compartment is assumed to be at steady state. This can be interpreted
as the changes in the amount of chemical partitioned to each compartment tissue are assumed to
take place relatively quickly upon a change in input variables.

(6) Mass balance of blood ¯ow. There is a local mass balance of blood ¯ow in thatXn

j�0
j6�i

Qij �
Xn

j�0
j6�i

Qji for 16 i6 n:

2.2. System model

The mollusc H. diversicolor supertexta absorbs Zn directly from the water via the gills and
through the consumption of food, the red alga G. tenuistipitata var. liui, into the alimentary canal
with exchange to the gut tissue and subsequent exchange with the blood. The blood exchanges
with the gill, shell, gut wall, and soft tissue compartments. Zn loss can occur via the gills to the
water, via egestion of fecal matter, growth dilution or as a result of metabolic transformation.
Fig. 1 shows the conceptual diagram of pathways of Zn intake and elimination considered for an
aquacultural H. diversicolor supertexta. A conceptual physiologically based pharmacokinetic
(PBPK) model of bioaccumulation of Zn in a mollusc key tissue is illustrated in Fig. 2 in that the
size of the tissue compartment represents storage capacity dependent on anatomical volume and
metal partitioning, and the size of the conduits represent ¯ows dependents on the listed param-
eters.
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Based on model assumption (1), H. diversicolor supertexta could be pharmacokinetically
modeled as a six-compartment of blood ± gill ± soft tissue ± alimentary canal ± gut wall ± shell as
well as one algae compartment to represent the principal features of the bioaccumulation and
transport of Zn in the mollusc (Fig. 3). Applying of a mass balance relation to each organ
compartment in Fig. 3 yields the following dynamic equations:

V1

dC1

dt
� Q21�Cd2 ÿ fdC1� � Q31�Cd3 ÿ fdC1� � Q41�Cd4 ÿ fdC1� � Q61�Cd6 ÿ fdC1�;

W2

dC2

dt
� Q2w�aw2Cw ÿ Cd2� � Q21�fdC1 ÿ Cd2�;

Fig. 1. Schematic diagram of pathways of Zn intake and elimination considered for an aquacultural mollusc, Haliotis

diversicolor supertexta.

Fig. 2. Schematic diagram of physiologically based pharmacokinetic model of Zn bioaccumulation in a mollusc key

compartments.
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W3

dC3

dt
� Q31�fdC1 ÿ Cd3� ÿ KMW3C3 ÿ KGW3C3;

W4

dC4

dt
� Q41�fdC1 ÿ Cd4� � Q45�Cd5 ÿ b45Cd4�;

W5

dC5

dt
� KDWtC7 � Q45�b45Cd4 ÿ Cd5� ÿ KEWtC5;

W6

dC6

dt
� Q61�fdC1 ÿ Cd6�;

W7

dC7

dt
� k1f W7Cw ÿ k2f W7C7 ÿ KDWtC7;

�1�

where Qij is the di�usive exchange rate between compartments i and j (l dÿ1), Cdi the dissolved Zn
concentration in compartment i (g lÿ1), C1 the total Zn concentration in the blood (g gÿ1), Cw the
Zn concentration in the water (g lÿ1), V1 the blood volume (l), fd the binding coe�cient of Zn
concentration to plasma proteins (g lÿ1), Wi the time-independent tissue weight of compartment
i (g[dry]), Wt the whole mollusc weight (g[dry]), Ci the Zn concentration of the compartment
i (g gÿ1), aw2 the gill sorption factor representing enhancement of surface sorption, b45 the bile
factor representing enhancement of exchange gut to alimentary canal, KE the elimination rate of
fecal egestion (g gÿ1 dÿ1), KM the metabolic transformation rate of Zn (g gÿ1 dÿ1), KD the Zn
uptake rate from algae (g gÿ1dÿ1), KG the mollusc growth dilution rate (g gÿ1dÿ1), k1f the Zn
uptake rate of algae (l gÿ1 dÿ1), and k2f is the Zn elimination rate of algae (g gÿ1 dÿ1).

