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Abstract
This research concerns improvement and development of several finite difference (FD)

numerical models as tools for studying various photonic guided-wave devices, including
improvement of our full-vectorial FD waveguide mode solver, development of time-domain
beam propagation method (FD-BPM), generalization of our three-dimensional full-vectorial
FD-BPM to analyzing curved optical waveguides, and continuous research on fused 3 x 3
fiber-optic couplers. The results of four topics of study obtained in the first phase of this
research are briefly described respectively in this report.

Keywords: Optical waveguides, waveguide devices, finite difference method, beam
propagation method, time-domain beam propagation method, finite difference time
domain method, fiber-optic couplers
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Table

1

Differential Loss Rates 2" (103um)~! for Rectangular
Waveguides Using Full-Vectorial Calculation
(A =1.55 pm, hy = hy =2 pm, Neore = 1.45, Nejag = 1.55)

R(pm) ESW Improved LOC-BPM
z-polarized | y-polarized | z-polarized | y-polarized
25 54.4000 52.0955 42.093 40.03691
50 7.1784 7.1296 6.5911 6.4304
75 1.0177 1.0034 1.011 0.98906
100 0.11913 0.1164 0.13352 0.12947
Table 2

Differential Loss Rates 2I" (10°um)~! for Rectangular
Waveguides Using Full-Vectorial Calculation
(A = 1.55 pm, hy = he =2 pm, Negre = 1.45, Ngjag = 1.55)

R(pm) H formula E formula
z-polarized | y-polarized | z-polarized | y-polarized
25 42.342 40.3947 42.093 40.03691
50 6.628 6.4350 6.5911 6.4304
75 1.0183 0.9683 1.011 0.98906
100 0.13992 0.1383 0.13352 0.12947
Table 3
Differential Loss Rates 2I" (103um)~! for Rib
Waveguides Using Full-Vectorial Calculation
(A = 1.55 pm, ncore = 3.4, ngyp = 3.34)
R(pm) d=1pum d=0.7 um d=0.5um
Dominant field H, H, H, H, H, H,
25 8.556 | 9.7377 | NA NA NA NA
50 3.917 | 3.0108 | 16.210 | 17.421 | NA NA
75 1.379 | 1.1021 | 5.8737 | 6.3538 | NA NA
100 0.448 | 0.3084 | 1.9056 | 1.6539 | 12.575 | 16.267
150 0.0634 | 0.0489 | 0.2847 | 0.241 | 2.897 | 3.9106
200 0.0472 | 0.0395 | 0.652 | 1.0014
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Improved Full-Vectorial Finite-Difference
Method for Optical Waveguides with Curved
Step-Index Profiles

Yen-Chung Chiang, Yih-Peng Chiou, and Hung-chun Chang

Abstract—A rigorous relation, considering a curved in-
terface condition, between a sampled point and its nearby
points in the finite-difference analysis of two-dimensional
optical waveguides is derived. Our formulation is a full-
vectorial one and the interface can be curved with step-
index profiles. The validity of the proposed method is
proved by comparing our numerical results with the an-
alytical solution of a step-index optical fiber.

Index Terms—Finite-difference method, full vetorial
analysis, step-index optical waveguide.

I. INTRODUCTION

With the rapid progress of computers, in both soft-
ware and hardware, a relatively low cost and highly ac-
curate method to design or predict the performance of
an optoelectronic device is to make use of the simula-
tion programs or computer-aided design (CAD) tools.
Among these CAD tools, the finite-difference method
(FDM) is one of the most popular numerical methods,
which is widely used in the mode solvers and beam prop-
agation methods (BPMs) because of its simplicity to im-
plement and the sparsity of its resultant matrix.

