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Abstract

The objective of this project is to
develop a method to monitor the reliability of
structures. The initial reliability of a structure
is obtained by the finite element reliability
method. After a period of service,
nondestructive tests are performed on the
structure, and the element properties are
reconstructed based on the response of the
damaged structure. Then, the reliability of the
structure is computed using the updated
distributions of element  properties.
Furthermore, rliability sensitivity analysis is
performed to attain the optimal maintenance
strategy.
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The nondestructive examination of
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existing structures has gained increasing
interest in recent years. The inspection
methods can be divided into two categories.
local and global. The local inspection applies
nondestructive testing techniques to examine
the local properties, defects, degradation, etc.
of a structure, while the globa inspection
applies the system identification methods to
congtruct the global properties of the
structure, such as the element rigidities of the
structure.  The main purpose of such
inspection is to evaluate the safety of an
exigting structure. However, how to apply the
inspection results in the safety assessment is
an unexplored area.

Therdiability anaysisis effective in the
safety assessment of structures. It can provide
a reasonable estimate on the failure
probability of a structure if the distributions
of the uncertainties in the system are known.
However, the distributions of the material
properties change when the structure is
damaged. Therefore, the distributions should
be modified and the reliability of the
structure should be reevaluated when
damage occurs.

The Bayesian statistics can be used to
update the distribution parameters of a
random variable based on new observations.
Its applications in engineering can be found
in the literature.

This study adopts the Bayesian approach
to update the distributions of the structural
properties based on the response of the
structure. Then, the reliability of the structure
is computed using the updated distributions
of the properties. Furthermore, sensitivity



analysis is performed to decide the follow-up
mai ntenance strategy.

The dtructural reliability analysis is
formulated based on two fundamental
assumptions. (1) the state of the structure is
defined in the outcome space of a vector of
basic random variables, V; (2) the structure
can be in one of two states, the safe state or
the failure state. The state of the structure is
determined by the value of a limit-state
function g(v), whichisformulated such that
when g(v) >0, the structure is safe, and
when g(v)£0, the structure fals. The
failure probability of the structure associated
with the specific failure criterion, then, can
be obtaned by integrating the joint
probability density function of V in the
failluredomain. That is

P :Q(v)so fv(V)aV
where f,(v) isthe joint probability density
function of V. It is usudly difficult to
perform the multifold integral directly. Hence,
the first-order reliability method (FORM) is
often adopted to edtimate the failure
probability.

Apparently, the reliability analysis gives
accurate results only when the joint
distribution 7, (v) is valid. However,

f,(v) changes when the structure is

damaged. Such change is reflected in the
structural response. Therefore, f,(v) can

be updated based on the response of the
damaged structure.

Usually, the datistics of the structura
properties are available at the construction
stage. Such data may be obtained by
experiments, theoretical derivations, and/or
engineering judgment. Therefore, some prior
information is known about the structura
properties.

Suppose structural test is carried out on
the target structure. Hence, new information
is collected from the test. Apparently, such
information should be incorporated to give a
new estimate of the structural properties.

The Bayesian approach can incorporate
new experimental outcomes to update the
distribution of a random variable. Hence, it
can be applied to meet our needs.

Let V denote the element properties of
the target structure with prior distribution
f,'(v), and t denote the measured response

of the structure, e.g., displacements, strains,
etc.. According to the Bayesian formula, the
updated probability density of V is

ffv) = kfy, (t1v) £9(v)
where £ (t|v) is the
probability density of observingt asV = v

conditional

kz(‘x‘i fo (t1V) ff(v)dv is a normalizing

constant.

Take t = u = measured displacements
for example. Suppose the measurement
results are independent normal with mean

K 'F and standard deviations s ,, where K
is the stiffness matrix of the structure, and F
istheload vector. Then, C, =s’l and

foulv)=N[KF.C,)
=N(K'F,s2)
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In the above expression, K 'F is an
implicit function of V. That makes the
Bayesian update difficult to apply. To

overcome this problem, K 'F is expanded
into a Taylor’s series. For linear structures, K
can be expressed as

K(V):é Ke:é AeVe:K(V0)+é AeDVe
e e e

where K, =K(v,), and v, isthe vector of
the original properties. Hence,



K(v)=K;'- § K 'A KDy, +L

K -1F @< E)lF - é. K E)lA eK (-)lF(Ve - VOe)

=U,- Hv
where
H=|KAKF L KA K F
andu, =K 'F+Hv,. Subtitute the above

equation into the conditional probahility, one
gets

fu|V(l"I |V)

= kuexpgr %(Hv - u,+u)"(Hv - u, +u)3
& 2s, a

=N ,.C,)

where k, is a normdization factor, i , =

s;°C,H"(uy- u),and C,=s2(H"H)™.
Suppose the prior distribution of V is
f8(v)=N(ng,C¢) , where nm§ is the

prior mean vector, and C¢ is the prior

covariance matrix. Then, the posterior
distribution of V is
f#v) = N(ng.C¢)

where
mg=(c¢'+c ) (ceng +Cih )
cg=(cg +c;l)”

are the posterior mean vector and covariance
matrix of V, respectively.

Now, consider that the element strains e
rather than the displacement vector is
measured. In the context of finite element
analysis, e=BK 'F.

Again, suppose the measurement results
are independent normal with mean BK "'F
and standard deviations s . Then

LAY (él |V)

= N(BK'lF s)
éf L G-k R R-BK lF)ﬂ
& 252 i

(2p)”sr

fiy@1v)=

K expe —— (&~ Blu,- Hv)) & - B(u, - HV))g
& 2s;
= NG ..C.)

where k, isanormalization factor, i .=
s?C,H"(Bu,- &), C,=s?(H"B"BH)".

Once the distributions of the structural
properties are modified using the results of
system identification, reliability analysis can
be carried out using the updated distributions.

Let g be a set of distribution parameters,
for example, means and standard deviations.
The sensitivity of b with respect to q is as
follows:

W _yT 1y (v.q)
fa b6  Ta |,
design point in the origina space. Applying
the chain rule, one gets
P
P _ f(b )ﬂb
g fla
where f isthe standard normal probability
density function.

The sensitivity measures can be used to
compare the influence of various properties
on the dructura rdiability. If the failure
probability is very sensitive to the mean of an
element property, deterioration of the element
would greatly increase the failure probability
of the structure. Such element must be
repaired immediately once it is damaged.
Therefore, the sensitivity measures are useful
in the arrangement of maintenance plan.

The sensitivity measures can aso be
used to estimate the change of failure
probability when the structure is damaged:

Pn
Pfl(Q' DQ) @Pfl(Q)' ‘ITq Dq

where v is the




The main difference between
proposed evaluation method and the method
developed in a previous study [1] is
experimental results t used in the Bayesian
modification. In Ref. [1], t represents the
element properties obtained from system
identification. In this study, t represents the
measured response. Obvioudly, the proposed
method has the advantage that no
identification is required, and thus is more
efficient. 1t also excludes the identification
errors in the evaluation process. However, a
new update formula needs to be derived for
each type of measurement. Hence, the
evaluation method based on identification
results may be preferred if the identification
isreadily available.

This paper develops a framework to
incorporate the response of the damaged
structure in the re-evaluation of structura
reliability. Several conclusions can be made
from this study:

1. The Bayesian method provides a
systematic way of incorporating the
structural  response to update the
distributions of the structural properties.

2. The proposed method does not require
system identification in the evaluation
process.

3. The sensitivity measures can be used to
devise the optimal maintenance plan.

4. As a dructure is damaged, the
senditivities of the failure probability
associated with the damaged elements
increase most rapidly.
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