Fig. 3. Schematic diagram of six-compartment pharmacokinetic model of Zn for the biomonitor (Haliotis diversicolor

supertexta) and for one-compartment of the alga (Gracilaria tenuistipitata var. liui).
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Applying model assumption (4) of chemical equilibrium to the relations between the dissolved
Zn concentration in a speci®c compartment and the concentration of total Zn in that compart-
ment gives the following expression,

fi � Ci

Cdi

; �2�

where fi is the partition coe�cient or is referred to as a tissue/blood equilibrium distribution ratio for
linear binding (l gÿ1). This expression is then substituted into each of the di�usive exchange terms.

After some mathematical manipulations, Eq. (1) incorporating with Eq. (2) yields a state-space
realization form of a linear dynamic equation,

dC�t�
dt

� �
� �K�fC�t�g � �B�fq�t�g; �3�

where fC�t� � C1�t� C2�t� C3�t� C4�t� C5�t� C6�t� C7�t�gT
(g gÿ1) represents a state variable vector

of Zn concentrations in blood, gill, soft tissue, gut wall, alimentary canal, shell and algae com-
partments, respectively; {q(t)}� {Cw(t) 0 0 0 0 0 0}T (g lÿ1) represents an input vector of Zn
concentrations in ambient water, while state matrix [K] (dÿ1) and constant input matrix [B]
(l gÿ1 dÿ1) have the following forms, respectively as,

�K� �
k11 � � � k17

..

. . .
. ..

.

k71 � � � k77

264
375

�

ÿ�Q21 � Q31 � Q41 � Q61� fd
V1

Q21

f2V1

Q31

f3V1

Q41

f4V1
0 Q61

f6V1
0

Q21fd
W2

ÿ Q2w
f2W2
� Q21

f2W2

� �
0 0 0 0 0

Q31fd
W3

0 ÿ Q31

f3W3
� KG � KM

� �
0 0 0 0

Q41fd
W4

0 0 ÿ Q41

f4W4
� Q45b45

f4W4

� �
Q45

f5W4
0 0

0 0 0 Q45b45

f4W5
ÿ Q45

f5W5
� KEWt

W5

� �
0 KD

Wt
W5

Q61fd
W6

0 0 0 0 ÿ Q61

f6W6
0

0 0 0 0 0 0 ÿ k2f � Wt
W7

KD

� �

2666666666666666664

3777777777777777775
�4�

and

�B� �

Q2waw2

W2

0
0
0
0
0

k1f

26666666664

37777777775
: �5�

For the two compartments of gill and alimentary canal that interact with Zn in external water
and food, additional processes have to be considered. For the gill, an increased surface sorption to
the gill surface was necessary. The exchange of Zn between internal gill tissue and the blood was
therefore set at a lower exchange than the exchange between the gill surface and the water. For the
Zn in the alimentary canal contents and its exchange with the gut wall, the input from Zn in the
algae and Zn egested in feces were included together with an enhanced exchange between the gut
and alimentary canal to present direct biliary transfer of Zn from the gut to gut contents.
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3. Optimal biomonitor control system synthesis

3.1. System control model

A derivative variable can be de®ned as, Dyi � yi ÿ yis, in which yi is the ith element of vector
{y}, and Dyi is the di�erence between yi and a steady-state value or a set point, yis. By introducing
the derivative variables into Eq. (3), a mollusc Zn bioaccumulation model based on a six-com-
partment PBPK model (Fig. 3) can then be obtained as,

dX �t�
dt

� �
� �K�fX �t�g � �B�fU�t�g �6�

in which {X}� {DC}� {C}ÿ {Cs}, a system state variable vector, and {U}� {Dq}� {q}ÿ {qs}, a
system controllable input vector.

Practically it is not always possible to have all the state variables available for feedback. Rather
than reconstructing the state variables via a Kalman ®lter or some form of a state estimator, it is
preferable to generate the control variables by taking linear combinations of the available output
variables. The state output vector of interest to the problem is, {Z(t)}� [H] {X(t)}, where {Z(t)} is
the state output (measurement) variable vector, and [H] is a constant matrix of output (mea-
surement) state vector.

Therefore, when considering the linear dynamic bioaccumulation model in Eq. (6), a system
control model is obtained as follows:

_X �t�
n o

� �K�fX �t�g � �B�fU�t�g;
fZ�t�g � �H �fX �t�g:

�7�

Eq. (7) can be employed in the bioaccumulation dynamic analysis and control of trace metals in
molluscs from water and food in an aquacultural ecosystem. The concept of stability is extremely
important since every workable system must be designed to be stable. The elements of {X(t)} will
remain bounded only if Re�kk�6 0 for all k, where kk are the eigenvalues of matrix [K] [15±17].