Although the scalar and the semivectorial analysis
methods are easier to implement, they are not accu-
rate enough for such cases with high refractive index
contrast in which the coupling between two components
of orthogonal polarization is not negligible and a full-
vectorial formulation will be needed. Although the cur-
rent existing FDMs for analyzing two-dimensional struc-
tures have claimed the ability of dealing with arbitrary
shape of index [1]-[2], most of them cannot deal with
structures with oblique or enven curved interfaces prop-
erly. We have proposed improved finite difference for-
mulae based on magnetic fields with the oblique inter-
face [3]. It is found that similar formulations based on
electric fields cannot fit the curved interface very well,
thus new formulae based on electric fields with curved
interface would be necessary. In this paper we propose
a new finite difference formulation for treating optical
waveguides with curved step-index profiles.

II. FORMULATION

A rigorous relation between the electric fields E; and
Ey at the sampled point (m,n) and the fields nearby,
as shown in Fig. 1, will be derived in this section. For
more detailed derivation procedure, please refer to our

Efl(,g-l.nﬂ) Esol(m.nﬂ) Efl(mﬂ,ml)

Fig. 1. Cross section of problem under consideration.

prior articles [3], [4]. We assume that there is a curved
interface with the normal and tangential unit vectors,
p and 43, respectively, as shown in Fig. 1, between the
sampled point area and the area with different refractive
index. Let the curvature of the interface be x, or the
effective radius be R = 1/k. Consider the fields at a
sampled point (m, n), denoted as Ez|(m,n) and Ey|(m,n),
and the fields nearby, Ez{(m41,n41) and Ey|(mi1,n41) for
example, as shown in Fig. 1, and let £;|r, Ey|r, Ez|L,
and Ey|. represent fields at just to the left and just to
the right sides of the interface, respectively. Using the
two-dimentional Taylor series expansion, £;[; and Ey,
are expressed as

A:L'L 6E5
Es|(m, _
lomm) + == 5, -

Ay OF,

El, = Ay
o 10y lm,n)
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N Az? 9%E, 2Az; Ay ORE,
2! 61'2 (m’") 2! a.’l:ay (m,n)
2 52 3 53
+ Ay; 0°FE, Azy 0°F, Fee ()
2t Jy? (mn) 3! Oz3 (mn)

where s stands for ¢ or y. When (1) is differentiated
with respect to z or y, we can express the derivatives of
Ey|L in terms of the derivatives of E,|(m n) in a similar
manner. These relations can be rewritten in a matrix
form denoted as

ElL =ML (mn) - Elomm + HO.T. 2)

where E/|, represents the vector consisting of E;|L and
Ey|p and their derivatives with respect to z and y at
just to the left of the interface, E|(m,n) represents that
consisting of Ez|(mn) and Eyim ) and their deriva-
tives with respect to z and y, and H.O.T. means high-
order terms at the sampled point (m,n). Similarly,
E,|(m+1,,,+1) and their derivatives can be expressed in
terms of E|g and their derivatives as

Fl(m+1,n+l) = i—v—(m+1,n+l):B : E‘R +H.O.T. (3)

Then we transform the field components and their
derivatives with respect to = and y into those in a new
local cylindrical coordinate built according to the unit
vectors j and ¢, and the effective radius R, as shown in
Fig. 1, and their derivatives with respect to p and ¢.
This transformation can be expressed as

E: = cos¢-E,—sinég  E,

E, = sing¢ -E,+cos¢-Ey
OF sin? ¢ 5 OF sin ¢ cos ¢ OF
z _ Snien 2,08, _SINQCOSP 0L,
Bz R rteves, R 0¢
sin ¢ cos ¢ . . OE, sin’¢0E,
7 E4; —sinécosé 7 + R 98
or in a matrix form
ElL= Mcy - E|L. (4)

Likewise, we can transform back to the z-y coordinate
system from the p-¢ system in a similar manner as

Elr=Mrc - ElL. (5)

The interface conditions require that

Ep‘n = :—: Ep,L

Eslp = Byly
0F, _ oF, I_ER/ELE' L
op |g op |, R d
OB,| _ & 0B

0% |g €r 00 |

OF, _ OE, + (e,/ex = 1) BE,|
Op (g ) L R 9é IL
OF, _ 6&

Do lx — 08,

or denoted by the matrix form
Er=MgpL - EL. (6)