3.2. Optimal feedback control strategy

A more general form of the system control model in Eq. (7) may be expressed as:

_X �t�
n o

� �K�fX �t�g � �B�fU�t�g;
fX �0�g � fX0g; fU�0�g � fU0g;
fZ�t�g � �H �fX �t�g:

�8�

The performance index of control can then be measured by a quadratic cost function based on
the integral of the squared error in a linear quadratic regulator (LQR) scheme as,

J � 1

2

Z tf

0

fZ�t�gT�S�fZ�t�g
�

� f _U�t�gT�R�f _U�t�g
�

dt

� 1

2

Z tf

0

fX �t�gT�Q�fX �t�g
�

� f _U�t�gT�R�f _U�t�g
�

dt;
�9�

where [Q]� [H]T[S][H], in which [S] is a positive semide®nite weighting matrix, and [R] is a
positive de®nite control weighting matrix.
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To ensure that the controller can drive the system for a speci®c period of time, the system must
be controllable. To control the system, the performance with feedback must be monitored, thus the
system must be observable. If the linear control model in Eq. (7) is observable, then [Q]� [H]T[S][H]
is a positive semide®nite weighting matrix when [S] is positive semipositive. Observability and
controllability of the control model are guaranteed if and only if the following matrices,

�N�t�� � �H �Tj�K�T�H �Tj � � � j �K��nÿ1�
� �T

�H �T
� �

;

�H�t�� � �B�j�K��B�j � � � j�K��nÿ1��B�
h i �10�

have rank n (i.e., |[N][N]T| ¹ 0, and |[H][H]T| ¹ 0), respectively.
The solution of the optimal controllable vector (fÛ�t�g) which minimized cost function in

Eq. (9) can be given by the following expression as (see Appendix A),

fÛ�t�g � �L12�� � �L22���H �fX̂ �t�g � �L11�� � �L21���H �
Z t

0

fX̂ �s�gds: �11�

Eq. (11) is a basic linear feedback control law throughout the model. The elements [Lij] in Eq. (11)
are appropriately partitioned submatrices of ÿ�R�ÿ1�Ba�T�P ���Ha�ÿ1

h i
where �Ba� � ��0�j�B��T;

�Ha� � diag��H �j�H ��, and [P�]� [P�]T is the unique, positive de®nite solution of the following al-
gebraic Riccati equation: ÿ[P�][Ka]ÿ [Ka]T[P�] + [P�][Ba][R]ÿ1[Ba]T[P�]ÿ [Qa]� 0 in which

�Ka� � �0� �I �
�0� �K�
� �

and �Qa� � diag��Q�j�0��. This is the desired optimal feedback controller to the original LQR as
de®ned in Eqs. (8) and (9): a modern control theory method for designing the proportional plus
integral (PI) feedback controller. Fig. 4 shows the structure of an optimal PI feedback control
strategy for the trace metal biomonitor system considered.

4. Model implementation

4.1. Input parameters

The model is composed of terms involving mollusc weight and bioenergetics and terms in-
volving physiological metal-speci®c processes. Input parameters for the model implementation
were determined in the following way.

Fig. 4. Structure of an optimal PI feedback control strategy for the trace metal biomonitor control system.
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For the bioenergetic behavior, data were generally available for the ®sh to estimate the pa-
rameters. Because no general equations for the molluscs could be found, it is assumed that
equations used to estimate bioenergetics for ®sh were also suitable for that of molluscs. Table 1
lists the formula used to calculate bioenergetic parameters for rate constants of dietary uptake,
elimination, growth dilution, and metabolic transformation for H. diversicolor supertexta.

The data for weights of H. diversicolor supertexta were adopted from the laboratory mea-
surements done by Lin and Liao [18]. Table 2 gives the resulting mollusc weights and bioenergetic
parameters used in the model implementation.