It is worth noticing that the E; and Ey, components at
the interface will be coupled together via the interface
conditions. Finally, we can express the fields at nearby
points in terms of the fields and their derivatives at the
sample point (m, n) as

F’(m+1,n+1) = ﬁ(m,-}-l.,n-}-l) : F](m,n) + H.O.T. (7)

where

(8)
From these relations connecting the fields and their
derivatives at the sampled point with the fields at the
nearby points, we can find out a new set of finite dif-
ference formulations. And the coupling between E; and
Ey has been included automatically through the above
derivation.

III. NUMERICAL RESULTS

To validate the method presented above, we choose a
step-index fiber as an example since the exact analyti-
cal solutions are known. The parameters we choose for a
multimode fiber are as follows: core diameter, d=15 um;
material index, nc, = 1.47 for the core and n.,q = 1.46
for the cladding; and the operating wavelength, A=1.55
pm. These parameters are the same as those used by
Xu et al. [5].

We calculate the fundamental HE;; mode and the
higher order TEj; mode and compare with the analyt-
ical solutions. The convergence of the numerical solu-
tions is evaluated by reducing the mesh size. Fig. 2
shows the percentage error in the normalized propaga-
tion constants of the modes for different mesh sizes. We
also plot the results calculated by Xu et al. [5] for com-
parison. It is noted that, for both the fundamental and
the higher order modes, numerical results converge to
their exact solutions as the mesh size decreases, and in
both cases our results are better than those given in [5].
Figs. 3 and 4 show the plotted patterns of the two trans-
verse electric field components of the HE,; mode and the
TEp; mode, respectively. In the HE;; mode case, it is
found that the ratio between the two components is over
one thousand. Hence, the HE;; mode is very close to
the scalar LPp; mode and can be calculated accurately
by either scalar or semivectorial formulation. However,
in the TEg, mode case the two components have ampli-
tudes of the same order and it cannot be calculated by

Mmt1,n+1) = ﬁ(m+l,n+l):ﬂ “Mpc Mgy -Myc 'X_{-L:(m,n)-
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Fig. 2. Percentage error of normalized propagation constants of
the HE;; and TEy; modes of the optical fiber as a function of

mesh size Az = Ay

the scalar or semivectorial method since none of the two
components is negligible. All the calculated results are
consistent with the exact analytical solutions.

IV. CONCLUSION

We have derived improved formulae for the finite-
difference analysis of two-dimensional step-index waveg-
uides with the curved interface. A rigorous relation is
derived from the Taylor series expansion, local coordi-
nate transformation, and matching the interface condi-
tions. The formulation is a full-vectorial one and the
only truncation error is not from matching the interface
conditions but from the truncation of the higher order
terms in the Taylor series expansion. = The improved
formulation has been applied to calculate the funda-
mental HE;; mode and the higher order TEy; mode of
a step-index fiber and the results have been compared
with exact analytical solutions and those of [5]. It is
found that the results converge to the exact analytical
solutions and our results are better than those of [5].
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Fig. 3. Field patterns of the fundamental HE;; mode of the
optical fiber. (a) Ex field and (b) E field.

Fig. 4. Field patterns of the fundamental TEp; mode of the
optical fiber. (a) Ex field and (b) E, field.
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ABSTRACT

Photonic crystal fibers (PCFs) are one successful application of the photonic crystal concept. We report on analy-
sis and design of the PCFs using the finite difference mode solver. The full-vectorial characteristics of PCFs, including
the effective indexes and field distributions of the guided modes, are obtained. Both PCFs based on the total internal
reflection guiding mechanism (“holey fibers”) and those resulting from photonic bandgap effect have been studied. For
the holey fibers, the dispersion property is calculated and is shown to agree very well with experimental values. The
vectorial modes on PCFs with a large air core are accurately analyzed.

INTRODUCTION

Photonic crystal fibers (PCFs) or microstructured fibers are novel photonic structures that represent one successful appli-
cation of the photonic crystal concept [1], [2]. In recent years many research efforts have been devoted to understanding
the propagation characteristics of such fibers, based on different theoretical methods {3]-[6], and to demonstrating their
possible applications. In this paper we report on analysis and design of the PCF's using the finite difference mode solver.
We demonstrate that the full-vectorial finite difference method that has often been employed to study waveguide modes
of various dielectric waveguides [7] can be efficiently used to obtain the propagation characteristics, including the effective
indexes and field distributions, of different PCFs.

The first PCF reported in 1996 [1] was made from undoped fused silica having a hexagonal array of air holes along its
length, with the central hole missing, forming a core area. The scanning electron microscopic (SEM) picture and the
cross-section of a typical PCF are shown in Fig. 1(a) [8] and (b), respectively. It was understood that light can be guided

(a) (b) (c) (d)

Fig. 1. (a) SEM picture of the PCF (8]. (b) The cross-section of the PCF. (c) The field distribution and (d) the
transverse field distribution for the z-polarized guided mode of the PCF at A = 0.6328 um with d = 0.6 um.

on such structure because the refractive index of the core area is higher than the effective index of the surrounding
air-hole array, making the required total internal reflection possible. One peculiar feature of the PCF is that it can
maintain as a single-mode guide over a wide wavelength range, called “endlessly single-moded” [2]. In contrast to the

TThis work was supported in part by the National Science Council of the Republic of China under Grant NSC90-2215-E-002-040.



effective total internal reflection guiding of the holey fibers, light guiding in the core area due to the existence of photonic
bandgaps (PBGs) in the cladding region has been achieved in PCFs in which the core index is made smaller than the
effective index of the cladding region [9], and even in PCFs with a large air core [10]. Vectorial modes of all these fibers

will be calculated and discussed in this paper.
THE FINITE DIFFERENCE MODEL

Starting from Maxwell’s equations, the vector wave equation in a linear, isotropic, and time-invariant medium
is derived as

VxVx E=V(V-E)-V*E =n?k2F (1)

where n is the refractive index as a function of position, and ko = 2m/Xo is the wave number in free space. For the
refractive index does not vary along the z direction, the propagation of the electromagnetic wave is governed by two
coupled equations for E; and E, only. By writing the electric field as E = (Exé\: + Eyﬁ + Ezg) exp(—378z), where 3 is
the propagation constant, and considering only the transverse part of the field, we can obtain an eigenvalue equation of

the form [11]
Aa:z; A:ty Ea: _ A2 EI
':Ayz Ayy:l.[EyJﬁﬂ [Ey] (2)

The cross-section of a PCF is then discretized into many mesh points with the above Maxwell differential equations using
the central difference scheme to form a set of elementary matrix equations. The effective indexes of the guided modes
are obtained by finding out the eigenvalues of the matrix equations, and the field distributions from solving for the eigen
vectors. Since the guided modes are found well centrally confined, the computational window is not necessarily large
and the transparent boundary condition [11} has been utilized at its boundary.

NUMERICAL RESULTS

We ﬁrst‘analyze the PCF that has the radius of the core region equal to A , the distance between two air hole centers.
The field distribution in the PCF is shown in Fig. 1(c) and (d) at A = 0.6328 um with d = 0.6 pm, where d is the air
hole diameter. The field is seen to be confined very well in the core area for the air holes reduce the refractive index of
the cladding region. Smaller holes also make single-mode guidance more likely. Fig. 2(a) shows the mode indexes of the
guided modes versus the normalized frequency with d/A = 0.3. There are actually two modes with different polarization
states, which are too close to be distinguished from each other in the figure. The PCF is thus considered as single-moded
over a remarkably large band of frequency. Our result agrees very well with previous experimental results [2]. If we
further increase the hole diameter, the gaps between the holes become narrower, isolating the core more strongly from
the silica in the cladding. Thus, there will be more guided modes in the PCF, as shown in Fig. 2(b) with d/A = 0.5.
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Fig. 2. Modal dispersion curves for (a) a single-mode PCF with d/A = 0.3 and (b) a2 multimode PCF with d/A = 0.5.