It is not possible to estimate all of the physiological parameters for the model independently
of the experimental data because individual experiments for H. diversicolor supertexta were not
available. It is possible, however, to estimate from the literature, the order of parameters for
the various organs and the fraction of Zn in the blood in the available plasma form. Therefore,
a preliminary database adapted from Thomann et al. [19] regarding the trace cadmium

Table 1

Equations used to compute bioenergetic parameters of rate constants of kD, kE, kM, and kG

Transfer mechanism Formula

Metabolic transformationa kM � 0:693tÿ1
1=2

Dietary uptakeb kD � EDFDW ÿ1
M , Eÿ1

D � 5:3��1:5� � 10ÿ8Kow � 2:3��0:3�, FD � 0:022W 0:85
M exp�0:06T �

Elimination by fecal egestionc kE � 0:25kD

Growth dilutiond kG � 0:00251W ÿ0:2
M ; T � 25�C, kG � 0:000502W ÿ0:2

M ; T � 10�C
a

t1=2� half-life of chemical.
b

ED is the dietary uptake e�ciency, FD the food ingestion rate (kg food dÿ1), WM the mollusc weight (kg[dry]), Kow the chemical

octanol±water partition coe�cient, and T is the water temperature (°C) [24,25].
c

Adapted from Gobas et al. [24].
d

Adapted from Thomann and Connolly [26].

Table 2

Properties of molluscan shell®sh used in model implementation and resulting values for k1f , k2f , kD, kE, kM, and kG

Whole mollusc weight (not including shell) Wt � 2.5 g[dry]a

Blood volume V1� 0.02 mlb

Weight of gill W2� 0.0196 g[dry]a

Weight of soft tissue W3� 2.3608 g[dry]a

Weight of gut wall W4� 0.01 g[dry]a

Weight of alimentary canal contents W5� 0.02 g[dry]a

Weight of shell W6� 2.5136 g[dry]a

Weight of red algae W7� 1.08 g[dry]a

Chemical octanol±water partition coe�cient Kow < 106

Water temperature T� 25°C

Chemical half-life t1=2 > 5 yrs

Zn in pond water Cw� 1 mg lÿ1a

Resulting values

k1f � 0.0123 l gÿ1 dÿ1 a

k2f � 0.58 dÿ1 a

kM� 0.00038 dÿ1 c

kD � 0.0105 dÿ1 c

kE� 0.00263 dÿ1 c

kG � 0.00832 dÿ1 c

a
Adapted from Lin and Liao [18].

b
Estimated from Thomann et al. [19].

c
Calculated based on Table 1.
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bioaccumulation in rainbow trout is used to estimate a range of physiological model parameters.
Results obtained from the model simulation via the preliminary database are compared to the
laboratory uptake and depuration data obtained from Lin and Liao [18] for soft tissue and shell
of H. diversicolor supertexta as well as for the alga G. tenuistipitata var. liui in water with food
exposure experiments to calibrate the physiological parameters in order to estimate a consistent
set of parameters.

An initial set of parameters was estimated and then modi®ed to reproduce the observed uptake
and depuration characteristics for soft tissue, shell and algae. The remaining parameters for the
other organs were also carefully calibrated simultaneously to meet the favorable agreement
against the observed uptake and depuration data. It is recognized that the ®nal set of parameters
used to calibrate the data are hardly unique, but the parameter set is believed to represent a
reasonable estimation for the model as a whole.

The numerical integration scheme used to solve the linear dynamic Eq. (1) is a subroutine
based on the fourth-order Runge±Kutta and Euler predictor±corrector [20] and done in
GWBASIC on a personal computer. Integration over time is straightforward in principle but is
complicated by the existence of a large number of widely di�ering time scales. The algorithm is
stable provided the error and convergence criterion are carefully monitored.

Fig. 5 displays the results of the model comparisons to the measured data of the temporal
change in the laboratory Zn concentrations in soft tissue and shell of H. diversicolor supertexta as
well as in algae during uptake and depuration periods for water with food exposure experiments.
Table 3 lists the ®nal set of physiological model parameters used for H. diversicolor supertexta in
the model implementation.

Blood exchange ¯ow rates to the various organs were not available in the literature for the
H. diversicolor supertexta. The estimates of the exchange ¯ow rates shown in Table 3 therefore are
based on the data of Thomann et al. [19] where the exchange rates to various organs were

Fig. 5. Model simulation (lines) vs. experimental results (symbols) for (A) soft tissue, (B) shell, and (C) algae; during

uptake and depuration periods in water with food exposure experiments.
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carefully calibrated and were taken as being proportional to exchange ¯ow on an l dÿ1 basis in the
same proportion as that seen in rainbow trout.