Fig. 3(a) shows the transverse field distribution of the guided mode in the PCF with d = 1.4 um at A = 0.6328 pm. Com-
pared with Fig. 1(d), we can see that the field is more centrally located for larger air-hole diameter for it reduces more
the cladding index, increasing the index difference between the core and cladding regions. At shorter wavelengths the
field becomes more concentrated in the silica regions and avoids the holes as shown in Fig. 1(d) at A = 0.6328 um. As for



larger wavelengths, the field will extend more into the holes and the cladding region, as shown in Fig. 3(b) at A = 1.55 um.

The dispersion properties can also be obtained by calculating the effective indexes neyss of the guided modes over a range
of wavelength. The actual index of the pure silica is taken into account by means of four-term Sellmeier formulae [12],
[13]. The dispersion is derived according to the definition D = —Ad%ness/cdA? considering both the material and the
waveguide dispersions. Fig. 4 presents the dispersion characteristics of the PCFs with different air-hole diameters while
A is set to be 2.3 um. Note that in our computation for the case with d = 0.621 um and A = 0.813 um, the dispersion
is —74.5 ps/nm/km and its slope is 0.472 ps/nm-km/nm, whereas the experimental values in [8] were —77.7 ps/nm/km
and 0.464 ps/nm.km/nm, respectively {14]. Our results have very good agreement with the experimental values, showing
the reliability of our model. We can also see that the zero-dispersion point can be easily shifted to desired wavelength
by changing the geometrical parameters of the PCFs.

10 o ——— e e oo

(a) (b)
Fig. 3. The transverse field distribution for the z-polarized guided mode of the PCF at (a) A
= 0.6328 pm with d = 1.4 um, and (b) A = 1.55 pm.
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Fig. 4. Dispersion computed versus wavelength for PCFs with different air-hole diameters.

We now consider PCFs with light guiding in the core area due to the existence of PBGs in the cladding region. Fig.
5(a) [9] shows an example of such PCFs, called the honeycomb PCF, which has a smaller air-hole defect in the fiber
center resulting in a decrease of the core index. The circles in Fig. 5(b) are the fundamental guided mode indexes on the
honeycomb PCF obtained by our model with dashed lines being the boundaries of the PBGs, and the dotted line being
the radiation line. The solid line is obtained by the plane-wave expansion method [4], and the triangles are obtained by
the FDTD method [6]. Our results appear to be closer to those of the plane-wave expansion method. Another example
is the vacuum or air waveguide, as shown in Fig. 6(a) [10]. The core region is filled with air, resulting from removing
seven silica glass capillary canes in the fabrication. The fundamental guided modes for A = 0.55 um and A = 0.65 pm
are shown in Fig. 6(b) and (c), respectively. The field is confined very well in the core area at A = 0.55 pm even when
the index of the cladding is larger than the index of the core which is equal to 1. The calculated effective mode index is
0.9994993. At A = 0.65 um, the field is seen to spread into the cladding region.

CONCLUSION

We have demonstrated that the finite difference method is an efficient method for studying PCFs. The characteristics
of various PCFs, including the effective indexes and the field distributions of the vectorial guided modes, have been
calculated and discussed. Dispersion properties of the PCFs can also be obtained by our model, and those for the holey
fiber are shown to agree very well with the reported experimental values. We have also successfully analyzed PCFs

resulting from pure PBG mechanism.
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Fig. 5. (a) Geometry [9] and (b) the fundamental guided mode index of the honeycomb PCF.

(b) (c)
Fig. 6. (a) SEM picture of a vacuum-guiding PCF [10]. (b) The transverse field distribution for the fundamental
guided modes of the vacuum-guiding PCF at A = 0.55 pum. (¢) Same as (b) but at A = 0.65 um.
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