4.2. Controller performance

The optimal PI controller for a trace Zn biomonitor control system can be expressed appro-
priately by Eq. (11) as,

Û�t�
n o

� �L11� �L12�
�L21� �L22�
� � Z t

0

Ẑ�t�
n o

dsj Ẑ�t�
n o� �T

� �KPI�
Z t

0

Ẑ�t�
n o

dsj Ẑ�t�
n o� �T

; �12�

where [KPI] may be referred to as a feedback PI controller gain matrix,

�KPI� �
k11 � � � k1;14

..

. . .
. ..

.

k71 � � � k7;14

264
375: �13�

Thus for the optimal PI controller, there are 98 feedback gain elements that need to be determined.
The analyses of the controller performance were done in PC-MATLAB: Control System Toolbox
[21]. The ®rst step in the performance investigation is to determine matrices [K], [B], and [H] of
system control model in Eq. (14). The determination of [K] and [B] are followed by the de®nitions
already presented in Eqs. (4) and (5). Matrix [H] in the output relationship ({Z}� [H]{X}) is se-
lected as a diagonal matrix: �H � � diag�h11; h22; . . . h77�. The entries of [H] for h33, h66, and h77 may
be obtained from the results of model calibration between model predictions and measurements
based on an uptake and depuration data for water with food exposure experiment (Fig. 5). The
resulting values are: h33� 1.14, h66� 1.22 and h77� 1.34. Because no available comparisons for
other organ compartments could be found, it is assumed that hii� 1, for i� 1, 2, 4, and 5.

Having de®ned the matrices [K], [B], and [H]; the qualitative analysis of the system control
model including stability, controllability, and observability can then be veri®ed. Stability analysis
indicates that eigenvalues of matrix [K] are all negative: kk � ÿ30:64;ÿ158:94;ÿ252:31;

Table 3

Physiological model parameters used for model implementationa

Binding Zn to plasma proteins fd � 0.2 g lÿ1

Gill partition coe�cient f2� 61300 l kgÿ1 b

Soft tissue partition coe�cient f3� 5300 l kgÿ1

Gut wall partition coe�cient f4� 1300 l kgÿ1

Alimentary canal partition coe�cient f5� 6500 l kgÿ1

Shell partition coe�cient f6� 1000 l kgÿ1

Gill ± water exchange Q2w� 0.01 l dÿ1

Gill ± blood exchange Q21� 0.01 l dÿ1

Soft tissue ± blood exchange Q31� 0.01 l dÿ1

Shell ± blood exchange Q61 � 0.01 l dÿ1

Gut wall ± blood exchange Q41 � 0.05 l dÿ1

Alimentary canal ± gut wall exchange Q45 � 0.07 l dÿ1

Gill sorption factor aw2 � 8

Bile factor b45 � 1

a
Values are adopted and estimated from Thomann et al. [19].

b
kg�kg[wet].
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ÿ157:55;ÿ34:84;ÿ0:0588, and ÿ6.36 for k � 1; 2; . . . ; 7. Hence, the system is stable. The results
of controllability and observability analyses show that |[N][N]T| ¹ 0 and |[H][H]T| ¹ 0, i.e., con-
trollability and observability of the system are assured.

Next the e�ects of weighting matrices [S] and [R] in the quadratic cost function are investi-
gated. Usually [S] and [R] are selected to be diagonal in order to secure the robustness properties
of the system [22]. The corresponding scalar expression of the quadratic cost function for a six-
compartment PBPK model for H. diversicolor supertexta in an optimal PI feedback biomonitor
control system can be obtained from Eq. (9) as,

J � 1

2

Z 1

0

s11Z2
1

�
� s22Z2

2 � � � � � s77Z2
7 � r11

_U 2
1 � r22

_U 2
2 � � � � � r77

_U 2
7

�
dt: �14�

Weighting matrices may be chosen in the following way to achieve speci®c performance bounds
[23], Z 1

0

Z2
i �t�dt6 r2

i ;

Z 1

0

U 2
i �t�dt6 l2

i ; i � 1; 2; . . . ; 7; �15�

where ri and li are the bound coe�cients in that the root mean squared (RMS) values of the
multiple outputs and inputs can be used to determine the performance bounds,

ZiRMS �
Z 1

0

Z2
i �t�dt

� �1=2

; UiRMS �
Z 1

0

U 2
i �t�dt

� �1=2

; i � 1; 2; . . . ; 7: �16�

Because Zi; Ui and _Ui are of di�erent orders of magnitude, some approximate scaling factor need
to be used in selection of sii and rii [22]. These scaling factors are selected so that all terms rep-
resenting derivations in state variables in the intergrands of objective equations are of the same
order of magnitude. For simplicity, all terms representing deviations in control variables (or in
their time derivatives) are the same order of magnitude. Because no general criterion could be
found, it is assumed U 2

i and _U 2
i are of the same magnitude; thus U 2

iRMS � _U 2
iRMS.

Particularly, it may be necessary to simultaneously limit the RMS values of output state
variables as, Z3RMS(soft tissue) 6 100 lg gÿ1, Z6RMS(shell) 6 50 lg gÿ1, Z7RMS(algae) 6 50 lg gÿ1 of
Zn concentration; and for the other compartments, ZiRMS6 100 lg gÿ1 for i � 1; 2; 4; and 5. The
RMS values of control input variables, i.e., for the Zn concentration in the ambient water,
UiRMS6 0:5 mg lÿ1.

Having determined the values of ZiRMS and U1RMS, the elements in the weighting matrices
can be calculated as follows by a scaling method. Therefore, in Eq. (14), let s11Z2

1RMS �
s22Z2

2RMS � � � � � s77Z2
7RMS, then sii=sjj � Z2

jRMS=Z2
iRMS. As a result, s11 � s22 � � � � � s55; s66 � s77

� 2s55. In this work, r11 is kept constant throughout at 1, and only s11 is varied. Thus in this
performance investigation, it is only necessary to adjust s11 which served as a tuning parameter,
while the other weighting elements are ®xed by the above noted scaling factors.

Fig. 6 shows the responses of the temporal change of Zn concentrations in algae, gill, and in the
key organs of alimentary canal and gut tissue, respectively for the model simulation under no
control action. Fig. 6A shows the gut tissue and alimentary canal are calculated to reach a steady-
state at about 6 days, while at within about 11 days for gill and algae. Fig. 6B indicates that a
steady-state Zn concentration for the soft tissue and the shell is not achieved. Fig. 6 also shows
that the maximum Zn concentration in the gut tissue is about 2 times the Zn concentration in the
alimentary canal because of the small relative mass of the gut tissue.

Fig. 7 gives the simulated responses of Zn concentrations in the whole body of H. diversicolor
supertexta under no control and an optimal PI feedback control e�orts at tuning parameter
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s11� 0.1, 0.5, and 1.0 with the desired equilibrium value shown as 10 lg gÿ1. Fig. 8 shows the
simulated responses of Zn concentrations in the key tissues of alimentary canal, plasma, and gut
tissue of H. diversicolor supertexta under no control and an optimal PI feedback control action at
s11� 1.0 with the desired equilibrium state shown as 100 lg gÿ1. These ®gures indicate that the
responses were governed by the tuning parameter s11. The success of these manipulations on
control e�orts can be achieved by adjusting the speci®ed performance bounds for output and
input variables to properly select the weighting matrices.

The evaluation of the optimal PI feedback control strategy presented above concludes that a
satisfactory control of Zn concentrations in the metal biomonitor (H. diversicolor supertexta)
system can be reached when the optimal feedback controllers are suitably tuned. Additionally,
numerical results show that the optimal choice of tuning parameter s11 and the resulting costs vary
with the desired equilibrium states.

5. Conclusions

A linear bioaccumulation dynamic model describing the behavior of Zn in the target tissues of
a biomonitor (H. diversicolor supertexta) is developed based on a six-compartment PBPK model

Fig. 6. Simulated temporal change of responses of Zn concentrations respectively in (A) algae, gill, gut tissue, and

alimentary canal, and (B) shell and soft tissue; for model implementation under no control action.
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and is used in synthesizing the optimal feedback controllers for a trace metal biomonitor control
system in an aquacultural ecosystem. For the model implementation, the input parameters for
mollusc bioenergetics and physiological metal-speci®c processes are calibrated to observed
pharmacokinetic data for the key compartments such as soft tissue and shell as well as for the
algae in a 14 d uptake and depuration exposure experiment.

The optimization of the linear quadratic regulators (LQRs) with output feedback of a linear-
invariant system is de®ned to determine an output feedback control loop such that the integral
quadratic cost function meets its minimum value and the optimal PI controller is synthesized. The

Fig. 7. Simulated temporal change responses of Zn concentrations in the whole body of Haliotis diversicolor supertexta

under no control and an optimal PI feedback control action at s11� 0.1, 0.5, and 1.0.

Fig. 8. Simulated temporal change responses of Zn concentrations in the key tissues of alimentary canal, plasma, and

gut tissue of Haliotis diversicolor supertexta under no control and an optimal PI feedback control action at s11� 1.0.
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optimal PI control strategy has been implemented to evaluate the dynamic behavior of Zn bio-
accumulated in the target tissues of H. diversicolor supertexta and the speci®c results con®rm that
feedback control can be satisfactory in providing safe regulation of Zn concentrations over a wide
range of target values.

More generally this paper has shown that the PBPK model incorporating the methodology of
modern control engineering provides a scienti®c framework for discussion of designing a trace
metal biomonitor control system in an aquacultural ecosystem.
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Appendix A. Derivation of the optimal PI feedback control law in Eq. (11)

The derivative of Eq. (8) with respect to time yields:

f�X �t�g � �K�f _X �t�g � �B�f _U�t�g;
fX �0�g � fX0g; fU�0�g � fU0g;
f _X �0�g � �K�fX0g � �B�fU0g;
f _Z�t�g � �H �f _X �t�g

�A:1�

and de®ning the following new variables: fxg � f _Xg; fhg � f _Ug; fng � f _Zg. Thus, Eqs. (8) and
(A.1) can be reduced to the following pair of vector-matrix di�erential equation:

f _X �t�g � fx�t�g; fX �0�g � fX0g;
f _x�t�g � �K�fx�t�g � �B�fh�t�g;
fx�0�g � �K�fX0g � �B�fU0g;
fZ�t�g � �H �fX �t�g;
fn�t�g � �H �fx�t�g:

�A:2�

Eq. (A.2) can be compactly expressed as:

f _g�t�g � �Ka�fg�t�g � �Ba�fh�t�g; fg�0�g � fgig;
ff�t�g � �Ha�fg�t�g:

�A:3�

where

fgg � ffXgjfxggT; fgig � ffX0gjfx�0�ggT

�Ha� � diag��H �j�H ��; ffg � ffZgjfnggT

�Ka� �
�0� �I�
�0� �K�
� �

; �Ba� �
�0�
�B�
� �

:

Therefore, Eq. (9) in terms of the new variables becomes

J � 1

2

Z tf

0

fggT�Qa�fgg
�

� fhgT�R�fhg
�

dt; �A:4�
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where [Qa]� diag[[Q]|[0]]� diag[[H]T[S][H]|[0]]. Matrix [Qa] becomes positive semide®nite since
[S] is positive semide®nite. Thus, the original output LQR in Eqs. (8) and (9) can be restated in
Eqs. (3) and (A.4). The solution of the optimal control vector is given by the well-known
expression

fĥ�t�g � ÿ�R�ÿ1�Ba�T�P �fĝ�t�g; �A:5�
where [P]� [P]T is the positive de®nite solution of the Riccati equation

� _P � � ÿ�P ��Ka� ÿ �Ka�T�P � � �P ��Ba��R�ÿ1�Ba�T�P � ÿ �Qa�; �P �tf �� � 0: �A:6�
If system (A.3) is observable and controllable, then as tf approaches in®nity in Eq. (A.3), a
suboptimal controller design followed by LQR algorithm in Eq. (7) yields,

fĥ�t�g � ÿ�R�ÿ1�Ba�T�P ��fĝ�t�g � ÿ�R�ÿ1�Ba�T�P ���Ha�ÿ1ff�t�g; �A:7�
where [P�]� [P�]T is the unique, positive de®nite soultion of the following algebraic Riccati
equation: ÿ[P�][Ka]ÿ [Ka]T[P�] + [P�][Ba][R]ÿ1[Ba]T[P�]ÿ [Qa]� 0.

Integrating Eq. (A.7) with respect to time and using the relations of {Z}� [H]{X} gives

fÛ�t�g � �L12�� � �L22���H �fX̂ �t�g � �L11�� � �L21���H �
Z t

0

fX̂ �s�gds; �A:8�

where the elements [Lij] are appropriately partitioned submatrices of ÿ�R�ÿ1�Ba�T�P ���Ha�ÿ1
h i

. The
optimal PI feedback control law in Eq. (11) therefore is derived.
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